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1 Review of probability theory

In this section, we review several aspects of probability theory that are im-
portant for our study. Most proofs are contained in standard textbooks and
hence will be omitted.

Recall that a probability space is a triple (2, F,P) which consists of a non-
empty set ), a g-algebra F over () and a probability measure on F. A random
variable over (Q, F,P) is a real-valued F-measurable function. For 1 < p <
oo, LP(Q), F,P) denotes the Banach space of (equivalence classes of) random
variables X satisfying E[|X|P] < occ.

The following are a few conventions that we will be using in the course.

e A P-null set is a subset of some F-measurable set with zero probability.

e A property is said to hold almost surely (a.s.) or with probability one if it
holds outside an F-measurable set with zero probability, or equivalently,
the set on which it does not hold is a P-null set.

1.1 Conditional expectations

A fundamental concept in the study of martingale theory and stochastic cal-
culus is the conditional expectation.

Definition 1.1. Let (2, F,P) be a probability space, and let G be a sub-
o-algebra of F. Given an integrable random variable X € L'(Q, F,P), the
conditional expectation of X given G is the unique G-measurable and integrable
random variable Y such that

/de»: / XdP, VA € G. (1.1)
A A

It is denoted by E[X|G].

The existence of the conditional expectation is a standard application of the
Radon-Nikodym theorem, and the uniqueness follows from an easy measure
theoretic argument.

Here we recall a geometric construction of the conditional expectation. We
start with the Hilbert space L?*(, F,P). Since G C F, the Hilbert space
L?*(9,G,P) can be regarded as a closed subspace of L*(Q, F,P). Given X €
L*(Q, F,P), let Y be the orthogonal projection of X onto L*(2,G,P). Then
Y satisfies the characterizing property (1.1) of the conditional expectation. If
X is a non-negative integrable random variable, we consider X,, = X An €
L*(Q, F,P) and let Y, be the orthogonal projection of X, onto L*(,G,P).



It follows that Y,, is non-negative and increasing. Its pointwise limit, denoted
by Y, is a non-negative, G-measurable and integrable random variable which
satisfies (1.1). The general case is treated by writing X = X — X~ and using
linearity. We left it as an exercise to provide the details of the construction.

The conditional expectation satisfies the following basic properties.

(1) X — E[X]F] is linear.

(2) If X <Y, then E[X|G] < E[Y|G]. In particular, |[E[X|G]| < E[|X]|F].

(3) If X and ZX are both integrable, and Z € G, then E[Z X |G] = ZE[X]|G].

(4) If G; C Gy are sub-c-algebras of F, then E[E[X|G.]|G1] = E[X|G1].

(5) If X and G are independent, then E[X|G] = E[X].

In addition, we have the following Jensen’s inequality: if ¢ is a convex
function on R, and both X and ¢(X) are integrable, then

P(E[X]G]) < Elp(X)|G]. (1.2)

Applying this to the function p(z) = |z|P for p > 1, we see immediately that
the conditional expectation is a contraction operator on LP({), F,P).

The convergence theorems (the monotone convergence theorem, Fatou’s
lemma, and the dominated convergence theorem) also hold for the conditional
expectation, stated in an obvious way.

For every measurable subset A € F, P(A|G) is the conditional probability
of A given G. However, P(A|G) is defined up to a null set which depends
on A, and in general there does not exist a universal null set outside which
the conditional probability A — P(A|G) can be regarded as a probability
measure. The resolution of this issue leads to the notion of regular conditional
expectations.

Definition 1.2. Let (Q2, F,P) be a probability space and let G be a sub-o-
algebra of F. A system {p(w, A)},cq.acr is called a regular conditional prob-
ability given G if it satisfies the following conditions:

(1) for every w € Q, A+ p(w, A) is a probability measure on (2, F);

(2) for every A € F, w +— p(w, A) is G-measurable;

(3) for every A € F and B € G,

P(A()B) = /B p(w, AYP(dw).

The third condition tells us that for every A € F, p(-, A) is a version of
P(A|G). It follows that for every integrable random variable X,

w /X(w’)p(w,dw’)



is an almost surely well-defined and it is a version of E[X |G].

In many situations, we are interested in the conditional distribution of a
random variable taking values in another measurable space. Suppose that
{p(w, A) }wea,acF is a regular conditional probability on (2, F,P) given G. Let
X be a measurable map from (2, F) to some measurable space (E, ). We can
define

Qw,I) =plw, X T, we QT k.

Then the system {Q(w, ") }ueqres satisfies:
(1) for every w € Q, I' = Q(w, ') is a probability measure on (F,E);
(2)" for every I' € £, w — Q(w, ") is G-measurable;
(3)” for every I' € £ and B € G,

P{X eT}(\B) = /B Qw, T)P(dw).

In particular, we can see that Q(-,I") is a version of P(X € I'|G) for every
I' € €. The system {Q(w, ") }weares is called a regular conditional distribution
of X given G.

It is a deep result in measure theory that if E is a complete and separable
metric space, and £ is the o-algebra generated by open sets in F, then a
regular conditional distribution of X given G exists. In particular, if (€2, F)
is a complete and separable metric space, by considering the identity map we
know that a regular conditional probability given G exists. In this course we
will mainly be interested in complete and separable metric spaces.

Sometimes we also consider conditional expectations given some random
variable X. Let X be as before, and let P¥ be the law of X on (E, ). Similar
to Definition 1.2, a system {p(z, A)},epacr is called a regular conditional
probability given X if it satisfies:

(1)” for every x € E, A p(z, A) is a probability measure on (2, F);

(2)” for every A € F, x +— p(x, A) is E-measurable;

(3)” for every A€ Fand I" € &,

PA({X eT}) = /F p(x, A)PX (dz).

In particular, p(-, A) gives a version of P(A|X = -). If (2, F) is a complete and
separable metric space, then a regular conditional probability given X exists.

1.2 Uniform integrability

Now we review an important concept which is closely related to the study of
L'-convergence.



Definition 1.3. A family {X;: ¢ € T'} of integrable random variables over a
probability space (€2, F,P) is called uniformly integrable if

lim sup/ | X¢|dP = 0.
Ao teT J{Ixif>x)

Uniform integrability can be characterized by the following two properties.

Theorem 1.1. Let {X; : t € T} be a family of integrable random variables.
Then {X;: t € T} is uniformly integrable if and only if
(1) (uniform boundedness in L') there exists M > 0, such that

/ | X,|dP < M, Vt € T
Q

(2) (uniform equicontinuity) for every e > 0, there exists § > 0, such that
for all A e F with P(A) <6 andt € T,

/ IX,|dP < .
A

The two characterizing properties in Theorem 1.1 might remind us the
Arzela—Ascoli theorem (in functional analysis) for continuous functions (c.f.
Theorem 1.9). Therefore, it is not unreasonable to expect that uniform in-
tegrability is equivalent to some kind of relative compactness in L'(Q, F,P).
This is an important result due to Dunford and Pettis.

Definition 1.4. A sequence {X,} of integrable random variables is said to
converge weakly in L' to an integrable random variable X if for every bounded
random variable Y, we have

lim E[X,Y] =E[XY].
n—oo
Theorem 1.2. A family {X; : t € T} of integrable random wvariables is

uniformly integrable if and only if every sequence in {X; : t € T} contains
subsequence which converges weakly in L.

Perhaps the most important property of uniform integrability for our study
lies in its connection with L!-convergence.

Theorem 1.3. Let {X,} be a sequence of integrable random variables and
let X be another random variable. Then the following two statements are
equivalent:



(1) X,, converges to X in L', in the sense that

lim [ |X,, — X|dP = 0;

n—o0
(2) X, converges to X in probability, in the sense that

lim P(|X, — X|>¢)=0

n—oo

for every e > 0, and {X,,} is uniformly integrable.

1.3 The Borel-Cantelli lemma

Now we review a simple technique which has huge applications in probability
theory and stochastic processes.

Theorem 1.4. Let {A,} be a sequence of events over some probability space
(Q, F,P).
(1) If Y, P(A,) < oo, then

P (lim sup An) = 0.

n—o0

(2) Suppose further that {A,} are independent. If 37 P(A,) = oo, then

P (lim sup An> =1

n—00

1.4 The law of large numbers and the central limit the-
orem

The study of limiting behaviors for random sequences is an important topic in
probability theory. Here we review two classical limit theorems for sequences of
independent random variables: the law of large numbers and the central limit
theorem. Heuristically, given a sequence of independent random variables sat-
isfying certain moment conditions, the (strong) law of large numbers describes
the property that the sample average will eventually stabilize at the expected
value, while the central limit theorem quantifies the asymptotic distribution
of the stochastic fluctuation of the sample average around the expected value.
Here we do not pursue the most general cases and we only state the results in
a special setting which are already important on its own and relevant for our
study.



Definition 1.5. Let X,,, X be random variables with distribution function
F,(x), F(x) respectively. X, is said to converge in distribution to X if

lim F,(x) = F(x)

n—oo
for every x at which F(x) is continuous.

Note that convergence in distribution is a property that only refers to
distribution functions rather than underlying random variables.

Theorem 1.5. Let {X,} be a sequence of independent and identically dis-
tributed random variables with u = E[X;] and o* = Var[X;] < oo. Let
sp = (X1 + -+ Xp)/n be the sample average. Then with probability one,

lim s, = p.
n—oo

Moreover, the normalized sequence \/n(s, — )/ converges in distribution to
the standard normal distribution N(0,1).

1.5 Weak convergence of probability measures

Finally, we discuss an important notion of convergence for probability mea-
sures: weak convergence. This is particularly useful in the infinite dimensional
setting, for instance in studying the distributions of stochastic processes, which
are probability measures on the space of paths.

Let (S, p) be a metric space. The Borel o-algebra B(S) over S is the o-
algebra generated by open sets in S. We use Cy(S) to denote the space of
bounded continuous functions on S.

Definition 1.6. Let P,, P be probability measures on (S, B(5)). P, is said to

converge weakly to P if

lim f o (dx) /f ), Vf e Cy(S5).

n—oo

Before the general discussion of weak convergence, let us say a bit more in
the case when S = R!.

Definition 1.7. Let P be a probability measure on (R!, B(R')). The charac-
teristic function of P is the complex-valued function given by

ft) = /Rl ¢P(dx), t € R%.



There are nice regularity properties for characteristic functions. For in-
stance, it is uniformly continuous on R! and uniformly bounded by 1. The
uniqueness theorem for characteristic functions asserts that two probability
measures on (R', B(R')) are identical if and only if they have the same char-
acteristic functions. Moreover, there is a one-to-one correspondence between
probability measures on (R, B(R')) and distribution functions (i.e. right con-
tinuous and increasing functions F(z) with F(—oo) = 0 and F(oco) = 1)
through the Lebesgue-Stieltjes construction.

The characteristic function is also a useful concept in studying weak con-
vergence properties. The following result characterizes weak convergence for
probability measures on (R, B(R')).

Theorem 1.6. Let P,,, P be probability measures on (R', B(RY)) with distribu-
tion functions F,(z), F(z) and characteristic functions f,(t), f(t) respectively.
Then the following statements are equivalent:

(1) P,, converges weakly to P;

(2) F, converges in distribution to F';

(3) fn converges to f pointwisely on R*;

Remark 1.1. When we study the distribution of a non-negative random variable
T (for instance a random time), for technical convenience we usually consider
the Laplace transform A > 0 — E [e‘AT] instead of the characteristic function,
which also characterizes the distribution of 7.

Remark 1.2. The notion of characteristic functions extends to the multidimen-
sional case. The previous results about the connections between characteristic
functions and probability measures still hold, except for the fact that the no-
tion of distribution functions is no longer natural-they are not in one-to-one
correspondence with probability measures.

Now we come back to the general situation. The notion of characteristic
functions is not well-defined on general metric spaces. However, we still have
following general characterization of weak convergence. Although the proof
is standard, we provide it here to help the reader get comfortable with the
notions.

Theorem 1.7. Let (S, p) be a metric space and let P,,, P be probability measures
on (S,B(S)). Then the following results are equivalent:

(1) P,, converges weakly to P;

(2) for every f € Cy(S) which is uniformly continuous,

lim | f(z)P,(dz) = /S f(z)P(dzx);

n—o0 S



(3) for every closed subset F C S,
limsup P, (F) < P(F);

n—o0

(4) for every open subset G C S,
liminf P, (G) > P(G);

(5) for every A € B(S) satisfying P(OA) = 0 where OA £ A\A is the
boundary of A,
lim P,(A) = P(A).

n—oo
Proof. (1) = (2) is obvious.
(2) = (3). Let F be a closed subset of S. For k > 1, define

o= () v e

where p(x, F') is the distance between x and F. It is easy to see that fj is
bounded and uniformly continuous. In particular,

1p(z) < filz) < 1,

and fi | 1p as k — oo, where 1 denotes the indicator function of F. Therefore,
from (2) we have

limsupP,(F) < lim [ fu(2)P,(dz)

n—o00 n—00

- / fk<i>P<dx>

for every k > 1. From the dominated convergence theorem, by letting k — oo
we conclude that
limsup P, (F) < P(F).
n—oo
(3)<=(4) is obvious.
(3)+(4) = (5). Let A € B(S) be such that P(0A) = 0. It follows that

P(A) = P(4) = P(A).
From (3) and (4), we see that
limsup P, (A) lim sup P, (A)

o P?ZT: P(A) = P(A)

o

liminf P, (A)

n—0o0

liminf P, (A).

n—o0
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Therefore, lim,, ., P,(A) = P(A).

(5) = (1). Let f be a bounded continuous function on S. By translation
and rescaling we may assume that 0 < f < 1. Since P is a probability measure,
we know that for each n > 1, the set {a € R' : P(f = a) > 1/n} is finite.
Therefore, the set

{aeR: P(f =a)>0}

is at most countable. Given k > 1, for each 1 < 7 < k, we choose some
a; € ((i —1)/k,i/k) such that P(f = a;) = 0. Set ag = 0, ax41 = 1, and define
B; ={a;-1 < f <a;} for 1 <i < k+ 1. Note that |a; — a;_1| < 2/k, and B;
are disjoint whose union is S. Moreover, from the continuity of f it is easy to
see that

B; C{aiy < f<a}, {ai1 < f<a;} C B

Therefore, 0B; C{f = a;—1} U{f = a;} and P(0B;) = 0. It follows that

k+1
/S f ()P, (dz) — / )| < 3

/B @) - /B RERTD

By letting n — oo, from (5) we conclude that

(5
4
[ f@patao) - [ rapin) < 7.

lim sup
n—oo

Now the result follows as k is arbitrary. O]

Now we introduce an important characterization of relative compactness
for a family of probability measures with respect to the topology of weak
convergence. This is known as Prokhorov’s theorem. The usefulness of relative
compactness in proving weak convergence is demonstrated in Problem 2.1.

Definition 1.8. A family P of probability measures on a metric space (.S, B(S), p)
is said to be tight if for every € > 0, there exists a compact subset K C S,
such that

P(K)>1—¢, VP P.

Prokhorov’s theorem relates tightness and relative compactness with re-
spect to the topology of weak convergence.

11



Theorem 1.8. Let P be a family of probability measures on a separable metric
space (S, B(S), p).

(1) If P is tight, then it is relatively compact, in the sense that every sub-
sequence of P further contains a weakly convergent subsequence.

(2) Suppose in addition that (S, p) is complete. If P is relatively compact,
then it is also tight.

Remark 1.3. In the language of general topology, we do not distinguish the
meanings between relative compactness and sequential compactness because
it is known that the topology of weak convergence is metrizable (i.e. there
exists a metric d on the space of probability measures on (S, B(.S)), such that
P,, converges weakly to P if and only if d(P,,P) — 0).

Now we study an example which plays a fundamental role in our study.
Let W be the space of continuous paths w : [0,00) — R We define a
metric p on W9 by

1 A ma ol |we — w)
Z Xteo ]l b t’, w,w e W (1.3)

n=1

Therefore, p characterizes uniform convergence on compact intervals. It is a
good exercise to show that (W, p) is a complete and separable metric space,
and the Borel o-algebra over W9 coincides with the o-algebra generated by
cylinder sets of the form

{fweW: (wy, - ,w,) €T}

forneN,0<t <---<t, and ' € B(R™").

W is usually known as the (continuous) path space over R%. It is important
as every continuous stochastic process can be realized on W¢. Moreover, when
equipped with the canonical Wiener measure (the distribution of Brownian
motion), W carries nice analytic structure on which the Malliavin calculus (a
theory of stochastic calculus of variations in infinite dimensions which consti-
tutes a substantial part of modern stochastic analysis) is built.

We finish by proving an important criteria for tightness of probability mea-
sures on W%, This is a simple probabilistic analogue of the Arzela—Ascoli the-
orem, which is recaptured in the following. We use A(d,n;w) to denote the
modulus of continuity of w € W over [0,n], i.e.

A(S,n;w) = sup |wy —wy|, 6>0,n€NweW
s,t€[0,n]
[s—t|<é

12



Theorem 1.9. A subset A C (W4, p) is relatively compact (i.e. A is compact)
if and only if the following two conditions hold:
(1) uniform boundedness:

sup{|wo| : w € A} < o0;
(2) uniform equicontinuity: for every n € N,

hmsup A(0,n;w) = 0.
010 weA

Now we have the following result.

Theorem 1.10. Let P be a family of probability measures on (W<, B(W2)).
Suppose that the following two conditions hold:

(1)
lim sup P(|wg| > a) = 0;
a—00 pcp

(2) for every e >0 and n € N,

lim sup P(A(6,n; w) > ) = 0.
010 pep

Then P is tight.
Proof. Fix € > 0. Condition (1) implies that there exists a. > 0 such that
P(jwo| > a.) < g VP € P.

In addition, Condition (2) implies that there exists a sequence d., | 0 (as
n — oo) such that

n

1
P(A(557n,n;w)>—><€~2 (4D YP e P and n € N.
Let
1
As: € 5n7 < CWd-
(il <0 () {3 < L <
Then

c E = o—(n+1) _
P(AE)<2+§€ 2 —¢, VP e P.

Moreover, it is easy to see that A, satisfies the two conditions in Arzela—Ascoli’s
theorem. Therefore, A, is a relatively compact subset of W<, and

P(A) >2P(A)>1—¢, VP e P.

In other words, we conclude that P is tight. O]

13



1.6 Problems

Problem 1.1. (1) Establish the following identities for conditional expecta-
tions. We use X,Y to denote integrable random variables defined on some
probability space (2, F,P) and G, H to denote sub-c-alegras of F.
(1) (%) Suppose that X is bounded. Show that E[XE[Y|G]] = E[YE[X|G]].
(ii) (x) Let f(z,y) be a bounded measurable function on R?. Suppose that
X is G-measurable, and Y and G are independent. Then

E[f(X,Y)[G] = o (X),

where ¢(z) 2 E[f(2,Y)] for z € R'.
(iii) Suppose that o(o(X),G) and H are independent (o(X) denotes the
o-algebra generated by X). Then

E[X|G, H]| = E[X]|G].
(2) Let X,Y be two integrable random variables which satisfy
EX|Y] =Y, EY|X] = X, as.
Show that P(X =Y) = 1.

Problem 1.2. (1) (x) Suppose that X is an integrable random variable on
some probability space (Q, F,[P), and {G; : i € Z} is a family of sub-o-algebras
of F. Show that {E[X|G;] : i € Z} is uniformly integrable.

(2) Let {X; : t € T} be a family of random variables. Suppose that
there exists a non-negative Borel-measurable function ¢ on [0,00) such that
lim, . p(z)/x = oo and sup,cr E[p(|X:])] < oco. Show that {X; : t € T}
is uniformly integrable. In particular, a family of random variables uniformly
bounded in L? (p > 1) is uniformly integrable.

Problem 1.3. Let {X,, : n > 1} be a sequence of independent and identically
distributed random variables with exponential distribution:

P(X,>x)=e" x>0.

(1) Compute P(X,, > alogn for infinitely many n) where a > 0 is an
arbitrary constant.

(2) Let L = limsup,,_, . (X,/logn). Show that L = 1 almost surely.

(3) Let M,, = maxj<;<, X; — logn. Show that M, is weakly convergent.
What is the weak limiting distribution of M,,7

Problem 1.4. Prove the equivalence of the first two statements in Theorem
1.6.

14



Problem 1.5. Let P, be the normal distribution N (p,,02) on R, where
pn € R and o2 is nonnegative.

(1) Show that the family {IP,,} is tight if and only if the sequences {u,}
and {02} are bounded.

(2) Show that P, is weakly convergent if and only if the sequences u,, — 1
and 02 — ¢ for some p and 2. In this case, the weak limit of P, is N'(u, o?).

15



2 Generalities on continuous time stochastic pro-
cesses

In this section, we study the basic notions of stochastic processes. The core
concepts are filtrations and stopping times. These notions enable us to keep
track of information evolving in time in a mathematical way. This is an im-
portant feature of stochastic calculus which is quite different from ordinary
calculus.

2.1 Basic definitions

A stochastic process models the evolution of a random system. In this course,
we will be studying the differential calculus with respect to certain important
(continuous) stochastic processes.

Definition 2.1. A (d-dimensional) stochastic process on some probability
space (92, F,P) is a collection {X;} of Révalued random variables indexed
by [0, 00).

Because of the index set being [0,00), ¢ is usually interpreted as the time
parameter.
From the definition, we know that a stochastic process is a map

X:[0,00)xQ — RY
(tw) = Xi(w),
such that for every fixed ¢, as a function in w € € it is F-measurable. There
is yet another way of looking at a stochastic process which is more important
and fundamental: for every w € €, it gives a path in R?. More precisely, let

(R%)0) be the space of functions w : [0,00) — R? with Borel o-algebra
B ((Rd)[o"’o)) defined by the o-algebra generated by cylinder sets of the form

{we (RHO2) - (- wy,) € r}

forn € N0 <t < - <t,and ' € B(R™"). Then the definition of a
stochastic process is equivalent to a measurable map

X i (Q,F) = (RO B ((RY)0))

For every w € Q, the path X(w) is called a sample path of the stochastic
process.

16



Remark 2.1. The path space (R?)(>) is different from the space W¢ we in-
troduced in the last section as we do not impose any regularity conditions on
sample paths here. In fact it can be shown that W is not even a B ((Rd)[o’(’o))—
measurable subset of (R%)[%>), However, if we assume that every sample path
of X is continuous, then X descends to a measurable map from (2, F) to
(We, B(W9)).

For technical reasons, in particular for the purpose of integration, we often
require joint measurability properties on a stochastic process.

Definition 2.2. A stochastic process X is called measurable if it is jointly
measurable in (¢,w), i.e. if the map

X:[0,00)xQ — RY
(tw) = Xiyw),

is B([0, 00)) ® F-measurable.

Nice consequences of measurability are: every sample path is B([0, c0))-
measurable and Fubini’s theorem is applicable to X when ([0, c0), B([0, 0)))
is equipped with a measure.

Another important reason of introducing measurability is, when evaluated
at a random time we always obtain a random variable. To be more precise, if
X is a measurable process and 7 is a finite random time (i.e. 7: Q — [0, 00)
is F-measurable), then w — X, (,(w) is an F-measurable random variable.
This can be seen easily from the following composition of maps:

Xet (,F) = ([0,00) x Q,B([0,00)) ® F) = (R, B(R?)),
o (r(w),w) = X (W),

Stopping a process at a random time is a very useful notion in the analysis of
stochastic processes.

Sometimes we need to compare different stochastic processes in certain
probabilistic sense.

Definition 2.3. Let X, Y; be two stochastic processes defined on some prob-
ability space (2, F,P). We say:

(1) X; and Y; are indistinguishable if X (w) =Y (w) a.s.;

(2) Y; is a modification of Xy if for every t > 0, P(X; =Y;) = 1;

(3) X; and Y; have the same finite dimensional distributions if

]P)((Xtu"' 7th) € F) :P((Kﬁn"' aYtn) S F)

forany n € N0 <t <---<t,and I' € R¥*",
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Apparently (1) = (2) = (3), but none of the reverse directions is true. If
X and Y; have right continuous sample paths, then (1) <= (2). Moreover, to
make sense of (3), X; and Y; do not have to be defined on the same probability
space.

In many situations, we are interested in infinite dimensional probabilistic
properties rather than finite dimensional distributions.

Definition 2.4. The distribution of a stochastic process X; is the probability
measure P =Po X! on ((R?)°), B ((R?)0>))) induced by X.

As in Remark 2.1, if X has continuous sample paths, X also induces a
probability measure p* on (W<, B(W?)). When concerning finite dimensional
distribution properties, we do not have to distinguish between P* and u*.
However, it is much more convenient to use pX than P¥X for studying infinite
dimensional distribution properties, as B((R?)[%*®)) is too small to contain
adequate interesting events, for instance an event like {w : supy<,«; |we| < 1}.
The view of realizing a continuous stochastic process on (W9, B(W?), u*X) is
rather important in stochastic analysis.

2.2 Construction of stochastic processes: Kolmogorov’s
extension theorem

The first question in the study of stochastic processes is their existence. In
particular, is it possible to construct a stochastic process in a canonical way
from the knowledge of its finite dimensional distributions? The answer is the
content of Kolmogorov’s extension theorem:.

We first recapture the notion of finite dimensional distributions in a more
general context.

Let X; be a stochastic process taking values in some metric space S. We
use T to denote the set of finite sequences t = (¢,--- ,t,) of distinct times
on [0,00) (they need not be ordered in an increasing manner). For each t =
(t1,---,t,) € T, we can define a probability measure Q; on (S™, B(S™)) by

Q) =P((Xy, -, X)) €el), T'e B(S™).

The family {Qy : t € T} of probability measures defines the finite dimensional
distributions of { X }. It is straight forward to see that it satisfies the following
two consistency properties:

(1) let t = (t1,--- ,t,) and Ay, -+, A, € B(S), then for every permutation
o of order n,

Qt(Al X X An) = Qa(t) (Aa(l) X X Aa(n)) )
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where o(t) = (tg(l), e ,t(,(n)) ;
(2) let t = (t1,--- ,t,) and t' = (t1, -+ ,tn, tne1), then for every A € B(S™),

Qu(A X S)=QA).

Definition 2.5. A family {Q,: t € T} of finite dimensional distributions is
said to be consistent if it satisfies the previous two properties.

We are mainly interested in the reverse direction: is it possible to construct
a stochastic process in a canonical way whose finite dimensional distributions
coincide with a given consistent family of probability measures? The answer
is yes, and the construction is made through a classical measure theoretic
argument.

Recall that S0 is the space of functions w : [0,00) — S and B (S[0>))
is the o-algebra generated by cylinder sets. Then we have the following result.

Theorem 2.1. Let S be a complete and separable metric space. Suppose that
{Q¢: t € T} is a consistent family of finite dimensional distributions. Then
there exists a unique probability measure P on (S[O’OO), B (S[O’O"))), such that

]P)((wtu T 7wtn> S F) = Qt(r)
for every t = (ty,-- ,t,) € T and " € B(S™).

We prove Theorem 2.1 by using Carathéodory’s extension theorem in mea-
sure theory, and we proceed in several steps.

(1) Let C be the family of subsets of S1%%) of the form {(w,,--- ,w, ) € T'},
where t = (¢1,--- ,t,) € T and I € B(S™). It is straight forward to see that C is
an algebra (i.e. 0, 51 € C and it is closed under taking complement or finite
intersection) and B (51%°9) = (C). It suffices to construct the probability
measure on C, as Carathéodory’s extension theorem will then allow us to extend
it to B (S10°9).

(2) For A € C of the form {(wy,,--- ,w;,) € '}, we define

P(A) = QuI),

where t = (¢1,- -+ ,t,). From the consistency properties of {Q:}, it is not hard
to see that PP is well-defined on C and it is finitely additive.

(3) Here comes the key step: P is countably additive on C. It is a general
result in measure theory that this is equivalent to showing that

CoA 10 = P(AL)LO

as n — oQ.
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Now let A,, € C be such a sequence and suppose on the contrary that

lim P(A,) =& > 0.

n—oo

We are going to modify the sequence {A,} to another decreasing sequence
{D,,} which has a more convenient form

Dn - {(wtla"' 7wtn) S Fn}

where (t1,--+ ,tn,thy1) is an extension of (¢q,---,t,), while it still satisfies
D, | 0 and lim,,_,., P(D,,) = e. This is done by the following procedure.

First of all, by inserting marginals of the form {w;, € S} (of course that
means doing nothing) and reordering, we may assume that A, has the form

An - {(wtn toe ’wtmn> € an}a

where T, € B(S™") and m,, < m,; for every n. Since A,;; C A, we know

that Ty, C Ty, x SMmt1=mn
Now we set
D1 = {wtl € S},
Dpy—1 = {(wy, - 7wtm171) € Sm1_1}7
Dm1 - Al?
Dm1+1 = {(wtn T ’wt7rL17wtm1+1) € Fm1 X 5}7
Dipy1 = {<wt1> Tty Wiy s Wy 9577 7wtm2—1) €l X Sm?imlil}u
Dm2 A27

Apparently, {D,} is just constructed by copying each A,, several times consec-
utively in the original sequence. Therefore, it satisfies the properties D,, | )
and lim,, ., P(D,) = e.

Now we are going to construct an element (zq,29,-+-) € S x S x -+ such
that (zq,---,x,) € I, for every n. It follows that the set

A= {w e S0 . w(t;) = x; for all i}

is a non-empty subset of D,, for every n, which leads to a contradiction. The
construction of this element is made through a compactness argument, which
relies crucially on the following general fact from measure theory (c.f. [7]).
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Proposition 2.1. Let X be a complete and separable metric space. Then every
finite measure p on (X, B(X)) is (strongly) inner regular, in the sense that

w(A) =sup{u(K): K C A, K is compact}
for every A € B(X).

According to Proposition 2.1, for every n > 1, there exists a compact subset
K, of I',, such that

Qt(") (Fn\Kn) <

where V) = (t1,--- ,t,). If we set

5
on’

En = {(wt17 T 7wtn) € Kn}7

then we have E,, C D,, and

€
IP)(D”\EH) = Qt(") (Pn\Kn) < 2_n
Now define i
= m -
k=1
and

[?n:(leS”’l)ﬂK xS”lﬂ ﬂ 1><Sﬂ

Then we have B B
E, = {(wtl, ) € Kn} .

On the other hand,

Qt(n)(kn) = ]P(En) = P<Dn) - P(Dn\En>

k=1
> ok
= € — Z ? > 0.
k=1
Therefore, I?n # () and we may choose (a;ﬁ”), e (n)) € K for every n > 1.
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From the construction of I?n, we know that {x&")} C K,. By compact-
n=1

ness, it contains a subsequence :cg””(”” — x1 € K,. Moreover, since

(™ 2 i,
n=>2

it further contains a subsequence (xng(")),xémz(n))> — (21,22) € Ky. Con-

tinuing the procedure, the desired element (xi, 5, -+ ) is then constructed by
induction.

(4) Finally, the uniqueness of PP is a straight forward consequence of the
uniqueness of Carathéodory’s extension since C is a m-system and P is deter-
mined on C by the finite dimensional distributions.

Now the proof of Theorem 2.1 is complete.

Remark 2.2. Kolmogorov’s extension theorem holds in a more general setting
where the state space (S, B(S)) can be an arbitrary measurable space without
any topological or analytic structure. However, the given consistent family of
finite dimensional distributions should satisfy some kind of generalized inner
regularity property which roughly means that they can be well approximated
by some sort of abstract “compact” sets. In any case the nature of Proposition
2.1 plays a crucial role.

2.3 Kolmogorov’s continuity theorem

In the last subsection, a stochastic process is constructed on path space from its
finite dimensional distributions. From this construction we have not yet seen
any regularity properties of sample paths. It is natural to ask whether we could
“detect” any sample path properties from the finite dimensional distributions.
Kolmogorov’s continuity theorem provides an answer to this question.

Theorem 2.2. Let {X;: t € [0,T]} be a stochastic process taking values in
a complete metric space (S, d). Suppose that there exist constants a, 3,C > 0,
such that

E[d(X,, X;)*] < C|t — s|*™*, Vs,t € [0,T]. (2.1)

Then there exists a continuous modification {f(t . telo, T]} of X, such that

for every v € (0, 8/a), X has ~v-Hélder continuous sample paths almost surely,
1.€.

d ()?)?Q
Pl sup —————= <0 | =1
steor)  |t—s[7
s#t

22



To prove Theorem 2.2, without loss of generality we may assume that
T = 1. The main idea of obtaining a continuous modification of X is to show
that when restricted to some dense subset of [0, 1], with probability one X is
uniformly continuous. This is based on the following simple fact.

Lemma 2.1. Let D be a dense subset of [0,1]. Suppose that f: D — S is a
uniformly continuous function taking values in a complete metric space (S, d).
Then f extends to a continuous function on [0, 1] uniquely.

Proof. Givent € [0,1], let ¢, € D be such that t,, — ¢t. The uniform continuity
of f implies that the sequence {f(t,)}n>1 is a Cauchy sequence in S. Since
S is complete, the limit lim,, ., f(¢,) exists. We define f(¢) to be this limit.
Apparently f(¢) is independent of the choice of ¢,, and the resulting function
f:]0,1] — S is indeed uniformly continuous. Uniqueness is obvious. O

For technical convenience, we are going to work with the dense subset D
of dyadic points in [0, 1]. To be precise, let D = U2 D,,, where D,, = {k/2" :
k=0,1,---,2"}. The following lemma is elementary.

Lemma 2.2. Let t € D. Then t has a unique expression t =y .o a;(t)27",
where a;(t) is 0 or 1, and a;(t) =1 for at most finitely many i . Moreover, for
n =0, lett, =31 a(t)27" Then t, is the largest point in D, which does
not exceed t.

Now we prove Theorem 2.2.
Proof of Theorem 2.2. Let v € (0,8/a). Forn > 0 and 1 < k < 2", Kol-
mogorov’s criteria (2.1) implies that
P (d (Xk;l, XL) > 2*7") < 2R [d (Xk;l, XLY]
2n 2n on am
< 9—n(l+B—ay)

Therefore,
2”1
P ( max d <X@,XL> > 2-7”) — P ( {d (XE,XL> > 2—7”})
1<k<2n am 3 o e
k=1
2n
< Y oP(d(Xe Xg) =2
k=1 ?
< 9—n(f-a)
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Since  — ay > 0, it follows from the Borel-Cantelli lemma (c.f. Theorem 1.4,
(1)) that

1<k<2—n

P ( max d (Xﬂ, XL> > 277" infinitely often> =0.
P omn

In other words, there exists some measurable set * such that P(Q*) = 1 and
for every w € QF,

d (X%(w),X%(w)) <27 VEk=1,---,2" and n > n"(w),

where n*(w) is some positive integer depending on w.

Now fix w € Q*. Suppose that s,t € D satisfy 0 < |t — s| < 27" @) Then
there exists a unique m > n*(w), such that 2=+ L |t — 5| < 27™. Write t =
Yoo ai(t)27" according to Lemma 2.2, and let ¢, = > ja;(t)27" for n > 0.
Define s,, in a similar way from s. Apparently s, = t,, or |t,, — s;,| =27 It
follows that when evaluated at w,

d(X., X)) < Zd s X)) +d(X,, Xi,,) +Zd X Xiiy)

i=m

< 2 Z 9—(i+1) 4 9—m

2
= 1 27
2
Y _ |7
< 2 (1+27_1)|t | (2.2)

In particular, this shows that for every w € Q*, X (w) is uniformly continuous
when restricted on D.

We define X in the following way: if w ¢ Q*, define X (w) = ¢ for some
fxied ¢ € S, and if w € Q*, define X (w) to be the unique extension of X (w)
to [0,1] according to Lemma 2.1. Then X has continuous sample paths and
(2.2) still holds for X (w) when w € Q* and [t — s| < 27""). Moreover, since
X, — )?t a.s. and X; — X; in probability as t, — t, we conclude that
)?t = X, a.s. The process X is the desired one.

]

Remark 2.3. If the process X; is defined on [0, 00) and Kolmogorov’s criteria
(2.1) holds on every finite interval [0, T] with constant C possibly depending
on T, then from the previous proof it is not hard to see that there is a con-
tinuous modification X of X on [0, 00), such that for every v € (0, 5/a), with
probability one, X is ~v-Hélder continuous on every finite interval [0, T7.
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2.4 Filtrations and stopping times

In the study of stochastic processes, it is very important to keep track of
information growth in the evolution of time. This leads to the following useful
concept of a filtration.

Definition 2.6. A filtration over a probability space (£, F,P) is a increasing
sequence {F; : t > 0} of sub-o-algebras of F,i.e. F; C F, C F for 0 < s <t.
We call (2, F,P;{F:}) a filtered probability space.

We can talk about additional measurability properties of a stochastic pro-
cess when a filtration is presented.

Definition 2.7. Let (2, F,P; {F;}) be a filtered probability space. A stochas-
tic process X is called {F,;}-adapted if X, is Fi-measurable for every ¢ > 0. It
is called {F;}-progressively measurable if for every t > 0, the map

XD [0, xQ — R
(s,w) — Xs(w),
is B([0,t]) ® Fi-measurable.

Intuitively, for an adapted process X, when the information of F; is pre-
sented to an observer, the path s € [0,%] — X, € R? is then known to her.

It is apparent that if X is progressively measurable, then it is measurable
and adapted. However, the converse is in general not true. It is true if the
sample paths of X are right (or left) continuous.

Proposition 2.2. Let X be an {F;}-adapted stochastic process. Suppose that
every sample path of X is right continuous. Then X is {F;}-progressively
measurable.

Proof. We approximate X by step processes. Let ¢ > 0. For n > 1, define
271
k=1
Since X is adapted, X™ is B([0,#]) ® F-measurable. Moreover, by right
continuity of X, we know that X{"(w) = X,(w) for every (s,w) € [0, ® Q.
Therefore, X is progressively measurable. O

Example 2.1. Let X; be a stochastic process on some probability space
(Q, F,P). We can define the natural filtration of X; to be

Ff=0(X,: 0<s<t), t=0.
Apparently, X; is {FX }-adapted. According to Proposition 2.2, if X; has right

continuous sample paths, then it is {F;X }-progressively measurable.
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Another important concept for our study is a stopping time. Intuitively,
a stopping time usually models the first time that some phenomenon occurs,
for instance the first time that the temperature of the classroom reaches 25
degree. A characterizing property for such time 7 is: if we keep observing up
to time ¢, we could decide whether 7 is observed or not (i.e. whether the event
{r < t} happens), and if 7 is not observed before time ¢, we have no idea when
exactly in the future the temperature will reach 25 degree. This motivates the
following definition.

Definition 2.8. Let (Q2, F,P; {F;}) be a filtered probability space. A random
time 7: Q — [0, 00] is called an {F;}-stopping time if {T < t} € F; for every
t>0.

Apparently, every constant time is an {F;}-stopping time. Moreover, we
can easily construct new stopping times from given ones.

Proposition 2.3. Suppose that o, 7,1, are {F;}-stopping times. Then

o+71T, coANT, oV T, Supm,
n

are all {F;}-stopping times, where “N\” (“V”, respectively) means taking mini-
mum (taking mazimum, respectively).

Proof. Consider the following decomposition:
{o+r>t} = {o=07>t}| J{lo0<o<tot+T>1t}
U{U >t 7> O}U{U >t,7=0}.
The first and fourth events are obviously in F;. The third event is in F; because

{a<t}:U{a<t—%}E}}.

For the second event, if w € {0 < 0 < t,0 + 7 > t}, then
T(w) >t —0o(w) > 0.

Keeping in mind that o(w) > 0, we can certainly choose r € (0,t) N Q, such
that
T(w) >7r>1t—ow).

Therefore, we see that

{0<o<to+7>t}= U {r>rt—r<o<t}ekR.
re(0,t)NQ
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For the other cases, we simply observe that

{onT>t} = {o>t,7>1t}eF,
{fovr <t} = {o<t,7<t}eF,

{Suan < t} = ([ <tleF

n

[]

Remark 2.4. In general, inf, 7,,, and therefore limsup,,_, . 7,, liminf, ,. 7,
may fail to be {F;}-stopping time even though each 7, is. However, it is a
good exercise to show that they are {F;; }-stopping times, where {F;, } is the
filtration defined by
Fo=(Fu2F, t>0 (2.3)
u>t
We could also talk about the accumulated information up to a stopping
time 7. Intuitively, the occurrence of an event A can be determined by such
information if the following condition holds. Suppose that the accumulated
information up to time ¢ is presented. If we observe that 7 < ¢, we should
be able to decide whether A happens or not because the information up to
time 7 is then known. However, if we observe that 7 > t, since in this case we
cannot decide the exact value of 7, part of the information up to 7 is missing
and the occurrence of A should be undecidable. This motivates the following
definition.

Definition 2.9. Let 7 be an {F;}-stopping time. The pre-r o-algebra F, is
defined by

.FT:{AG}“OO: ANr<i}eF. w>o},
where Foo 2 0 (Ups0F7) -

It follows from the definition that F. is a sub-o-algebra of F, and 7 is
Fr-measurable. Moreover, if 7 = ¢, then F, = F;. And we have the following
basic properties.

Proposition 2.4. Suppose that o, 7 are two {F;}-stopping times.

(1) Let A € F,, then AN{oc < 7} € F.. In particular, if o < 7, then
Fy C Fr.

(2) Fonr = Fo N Fy, and the events

{o<t}, {o>7}, {o<7}, {o =7}, {o=1}

are all F, N Fr.-measurable.
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Proof. (1) We have

Aot r<t = A( o< {r<t3( Vo<t
- (Aﬂ{o<t})ﬂ{r<t}ﬂ{o/\t<7/\t}.

From definition it is obvious that o At and 7 At are F;-measurable. Therefore,
by assumption we know that the above event is F;-measurable.

(2) Since o A T is an {F;}-stopping time, from the first part we know that
Forr € F, N F.. Now suppose A € F, N F,, then

ANfonr<ty = Aﬂ({aét}U«hét})
- (Aﬂ{a<t}>U(Aﬂ{T<t}> e F

Therefore, A € Fynr.
Finally, by taking A = € in the first part, we know that {o > 7} = {0 <
T}¢ € F,. It follows that

{O‘<T}={O’/\T<T}€fg/\7—:fgﬂfT.

The other cases follow by symmetry and complementation. O]

In the study of martingales and strong Markov processes, it is important to
consider conditional expectations given F,. We give two basic properties here.

Proposition 2.5. Suppose that o, 7 are two {F;}-stopping times and X is an
integrable random variable. Then we have:

(1) E [1{a<T}X‘F0] =E [1{U<T}X|Fo/\r] .

(2) E BIX|F)|Fr] = E[X|Fonr].

Proof. (1) According to the second part of Proposition 2.4, {o < 7} € F,nr C
Fo. Therefore, it suffices to show that 1(,<E[X|F,] is F,r--measurable. Ap-
parently it is F,-measurable. But the F.-measurability is a direct consequence
of the first part of Proposition 2.4 (standard approximation allows us to replace
A by a general F,-measurable function in that proposition).

(2) First observe that the same argument allows us to conclude that

AeF, = A(o<r}eF, (2.4)

and
E [1{0'<T}X|~FU] =K |:1{U<T}X|JT_‘U/\T} .
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Therefore,

E [E[X|‘FO']|‘7:T] E |:1{U<T}E[X|‘FO']|‘FT:| +E [1{J2T}E[X’]:U]|]:T]
E (1< E[X|For]|Fr] +E [1oonE[X|F]| Fonr]
E |:1{O‘<T}X|~FO'/\T:| +E |:1{O'>T}X|FO'/\T:|

= E[X|Fon).

]

Now we consider measurability properties for a stochastic process stopped
at some stopping time.

Proposition 2.6. Let (Q, F,P;{F;}) be a filtered probability space. Sup-
pose that X is an {F;}-progressively measurable stochastic process and T is
an {F;}-stopping time. Then the stopped process t +— X, p is also {F;}-
progressively measurable. In particular, the stopped random variable X 1o
18 Fr-measurable.

Proof. Restricted on [0,¢] x €2, the stopped process is given by the following
composition of maps:

0, xQ — [0, xQ — R,
(5,w) = (TWw)As,w) = Xonas(w).

By assumption, we know that the second map is B([0,t]) ® F;-measurable.
The B([0,t]) ® Fi-measurability of the first map can be easily seen from the
following fact:

{(5,0): (r(w) As,w) € 0,6 x A} = ([0, x A (e8] x ({r <} 4))

for every ¢ € [0,t] and A € F;.

The F.-measurability of X;1{;..) follows from the {F;}-adaptedness of
the stopped process X, ,; (because it is {F;}-progressively measurable) and
the simple fact that X 17« = Xonidir<sy. O

To conclude this section, we discuss a fundamental class of stopping times:
hitting times for stochastic processes.

Definition 2.10. The hitting time of I' C R? by a stochastic process X is
defined to be
Hr(w) =inf{t > 0: Xi(w) € '},

where inf () £ co.
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The following result tells us that under some conditions, a hitting time is
a stopping time.

Proposition 2.7. Let (Q, F,P;{F;}) be a filtered probability space. Suppose
that X; is an {F}-adapted stochastic process such that every sample path of
X, is continuous. Then for every closed set F, Hg is an {JF;}-stopping time.

Proof. For given t > 0 and w € €2, by continuity we know that the function
o(s) = dist(Xs(w), F), s € [0,t],

is continuous. The result then follows from the following observation:

{HF>t}—U N {dlstXr,F) 1}@&.

n=1re[0,{]NQ

O

On the other hand, the hitting time of an open set is in general not a
stopping time even the process have continuous sample paths. The reason is
intuitively simple. Suppose that a sample path of the process first hits the
boundary of an open set GG from the outside at time ¢. It is not possible to
determine whether Hs < t or not without looking slightly ahead into the
future.

However, we do have the following result. The proof is left as an exercise.

Proposition 2.8. Let (Q, F,P;{F;}) be a filtered probability space, and let X
be an {F;}-adapted stochastic process such that every sample path of X is right

continuous. Then for every open set G, Hg is an {Fy }-stopping time, where
{Fis} is the filtration defined by (2.3) in Remark 2.4.

Until now, to some extend we have already seen the inconvenience caused
by the difference between the filtrations {F;} and {F;+} (c.f. Remark 2.4 and
Proposition 2.8). In particular, in order to include a richer class of stopping
times, it is usually convenient to assumption that F; = F;, for every t > 0, i.e.
the filtration {JF;}-is right continuous. This seemingly unnatural assumption
is indeed quite mild: the natural filtration of a strong Markov process, when
augmented by null sets, is always right continuous (c.f. [5]).

Another mild and reasonable assumption on the filtered probability space is
to make sure that most probabilistic properties, in particular for those related
to adaptedness and stopping times, are preserved by another stochastic process
which is indistinguishable from the original one. Mathematically speaking, this
is the assumption that Fy contains all P-null sets (recall from our convention
that NV is a P-null set if there exists £ € F, such that N C E and P(E) = 0).
In particular, this implies that F and every JF; are P-complete.
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Definition 2.11. A filtration is said to satisfy the usual conditions if it is
right continuous and F{ contains all P-null sets.

Given an arbitrary filtered probability space (€2, G, P; {G,}), it can always be
augmented to satisfy the usual conditions. Indeed, let F be the P-completion
of G and let V' be the collection of P-null sets. For every ¢t > 0, we define

Fi = o(Ge N) = 0(Gur ).

s>t

Then (2, F,P; {F;}) is the smallest filtered probability space which contains
(Q,G,P;{G;}) and satisfies the usual conditions. We call it the usual aug-
mentation of (Q,G,P;{G,;}). It is a good exercise to provide the details of the
proof.

In Proposition 2.7, if we drop the assumption that X; has continuous sample
paths, the situation becomes rather subtle. It can still be proved in a tricky
set theoretic way that, under the usual conditions on {F;}, Hp is an {F;}-
stopping time provided F' is a compact set and every sample path of X, is
right continuous with left limits (c.f. [9]). However, the case when F is a
general Borel set is even much more difficult. The result is stated as follows.
The proof relies on the machinery of Choquet’s capacitability theory (c.f. [2]).
The usual conditions again play a crucial role in the theorem.

Theorem 2.3. Let (2,G,P;{G;}) be a filtered probability space. Suppose that
X, is a {G}-progressively measurable stochastic process. Then for every T’ €
B(RY), Hr is an {F;}-stopping time, where {F;} is the usual augmentation of

{G:}-

It is true that many interesting and important probabilistic properties will
be preserved if we work with the usual augmentation of the original filtered
probability space. Moreover, the usual conditions have more implications than
just enriching the class of stopping times, for example in questions related to
sample path regularity properties (c.f. Theorem 3.10, 3.11).

However, to remain fairly careful, we will not always assume that we are
working under the usual conditions. We will state clearly whenever they are
assumed.

2.5 Problems

Problem 2.1. (x) Recall that (W9 B(W?),p) is the continuous path space
over R?. Let {PP,} be a sequence of probability measures on (W%, B(R?)). Show
that P, is weakly convergent if and only if the following conditions hold:
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(i) the finite dimensional distributions of P,, are weakly convergent, i.e. for
every t = (t1, - ,t,) withm > 1, t; < --- < 1, the sequence of probability
measures

QML) 2P, ((wy, - ,wy,,) €T), T € BR™™),

on (R™™ B(R¥™)) is weakly convergent;
(ii) the family {P,} is tight.

Problem 2.2. Consider the path space ((R%)*>), B ((R?)[*>))). Let X;(w) =
w; be the canonical coordinate process.

(1) (%) By using Kolmogorov’s extension theorem, show that there exists a
unique probability measure P on ((Rd)[o"’o), B ((Rd)[o’oo))), such that under P,

(i) Xo = 0 almost surely,

(ii) for every 0 < s < t, Xy — X, is normally distributed with mean zero
and covariance matrix (¢ — s)Iy, where I; is the d x d identity matrix;

(iii) for every 0 < t; < --- < t,, the increments X;,, Xy, — X3y, -+, Xy, —

X, , are independent.

(2) (%) Show that there exists a continuous modification X, of X, on [0, o),
such that for every 0 < v < 1/2, with probability one, X, has ~v-Holder
continuous sample paths on every finite interval [0, T7.

(3) Let X, be the continuous modification of X, given in (2). Show that

with probability one,

| X — X B | X — X B
sup ———— =oocand sup —— = o0,
stelo,T] |t — s|z sitefoo0) [t —s[7
s#t s#t

for every T' < oo and v € (0,1/2).

Remark. The process )A(:t constructed in this problem is called a d-dimensional
Brownian motion.

Problem 2.3. (1) Give an example to show that we cannot allow f = 0 in
Kolmogorov’s continuity theorem (i.e. Theorem 2.3).

(2) Give an example to show that, under the assumptions in Kolmogorov’s
continuity theorem, we cannot strengthen the result to conclude that there
exists a P-null set outside which every sample path of X is continuous. What
if we assume further that every sample path of X is right continuous with left
limits?

(3) (%) By adapting the proof of Kolmogorov’s continuity theorem, prove
the following result.

Let Xt(”) be a sequence of d-dimensional stochastic processes with contin-
uous sample paths such that:
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(i) there exist positive constants M and +, such that

E Hxé’”

|
<o

for every n;
(ii) there exist positive constants «,  and My, for k € N, such that

E[|x™ - x

« 148
] < Myt — §f

for every n, k and s,t € [0, k].
Then the sequence of probability measures P,, on (W% B(W9)) induced by
Xt(n) is tight.

Problem 2.4. Let (2, F,P;{F:}) be a filtered probability space.

(1) Let 7 be an {F;}-stopping time and o be a random time such that
o > 7. Suppose that o is F,-measurable. Show that ¢ is an {F;}-stopping
time.

(2) Suppose further that {F;} is right continuous.

(1) (%) Let {7, } be a decreasing sequence of {F; }-stopping times, and define
7 = lim,,_, 7,. Show that 7 is an {F;}-stopping time and F, = Ny, F, .

(ii) (%) Let o be an {F;}-stopping time. For ¢t > 0, define G, = F, ;.
Suppose that 7 is a {G;}-stopping time. Show that o + 7 is an {F;}-stopping
time.

Problem 2.5. Let X; be a stochastic process on some probability space
(Q,G,P) with independent increments, i.e. Xy, Xy, — Xy, -+, Xp,, — X4,
are independent whenever 0 < ty < t; < --- < t,,. Suppose further that X; has
right continuous sample paths.

(1) For ¢ > 0, show that U; £ 0(X;1, — Xy : u > 0) and G;¥ are indepen-
dent, where {G*} is the natural filtration of X.

(2) (») Let F¥ = o (GX,N) be the augmented natural filtration of X,
where A is the collection of P-null sets. Show that {F;¥} is right continuous.

Problem 2.6. (x) Let (2, F) = (W B(W)). Define X;(w) = w; to be the
coordinate process on (€2, F), and F~X £ o(X,: 0 < s < t) to be the natural
filtration of X;. Suppose that 7 is an {F/ }-stopping time. Show that

FX =0(Xpne: t=0).

T
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3 Continuous time martingales

This section is devoted to the study of continuous time martingales. The
theory of martingales and martingale methods lies in the heart of stochastic
analysis. As we will see, we are adopting a very martingale flavored approach
to develop the whole theory of stochastic calculus. The main results in this
section are mainly due to Doob.

3.1 Basic properties and the martingale transform: dis-
crete stochastic integration

We start with the discrete time situation. As we will see, under certain reason-
able regularity conditions on sample paths, parallel results in the continuous
time situation can be derived easily from the discrete case. Therefore, in most
of the topics we consider in this section, we do not really see a substantial dif-
ference between the two situations. However, in Section 5, we will appreciate
many deep and elegant properties of continuous time martingales which do not
have their discrete time counterparts.
Let T'={0,1,2,---} or [0, 00).

Definition 3.1. Let (2, F,P;{F; : t € T}) be a filtered probability space. A
real-valued stochastic process { Xy, F; : ¢ € T'} is called a martingale (respec-
tively, submartingale, supermartingale) if:

(1) X; is {F:}-adapted,;

(2) X, is integrable for every t € T,

(3) for every s <t €T,

E[X,|Fs] = X5, (respectively, ” =77 <7).

Example 3.1. Let T'= [0, 00). Consider the stochastic process {)?t e T}
constructed in Problem 2.2 in dimension d = 1 (the so-called 1-dimensional
Brownian motion). Let {ﬁx} be the natural filtration of X,. Then for 0 <

s < t, )?t — )?5 is independent of .7-"5)2 with zero mean. Therefore, {)?t, ]:t)?} is
a martingale.

A useful way of constructing a new submartingale from the old is the fol-
lowing.

Proposition 3.1. Let {X;, F; : t € T} be a martingale (respectively, a sub-
martingale). Suppose that ¢ : RY — R is a conver function (respectively, a
convex and increasing function). If p(Xy) is integrable for every t € T, then
{p(Xy), Fr o t € T} is submartingale.
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Proof. The adaptedness and integrability conditions are satisfied. To see the
submartingale property, we apply Jensen’s inequality (c.f. inequality (1.2)) to
obtain that

Elp(Xe)|Fs] = o(E[Xe| F]) = (Xo)

fors<teT. O]

Example 3.2. If {X;, F;} is a martingale, then X,” £ max(X;,0) and |X,[?
(p = 1) are {F;}-submartingales, provided X; is in L? for every t.

Now we consider the situation when 7" = {0,1,2,--- }.

In the discrete time setting, stopping times and pre-stopping time o-algebras
are defined analogously to the continuous time case in an obvious way.

We are going to construct a class of martingales which plays a central role
in this section, in particular in the study of martingale convergence and the
optional sampling theorem.

Definition 3.2. Let {F, : n > 0} be a filtration. A real-valued random
sequence {C,, : n > 1} is said to be {F, }-predictable if C,, is F,,_1-measurable
for every n > 1.

Let {X,: n >0} and {C, : n > 1} be two sequences. We define another
sequence {Y,, : n >0} by Yy =0 and

Y, =) Cu(Xip — Xim).

k=1

Definition 3.3. The sequence {Y,, : n > 0} is called the martingale transform
of X,, by C,,. It is denoted by (C' e X),,.

Comparing with Section 5, the martingale transform can be regarded as a
discrete version of stochastic integration.
The following result verifies the name. Its proof is straight forward.

Theorem 3.1. Let {X,,, F, : n = 0} be a martingale (respectively, submartin-
gale, supermartingale) and let {C,, : n > 1} be an {F,}-predictable random
sequence which is bounded (respectively, bounded and non-negative). Then the
martingale transform {(C e X),, F, : n = 0} of X,, by C, is a martingale
(respectively, submartingale, supermartingale).

Remark 3.1. The boundedness of C,, is not important—we only need to guar-
antee the integrability of Y,,.
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It is helpful to have the following intuition of the martingale transform in
mind. Suppose that you are playing games over the time horizon {1,2,---}.
C,, is interpreted as your stake on game n. Predictability means that you are
making your decision on the stake amount C), based on the history F,_;.
X, — X,,_1 represents your winning at game n per unit stake. Therefore, Y,
is your total winning up to time n.

3.2 The martingale convergence theorems

The (sub or super)martingale property exhibits a trend on average in the long
run. It is therefore not unreasonable to expect that a (sub or super)martingale
can converge (almost surely) if its mean sequence is well controlled.

We first explain a general way of proving the almost sure convergence of a
random sequence.

Let {X,, : n > 0} be a random sequence. Then X,,(w) is convergent if and
only if liminf, . X, (w) = limsup,,_, ., X, (w). Therefore,

{X,, does not converge} C {lim inf X,, < limsup Xn}

n—00 n—00

C U {limiann <a<b< limsuan}.

n—00 n—00
a<b

a,beQ

Therefore, in order to prove that X,, converges a.s., it suffices to show that

P <linl>inf X, <a<b<limsup Xn> =0 (3.1)
n=—0o0 n—o0

for every given a < b. But the event in the bracket implies that a subsequence
of X,, lies below a while another subsequence of X, lies above b. This further
implies that the total number of upcrossings by the sequence X,, from below
a to above b must be infinite.

Therefore, the convergence of X, is closely related to controlling the up-
crossing number of an interval [a, b].

Now we define this number mathematically.

Consider the following two sequences of random times:

oy — O,
op=inf{n >0: X, <a}, 7 =inf{n > oy : X, > b},

oy =inf{n >n: X, <a}, 7 = inf{n > oy : X, > b},

op=1inf{n > 7m_1: X, <a}, 7w =inf{n>o,: X, > b},
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Definition 3.4. For N > 0, the upcrossing number Un (X [a, b]) of the interval
[a, b] by the sequence X,, up to time N is define to be random number

Un(X;la, b)) = > 1ineny.
k=1

Note that Uy (X;a,b]) < N/2. Moreover, if {F,, : n > 0} is a filtration
and X, is {F,}-adapted, then oy, 7 are {F,}-stopping times. In particular,
in this case Un(X; [a,b]) is Fy-measurable.

The main result of controlling Uy (X; [a, b]) in our context is the following.
Here we are in particular working with supermartingales. The technique of
dealing with the submartingale case is actually quite different. However, as
they both lead to the same general convergence theorems, we will omit the
discussion of the submartingale case and focus on supermartingales.

Proposition 3.2 (Doob’s upcrossing inequality). Let {X,,F, : n > 0} be a
supermartingale. Then the upcrossing number Uy (X [a,b]) of [a,b] by X,, up
to time N satisfies the following inequality:

E[(Xy —a)7]

b—a ’

E[Un(X;]a,b])] < (3.2)

where v~ = max(—x,0).

The proof of this inequality can be fairly easy as long as we can find a good
way of looking at this upcrossing number.

Suppose in the aforementioned gambling model that X, — X,,_; represents
the winning at game n per unit stake. Now consider the following gambling
strategy: repeat the following two steps until forever:

(1) Wait until X,, gets below a;

(2) Play unit stakes onwards until X,, gets above b and stop playing.

Mathematically, this is to say that we define

Cl = 1{X0<a}7
Cn = Yo, =031 (x,_1<a} T Lic,oi=1}L{x, 1<), 122

Let {Y,} be the martingale transform of X, by C,,. Then Yy represents the
total winning up to time N. Note that Yy comes from two parts: the playing
intervals corresponding to complete upcrossings, and the last playing inter-
val corresponding to the last incomplete upcrossing (possibly non-existing).
The total winning Yy from the first part is obviously bounded below by
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(b—a)Un (X} [a, b)), and the total winning in the last playing interval (possibly
non-existing) is bounded below —(Xy — a)~. Therefore, we have

Yv = (b—a)Un(X;[a,b]) — (Xn —a).

On the other hand, by definition it is apparent that {C},} is a bounded and
non-negative {F, }-predictable sequence. According to Theorem 3.1, {Y,,, F,,}
is a supermartingale. Therefore, E[Yy] < E[Y;] = 0, which implies (3.2).

Now since Un(X; [a, b]) is increasing in N, we may define

Uso(X; [a,b]) = lim Un(X;][a,b]),

N—o0

which is the upcrossing number for the whole time horizon.
From Doob’s upcrossing inequality, we can immediately see that if the
supermartingale {X,,, F,,} is bounded in L', i.e. sup,-,E[|X,|] < oo, then

E[Us(X;[a,b])] = lim E[Un(X;][a,b])] < sup,,so E[| Xy [] + |a .

N—oo b—a

In particular, Uy (X;[a,b]) < 0o a.s.
But from the discussion at the beginning of this subsection, we know that

{limiann <a<b< limsuan} C{Ux(X;]a,b]) = oo} .

n—oo n—00

Therefore, (3.1) holds and we conclude that X, converges to some X, a.s.
Moreover, Fatou’s lemma shows that

E[|Xs|] < iminf E[|X,|] < sup E[|X,|] < oco.
n—oo

n=>0
In other words, we have proved the following convergence result.

Theorem 3.2 (Doob’s supermartingale convergence theorem). Let {X,, F, :
n > 0} be a supermartingale which is bounded in L*. Then X,, converges almost
surely to an integrable random variable X .

Remark 3.2. In the theorem, we can define X, = limsup,,_,., X, so that X
is Fao-measurable, where Foo 2 o (U221 F).

Now we consider the question about when the convergence holds in L.
This is closely related to uniform integrability.
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Theorem 3.3. Let {X,,, F, : n > 0} be a supermartingale which is bounded in
L', so that X,, converges almost surely to some Xoo € L'. Then the following
statements are equivalent:

(1) {X,.} is uniformly integrable;

(2) X,, converges to X, in L'.
In this case, we have

(3) E[Xoo|Fn] < X, a.s.

In addition, if {X,, F.} is a martingale, then (1) or (2) is also equivalent
to (3) with “<” replaced by “=".

Proof. Since almost sure convergence implies convergence in probability, the
equivalence of (1) and (2) is a direct consequence of Theorem 1.3. To see (3),
it suffices to show that

/ XoodP < / X,dP, VA€ F,. (3.3)
A A

But from the supermartingale property, we know that
/deIP) < / X, dP, Ym>n, Ae F,.
A A

Therefore, (3.3) follows from letting m — oc.
The last part of the theorem in the martingale case is seen from Problem
1.2, (1). O

Corollary 3.1 (Lévy’s forward theorem). Let Y be an integrable random vari-
able and let {F,, : n = 0} be a filtration. Then X, = E[Y|F,] is a uniformly
integrable martingale such that X,, converges to E|Y |Fy| almost surely and in
L.

Proof. The martingale property follows from
E[Xn|Fo] = E[E[Y|F,]| Fo) = E[Y | F] = X, ¥Vm > n.

Uniform integrability follows from Problem 1.2, (1). In particular, from Theo-
rem 1.1 we know that {X,,} is bounded in L'. According to Theorem 3.3, X,
converges to some X, almost surely and in L.

Now it suffices to show that X, = E[Y|F] a.s. Since UX F, is a 7-
system, we only need to verify

/Xood]P):/YdIP, VA€ F,, n > 0.
A A
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This follows from letting m — oo in the identity:
/de]P’: / YdP, Ym>n, A€ F,.
A A

[]

It is sometimes helpful to consider martingales running backward in time,
or equivalently, to work with negative time parameter, in particular in the
study of continuous time martingales. As we shall see, due to the natural
ordering of negative integers, convergence properties for backward martingales
are simpler and stronger than the forward case.

Let T'={—1,-2,---}. By using the natural ordering on 7', we define the
notions of (sub or super)martingales in the same way as the non-negative time
parameter case. Now observe that we have a decreasing filtration

G2 ()9S CG i)y SGm - G
n=1

as n — —oo.
The following convergence theorem plays a crucial role in the passage from
discrete to continuous time.

Theorem 3.4 (The Lévy-Doob backward theorem). Let {X,,,G, : n < —1}
be a supermartingale. Suppose that sup,._; E[X,] < co. Then X,, is uniformly
integrable, and the limit

X o2 lim X,

n——oo

exists almost surely and in L'. Moreover, for n < —1, we have
E[X, |G- < X_w, as.,
with equality if {X,,G,} is a martingale.

Proof. To see that X, converges almost surely, we use the same technique
as in the proof of Doob’s supermartingale convergence theorem. The main
difference here is that the right hand side of Doob’s upcrossing inequality is
now in terms of X_; since we are working with negative times. Therefore,
the limit X_., £ lim,_,_., X, exists almost surely (possibly infinite) without
any additional assumptions. X ., can be defined to be G_,,-measurable (c.f.
Remark 3.2).
Now we show uniform integrability.
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Let A > 0 and n < k < —1. According to the supermartingale property,
we have

E[|Xa|lgx,sn] = E[Xolixsn] —E[Xalix,< ]

E[X.] — E [XuLix,<n) — E [Xalix,<n]
< E[X,] —E [Xelix, <] — E [Xelix,<-x)
= E[X,] - E[Xi] + E [Xalix,on] — E [Xelix,<on)
< E[X,]) —E[Xi] + E [| Xu|Lix. =] -

Given € > 0, by the assumption sup,._; E[X,] < oo, there exists k < —1,
such that .
Moreover, for this particular k, by integrability there exists § > 0, such that

A€ .F,]P(A) <) — ]E[|Xk|1,4] <

DO ™

On the other hand, since {X,,G,} is a supermartingale, we know that
{X,,G,} is a submartingale. Therefore,

E[|X.|] = E[X,] + 2E[X,, | < E[X,,] + 2E[X ], Vn < —L1.

This implies that M = sup,._, E[|X,|] < oo (which by Fatou’s lemma already
implies that X, is a.s. finite), and

E[l Xa]
)

Now we choose A > 0 such that if A > A, then

M
A Y

P(|X,| > \) < <=, ¥n< -1, A>0

P(| X, > A) <0, Vn <Kk,

and
E UXn|1{|Xn|>)\}] <e, Vk<n<-—1.

The uniform integrability then follows.

With uniform integrability, it follows immediately from Theorem 1.3 that
X,, = X almost surely and in L' as n — —oo.

Finally, the last part of the theorem follows from

/ X, dP < / XndP, YVAEG o, m<n<—1,
A A
and letting m — —o0. O]
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Remark 3.3. We have seen that the fundamental condition that guarantees con-
vergence is the boundedness in L!. In particular, all the convergence results we
discussed before hold for submartingales as well, since —X,, is a supermartin-
gale if X, is a submartingale, and applying a minus sign does not affect the
L'-boundedness.

3.3 Doob’s optional sampling theorems

Given a martingale, under certain conditions it is reasonable to expect that
the martingale property is preserved when sampling along stopping times. The
study of this problem leads to the so-called Doob’s optional sampling theorems.

Again we will mainly work with (super)martingales, and all the results
apply to submartingales by applying a minus sign.

Let {X,,F., : n > 0} be a (super)martingale, and let 7 be an {F,}-
stopping time.

We first consider the stopped process X7 2 X ..

As in the proof of Doob’s upcrossing inequality, we can interpret X by a
gambling model. The model in this case is quite easy: we keep playing unit
stakes from the beginning and quit immediately after 7. Mathematically, set

CZ = 1{n<7}, n 2 1.

Then (C7 @ X),, = X, — Xo (recall that (C™ e X)), represents the total
winning up to time n). Apparently, the sequence C7 is bounded, non-negative
and {F, }-predictable. According to Theorem 3.1, we have proved the following
result.

Theorem 3.5. The stopped process X is an {F,}-(super)martingale.

Now we consider the situation when we also stop our filtration at some
stopping time.
We first consider the case in which the stopping times are bounded.

Theorem 3.6. Let {X,,, F,, : n > 0} be a (super)martingale. Suppose that o,
are two bounded {F,}-stopping times such that o < 7. Then {X,, Fy; X7, Fr}
is a two-step (super)martingale.

In particular, if T is an {F,}-stopping time, then { X rn, Fran : 1 = 0} is
a (super)martingale.

Proof. We only consider the supermartingale case. Assume that o < 7 < N for
some constant N > 0. Adaptedness and integrability of {X,, F,; X,, F,} are
straight forward. To see the supermartingale property, let F' € F,. Consider
the sequence

Cn == 1F1{J<n<7}, n = 1.
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Then (C'® X)y = (X, — X,)1p. On the other hand, C,, is {F,}-predictable

because
Fﬂ{a<n<7‘}:Fﬂ{aén—l}ﬂ(Tén—l)can_l, Vn > 1.

It is also bounded and non-negative. Therefore, according to Theorem 3.1,
{(C®X),,F,: n>0}is a supermartingale. In particular,

E[(C e X)n] = E[(X; — X,)1£] <0,
which is the desired supermartingale property. O]

The case when o, 7 are unbounded is more involved.

In general, since a stopping time 7 can be infinite, the definition of X, in-
volves its value at co. Therefore, a natural assumption on our (super)martingale
is to included a “last” element X ..

Definition 3.5. A (super)martingale with a last element is a (super)martingale
{X}, Fi :t € T} over the index set T'={0,1,2,--- } U {oc0}.

According to Lévy’s forward theorem (c.f. Theorem 3.1), a martingale
{X0, Fn 0 0 < n < oo} with a last element is uniformly integrable and
X,, = X almost surely and in L' as n — oo.

The general optional sample theorem for martingales is easy.

Theorem 3.7. Let {X,,F, : 0 < n < oo} be a martingale with a last
element. Suppose that o, T are two {F, }-stopping times such that o < 7. Then
{Xo, Fo; Xr, Fr} is a two-step martingale.

Proof. Adaptedness is easy. Integrability follows from

BIXD = SO [X ] 4 B [Xalto)
n=0

< D E[[Xaollprmmy] +E [ XoolLr=oc]
n=0

where we have used the fact that {|X,|,F,: 0 < n < oo} is a submartingale
with a last element.
Now we show that
E[Xo|F:] =X, as.
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The martingale property will follow from further conditioning on F,. Let A €
F.. For every n > 0, we have

E [ X 1angren}] = ZE [ Xilangr=i] = E [Xoolangreny] -
k=0

Since X, and X, are both integrable, by the dominated convergence theorem,
we have

E [XrlAﬂ{‘r<oo}} =E [XoolAﬂ{‘r<oo}] .

But the identity over {T = oo} is obvious. Therefore, we have

E[X,14] = E[X..14].

To study the case for supermartingales, we need the following lemma.

Lemma 3.1. Every supermartingale with a last element can be written as the
sum of a martingale with a last element and a non-negative supermartingale
with zero last element.

Proof. Let {X,,,F,: 0 <n < oo} be asupermartingale with a last element.
Define
Y, = E[Xo|Fu], Zy =X, —Y,, 0<n<oc.

Then X,, =Y, + Z, is the desired decomposition. O

Now we are able to prove the general optional sampling theorem for super-
martingales.

Theorem 3.8. Let {X,,, F,, : 0 < n < oo} be a supermartingale with a last
element. Suppose that o, T are two {F, }-stopping times such that o < 7. Then
{Xo, Fo; Xr, Fr} is a two-step supermartingale.

Proof. According to Theorem 3.7 and Lemma 3.1, it suffices to consider the
case when {X,, F, : 0 < n < oo} is a non-negative supermartingale with a
last element X = 0.

Adaptedness is easy. To see integrability, since

X, = Xa]-{cr<oo} + Xoo]-{o:oo}
and X is integrable, we only need to show that X,1,. is integrable. But

Xs 1{0<oo} = nh—>nolo Xo/\n]-{a<oo} )
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and according to Theorem 3.6, we know that
E [Xa/\n]-{o'<oo}} < E[XO'/\TL] < E[XO]

The integrability of X,;1;,.5) then follows from Fatou’s lemma.

Now we show the supermartingale property. Let A € F,. According to
Proposition 2.4, for every n > 0, AnN{o < n} € F,NF, = Fopn. From Theorem
3.6, we know that {Xonn, Forn; Xran, Fran} 1S a two-step supermartingale.
Therefore,

/ XrandP g/ XU/\ndIF’:/ XdP.
An{o<n} An{o<n} An{o<n}

Moreover, we know that

/ XT/\nd]P) 2 / X‘r/\nd]P)
An{o<n} An{o<n}n{r<occ}

as X,, is non-negative, and we also have
XT]-Aﬂ{7'<oo} = nh—>r20 XT/\n]-AO{O'gn}F‘I{T<oo}-

Fatou’s lemma then implies that

/ X dP < lim X dP < / X, dP.
An{r<co} =20 JAn{o<n} A

But the left hand side of the above inequality is equal to [ 4 XrdPsince Xop = 0.
This yields the desired supermartingale property. O

Corollary 3.2. Let {X,,F, : 0 < n < oo} be a (super)martingale with a
last element. Suppose that {1, = m > 1} is a increasing sequence of {F,}-
stopping times. Define X, = X, and F, = F.... Then {)N(m,]?m :om > 1}
is a (super)martingale.

3.4 Doob’s martingale inequalities

By using Doob’s optional sampling theorem for bounded stopping times, we
are going to derive several fundamental inequalities in martingale theory which
are important in the analytic aspect of stochastic calculus.

Here we will work with submartingales instead.

The central inequality is known as Doob’s maximal inequality, which is
the first part of the following result. As a submartingale exhibits an increas-
ing trend on average, it is not surprising that its running maximum can be
controlled by the terminal value in some sense.
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Theorem 3.9. Let {X,,,F, : n > 0} be a submartingale. Then for every
N >0 and X\ > 0, we have the following inequalities:

(1) AP (suppcpcn Xn = A) < E[XF];

(2) AP (infocnen X, < =) < E[Xy] — E[Xo].

Proof. (1) Let 0 = inf{n < N : X, > A} and we define 0 = N if no such
n < N exists. Clearly o is an {F, }-stopping time bounded by N. According
to Theorem 3.6, we have

EXy] > E[X,]=E [Xgl{ +E [XN1{

SUPO<n< N Xn<)\}:|

> P ({ sup X, > )\}) +E |:XN1{Sup0<n<NXn<)\}i| :

o<n<N

SUPO<n< N X,L2A}]

Therefore,

AP ({ sup X, > )\}) <E [XNl{Sup0< <an>x}} < E[X}].

o<n<N

The desired inequality then follows.

(2) Let 7 = inf{n < N : X, < —\} and we define 7 = N if no such
n < N exists. Then 7 is an {F, }-stopping time bounded by N. The desired
inequality follows in a similar manner by considering E[X,] < E[X]. O

An important corollary of Doob’s maximal inequality is Doob’s LP-inequality
for the maximal functional. We first need the following lemma.

Lemma 3.2. Suppose that X,Y are two non-negative random variables such
that

ElY1
P(X > \) < M VA > 0. (3.4)
Then for any p > 1, we have
X1, < qllYlp, (3.5)

where ¢ 2 p/(p—1) (so that 1/p+1/q=1).

Proof. Suppose [|Y]|, < co (otherwise the result is trivial). Write

X [}
E[Xp] =E |:/ p)\pld)\} =FE |:/ p)\pil]_{x>>\}d)\ .
0 0
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By Fubini’s theorem, we have

0
0o

< PAPTE [Y 1 xony] dA
0

X
_ E[Y / AP 2d)\}
0

= L _Eyxr
p—1

E[ / pAp_ll{X>A}d)\} - / PAPIP(X > M)dA
0

First we assume that || X, < co. It follows from Hélder’s inequality that
EY XP] < Y1 X7 g = 1Y L 1X 15

Therefore, (3.5) follows.

For the general case, let XY = X AN (N > 1). By considering A > N
and A < N, we can see that the condition (3.4) also holds for X» and Y. The
desired inequality (3.5) follows by first considering X~ and then applying the
monotone convergence theorem. O

Corollary 3.3 (Doob’s LP-inequality). Let {X,,F, : n > 0} be a non-
negative submartingale. Suppose that p > 1 and X,, € LP for all n. Then for
every N >0, X} = SUPg<n<n Xn € LP, and we have the following inequality:

XNl < all Xnllp,

where ¢ 2 p/(p —1).

Proof. The result follows from the first part of Theorem 3.9 and Lemma 3.2.
O

3.5 The continuous time analogue

The key to the passage from discrete to continuous time is an additional as-
sumption on the right continuity for sample paths. With this right continuity
assumption, the generalizations of all the results in Section 3.1, 3.2 and 3.3
to the continuous time setting are almost straight forward. It will be seen in
Theorem 3.10 that this is not at all a luxurious assumption.

Suppose that (2, F,P;{F; : t > 0}) is a filtered probability space, and
all stochastic processes are defined on [0,00) (except in the backward case in
which the parameter set is (—oo, —1]). In the following discussion, we always
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assume that the underlying (sub or super)martingales have right continuous
sample paths.

1. The martingale convergences theorems: Theorem 3.2, Theorem
3.3, Corollary 3.1 and Theorem 3.4 (just for backward martingales) also hold
in the continuous time setting.

Proof. Indeed, the only place which needs care is the definition of upcrossing
numbers. Suppose that X; is an {F;}-adapted stochastic process. Let a < b
be two real numbers. For a finite subset ' C [0, 00), we define Up(X; [a, b]) to
be the upcrossing number of [a, b] by the process {X; : t € F'}, defined in the
same way as in the discrete time case. For a general subset I C [0, 00), set

Ur(X;[a, b)) = sup{Up(X;|a,b]) : F C I, F is finite}.

If X; has right continuous sample paths, we may approximate U (X [a, b])
by rational time indices to conclude that Ul (X;[a,b]) and Uy «)(X; [a, b])
are measurable. The remaining details of proving the continuous time analogue
of these convergence results are then straight forward. O

2. Doob’s optional sampling theorems: Theorem 3.6 and Theorem
3.8 also hold in the continuous time setting.

Proof. We only prove the analogue of Theorem 3.8. The case for bounded
stopping times is treated in a similar way.

Suppose that {X;, F; : 0 < ¢t < oo} is a supermartingale with a last element.
Let o < 7 be two {F;}-stopping times. For n > 1, define

=k
Opn = Z 271{%@%} + 0 1o—oo}
k=1

and define 7, in the same way. It is apparent that o, < 7,, and o, | o,
Tn 4 7. Moreover, given ¢t > 0, let k£ be the unique integer such that ¢ &€
[(k—1)/2" k/2"). From {0, < t} = {0 < (k —1)/2"}, we can see that o, is
an {F; }-stopping time and the same is true for 7,.

Since oy, 7, take discrete values {k/2" : k > 1} U {oo}, we can apply
Theorem 3.8 to conclude that

E[X,,|Fo.] < Xo,, ¥n > 1.

In other words,

/XTndIP’ < / X, dP, YA F, n>1. (3.6)
A A
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By Proposition 2.4, we know that F, C F, and hence (3.6) is true for every
AeF,.

Now a key observation is that {X, ,F,, : n > 1} is a backward super-
martingale with sup,,-; E[X,,] < co. This follows from the fact that o, 1 < o,
and E[X,,] < E[X(] for all n. The same is true for {X, ,F, : n > 1}.
Under the assumption that X; has right continuous sample paths (so that
X,, — X, X, — X, as n — 00), Theorem 3.4 enables us to conclude
that X,, X, € L' and to take limit on both sides of (3.6) for every A € F,.
Therefore, {X,, Fy; X,, Fr} is a two-step supermartingale. ]

Remark 3.4. Although here the backward supermartingale is indexed by pos-
itive integers, the reader should easily find it equivalent with having negative
time parameter as in Theorem 3.4 by setting m = —n for n > 1.

3. Doob’s martingale inequalities: Theorem 3.9 and Corollary 3.3 also
hold in the continuous time setting.

Proof. The right continuity of sample paths implies that

sup X; = sup X,
te[0,N] te[0,N]NQ

and the same is true for the infimum. Now the results follow easily. O

Finally, we demonstrate that we can basically only work with right con-
tinuous (sub or super)martingales without much loss of generality. We can
also see how the usual conditions for filtration (c.f. Definition 2.11) come in
naturally.

Definition 3.6. A function = : [0,00) — R is called cadlag if it is right
continuous with left limits everywhere.

Definition 3.7. A function x : QT — R is called regularizable if

liin x, exists finitely for every ¢ > 0
qlt

and

1i¥n x4 exists finitely for every ¢ > 0.
qrt

The following classical fact about real functions is important.

Lemma 3.3. Let v : QT — R be a real function. Suppose that for every
N eN, a,be Q with a < b, we have

sup  |zg| < oo and Ug+npo,n(w; [a, b]) < oo,
qeQ*TN[0,N]
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where Uy ny(z; [a,b]) is the upcrossing number of [a,b] by x|g+np,.n). Then the
function x is reqularizable. Moreover, the reqularization x of x, defined by

z; = limz,, t=>0,
qlt

is a cadlag function on [0, 00).
Proof. Suppose on the contrary that at some ¢ > 0 we have

lim inf z, < lim sup z,.
qdt qlt

Then there exist @ < b € Q, such that Uy nj(;[a, b]) = oo for every N > t,
which is a contradiction. Therefore, lim,; z, exists in [—o00, c0]. The bound-
edness assumption guarantees the finiteness of this limit. The case of ¢ 1t is
treated in the same way. Therefore, x is regularizable.

Now suppose t,, | t = 0. We choose ¢, € (t,41,t,) be such that |z, —
Ty, .| < 1/n. It follows that ¢, | ¢t and hence z,, — ;. Similarly, we can show
that limgy 5 = limgy 2, for every ¢ > 0. Therefore, 7 is a cadlag function. [

Recall that the usual augmentation of a filtered space (£2,G,P;{G;}) is
given by F; = 0(Gyy,N), where N is the collection of P-null sets. Now we
have the following regularization theorem due to Doob.

Theorem 3.10. Let { Xy, G} be a supermartingale defined over a filtered prob-
ability space (2, G, P;{G;}). Then:

(1) almost every sample path of X;, when restricted to QT , is reqularizable;

(2) the reqularization )?t of Xy, defined as in Lemma 3.3, is a supermartin-
gale with respect to the usual augmentation {F;} of (2, G, P;{G:});

(3) X, is a modification of X, if and only if X, is right continuous in L',
i.e.

ltiglEHXt — X|]=0, Vs>0.

Proof. (1) According to Lemma 3.3, it suffices to show that, for any given
N €N, a,b € Q with a < b, with probability one we have

sup | X,| < oo, Ugtnpo,n(X;[a,b]) < oo.
q€Q*N[0,N]

Indeed, let @, be an increasing sequence of finite subsets of Q™ N [0, N] con-
taining {0, N}, such that U ,Q, = QT N[0, N]. According to Theorem 3.9,
we have

2 1
P ( sup | X,| > )\> = lim P (sup | X, > A) < XE[X;{,] + -E[X;],
} n—00
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and according to Doob’s upcrossing inequality (3.2), we have

ElUq+ o (X [0, )] = lim E{Ug, (X:[a.1)] < “ 11
The result then follows.

(2 ) Define X, as in Lemma 3.3 on the set where X, is regularizable and
set X = 0 otherwise. From the construction, it is apparent that X, is {Fi}-
adapted. Now suppose s < t, and let p, < ¢, € QT be such that p, | s,q, | t.
It follows that {X,,,G,,} is a backward supermartingale with sup, E[X,, | <
oo, and the same is true for {X,,, G, }. Therefore,

Xpn — 5(:37 an — tha

almost surely and in L' as n — oo. In particular, )N(s and )N(t are integrable. The
supermartingale property follows by taking limit in the following inequality:

/ X, dP < / X, dP, VA€ G,.,.
A A

(3) Necessity. We only need a weaker assumption that X has a right
continuous modification X. In this case, given ty = 0, let ¢, (n > 1) be an
arbitrary sequence such that ¢, | to. Then with probability one, )?tn = X,, for
all n > 0. Since X; has right continuous sample paths, we obtain that X; —
Xy, almost surely. On the other hand, the same backward supermartingale
argument as in the second part implies that X;, — X;, in L!. Therefore, X;
is right continuous in L!. N

Sufficiency. Given ¢ > 0, let g, € Q* be such that ¢, J ¢t. Then X, — X;
in L'. Since X,, also converges to X; in L' by assumption, we conclude that
X, = X,. O

Remark 3.5. By adjusting the proof slightly, one can show that if {X;,G,} is a
supermartingale with right continuous sample paths, then almost every sample
path of X; also has left limits everywhere.

If we start with a filtration satisfying the usual conditions, we have the
following nice and stronger result.

Theorem 3.11. Let { X, F;} be a supermartingale defined over a filtered prob-
ability space (0, F,P; {Fi}) which satisfies the usual conditions. Then X has a

cadlag modification X if and only if the function t — E[X;] is right continuous.

Moreover, in this case {Xt,}"t} 1s also a supermartingale.
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Proof. Necessity follows from the same argument as in the proof of Theorem
3.10, (3). For the sufficiency, let X be the regularization of X given by Theorem
3.10. Then for t > 0, ¢, € Qt with ¢, > t, we have

/anleg/Xtd]P’, VA € F,.
A A

By letting ¢,, | t, we conclude that E [)?ﬂ]:t] < X, as. But X is {F:}-adapted

since {F;} satisfies the usual conditions. Therefore, )?t < X, a.s. But from
the right continuity of ¢ — E[X;], we see that E [)N(t} = E[X;]. Therefore,

)?t = X, a.s. Finally, it is trivial that every modification of X is also an
{Fi}-supermartingale. O

It follows from Theorem 3.11 that every martingale has a cadlag modifica-
tion, provided that the underlying filtration satisfies the usual conditions.

3.6 The Doob-Meyer decomposition

Now we discuss a result which is fundamental in the study of stochastic inte-
gration and lies in the heart of continuous time martingale theory. This will
also be the first time that the continuous time situation becomes substantially
harder than the discrete time setting.

Roughly speaking, the intuition behind the whole discussion can be sum-
marized as: the tendency of increase for a submartingale can be extracted in
a pathwise way, and what remains is a martingale part.

As before, we first consider the easy case: the discrete time situation. This
is known as Doob’s decomposition.

Definition 3.8. An increasing sequence {A, : n > 0} over a filtered prob-
ability space (2, F,P;{F,}) is an {F,}-adapated sequence such that with
probability one we have 0 = Ap(w) < Aj(w) < Az(w) < ---, and E[4,] < 0o
for all n.

Theorem 3.12 (Doob’s decomposition). Let {X,,F, : n = 0} be a sub-
martingale defined over a filtered probability space (Q, F,P;{F,}). Then X
has a decomposition

X, =M,+ A, n=>0,

where {M,, F,} is a martingale, {An, F.} is an increasing sequence which is
{Fn}-predictable. Moreover, such a decomposition is unique with probability
one.
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Proof. We first show uniqueness. Suppose that X, has such a decomposition.
Then
Xp— Xy =M, — M,_1 + An - An—l-

Since M, is an {F, }-martingale and A, is {F,}-predictable, we have
E[Xn - anlyfnfl] = An - Anfl-
Therefore,

A, = iE[Xk — X1 |Fal. (3.7)

Existence follows from defining A,, by (3.7) and M, 2 X,—A,. O

Remark 3.6. Predictability is an important condition for the uniqueness of
Doob’s decomposition. Indeed, if {M,,, F,} is a square integrable martingale
with My = 0, then

M? =1V, + B,

where B, = >} (M), — Mjy_1)? is another decomposition of the submartingale
M? into a martingale part V,, and an increasing sequence B,,. However, B,
here is not {F, }-predictable.

To understand the continuous time analogue of Theorem 3.12, we first
need to recapture the predictability property in a way which extends to the
continuous time case naturally.

Definition 3.9. An increasing sequence A,, defined over some filtered proba-
bility space (Q, F,P; {F,}) is called natural if

ZE[mk(Ak — Ak—l)] = ZE[mk_l(Ak - Ak—l)], n 2 1, (38)

k=1 k=1
for every bounded martingale {m,,, F,,}.

Note that from the martingale property, the left hand side of (3.8) is equal
to E[m, A,]. Moreover, simple calculation yields

ka 1(Ag — Ag-1) ZAk myg — mg_1) = mpyA, — (A em),,

where (A e m), is the martingale transform of m, by A,. Therefore, A, is
natural if and only if

E[(Aem),] =0, Yn>1

for every bounded martingale {m,,, F,,}.
Now we have the following simple fact.
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Proposition 3.3. Suppose that Fy contains all P-null sets. Then an increasing
sequence A, is {JF,}-predictable if and only if it is natural.

Proof. Suppose that A, is {F,}-predictable. Let {m,, F,,} be a bounded mar-
tingale. According to Theorem 3.1, we know that {(Aem),, F,} is a martingale
null at 0. Therefore, A,, is natural.

Conversely, suppose that A,, is natural and hence we know that

E[A,(m, —m,_1)] =0, Vn>1,
for every bounded martingale {m,, F,,}. It follows that for every n > 1,

E[m, (A, — E[A,|F,-1])]

E[m,An] — E[m,E[A,|F,-1]]

E[m,A,] — E[A,m,_1] (by Problem 1.1, (1))
0.

my
My

(3.9)

Now for fixed n > 1, define Z = sgn(A, — E[A,,|F,-1]), and set m;, = E[Z|F]
if k < nand my = Z if & > n. It follows from {m,, F,} is a bounded
martingale, and from (3.9) we know that E[|A,, — E[A,|F,_1]|] = 0. Therefore,
A, = E[A,,|F,.—1] almost surely, which implies that A,, is {F, }-predictable. [

Now we discuss the continuous time situation. In the rest of this subsection,
we will always work over a filtered probability space (Q,F,P;{F;, : t > 0})
which satisfies the usual conditions.

To study the corresponding decomposition, we first need the analogue of
increasing sequences.

Definition 3.10. A increasing process {A; : t > 0} is an {F;}-adapted
process A; such that with probability one we have Ayp(w) = 0 and ¢ — A;(w)
is increasing and right continuous, and E[A4;] < oo for all £ > 0.

Definition 3.11. An increasing process A; is called natural if for every bounded
and cadlag martingale {my, F;}, we have

t t
E [/ msdAs] ~E [/ ms_dAs} ) (3.10)
0 0

where the integrals inside the expectations are understood in the Lebesgue-
Stieltjes sense.

Note that every continuous, increasing process is natural, since a cadlag
function can have at most countably many jumps. Moreover, the left hand
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side of (3.10) is equal to E[m;A;]. Indeed, let P: 0=ty <t; <--- <t, =t
be an arbitrary finite partition of [0,¢]. Then as in the discrete time case, we
see that

ZE[mtk (Ag, — Ay, )] = E[my Ay (3.11)

k=1
Since m; is right continuous, by the dominated convergence theorem, the left
hand side of (3.11) converges to E [fot msdAs} as mesh(P) — 0.

Remark 3.7. In the continuous time setting, there is also a notion of pre-
dictability which is crucial for the study of stochastic calculus for processes
with jumps. This is technically much more complicated than the discrete time
case. Under this notion of predictability, it can be shown that an increasing
process is natural if and only if it is predictable (c.f. [1]).

Unlike discrete time submartingales, not every cadlag submartingale has a
Doob-type decomposition (see Problem 5.2 for a counterexample). We first ex-
amine what condition should the submartingale satisfy if such a decomposition
exists.

Suppose that {X;, F;} is a cadlag submartingale with a decomposition

Xy =M, + Ay,

where {M;, F;} is a cadlag martinagle and A; is an increasing process. Given
T > 0, let Sy be the set of {F;}-stopping times 7 satisfying 7 < T a.s.
According to the optional sampling theorem, we have M, = E[My|F;] for every
7 € Sr. It follows from Problem 1.2, (1) that {M, : 7 € Sr} is uniformly
integrable. Moreover, since Ar is integrable and A, < Ar a.s. for every
7 € Sr, we conclude that {X; : 7 € Sy} is uniformly integrable.

Definition 3.12. A cadlag submartingale { X}, F;} is said to be of class (DL)
if for every T' > 0, the family {X, : 7 € Sy} is uniformly integrable.

Now we prove the converse. This is the famous Doob-Meyer decomposition
theorem.

Theorem 3.13. Let {X;, F;} be a cadlag submartingale of class (DL). Then
Xy can be written as the sum of a cadlag martingale and an increasing process
which is natural. Moreover, such decomposition is unique with probability one.

Proof. The main idea is to apply discrete approximation by using Doob’s de-
composition for discrete time submartingales.
(1) We first prove uniqueness.
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Suppose that X; has two such decompositions:
Xt:Mt_’_At:Mt/—'—AQ

Then A; & A, — A, = M; — M] is an {F; }-martingale. Therefore, fix t > 0, for
any bounded and cadlag martingale {my, Fs}, we have

t n
E |:/0 ms—dAs:| - mes}lll(%l)_}()kz:;]E [mtk—l (Atk - Atk—l)] - Oa
where P: 0 =1, <t <--- <t,=11is a finite partition of [0,¢]. Since A and
A’ are both natural, it follows that E[m;A;] = 0. For an arbitrary bounded F;-
measurable random variable &, let m, be a cadlag version of E[¢|F]. It follows
that E[{A;] = 0. By taking { = 14,2473, We conclude that almost surely
¢A; = 0 and hence A, > Aj. Similarly, A; < A} almost surely. Therefore,
A; = A} almost surely. The uniqueness follows from right continuity of sample
paths.

(2) To prove existence, it suffices to prove it on every finite interval [0, 7],
as the uniqueness will then enable us to extend the construction to the whole
interval [0, c0).

Forn > 1, let D,, : t} = kT/2" (0 < k < 2") be the n-th dyadic partition
of [0,7]. Let

X, =M™+ A" teD,,

be the Doob decomposition for the discrete time submartingale X|p, given by
Theorem 3.12. Since {Mt(n), F,: te Dn} is a martingale, we have

A" = X, — E[X7|F] +E [Ag’?)|ft] , t€D,. (3.12)

(3) The key step is to prove that {Agfl ) n > 1} is uniformly integrable,
which then enables us to get a weak limit A7 along a subsequence according to
the Dunford-Pettis theorem (c.f. Theorem 1.2). In view of (3.12), the desired
increasing process A; can then be constructed in terms of Ay and X, easily.

Given A > 0, define

T)(\n) 2 inf {tZ €D,: Aig}rl > /\} :

where inf () £ T. Since {Aﬁ”) cte Dn} is {F, : t € D,}-predictable, we see
that T;\n) € Sr. Moreover, {A(Tn) > )\} = {7}(\”) < T} € F_w. By applying the
A
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optional sampling theorem to the identity (3.12), we obtain that

E Ag)l{A;”)»}}
= E XT]'{T)(\n)<T}:| - [X (n)]_{ (n) T}:| +]E |:A((n> { (n)<T}:|

<E XT]_{T;\”)<T}:| —E |:X7—§")1{T§")<T}:| + AP < < T> (313)

On the other hand, since {T)\ " < T} {T;\/Q < T} , we have

(n) _ 4m) () _
| (4 - 45) ] 2 | (47 - ) 1)

> %IP <T§”) < T) . (3.14)

Again from the optional sampling theorem, we know that the left hand side

of (3.14) is equal to E [(XT - X (n>> T}] Therefore, from (3.13) we
/\/2

/2
arrive at

E[Ag)l{fl;w»}] < E[XTl{T;wT}} —E{ngml{f;ma}}

+2F {XTI T<"><T}} 2E {X Ly o _ }} (3.15)

2/2 ™2 \Ta2e<

Now observe that

1wl 1
< $E[AP] = SEXr — Xo] 0

]P)(T)(\n)<T> :IP’(A&TL)>)\) S 3

uniformly in n as A — co. Since X is of class (DL), we conclude that the right
hand side of (3.15) converges to 0 uniformly in n as A — oo. In particular,

this implies that {Ag? Vi > 1} is uniformly integrable.
(4) According to the Dunford-Pettis Theorem (c.f. Theorem 1.2), there ex-

ist a subsequence A(T” 7) and some Ay € LY(Q, Fr,P), such that A‘T” 2 converges
to Ap weakly in L'(Q, Fr,P). In view of (3.12), now we define (taking a right
continuous version)

Ay = X, — E[X7|F)] + E[Ar|F], te[0,T]. (3.16)

It remains to show that A; is a natural increasing process.
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First of all, given any bounded Fr-measurable random variable &, from
Problem 1.1, (1) (i), we know that

EEE[Ar|F]] = E[A7E[S]A]],

and the same is true when Ap is replaced by Ag? ). In view of (3.12) and

(3.16), we see that AE”]‘ ) converges to A, weakly in LY (), Fr,P) for any given
teD=U>X D,.

To see the increasingness of A, let s <t € D and § = 114,54, It follows
that £(As; — A;) > 0. But

E[¢(4, — A)] = lim E ¢ (A0 — A™)] <0,

J]—00

Therefore, A, < A; almost surely. The increasingness of A; then follows from
right continuity:.

To see the naturality of A, first note that {AE") cte Dn} is{F;: teD,}-

predictable, and Aﬁ”),At differ from X; by martingales. Therefore, for any
given bounded and cadlag martingale {m;, F; : t € [0,T]}, we have

2"’1
nes] = 308 o (442 )] - S e, (4 - 42)
k=1
2n
= ZE e, (X = X, )| = 2B [ma, (g - Aq )]
k=1 k=1

By taking limit along the subsequence n;, we conclude that

E[mpAr] = [ / me_dA ] (3.17)

Now given t € [0, T, by applying (3.17) to the bounded and cadlag martingale
mt 2 my, (s € [0,T]), we obtain that

sima) =5 ['man]

Therefore, the naturality of A follows.
Now the proof of Theorem 3.13 is complete. O]

It is usually important to understand the relationship between regularity
properties of a submartingale and of its Doob-Meyer decomposition.
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Definition 3.13. A cadlag submartingale { X;, F;} is called reqular if for every
T >0 and 7,,7 € Sy with 7, T 7, we have

lim E[X, | = E[X,].

n—oo

Note that from the optional sampling theorem, every cadlag martingale is
regular.

Lemma 3.4. Let {X;, F;} be a regular cadlag submartingale which is of class
(DL), and let A; be the natural increasing process in the Doob-Meyer decom-
position of X;. Then for any 1,,7 € Sy with 7, T 7, A, T A, almost surely.

Proof. 0 < A,, < A, < Ar implies that {A,, : n > 1} is uniformly integrable.
Let B = lim, .o A,,. Then E[B] = lim,,_,, E[A, ]. On the other hand, A; is
also regular and B < A,. Therefore, E[B] = E[A,], which implies that B = A,
almost surely. O

Now we have the following general result.

Theorem 3.14. Let { X, F;} be a cadlag submartingale which is of class (DL),
and let Xy = M, + A; be its Doob-Meyer decomposition. Then X, is reqular if
and only if A; is continuous.

Proof. Sufficiency is obvious. Now we show necessity.

Since A; is increasing and right continuous, we use the following global
way to establish the continuity of A, over an arbitrary finite interval [0, T]: it
suffices to show that, for every A > 0,

of[Cacnaan] -x[[Cacawaa].

0 0

Indeed, since A; A A is also increasing and right continuous, it has at most
countably many discontinuities. Therefore,

T T

/ Ay AN NdA,; — / A ANMA =D (A AN = A AN (A — A)

0 0 <7
> (AAX= A AN,

t<T

where the summation is over all discontinuities of A; A X on [0, T]. Therefore,
(3.18) implies that with probability one, A; A X does not have jumps on [0, T].
Since A is arbitrary, we conclude that A; is continuous almost surely.

Now we establish (3.18). This looks quite similar to the naturality property
of Ay, except for the fact that the integrand A; A A\ is not a martingale. To
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get around this issue, we use piecewise martingales to approximate A; A A in
a reasonable sense.

As in the proof of Theorem 3.13, let D,, be the n-th dyadic partition of
[0, 7. Define (taking a right continuous version)

A =E [Ag ANF], te i, 6], 1<k<2m

By applying the naturality property of A; on each (¢7_,,t}], we obtain that

T T
El / A§”>dAt] :E[ / Ai”)dAt].
0 0

Now we prove that A m) converges uniformly in t E [0,7] to A; A X in

probability. This will imply that along a subsequence A converges uniformly
inte0,7] to A; A X almost surely, which concludes (3.18) by the dominated
convergence theorem.

Note that with probability one, A,En) > A; AN X and Ag") is decreasing in n for

every t € [0,T]. Given ¢ > 0, let o™ = inf {t e0,7]: A™ — A4, AN > 5}

(inf@ = T). Then o™ is an increasing sequence of {F;}-stopping times in

Sr. Let o, = lim,_, 05 . Now deﬁne another 7'( n) E Sr by Tg(") =ty if

o™ ety P 1, t]. It is apparent that o™ < 7" and 7" 1 0. as well.

For fixed 1 < k < 2", by applying the optional sampling theorem to the
martingale A" = E [Aw A AF] (t € [0,T]), we obtain that

E Ai?”l{t’,;_1<a§")<tg}} =k E(?Bﬂl{tn <a§”)<t"}]

= E Atg /\)\1{2 <o (")<tn}:|

= K ATE(n) /\)\1{2 <o (")<t"}:| .

n)

By summing over k, we arrive at [A(n) } E [AT(”) A )\} . Therefore,

E Ao AN = Ay AX| =B [A%) = 4,0 AA| 2 P (o) < T).

€

On the other hand, according to Lemma 3.4, we know that

lim A <n)/\)\— hmAm AX= A, AN, as.

n—oo n—o0

Therefore, by the monotone convergence theorem, we conclude that

lim P (o™ < T) =0.

n—oo
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But {aén) < T} = {SUPte[o,T] (A™ — A, A N) > 5} . In other words, A™ con-

verges uniformly in ¢ € [0,7] to A; A X in probability.
Now the proof of Theorem 3.14 is complete. m

3.7 Problems

Problem 3.1. (1) (x) Suppose that {X;, F; : t > 0} is a right continu-
ous supermartingale and 7 is an {F;}-stopping time. Show that the stopped
process X7 2 X, is a supermartingale both with respect to the filtrations
{Fi: t >0} and {F,p:: t >0}

(2) (%) Let {X; : t > 0} be an {F;}-adapted and right continuous stochastic
process. Suppose that for any bounded {F;}-stopping times o < 7, X, X, are
integrable and E[X,] < E[X,]. Show that {X;, F;} is a submartingale.

Problem 3.2. Let (2, F,P;{F; : t > 0}) be a filtered probability space which
satisfies the usual conditions. Suppose that Q is another probability measure
on (2, F,P) satisfying Q < P when restricted on F; for every ¢t > 0.

(1) Let M; be a version of dQ/dP when P,Q are restricted on F;. Show
that {M;, F;} is a martingale.

(2) Take a cadlag modification of M; and still denote it by M, for simplicity.
Show that {M;} is uniformly integrable if and only if Q < P when restricted
on F,. In this case, we have:

(i) My = lim;_,oo M; = dQ/dP when restricted on Fa,

(ii) for every {F:}-stopping time 7, Q < P when restricted on F, and
M, = dQ/dP on F,.

Problem 3.3. (%) Let {X;, F;} be a right continuous martingale which is
bounded in L? for some p > 1 (i.e. supyc,., E[|X¢[P] < 00). Show that X
converges to some X, almost surely and in LP.

Problem 3.4. (1) Show that logt < t/e for every ¢ > 0, and conclude that
+ + b
alog”™b<alog”a+ -
e
for every a,b > 0, where log" t = max{0,logt} (t > 0).
(2) Suppose that {X;, F; : ¢t > 0} is a non-negative and right continuous

submartingale. Let p : [0,00) — R be an increasing and right continuous
function with p(0) = 0. Show that

Bl < B[ | o o], VT 0
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where X% £ Supefo,7) Xt-
(3) By choosing p(t) = (t — 1)* (¢ = 0), show that

E[X3] < %(1 +E[Xrlog* Xr]), VT > 0.
Problem 3.5. Suppose that {X;, F; : ¢t > 0} is a continuous martingale
vanishing at t = 0 and

sup X;(w) = o0, %%Xt(w) = —00, Yw €.

t20

Define 79 = 0, and 7, = inf {t > 7,_1: [X;, — X,,_,|=1} (n > 1). Show
that 7, are finite {F; }-stopping times. What is the distribution of the random
sequence { X, : n>1}7?

Problem 3.6. Let {X;, 7;} be a continuous and uniformly integrable mar-
tingale with Xy = 0. Suppose that there exists a constant Mx > 0 such
that

IE:H)(OO - XTH‘FT] < MX a.S.,

for every {F;}-stopping time 7, where X, = lim;_,, X; which exists almost
surely and in L' according to uniform integrability. Let X* = sup,. | Xy|.
(1) Show that for every A, u > 0,

M
P(X* > A+ p) < TXMX* > \).
(2) By using the result of (1), show that

P(X* > \) < ¥ 5%, YA > 0.

In particular, e®X” is integrable when 0 < o < (eMx)~!, which also implies
that X* € LP for every p > 1.

Problem 3.7. Let {X;, F; : t > 0} be a cadlag submartingale over a filtered
probability space which satisfies the usual conditions.

(1) (%) Suppose that X, is non-negative, show that X, is of class (DL).
Suppose further that X; is continuous, show that X; is regular.

(2) Suppose that X; is non-negative and uniformly integrable. Show that
X; is of class (D) in the sense that {X, : 7 € S} is uniformly integrable,
where S is the set of finite {F;}-stopping times. Moreover, A, 2 lim;_,, A,
is integrable, where A; is the natural increasing process in the Doob-Meyer
decomposition of X;.
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4 Brownian motion

In this section, we study a fundamental example of stochastic processes: the
Brownian motion.

In 1905, based on principles of statistical physics, Albert Einstein discov-
ered the mechanism governing the random movement of particles suspended
in a fluid, a phenomenon first observed by the botanist Robert Brown. In
physics, such random motion is known as the Brownian motion. However,
it was Louis Bachelier in 1900 who first used the distribution of Brownian
motion to model Paris stock market and evaluate stock options. The precise
mathematical model of Brownian motion was established by Nobert Wiener
in 1923.

Brownian motion is the most important object in stochastic analysis, since
it lies in the intersection of all fundamental stochastic processes: it is a Gaus-
sian process, a martingale, a (strong) Markov process and a diffusion. More-
over, being an elegant mathematical object on its own, it also connects stochas-
tic analysis with other parts of mathematics, e.g. partial differential equations,
harmonic analysis, differential geometry etc. as well as applied areas such as
physics and mathematical finance.

From this section we will start appreciating the great power of martingale
methods developed in the last section.

4.1 Basic properties

Definition 4.1. A (d-dimensional) stochastic process {B; : t > 0} is called a
(d-dimensional) Brownian motion if:

(1) By = 0 almost surely;

(2) for every 0 < s < t, By — By is normally distributed with mean zero
and covariance matrix (¢ — s)I;, where I, is the d x d identity matrix;

(3) for every 0 < t; < -+ < t,, the random variables B;,, By,—By,, -+ , By, —
B;, _, are independent;

(4) with probability one, t — B;(w) is contiuous.

Direct computation shows that a Brownian motion is a d-dimensional Gaus-
sian process with i.i.d. components, each having covariance function p(s,t) =
sAt (s, t>=0).

As usual, it is also important to keep track of information when a filtration
is presented.

Definition 4.2. Let {F; : ¢t > 0} be a filtration. A stochastic process {B; :
t > 0} is called an {F;}-Brownian motion if it is a Brownian motion such that
it is {F;}-adapted and B; — By is independent of F for every s < t.
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Apparently, every Brownian motion is a Brownian motion with respect
to its natural filtration. Moreover, every {F;}-Brownian motion is an {F;}-
martingale.

The existence of a Brownian motion on some probability space is proved in
Problem 2.2 by using Kolmogorov’s extension and continuity theorems. From
a mathematical point of view, it is also important and convenient to realize a
Brownian motion on the continuous path space (W4, B(W?), p) (c.f. Section
1.5). Suppose that B; is a Brownian motion on (2, F,P) and every sample
path of B; is continuous. It is straight forward to see that the map B : w —
(By(w))i0 is F/B(W) measurable. Let py = Po B~L.

Definition 4.3. py is called the (d-dimensional) Wiener measure (or the law
of Brownian motion,).

From the definition of Brownian motion and the uniqueness of Carathéodory’s
extension, we can see that u is the unique probability measure on (W%, B(W4))
under which the coordinate process X,(w) = w, is a Brownian motion.

The following invariance properties of Brownian motion are obvious by
definition.

Proposition 4.1. Let B; be a Brownian motion. Then we have:

(1) translation invariance: for every s > 0, {Byys — Bs : t > 0} is a
Brownian motion,

(2) reflection symmetry: —B; is a Brownian motion;

(3) scaling invariance: for every A\ > 0, {\"'By2, : t > 0} is a Brownian
motion.

4.2 The strong Markov property and the reflection prin-
ciple

Now we demonstrate a very important property of Brownian motion: the
strong Markov property.

Heuristically, the Markov property means that knowing the present state,
history on the past does not provide any new information on predicting the
distribution of future states. “Strong” means that the meaning of “present”
can be randomized by a stopping time.

Let

1 le—y?

e 2, t>0, z,y € RL 4.1
omt)2 (1)

pt(x,y) =

~~

It is easy to see that

0

1
apt(xvy) = §Aa:pt($7y)> t>0.
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Let By(R?) be the space of bounded measurable functions on R?, equipped
with the supremum norm. Define a family {P, : ¢ > 0} of continuous linear
operators on By(RY) by

o = L Jrep(@9) f)dy, >0
RI) {f(@’ >0

Routine calculation shows the following semigroup property:
Pis=PoP,=PFP,0P, Vs, t>0.

This is known as the Chapman-Kolmogorov equation, which is a basic feature
of Markov processes.

Now let B; be an {F;}-Brownian motion with respect to some filtration
{F:}. The Markov property of B; can be stated as follows.

Theorem 4.1. For every 0 < s <t and f € By(R?), we have

E[f(Bis)|Fs] = E[f(Biys)|Bs] as.
Proof. Note that

E[f(Byys — Bs + )] = Pif(z), Vo€ R

Since By, s — B is independent of F; and By is Fs-measurable, from Problem
1.1, (1), (ii), we conclude that

E[f (Bi+s)|Fs] = E[f (Bets — Bs + Bo)|Fs] = Bif(Bs) as.
The result then follows by conditioning on Bs. O]

The kernel p;(z,y) is called the Brownian transition density (or the heat
kernel). Heuristically, it gives the probability density of finding a Brownian
particle at position y after time ¢t whose initial position is x. Respectively, the
semigroup { P} is called the Brownian transition semigroup (or the heat semi-
group). The relationship between the Brownian motion B; and the Laplace
operator A lies in the fact that A is the infinitesimal generator of By, in the
sense that

%Af =lim(P,f — f)/t in By(RY),

at least for f € C?(R?), the space of twice continuously differentiable func-
tions with compact support. We will come back to this point when we study
stochastic differential equations and diffusion processes.

The strong Markov property of Brownian motion takes essentially the same
form as Theorem 4.1, but with s replaced by a stopping time. Indeed, we will
establish a finer result. The proof exploits the optional sampling theorem of
martingales.
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Theorem 4.2. Suppose that Fo contains all P-null sets. Let By be an {F;}-
Brownian motion and let 7 be an {F;}-stopping time which is finite almost
surely. Then the process B = {B:++ — By : t > 0} is a Brownian motion
which is independent of F,. In particular, for everyt > 0 and f € By(R?), we
have

E[f(BT+t)|~FT] = E[f(BT+t)|BT] a.s. (42>

Proof. From classical probability theory, it is sufficient to show that:

E fei ZZ=1<91@,B,E,:)*B§,:),1 = E[¢] - 0~ 3 k=1 Ok (tr—tr—1) (4.3)
for every £ bounded F,-measurable, 0 =ty <t; < --- <t, and 01,---,6, €

R,
In general, given 6 € R?, define

Mt(e) _ ei(@,Bz)+%\€|2t7 £>0.
It is easily seen that {Mt(e), .7-}} is a continuous martingale. Therefore, given

an almost surely finite {F;}-stopping time o and ¢t > 0, according to the
optional sampling theorem, we have

B |:ei<0»Bcr/\N+i>+%‘9|2(U/\N+t)|,FO./\N:| _ ei(@,Ba/\N>+%|9‘2o'/\N’ VN € N.

Equivalently,
E |:ei<0,Bg/\N+t_Bo'/\N>|FO_/\N] = e_%|0‘2t, VN 6 N (44>

Note that F, = UyenForn (A € F, = AN{o < N} € F, oy for all N,
so AN{o < oo} € UyenFonn. But AN {o = oo} € Fy by assumption.) By
using the definition of conditional expectation and the dominated convergence
theorem, we may take limit N — oo in (4.4) to conclude that

E |:ei<9,Bg+t—Ba>|]:'o_:| — e_%‘6|2t‘ (45)

Now (4.3) follows from taking conditional expectations and applying (4.5)
recursively, starting from o =7+1t, 1, t =1t, —t,_1 and 0 =0,
In the same way as before, the strong Markov property (4.2) follows from
the fact that
E[f(BT+t)|]:T] - Ptf(BT) a.s.
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In the one dimensional case, an important application of the strong Markov
property is the so-called reflection principle, which yields immediately the
explicit distributions of passage times and maximal functionals.

Let B; be a one dimensional Brownian motion, and let {F?} be the aug-
mented natural filtration of B; (i.e. FP = o(GP, N) where {GP} is the natural
filtration of B; and N is the collection of P-null sets).

For x > 0, set

T, =inf{t > 0: B, = x}.

Then 7, is an {F/}-stopping time. To see it is finite almost surely, we need
the following simple fact.

Proposition 4.2. We have:

P (suth = oo> =P <inth = —oo> =1.
>0 t=0

In particular, T, < oo almost surely.

Proof. Let M = sup,., B;. According to the scaling invariance of Brownian
motion (c.f. Proposition 4.1, (2)), for every A > 0, we have

(A By t =02 (B, t >0}
This certainly implies that A=*M Y ). Now we have:

P(M >\ =P(M>1) =2 PM=oc)=PM>1),
P(M<N)=PM<1) 2 PM<0)=PM<1).

Since M > 0 almost surely, we conclude that M is supported on {0, c0}.
On the other hand, observe that

P(M=0) < P(B<0, B, <0Vu3>1)
< P (B1 <0, stlig)(BHt —By) = 0)
— P(B,<0)-P(M=0)
= SR =0),

where the second inequality follows from the fact that sup,o(Biy¢ — Bi) is
either 0 or oo since {By;— By : t > 0} is again a Brownian motion. Therefore,
P(M =0) =0 and M = oo almost surely.

The infimum case follows from the reflection symmetry of Brownian motion.

]
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The reflection principle asserts that the law of Brownian motion is invariant
under reflection with respect to the position x after time 7,. Here is the
mathematical statement.

Proposition 4.3. Define

~ B t < Ty,
B, =" E (4.6)
20 — By, t>T1,.

Then By is also a Brownian motion.

Proof. According to Theorem 4.2, the process Bt(”) 2B, w—B., =B, . —=z
is a Brownian motion which is independent of F, . Therefore, —Bt(”) is also a
Brownian motion being independent of F, . Let Y; = B;_a+ be the Brownian
motion stopped at 7,. Note that the map w +— Y.(w) is F,, /B(W{)-measurable,
where W) is the space of continuous path w € W' with wy = 0. It follows that
as random variables taking values in the space W x [0,00) x Wy, (Y, 75, B7™))
has the same distribution as (Y, Tus —B(Tf)) .

Now define a map ¢ : W, x [0,00) x W — W by ¢(z,t,y)(s) = zs +

Ys—tlis>ey (s = 0). Then @(Y,Tx,B(TI)) = B and QO(Y,TI,—B(T””)) = B.
Therefore, B is also a Brownian motion. O

4.3 The Skorokhod embedding theorem and the Donsker
invariance principle

In this subsection, we apply the strong Markov property to study the funda-
mental connections between Brownian motion and random walk in dimension
one. On the one hand, it is not hard to imagine that the Brownian motion
can be regarded as the continuum limit of scaled random walks. The precise
form of this result is known as the Donsker invariance principle. On the other
hand, it is highly non-trivial that every random walk can be embedded into
a Brownian motion evaluated along a sequence of stopping times. This em-
bedding result is an easy consequece of the well known Skorokhod embedding
theorem.

We first establish the Skorokhod embedding theorem. As we will see, based
on this theorem, the Donsker invariance principle is a consequence of the con-
tinuity of Brownian motion.

Suppose that B; is a one dimensional Brownian motion with {FZ} being
its augmented natural filtration.

The Skorokhod embedding theorem can be stated as follows.
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Theorem 4.3. Let X be a real-valued random variable such that E[X] = 0
and E[X?] < co. Then there exists an integrable {FP}-stopping time T, such

that B, 2 X and E[r] = E[X?].

The proof of this theorem is highly non-trivial but the starting point is
simple.

Consider the simplest case where X takes two values a < 0 < b. The
condition E[X] = 0 implies that

b —a

P(X=a)=;—, P(X=b)= , E[X?] = —ab.

On the other hand, define
Top =10f{t > 0: B; ¢ (a,b)}.

From Proposition 4.2, we know that 7, is an almost surely finte { F? }-stopping
time.

Proposition 4.4. We have:

b —a
Tab = ) P B‘r =b) = 5
a,b a) b —a ( a,b ) b —a

In particular, 7, gives a solution to the Skorokhod embedding problem for the
distribution of X.

P(B E[r,] = —ab.

Proof. By applying the optional sampling theorem to the {FF}-martingales
B; and B? — t, we have

E[B;, ,an] =0, E[B? ,,.] =E[r., An].

Ta,b/\TY

Since |B;, ,an| < max(|a|,|b]) for every n, by the dominated convergence the-
orem, we conclude that

E[B,,,] =0, E[B] ] =E[r,]. (4.7)

Ta,b
As B;,, takes the two values a and b, the first identity of (4.7) shows that
B.., 2 X. The second identity of (4.7) then shows that 7, is integrable and

Ta,b

E[r,,] = E[X?] = —ab. O

Remark 4.1. In general, it is a good exercise to show that: for every integrable
{EB}—stopping time 7, B, is square integrable, and

E[B,] =0, E[B?] = E[7].

This is called Wald’s identities. Therefore, E[X] = 0 and E[X?] = 0 are
necessary conditions for the existence of Skorokhod’s embedding.
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The general solution of the Skorokhod embedding is motivated from the
simple two-value case. The idea is the following. We approximate the general
random variable X by a binary splitting martingale sequence X,,, so that the
desired stopping time 7 can be constructed as the limit of a sequence 7, of
stopping times each of which corresponding to a two-value case but starting
from the previous one. The strong Markov property will play an important
role in the construction.

Definition 4.4. A sequence {X, : n > 1} of random variables is called

binary splitting if for each n > 1, there exists some Borel measurable function
fn: R x {£1} — R and a {£1}-valued random variable D, such that

X, = fn(Xla T 7Xn—17Dn> a.s.

It is called a binary splitting martingale if it is also martingale with respect to
its natural filtration.

Intuitively, if { X, } is binary splitting sequence, the conditional distribution
of X, given (X1, -, X,,_1) is supported on at most two values.
We first establish the approximation result.

Proposition 4.5. Let X be a square integrable random variable. Then there
exists a binary splitting martingale {X,, : n > 1} which is square integrable,
such that X, — X almost surely and in L* as n — oo.

Proof. Define
1 X > E|X];
T
—1, otherwise,

Fi =0(Dy), and X; = E[X|F]. Inductively, for n > 2, define

D. — 17 X > anl;
" —1, otherwise,

Fn=0(Dy,---,D,),and X,, = E[X|F,]. It follows that X,, = ¢,,(D1,---, D,)
almost surely for some measurable function g, on {£1}".

Now the key observation is that for each n > 1, D, is a function of
Xi,--+,X,. When n = 1, this is apparent since X; = al;p,—1} +bl{p,—_1 for
some constants a, b, so that we can obtain 1;p,—;; (and hence D;) from X;.
Suppose that this fact is true for £ < n — 1. By the definition of X,,, we can
write

X, = Z Ciy e sin L D1=i1 o . Dn=in} = §&114p,=13 + &21(p,——13 a.s.,
i1y =t
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where i, & are functions of 1;p,—1y,--,1p,_,=1;. By the induction hypoth-
esis, &,& are functions of Xy, -, X,,_;.Therefore, 1;p,—1; (and hence D,)
can be obtained from Xi,---, X,,. Therefore, X, has the form

Xn = fn(Xla te 7Xn—17 Dn)

almost surely, which shows that X,, is a binary splitting sequence. The fact
that it is a martingale with respect to its natural filtration follows from F, =
o(Xy, -, X,) (up to P-null sets).

Since X € L?, from Jensen’s inequality we know that X, is bounded in L2
From Problem 3.3, we conclude that X,, — X, almost surely and in L? for
some X .. It remains to show that X = X, almost surely.

First of all, we have

li_)m D, (X —X,) =|X — X4 as. (4.8)
Indeed, if w € {X = X}, (4.8) is trivial. If w € {X > X}, then X(w) >
X, (w) when n is large. By the definition of D,, it follows that D, (w) = 1
when n is large. Therefore, (4.8) holds at w. The case when w € {X < X}
is similar. Now observe that

E[D,(X — X,)] = E[D,E[(X — X,,))|F.]] =0, Vn > 1.

Since D,(X — X,,) is bounded in L? (and hence uniformly integrable), we
conclude that
E[|X — Xs|] = lim E[D,(X — X,,)] =0,
n—oo

which implies that X = X, almost surely. O]
Now we are able to prove the Skorokhod embedding theorem.

Proof of Theorem 4.3. Let X, be the binary splitting martingale given by
Proposition 4.5, so that X,, has the form X, = f,(Xy,---,X,, D,) for ev-
ery n. By the martingale property, we know that

Xpo1= ]E[anXla T 7Xn71]'

Moreover, X,, takes values in { f,(X1, -+, Xp—1,1), fu(X1, -+, Xsim1, —1)} when
conditioned on (X3, -+, X,_1). This implies that the conditional distribution
of X, given (X1, -+, X,,_1) is a two-point distribution with mean X,,_;.

Now define 79 = 0, and for n > 1, define

Tn = inf {t 2 Tn—1 - Bt ¢ (fn(B7'17 e aBTnfu _1)afn(Ble e ,BTn71,+1))} .

71



By the strong Markov property, for each n > 1, {B,, ,4+— B, ,: t >0} isa
Brownian motion independent of F, Ji _,- According to Proposition 4.4, the con-
ditional distribution of B,, given (B, -+, B, ) is a two-point distribution
with mean B, .

Therefore, (X1, -+, X,,) lgv (B, -+, B,,) for every n. Moreover,

E[Tn - Tn—l] = ]E[E[Tn - Tn—1|"r7]-i,1“ = E[E[(Bm - BTn71)2|‘FTn71:H
= ]E[(Bm - qu)?] = E[(Xn - Xn—l)Q]'

Since X,, € L?, the martingale property gives

E[r,] = ZE[(Xk — X;1)?] = E[X7).

Finally, as 7, is increasing, we set 7 = lim,,_,o 7. Since X,, — X almost
surely and in L? we conclude that E[r] = E[X?] < oo. This particularly
implies that 7 < oo almost surely, and thus B, — B, almost surely which

yields that B, D'
O

By applying the strong Markov property, we easily obtain the following
important fact: in the distributional sense, a random walk can be embedding
into a Brownian motion evaluated along a sequence of stopping times.

Proposition 4.6. Let I be a distribution function on R with mean zero and
finite variance o*. Suppose that {S, : n > 1} is a random walk with step
distribution F' (i.e. S, = X1+ -+ X,, where {X,} is an i.i.d. sequence with
distribution F' ). Then there exists a sequence {1, : n > 1} of integrable {FP}-
stopping times, such that {1, — 7,1} are i.i.d. with mean o2, and B,, fa Sh
for every n.

Proof. By the Skorokhod embedding theorem, there exists an integrable {F7}-
stopping time 71, such that B, 2 P and E[r;] = 02. Applying the Skorokhod
embedding theorem again to the Brownian motion Bt(n) = B, ++— B;, with its

augmented natural filtration {EB<T1) }, we get an integrable {ftB o }—stopping

time 75, such that B Y P and E[r;] = 02. Define 7 = 7 + 75. According

T2
to Theorem 4.2, we know that B,, faw Ss5. Moreover, according to Problem 2.5,
(2), we know that {FP} is right continuous. Therefore, the fact that 7 is an
{FP}-stopping time follows from Problem 2.4, (2), (ii).
Now the result follows by induction. O
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Finally, we establish the Donsker invariance principle, which asserts that
the Brownian motion is the weak scaling limit of a random walk.

Let S, be a random walk with step distribution F', where F' has mean zero
and finite variance o?. From the identity E[(B; — Bs)?| = t — s, it is not hard
to write down the right scaling of S,,: define

o n n n 'n
(4.9)
with Sop = 0. In other words, St(") is a piecewise linear continuous process taking
value Sy /(0y/n) at each vertex point k/n (k > 0). Let P(™ be the distribution

of the process St(") on W1, The Donsker invariance principle can be stated as
follows.

Theorem 4.4. Let j1; be the one dimensional Wiener measure. Then P
converges weakly to p; as n — oo.

Proof. Without loss of generality, we may assume that ¢ = 1. Since we are
only concerned with distributions, we may futher assume that the random
walk S, = B,,, where {7,} is the sequence of {F}-stopping times given in
Proposition 4.6. Construct S™ by (4.9) based on this random walk and define
B™ = n~Y2B,, which is again a Brownian motion. Note that S, and B; are
defined on some given probability space (2, F,P).

It is sufficient to show that: for every fixed T' > 0,

sup — 0 in prob. (4.10)

0<t<T

as n — oo. Indeed, suppose that (4.10) holds. From the definition of the metric
pon W' (c.f. (1.3)), we see that p (S™, B™) — 0 in probability. Now let F
be an arbitrary closed subset of W!. Then for every ¢ > 0,
PM(F) = P(S™ e F)
< P(p(S™, B™) > &) + P(o(B",
= P(p(S™, B™) > &) + i (p(w, F

By letting n — 0o, we conclude that

limsup P™ (F) < ' (p(w, F) < e).

n—oo

Since ¢ is arbitrary, the result of the theorem follows from Theorem 1.7, (3).
Now we prove (4.10). Without loss of generality, we assume 7' = 1.
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Ifwe {supogt<1 ‘St(n) — Bt(")’ > 5} , then ’St(n) (w) — B™ (w)’ > ¢ for some
t and k with ¢t € [(k — 1)/n,k/n]. Since Sip(w) = B, ()(w), from the def-
inition of St(n) and the intermediate value theorem, there exists some v €
[Tk—1(w), Tk (w)], such that s (w) = By(w)/y/n. Write v = nu, we then have
w € [ (w)/n, 7e(w)/n] and S (w) = B{ (w). Therefore, )B&m (w) — B™ (w)‘
e. From the continuity of Brownian motion, it is now clear that the key step
is to demonstrate 7, /n and k/n are close to each other (so are u and t) in a
suitable sense.

Given € > 0, by the continuity of Brownian motion, there exists 0 < § < 1,
such that

Pl |J {IB.=BJ>c}| <e/2
s5,t€[0,2]
[t—s|<o
On the other hand, from Proposition 4.6 we know that {7,, — 7,,_;} are i.i.d.
with unit mean and 7,, = >} _, (7, — 74—1). By the strong law of large numbers,
T,/n — 1 almost surely. In general, it is an elementary fact that

a 1
a, >0, =% =0 = = sup a; — 0.
n N 1<k<n

Taking a, = |7, —n| in our case, we conclude that sup, ., [7x — k[/n — 0
almost surely. In particular, the convergence holds in probability. Therefore,
there exists N > 1, such that for any n > N, we have

1
IP’(— sup |Tk—]€|>é> <g.

N 1<k<n 5

In addition, if n > 5/, by the previous discussion, we see that

n n 1 ) .
{sup St()_Bt()>5,—sup \Tk—k|<—}g U{‘Bt()_Bgn),>€
0<t<1 N 1<k<n 5
5,t€[0,2]
[t—s|<é

Therefore, we conclude that for any n > max(N, 3/6),

P sup >e | <eg,
0<t<1

which gives the desired convergence in probability. O
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By the Donsker invariance principle, we can easily obtain the central limit
theorem in the i.i.d. case without using any characteristic function method!

Corollary 4.1. Let {X,} be a sequence of i.i.d. random variables with o =
E[X]] < oo, and define S, = Xy + -+ + X,,. Then for every x € R,

i (%02 <x) <o),

where ®(z) £ (2m)~1/2 [* e~ 2du is the standard normal distribution func-

tion.

Proof. Without loss of generality, we may assume that E[X;] = 0. Let 7' :
W' — R! be the projection defined by 7 (w) = wy. It follows that m (S(”)) =
S/ (04/n). By the Donsker invariance principle, for every bounded continuous
function f on R!, we have:

Sh
lim E [f ( )} = lim E [fom (S™)] =E[f om(B)] = E[f(B1)].
n—00 g\/Nn n—00

But B; is a standard normal random variable. Now the result follows from
Theorem 1.6. ]

4.4 Passage time distributions

In this subsection, we apply martingale methods, the strong Markov property
and the reflection principle to perform a series of explicit computations related
to passage times.

Given ¢ € R, define a process X; = B, + ct, where B, is a one dimensional
Brownian motion. X; is called the Brownian motion with drift c.

Consider M, = exp(6X, — At), where § € R! and A > 0 are two parameters.
It is straight forward to see that M, is a martingale (with respect to the
aumented natural filtration of B;) if and only if

1
07— (A=) =0,

ie.d=a2 —c—VE+2 <0o0rf =% —c++c2+2\>0. Now we use
M, to compute the Laplace transform of passage times for X;.
We first consider the passage time of a single barrier.
For x > 0, define
T, =inf{t > 0: X; =x}.
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Proposition 4.7. The Laplace transform of 1, is given by:

Ele 7] = e 2V F2A=c) =\ 5 . (4.11)
In particular, we have

1, c = 0;

P(1, < 00) = { e (4.12)

e  c<O.

Proof. By applying the optional sampling theorem to the martingale M, with
0 = 3, we know that

E [eﬁX”ﬁA"—)‘”/\”} =1, Vn>1.

But
PIAY oy T eFXrennmArein  ofir
Therefore,
E [eﬁx*)‘“‘l{m@o}] =1,
which yields (4.11). (4.12) follows from letting A | 0 in (4.11). O

Now we consider the passage time of a double barrier.
For a < 0 < b, define 7,, 7, as before and 7, L7 AT

Proposition 4.8. The Laplace transform of 7,3 s given by:

Bb _ Lab aa _ Ba
e e t+e e
E [e7"t] =

A > 0. (4.13)

eBbJraa _ eBaJrab ’

Proof. Similarly with the proof of Proposition 4.7, by applying the optional
sampling theorem to the martingale M, with 6 = o and 6 = 3 respectively, we
conclude that

E [e"Xrao | = 1, B [ o] — 1, (4.14)
The first identity of (4.14) gives
E [e* 01 cny] + B [0 10y =1,
and the second identity (4.14) gives
B [ o] +E [P0 g] = 1

By solving these two equations for E [e™*™*1(, _.1] and E [e ¢ 1y, 0],
we obtain (4.13) which is the sum of these two terms.

76



By using the martingale M;, we have seen how convenient it is in computing
the Laplace transform of passage times. The Laplace transform can be used to
compute moments fairly easily via differentiation. However, in many situations
we are more interested in the entire distribution than just in the Laplace
transform, and inverting the Laplace transform is often rather difficult.

In what follows, we are going to use the strong Markov property and the
reflection principle to compute distributions related to passage times. The
results are more general and powerful. For simplicity, we only consider the
Brownian motion case without drift. The case with drift is treated in Problem
4.6 by using an inspiring and far-reaching method: change of measure.

Again we first consider the single barrier case.

For t > 0, let S; = maxp<s<t Bs be the running maximum of Brownian
motion up to time t. We start by establishing a general formula for the joint
distribution of (S, B;). The distribution of passage times then follows easily.

Proposition 4.9. For any x,y > 0, we have

i / e Tdu.  (4.15)

In particular, the joint density of (S, By) is given by

2(2x — y)e @e—u)?

\2mt3

and the density of T, (x > 0) is given by

P(S; € dx, B; € dy) = drdy, =>0, x>y, (4.16)

22
P(r, € dt) = e 2dt, t>0. (4.17)

x
vV 2mt3

Proof. Let B, be the reflection of B, at z defined by (4.6), and define S,
accordingly. From the reflection principle (c.f. Proposition 4.3), we know
that B; is also a Brownian motion. Together with the simple observation that

{5 =z} = { } we arrive at

:gt

T, Btgx_y>:]P)<St>xa étgx—y>
z, B> x+y)=P(B >z +vy).

\\/

\\/

77



Therefore, (4.15) follows. Now (4.16) follows by differentiation, and (4.17)
follows from the fact that

P(r, < t) = P(S, > 2)
:P(St>l', Bt<$)+lp)(5t>$, Bt>$>
— 2P(B, > ). (4.18)

]

law

Remark 4.2. We see from (4.18) that for each ¢ > 0, S; = |B;|. In addition,
it is a good exercise to show from the formula (4.16) that for each t > 0,

S, — By taw | By|, and 25, — B, faw ]Bt(3)|, where Bt(?’) is the standard 3-dimensional
law

Brownian motion. What is more remarkable is the fact that S— B = |B| and

25— B |B®)| as stochastic processes. This result is closely related to the
study of local times and excursion theory.

The formula (4.15) also gives the marginal distribution of the absorbed
Brownian motion. Given x > 0, let Bf be a one dimensional Brownian motion
starting at position x. Define 7 to be the passage time of position 0 for BY.

Corollary 4.2. Fort > 0, we have:

P(Bf € dy, 10 > t) = pi(x,y) — pe(z, —y), y >0,
where py(z,y) is the Brownian transition density defined by (4.1) for d = 1.
Proof. According to the formula (4.15), we have
P(Bf >y, 1o <t) =P(B} < —y).
Therefore,
P(Bf >y, 0 >1) =P(B/ >y) —P(By < —y).
Now the result follows from differentiation. n

Finally, we consider the double barrier case. This is much more involved
than the single barrier case.

Again let BY be a one dimensional Brownian motion starting at z, where
0 < z < a. Define 7y, = 179 A 7, to be the first exit time of the interval (0, a)
by By.

Proposition 4.10. Fort > 0, we have:

e}

P(Bf € dy, 19, > 1) = Z (pe(x,y + 2na) — pi(x, —y — 2na)) dy, 0 <y < a.

(4.19)
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In particular,

1 b na 12
Plaed) = s 2 <<2na+x)e—” o

- (2na+a—.7;)2

+(2na+a —x)e 2 ) dt, t>0. (4.20)

Proof. Define 0g = 0, 6y = 79, and for n > 1, define 0, = inf{t > 0,_, : B, =
a}, 0, = inf{t > 0, : B, = 0}. By using the reflection principle (indeed a
slightly more general version for the stopping time 6,,, but the proof is the
same), we can see that for every y > 0,

But by the definition of ¢,, and 6,,, we know that {BY < —y, 6, <t} ={B} <
—y, o, < t}. Therefore, we have

Similarly, for every y < a, we have

P(Bf <y, 0, <t)=P(B >2a—vy, 0,<t)=P(B} >2a—vy, 0,1 <1).
(4.22)
Now (4.21) and (4.22) can be used recursively in pair to obtain that for every
0<y<a,

t) = plz,—y —2na)dy,
t) = pz,y—2na)dy, (4.23)

for 0 <y <a.

Symmetrically, we define 7y = 0, pp = 7, and for n > 1, define 7, =
inf{t > p,—1 : By =0}, p, = inf{t > m, : B; = a}. By the same argument,
we conclude that for every 0 < y < a,

) = pi(z,—y+2(n+1)a)dy,
) = pl@,y+2na)dy. (4.24)
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Now the key observation is that 8,,_1Vp,_1 = o, A7, and 0, V7, = 0, Ap,
for every n > 1, which can be seen easily by considering the cases 7y < 7, and
To > T4. Therefore, we have

P(Bf € dy, 0y A\ py < t)

= P(Bf €dy, 0o <t)+P(Bf €dy, po<t)—

= P(Bf edy, 6 <t)+P(B} €dy, po<t)—P(Bf €dy, o1 A7y

= P(Bf €dy, 6 <t)+P(Bf €dy, po<t)—P(Bf €dy, o1 <t)
—P(B} edy, m <t)+P(B} €dy, 0; Ap1 <1).

P(Bf € dy, 0oV po <)
<

t)

<
<

By induction, we arrive at

3

P(BY edy, Oy Apo<t) = (P(BY € dy, Op_1 <t)+P(Bf €dy, pr—1 <t)
k=1
—P(Bf € dy, ox <t) —P(B} €dy, m <))
+P(B; € dy, 0, A\ p, < 1). (4.25)

Finally, to see that the last term vanishes as n — oo, first note that ac-
cording to the strong Markov property, both 6, — ¢,, and o,, — 6,,_; have the
same distribution as the passage time of a for a Brownian motion starting at
the origin. In particular, according to (4.11), the Laplace transforms of ,, — o,

and o, — 0,,_1 are both given by e~aV2A, Moreover,
On =00 + (01 — 0o) + (01 —01) + -+ (00 — On1) + (0 — o)

is a sum of indepentent random variables. Therefore, the Laplace transform of

—zV2X (e—a\/ﬁ n (z+2na)

0,, is given by e =e" VaA Iy particular, #, has the same

distribution as the passage time of x 4+ 2na for a Brownian motion starting at
the origin. From (4.18) we conclude that

PO, <t)=2P(B; >z +2na) — 0
as n — oo. Similarly, lim,,_,., P(p, < t) = 0. Therefore,
lim P(By € dy, 0, A p, <t)=0.
n—oo

Now (4.19) follows from substituting (4.23), (4.24) in (4.25), letting n — oo
and rearranging terms.

(4.20) follows from integrating over 0 < y < @ in (4.19) and differentiating
with respect to . [
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The careful reader might use (4.11) and (4.17) to conclude that

_(@n + )2
(2na + z)e dt (t>0)] = Ele ™1lyerny]
v 2t3 Z 0<Ta
(2na+a—.7:)2 |
— 2na+a—=x)e 2 dt (t>0)| = Ele ™ 1yany],
2mt? n—zoo o

where £ denotes the Laplace transform operator, and the expectations on the
right hand side are indeed computed in the proof of Proposition 4.8 by using
martingale methods. Therefore, we obtain the following corollary.

Corollary 4.3. We have:

1 ad na 12
Plroedt, 1o <T,) = oz Z (2na + x)e” g dt,
ﬂ- —_—
1 b na afwz
Plr, €dt, 7. <m) = N Z (Zna—l—a—x)e_(2 . dt, t>0.
Q n=—o00

Remark 4.3. From the results obtained so far, we are indeed able to derive the
distributions of By, = (the single barrier case) and By, ~(the double barrier
case) respectively for given ¢ > 0.

4.5 Sample path properties: an overview

So far we have been dealing with distributional properties of Brownian motion.
However, the study of sample path properties of Brownian motion is also a huge
and important topic, in which we may find a variety of interesting and striking
results. As we are mainly interested in the probabilistic side in this course, we
will only give an overview on the basic results along this direction. We do give
a detailed proof of the fact that almost every Brownian sample path has infinite
p-variation (1 < p < 2) on every finite interval. This reveals the fundamental
obstacle to expecting a classical deterministic theory of differential calculus for
Brownian motion.

We assume that B; is a one dimensional Brownian motion.

1. Oscillations

We know from Problem 2.2, (2) that with probability one, for each 0 <
v < 1/2, the Brownian motion is y-Holder continuous on every finite interval.
Moreover, the Holder continuity fails when v = 1/2. It is then natural to ask
what is the precise rate of oscillation for Brownian motion.

At every given point t > 0, the exact rate of oscillation is given by Khinchin
in his celebrated law of the iterated logarithm.
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Theorem 4.5. Let ¢(h) = \/2hloglog1/h (h > 0). Then for every given

t >0, we have:
By, — B
P (limsupL = 1) =1
no  p(h)

It is far from being true that Khinchin’s law of the iterated logarithm holds
uniformly in ¢ with probability one. Indeed, it is Lévy who discovered the exact
modulus of continuity for Brownian motion.

Theorem 4.6. Let )(h) = y/2hlog1/h (h > 0). Then for every T" > 0, we

have:

B; — B,
P [ imsup sup ‘t—|:1 = 1.

no  o<s<t<st  P(h)

The curious reader might wonder how big the gap is between Khinchin’s law
of the iterated logarithm and Lévy’s modulus of continuity theorem. Indeed,
the set of times at which Khinchin’s law of the iterated logarithm fails is much
larger than we can imagine: with probability one, the random set

. Biin — By }
tel0,1]: limsup —————— =1
{ 0.1 hi0 W(h)

is uncountable and dense in [0, 1], and random the set

By, — B
{t €[0,1] : limsup =2~ — oo}
mo p(h)

has Hausdorff dimension one (c.f. [6]).

2. Irregularity

If this is the first time that we encounter Brownian motion, it is really hard
to believe how irregular a Brownian sample path can be.

Theorem 4.7. With probability one, the following properties hold:

(1) t — By(w) is nowhere differentiable;

(2) the set of local mazimum points for t — By(w) is countable and dense
in [0,00), and every local maximum is a strict local mazimum;

(3) t = Bi(w) has no points of increase (t is a point of increase of a path
x if there exists 0 > 0, such that rs < x; < m, for all s € ((t — )", t) and
u € (t,t+9));

(4) for given € R, the level set {t > 0: By(w) = z} is closed,unbounded,
with zero Lebesque measure, and does not contain isolated points.
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3. The p-variation of Brownian motion
Let z: [0,00) — (E, p) be a continuous path in some metric space (£, p).
Recall that for p > 1, the p-variation of x over [s,t] is define to be

1
P

||x||p—var;[s,t] - S%p (Z P(l’tk_l 5 xtk)p> 5
k

where the supremum runs over all finite partitions P of [s, ¢].
We first show that B; has finite 2-variation (or finite quadratic variation)
on any finite interval in certain probabilistic sense.

Proposition 4.11. Givent > 0, let P, : 0 =1t7 <t} <---<tp =1 bea
sequence of finite partitions of [0,t] such that mesh(P,) — 0 as n — oco. Then

ze
lim E (Btz — Btz 1)2 =1t in L2.
n—oo -

k=1

If we further assume that - mesh(P,) < oo, then the convergence holds
almost surely.

Proof. Since B has independent increments, we have

2
Mp 9
| (35 (-0 ) )

= (?ﬁ ((Bt;: ~By ) (- tzn))Z
_ ?::E <(Btz - Btz1>2 - t21)>2]

=2 Z(tZ - t271)2
k=1
< 2t - mesh(P,,), (4.26)

where we have also used the fact that B, — B, ~ N(0,v —u) for u < v
and E[Y*] = 3(E[Y2])? for a centered Gaussian random variable Y. The L2-
convergence then follows immediately from (4.26). If we further assume that
> > mesh(P,) < oo, then by the Chebyshev inequality and (4.26), we con-

clude that
o] Mn 9
ZP(Z(BtZ _Bt271> —1 >€> < 00
n=1 k=1
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for every ¢ > 0. The almost sure convergence then follows from the Borel-
Cantelli lemma. O

Proposition 4.11 enables us to prove the following sample path property,
which puts a serious negative effect to the theory.

Corollary 4.4. For every 1 < p < 2, with probability one, B; has infinite
p-variation on every finite interval [s,t].

Proof. Given any finite partition P : s =1ty < t; < --- < t, =t of [s,t], we
know that

0B, =B [ < (maxlB, ~ B, 7)Y |5~ B P
k k

< (max[By, = By ) IBI e (427)
If we take a sequence of finite partitions P, of [s, ¢] such that Y  mesh(P,) <
0o, by Proposition 4.11 and the continuity of Brownian motion, we know that
with probability one, the left hand side of (4.27) converges to t — s > 0 and
the first term on the right hand side of (4.27) converges to zero. Therefore,
| Bl|p—var[s,§ = 0o almost surely. To see that the statement is uniform with
respect to all [s,t], we only need to run over all possible s,t € Q. O

Remark 4.4. From the local Holder continuity of Brownian sample paths, it
is easy to see that for every p > 2, with probability one, B; has finite p-
variation on every finite interval. However, on the borderline p = 2, the fact
that || Bl|2—var;s,y = 00 almost surely is much harder to establish (c.f. [3]).

The result of Corollary 4.4 destroys any hope of establishing a pathwise
theory of integration and differential equations for Brownian motion in the
classical sense of Lebesgue-Stieltjes (p = 1) or Young (1 < p < 2). It is indeed
the fact that B; and B? — ¢ are both martingales leads us to the realm of
Ito’s calculus, an elegant L?-theory of stochastic integration and differential
equations, which has profound impacts on pure and applied mathematics.

4.6 Problems

Problem 4.1. Let B, be a d-dimensional Brownian motion.

(1) Show that X; = O - B, and Y; = (u, B;) are both Brownian motions,
where O is a d x d orthogonal matrix (i.e. OTO = 1) and p is a unit vector
in R%.

(2) Given s < u < t, compute E[B,|Bs, By].
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Problem 4.2. Let B; be a one dimensional Brownian motion.

(1) Show that
A |tB1, t>0;
Xt = t
0, t=0,

is a Browninan motion.

(2) Show that with probability one, there exist two sequences of positive
times s, | 0, t, | 0, such that B, < 0 and By, > 0 for every n.

(3) Show that with probabiliy one, B is not differentiable at ¢ = 0, and
hence conclude that with probability one, t — B;(w) is almost everywhere
non-differentiable.

Problem 4.3. Let B; be an {F;}-Brownian motion on a filtered probability
space (2, F,P;{F;}), where Fy contains all P-null sets. Let o, 7 be two finite
{Fi}-stopping times such that 7 € F, and ¢ < 7. Show that for any bounded
Borel measurable function f,

E[f(BT)lfU] = Ptf(x) ‘t:‘r—a, r=Bs -
Is it true that B, — B, and F, are independent?

Problem 4.4. Let B; be a one dimensional Brownian motion with {F”} being
its augmented natural filtration. Construct an {FP }-stopping time 7 explicitly
which satisfies the Skorokhod embedding theorem for the uniform distribution
on the set {—2,—1,0,1,2}. Draw a picture to illustrate the construction as
well.

Problem 4.5. Let B, be a 2-dimensional Brownian motion starting at : =
(0,1) with {FP} being its augmented natural filtration.

(1) Show that for each A € R!, the process X} £ &Pt is an {FF}-
martingale, where the multiplication in the exponential function is the complex
multiplication.

(2) Let 7 be the hitting time of the real axis by B;. Show that B, € R! is
Cauchy distributed (i.e. P(B, € dz) = (r(1+2%))7!, x € RY).

Problem 4.6. Let X;(w) = w; be the coordinate process on W' and let {F;}
be the natural filtration of X;. Denote P*¢ on (W', B(W1)) as the law of a one
dimensional Brownian motion starting at x with drift c.

(1) Show that when restricted on each F;, P*¢ is absolutely continuous
with respect to P*°, with density given by

dpr-c _ c(Xt—ﬂE)—%CZt‘
P+
(2) (%) Define S; = maxgcscy Xs. Compute PO¢(S; € do, X; € dy) (z >
0, z>y).
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Problem 4.7. (1) Let B; be a d-dimensional Brownian motion with {F”}
being its augmented natural filtration.
(i) Given 0 € R?, define ey(x) = ™% for x € R?. Show that the process

1 t
co(B) 13 / (Aeg)(B,)ds, ¢ >0,
0

is an {F} }-martingale.

(i) Let f be a smooth function on R? with compact support. Taking as
granted the fact that there exists a rapidly decreasing function ¢ on R? (i.e.
SUp,cpe [220°¢(z)| < oo for all o, ), such that

flz) = /Rd ei<”’9>¢>(9)d9, Vz € RY,

show that the process

1

1(B) =10 -3 [ (ApBs. >0

is an {FF}-martingale.

(2) Let X,(w) £ w; be the coordinate process on W< Denote P? on
(W B(W9)) as the law of a d-dimensional Brownian motion starting at = €
R,

(i) Show that f(z) = log|x| (in dimension d = 2) and f(z) = |z|*>~¢ (in
dimension d > 3) are harmonic on R?\{0} (i.e. Af(z) = 0 for every z # 0).

(ii) Let 0 < a < |z| < b. Define 7, (respectively, 7,) to be the hitting time
of the sphere |y| = a (respectively, |y| = b) by X;. By choosing suitable f in
Part (1), (ii), compute P%(7, < 1) and P%(7, < 00) in all dimensions d > 2.

(iii) Let U be a non-empty, bounded open subset of R%. Define o = sup{t >
0: X, € U}. Show that PY(c = oo) = 1 in dimension d = 2, while PY(c <
00) = 1 in dimension d > 3. Therefore, the Brownian motion is neighbourhood-
recurrent in dimension d = 2 and neighbourhood-transient in dimension d > 3.

(iv) For every dimension d > 2, show that PY(o, < oo) = 0 for every
y € RY where o, £ inf{t > 0: X; = y}. Therefore, the Brownian motion is
point-recurrent only in dimension one.

Remark. It can be shown that in dimension d = 2, with probability one, there
exists y € R? such that the set {¢t > 0 : X; = y} has cardinality of the
continuum.
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5 Stochastic integration

In this section, we develop Itd’s theory of stochastic integration. As we have
seen in the last section, the sample path properties of Brownina motion force
us to deviate from the classical approach, and we should look for a more prob-
abilistic counterpart of calculus in the context of Brownian motion, or more
generally, of continuous semimartingales. A price to pay is that differentiation
is no longer meaningful, and everything is understood in an integral sense.
The core result in the theory is the renowed It6’s formula—a general change
of variable formula for continuous semimartingales which is fumdamentally
differential from the classical one. We will see a long series of exciting and
important applications of It6’s formula in the rest of our study.

Through out the rest of this section, unless otherwise stated, we always
assume that (2, F,P;{F;}) is a filtered probability space which satisfies the
usual conditions. All stochastic processes are defined on this setting.

5.1 L’-bounded martingales and the bracket process

Taking a functional analytic viewpoint, the key ingredient to establishing It6’s
integration is the use of a Hilbert structure and an isometry. Hence we start
with the study of L2-bounded martingales.

Definition 5.1. A cadlag martingale {M;, F;} is called an L*-bounded mar-
tingale if

sup E[M?] < oo.

=0
The space of L*-bounded martingales is denoted by H?. We use H? (HZ, re-
spectively) to denote the subspace of L%-bounded continuous martingales (van-
ishing at t = 0, respectively).

It is immediate that an L2-bounded martingale {M;, F;} is uniformly inte-
grable. Therefore, M, converges to some M., € F., almost surely and in L*,
and we have

M, = E[M.|F). (5.1)

Moreover, from Problem 3.3, we know that the convergence holds in L? as well.
Therefore, the relation (5.1) sets up a one-to-one correspondence between H?
(modulo indistinguishability) and L?*($, F, P).

Proposition 5.1. The space H? (modulo indistinguishability) is a Hilbert space
when equipped with the inner product

(M, Nz £ E[M Ny, M,N € H.
The space HE is a closed subspace of H2.
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Proof. The first claim follows simply because L*(9), F.,P) is a Hilbert space.
To prove the second claim, let M ™ be a sequence of L*-bounded continuous
martingales converging to some M € H? under the H2-metric. An application
of Doob’s LP-inequality with p = 2 (c.f Corollary 3.3 and Section 3.5) shows
that

E

(Sup )Mt(n) — M,

t=0

) | <l -

In g:)articular, along a subsequence M) we know that with probability one,
Mt"’“) converges to M; uniformly in ¢ as k& — oo. This shows that M, is
continuous. O

In this course, we only consider continuous martingales. The following
result tells us that a continuous martingale cannot have very nice sample paths.

Lemma 5.1. Let {M;, F;} be a continuous martingale such that with probabil-
ity one, the sample paths of M; has bounded variation on every finite interval.
Then My = My for all t.

Proof. By considering M; — M, we may assume that My = 0. Let V; =
| M ||1—var;fo,q be the one variation process of M;. We first consider the case
when V; is uniformly bounded by some constant C' > 0. In this case, for a
given finite partition P of [0, ¢], we have

E(M7] = Y E[M - M ]=) E[(M,~M,,)’
i€P ieP

< E {V} -max | My, — Mti_lq < CE {max | My, — My, || . (5.2)
i€P ieP

Since M is continuous, from the dominated convergence theorem we know
that the right hand side of (5.2) converges to zero as mesh(P) — 0. Therefore,
M, = 0.

In the general case, let 7,, = inf{t > 0 : V; > n}. Then 7, is an {F;}-
stopping time with 7,, 1 oo almost surely. From Problem 3.1, (1), we know that
the stopped process M;" = M, ,, is an {F;}-martingale whose one variation

process is bounded by n. Therefore, M;™ = 0. By letting n — oo, we conclude
that Mt =0. ]

The following result plays a fundamental role in establishing an L2-theory
of stochastic integration.

Theorem 5.1. Let M € HZ. Then there exists a unique (up to indistinguisha-
bility) continuous, {F;}-adapted process (M), which vanishes att =0 and has
bounded variation on every finite interval, such that M? — (M) is an {F;}-
martingale.
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Proof. We first prove uniqueness. Suppose A; and A} are two such processes.
Then { A} — A;, 1} is a continuous martingale with bounded variation on every
finite interval. According to Lemma 5.1, we conclude that A = A'.

Since {M?, F;} is a non-negative and continuous submartingale, from Prob-
lem 3.7, (1), we know that M? is of class (DL) and regular (c.f. Definition 3.12
and Definition 3.13). The existence of (M), then follows immediately from the
Doob-Meyer decomposition theorem (c.f Theorem 3.13) and Theorem 3.14. [

It is immediate to see that (M), is an increasing process in the sense of
Definition 3.10 and || M||gz = /E[(M)..] < oo for M € Hg.

Definition 5.2. The process (M), defined in Theorem 5.1 is called the quadratic
variation process of M.

In general, the class H is too restrictive to serve our study in many inter-
esting situations. It is unnatural to impose a priori integrability conditions on
the process we are considering. To extend our study, it is important to have
some kind of localization method. We have already seen this in the proof of
Lemma 5.1.

Definition 5.3. A continuous, {F; }-adapted process M, is called a continuous
local martingale if there exists a sequence 7,, of {F;}-stopping times such that
T, T 0o almost surely, and the stopped process (M — M;);" = M, re — My is

an {F;}-martingale for every n. We use M (M¢, respectively) to denote
the space of continuous local martingales (vanishing at ¢ = 0, respectively).

Remark 5.1. If M, is a continuous, {F;}-adapted process vanishing at ¢t = 0,
we can define a sequence of finite {F;}-stopping times by o, = inf{t > 0 :
|M;| > n} An. Tt follows that o, 1 co almost surely. If M € M{® with a
localization sequence 7,,, then M/""™ is a bounded {JF;}-martingale for each
n. Therefore, for M € M, whenever convenient, it is not harmful to assume
that the stopped martingale M,™ in Definition 5.3 is bounded for each n.

From the definition, it is easy to see that M!°¢ is a vector space. Moreover,
if {M;, F:} is a continuous local martingale and 7 is an {F;}-stopping time,
then the stopped process M is also a continuous local martingale.

Every continuous martingale is a continuous local martingale (simply take
T, = n). However, we must point out that a continuous local martingale can
fail to be a martingale, even if we impose strong integrability conditions (for
instance, exponential integrability or uniform integrability). We will encounter
important examples of continuous local martingales which are not martingales
in the study of stochastic differential equations.

The following result gives us a simple idea about the relationships between
local martingales and martingales.
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Proposition 5.2. A non-negative, integrable, continuous local martingale is
a supermartingale. A continuous local martingale is a martingale if and only

if it is of class (DL).

Proof. The first part follows from Fatou’s lemma for conditional expectations.
For the second part, necessity follows from Doob’s optional sampling theorem,
and sufficiency follows from Theorem 1.3. m

By a standard localization argument, we can also define the quadratic vari-
ation of a local martinagle M € M°c.

Theorem 5.2. Let M € M. Then there exists a unique (up to indistin-
guishability) continuous, {F;}-adapted process (M), which vanishes at t = 0
and has bounded variation on every finite interval, such that M?— (M) € Mc.
Moreover, the sample paths of the process (M), are increasing.

Proof. We first prove existence.

According to Remark 5.1, we may assume that there exists a sequence
7, of finite {F;}-stopping times such that 7,, T co almost surely and M;™ is a
bounded {F;}-martingale vanishing at ¢ = 0 for each n. According to Theorem
5.1, we can define the quadratic variation process (M™), for M;™ such that
(M]")? — (M™), is an {F;}-martingale.

Now we know that M2 . . — (M™), = M2, — (M™), 5 and
M2 ,, — (M™), are both {F,}-martingales. By Lemma 5.1, with probability
one, we have

(MY = (M™)y, YVt > 0.

In other words, (M™+), = (M™), on [0,7,]. This enables us to define a
continuous, {F;}-adapted process (M), = lim,_,.(M™), which vanishes at
t = 0 and obviously has increasing sample paths. Moreover, since (M), , =
(M™),, we conclude that M? ,, — (M), is an {F;}-martingale. Therefore,
M? — (M) € M©.

The uniqueness of (M), follows from the fact that Lemma 5.1 holds for
continuous local martingales as well, which can be easily shown by a similar
localization argument. O

For M € MY, the process (M), is also called the quadratic variation
process of M;.

In the intrinsic characterization of stochastic integrals as we will see later
on, it is important to consider more generally the “bracket” of two local mar-

tingales.
Let M, N € My*. Define

(M,N)y =~ ((M+N); — (M —N)).

1
4
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Since M is a vector space, we can see that (M, N); is the unique (up to
indistinguishability) continuous, {F;}-adapted process which vanishes at ¢t = 0
and has bounded variation on every finite interval, such that M- N — (M, N) €
M%)OC.

Definition 5.4. For M, N € M, the process (M, N); is called the bracket
process of M and N.

The bracket process is compatible with localization.

Proposition 5.3. Let M, N € MY and let T be an {F;}-stopping time. Then
(M",N")=(M",N)=(M,N)".

Proof. The fact that (M7, N7) = (M, N)7 follows from the stability of M{*
under stopping and the uniqueness property of the bracket process. To see the
other identity, it suffices to show that M™(N — N7) € M. By localization
along a suitable sequence of {F;}-stopping times, we may assume that M, N
are both bounded {F;}-martingales. In this case, for s < ¢, we have

]E[MT/\t(Nt - N‘r/\t)’fs] = E[MT/\t]-{Tgs}(Nt - NT/\t)"FS]
+E[MT/\t1{T>S} (Nt - NT/\t)|‘FS]'
The first term equals
E[MT/\sl{frgs}(Nt - NT/\t)|-Fs] - MT/\sl{Tés}E[Nt - NT/\tl]:s]

= MTA51{7<3}<N3 - NT/\S)
MT/\S(NS - NT/\S)‘

The second term equals

]E[MT/\t]-{T>s}(Nt - NT/\t)|]:7'/\s] = E [E[MT/\t]-{T>S}(Nt - NT/\t)‘F’T/\t“F’T/\S]
= E [MT/\t]-{T>s}E[Nt - NT/\tl-FT/\t“FT/\s]
= 0.

Therefore, M7 (N; — NY) is an {F; }-martingale. O

The bracket process behaves pretty much like an inner product. Indeed,
we have the following simple but useful properties.

Proposition 5.4. Let M, My, My € MY, and let o, B € R'. Then with prob-
ability one, we have:

(1) <OéM1 + BMQ, M> = C¥<M1, M> + 5<M2, M>,

(2) (My, My) = (M, My);

(3) (M, M) = (M) >0, and (M) =0 if and only if M = 0.
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Proof. We only prove the last part of (3). All the rest assertions are straight
forward applications of the uniqueness property of the bracket process. Sup-
pose that (M) = 0. It follows that M? € M{°. Let 7, be a sequence of {F;}-
stopping times such that 7,, 1 oo almost surely and (M?)]* is a bounded {F;}-
martingale. Then we have E[M?2 /] = E[M{] = 0 for any given ¢ > 0, which
implies that M, . = 0. By letting n — oo, we conclude that M; = 0. ]

In exactly the same way as for inner products, Proposition 5.4 enables us
to prove the following Cauchy-Schwarz inequality.

Proposition 5.5. Let M, N € M¥°. Then [(M, N)| < (M)Y/2.(N)'/? almost
surely. More generally, with probability one, we have:

N[ =
—~
—~
2
~
—~
2
vl
~—

[SIES
<
o

|<M7N>t_<MaN>s|<(<M>t_<M>s) <S<t. (53)

What is really useful for us is the following extension of inequality (5.3).

Proposition 5.6 (The Kunita-Watanabe inequality). Let M, N € MY, and
let Xy, Y; be two stochastic processes which have measurable sample paths al-
most surely. Then with probability one, we have:

/|X| Y, |d|| (M, NY||s (/ X2d( > (/Otde<N>s>;, vt >0,

(5.4)
where ||(M, N)||; denotes the total variation process of (M, N ).

Proof. We may assume that the right hand side of (5.4) is always finite, oth-
erwise there is nothing to prove.

Define 1
SUAD)+ (V) £ 0

From (5.3), we know that with probability one, the measures d||(M,N)|,
d{M); and d{N); are all absolutely continuous with respect to dip;. Therefore,
we may write

Pt =
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Therefore, according to Proposition 5.4, for each pair («, ) of rational
numbers, there exists Q, 3 € F with P(€, 3) = 1, such that for every w € €, g,
we have:

0 < (aM+BN) — (aM + BN),

— / (0 fo(u, w) + 2aB fi(u,w) + B2 f3(u, w)) dpy(w), YO < s <t.

This implies that there exists some T, 3(w) € B([0,00)) depending on w and
(o, B), such that [, 5() dp,(w) =0 and

o? fo(t,w) + 208 f1(t,w) + 57 f3(t,w) = 0 (5.5)

is true for all ¢t ¢ T, g(w).
Now take Q = N (a,8)c0282a,p and T (w ) = U(a,p)cq2Ta,5(w) for every w € Q.

It follows that (5.5) is true for w € Q, t ¢ T(w) and (a,8) € Q2 (thus
for all (o,8) € R?). Fix such w and ¢, replace a by «|X;(w)| and 8 by
|Yi(w)] - sgn( fi(t,w)) respectively, we obtain that

| Xy(w)* folt, w) + 20| Xy (w)] - [Ye(w)] - [fa(t, )] + [YVi(w) [P fa(t, w) = 0

for every w € Q, t € T and a € RL.
Inequality (5.4) then follows from integrating against dp;(w) and optimizing
o. [l

Now we illustrate the reason why (M), is called the quadratic variation
process of M.

Proposition 5.7. Let M € M. Given t > 0, let P, be a sequence of finite
partitions over [0,t] such that mesh(P,) — 0. Then

Z (M, — M;, ,)* — (M), in probability

t, €Pn
as n — 00.
Proof. To simplify the notation, for t; € P, we write A'M = M,, — M,,_, and
AZ<M> = <M>t7, - <M>ti—1~

We first assume that M and (M) are both uniformly bounded by some
constant K. In this case, M; and M? — (M), are both martinagles. Now we

show that
> (A'M)? — (M),

%
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in L? as mesh(P,) — 0. Indeed, we have:
1=+ |

= > E [((anr)? — AT (n)) ]

<2 (;E (SULRS [(N<M>>2}) |

where the second equality follows from the fact that

E | |>(A'M)® — (M),

7

ST ((ATM)? — AY(M))

i

E[((A'M)* — AY(M)) (A7 M)* — A (M))] =0

for i # 7, which can be easily shown by conditioning.
On the one hand, since (M) is continuous, we have

> (AYM))? < (M), - max AY(M) < K - max A" (M) — 0

i
as mesh(P,) — 0. According to the dominated convergence theorem, we see

that A
ZE[(N(M})Q —0

as mesh(P,) — 0.
On the other hand, we have

D (ATM)* < (Z(NM)?) -max(A'M)?, (5.6)

% )

and thus

ZE [(A'M (

We first show that E[(>".(A

[SIES

)2)2])?@ )} o

is uniformly bounded. Indeed,

Z

(Z(NM)2> ] =Y E[(AM)]+2) Y E[AM>AAM)Y]. (5.8)

i 1 J>1

E
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Since E[Y",(A*M)? = E[M?] < K?, from (5.6) we can easily see that

D E[(A'M)Y] < 4K*

Moreover, by conditioning we can also see that the second term of (5.8) equals

23 E[(A'M)*(M? — M) < 2K*) E[(A'M)’] < 2K™.

Therefore, E[(3".(A"M)?)?] < 6K*. Applying the dominated convergence the-
orem to (5.7), we obtain that

> E[(AM)] =0

as mesh(P,) — 0.
Therefore, we conclude that

Z(NM)? — (M),

in L? as mesh(P,) — 0.

Coming back to the local martingale situation, we again apply a localization
argument. Let 7, be a sequence of {F;}-stopping times increasing to oo such
that M;™ is a bounded {F;}-martingale and (M™), is bounded. Given ¢ > 0,
there exists m > 1 such that P(7,,, < t) < d. For this particular m, we have

IP’( >€>
> €, Tm>t>

< P, <t)+P ( D (A'M)? — (M),
>%-

i
Since L? convergence implies convergence in probability, by applying what we
just proved in the bounded case, we obtain that

SO(AM)? — (M),

7

S (AN = (M),

(2

<5+P(

lim sup P ( Z(AiM)Q — (M) > 5) < 0.
n—oo .
As 0 is arbitrary, we get the desired convergence in probability. O]
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Combining the existence of quadratic variation in the sense of Prosposition
5.7 and the global positive definiteness of the quadradic variation process in the
sense of Proposition 5.4, (3), we can further show the following local positive
definiteness property.

Proposition 5.8. Let M € M. Then there exists a P-null set N, such that
for every w € N€¢ we have

M, =M, Vtea,b] < (M), = (M),
for each a < b.

Proof. First of all, since convergence in probability implies almost sure con-
vergence along a subsequence, according to Proposition 5.7, we can see that
for each given pair of rational numbers p < g, there exists a P-null set N, ,
such that for every w ¢ N, ,, we have

My(w) = My(w) ¥t € [p,q] = (M)p(w) = (M)4(w).

Take Ni £ U, 4eqpeqNpq- Given any w ¢ Ny and a < b, if My(w) = M,(w)
on [a,b], then the same holds on any subinterval [p, q] C [a,b] with p,q € Q.
Therefore, (M),(w) = (M),(w). By the continuity of t — (M);(w), we conclude
that (M),(w) = (M)y(w). This is true for arbitrary a < b.

To see the other direction, first assume that M, is a bounded {F, }-martinagale.

For each ¢ € Q, define ]\Z = My, — M, and G, = Fiyy. Then {]\N/[t,gt} is
a martingale with quaratic variation process <M>t = (M)trq — (M),. Let
T, = inf{ < > } It follows that <MT‘1> = <M>Tq = 0, and thus
4, (
My(w

M =0 by Proposition 5.4, (3). In particular, for every w outside some P-null
set Ny, we have M;(w) = ) for every ¢ € [q,q+T74(w)]. Let Ny £ Upeq+ N,
Given w ¢ Ny and a < b, suppose that (M),(w) = (M)(w). Then for any
€ (a,b), (M),(w) = (M)p(w). This implies that 7,(w) > b — ¢. In particular,
Mi(w) = My(w) for every t € [g,b]. This is true for every ¢ € (a,b). By the
continuity of ¢ — M;(w), we conclude that M;(w) = M,(w) on |a, b].
Therefore, the result of the proposition is proved for the case of bounded
martingales. For a general M € MY°, let 7, be a sequence of {F;}-stopping
times such that 7, 1 co almost surely, and M;™ is a bounded {F;}-martingale
for every n. Then there exists a P-null set NN, for each n such that outside
N, the result holds for the martingale M;". By taking N = U | N,,, we know
that outside N the result holds for M,. O
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5.2 Stochastic integrals

The most natural way of defining the integral [ ®;dB, for a stochastic process
®, and a Brownian motion B; is to consider the Riemann sum approximation
> @u, (B, — By, ,) for a given partition P, where u; € [t;_1,t;]. However, as
mesh(P) — 0, we can not expect that the Riemnann sum would converge in a
pathwise sense due to the fact that sample paths of B, have infinite 1-variation
on every finite interval. If instead we look for convergence in some probabilistic
sense, we have to be careful about the choice of u;.

Suppose that ®; is uniformly bounded and {F;}-adapted. If we choose
u; = t;_1 (the left endpoint), nice things will occur: for m > n,

E Z(I)tzel (Bti - Bti*l)‘ftn
i=1

= Z q)tifl(Bti o Bti—l) + Z E I:]E[étifl (Bti o Btifl)l‘Eifl”‘Ftn}
=1 1=n+1

= Z q)tifl(Bti - Bti&)'
i=1

This suggests that we might look for a construction under which [ ®,dB; is a
martingale. Another observation is that

n 2
E (Z ¢ti—l(Bti - Btil)) =E

=1

> @7 (ti— ti_l)] .
=1

This suggests that if we define a norm on ® by || @]z = (E [ [ ®7dt] )1/2 , then

the integration map ® +— [ ®,dB; should be an isometry into L?. Therefore, it
sheds light on constructing stochastic integrals through a functional analytic
approach (more precisely, a Hilbert space approach).

A technical point is to identify suitable functional spaces on which the
integration map is to be built. To make sure [ ®,dB; will again be {F;}-
adapted, a natural measurability condition on ®, is progressive measurability
(c.f. Definition 2.7).

It is remarkable that 1t6 already had this deep insight in his original con-
struction of stochastic integrals before Doob’s martingale theory was available.
The more intrinsic approach within the martingale framework that we are go-
ing to present here is due to Kunita-Watanabe.

Suppose that M € HZ is an L*-bounded continuous martingale vanishing
at t = 0 (c.f. Definition 5.1).
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Define £2(M) to be the space of progressively measurable processes ®; such

that .
|®|lar = (]E Uooo @fd(MﬁD " < o0, (5.9)

If we define a measure Py, on ([0, 00) x €2, B([0,00)) ® F) by
Py(A) £ E {/OOO lA(t,w)d<M)t(w)1 , Ae B([0,0)) ® F,

then £2(M) is just the space of Pj-square integrable, progressively measurable
processes. Note that Py, is a finite measure since M € HZ. Define L?*(M) to
be the space of Pj-equivalence classes of elements in £2(M).

Remark 5.2. We will adopt the convention of not being too careful in distin-
guishing between a process and its equivalence class. It will be clear that if
®, ¥ are equivalent, then [ ®;dM,, [ ¥,dM,; are indistinguishable.

Lemma 5.2. (L2(M), || - ||ar) is a Hilbert space.

Proof. The only thing which is not immediately clear is the progressive mea-
surability for a limit process. Let ®™ be a sequence in £?(M) converging to
some measurable process ® under || - |[5;. Along a subsequence ®™) we know

that the set {(t,w) : limg_,oo @g"’“)(w) # ®y(w)} is a Py-null set. In general,
®; might not be progressively measurable. But the process 14, where

AL {(tw): kliglo q)gnk)(w) exists finitely},

is easily seen to be progressively measurale. Moreover, the process ¥ £
limsup,_,., ™) - 1, is Py-equivalent to ®. Since ®™*) is progressively mea-
surable for each k, we conclude that ¥ is progressively measurable. O

The construction of stochastic integrals with respect to M is contained in
the following result.

Theorem 5.3. For each ® € L*(M), there exists a unique I (®) € HZ (up
to indistinguishability), such that for any N € Hj,

(IM(®),N) = D e (M, N), (5.10)

where ® o (M, N) denotes the integral process f; O d(M, N)g, defined path-
wisely. Moreover, the map I : ® w I™(®) defines a linear isometry from
L*(M) into HZ.
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Proof. We first prove uniqueness. Suppose that X, Y € Hj both satisfy (5.10).
It follows that
(Y = X,N)=0, VN € H}.

In particular, by taking N =Y — X we know that (Y — X) = 0. Therefore,
X =Y.

Now we show existence. Given ® € L?(M), define a linear functional F®
on HZ by

F®*(N)£E UOOO d,d(M, N)t} , N € Hj.

According to the Kunita-Watanabe inequality (c.f. (5.4)), we have

/OOOQDtd(M,N)t < (/Ooocbfcl(Mﬁ)é -(N)

Therefore, by the Cauchy-Schwarz inequality, we have

85:\»—'

o0 3
< (2| [T ot ) B = ol ¥l
0
In particular, F® defines a bounded linear functional on HZ. Tt follows from
the Riesz representation theorem that there exists X € HZ, such that
F*(N) = (X, N)g = E[X,oNs], VN € HZ. (5.11)

To establish (5.10) for X, suppose that 7 is an arbitrary {JF;}-stopping
time. Then for any N € Hj, we have

E[XTNT] = E[E[XOO’FT]NT] = E[XOONT]'

Note that N™ € H? and N, = NZ. Therefore, according to (5.11) and Propo-
sition 5.3, we arrive at

E[X,N,] = E[X.N.]=F*N")=E { /0 h ®,d(M, N%]

- E UOOO ®,d(M, N>{} —F UO ®,d(M, N>t} .

By Problem 3.1, (2), we conclude that X N — e (M, N) is a martingale, which
implies (5.10).

It is apparent that the map I : & — X = I™(®) is linear. Moreover,
from (5.11) and (5.10), we have:

I =B = | [~ eatn x| = | [~ ot = 1ol

0

Therefore, I is a linear isometry from L?(M) into H. O

99



Definition 5.5. For ® € L*(M), IM(®) is called the stochastic integral of ®
with respect to M. As a stochastic process, I (®); is also denoted as fot d.dM,.
The map IM : L?(M) — HZ is called the stochastic integration map.

The reason why I is called the stochastic integration map is the following.
Let ®; be a stochastic process of the form

(b == (DO]_{O} + Z Qti—ll(ti—hti}’

i=1

where 0 = ¢ty < t; < --- < t, < --- is a partition of [0,00), ¥, is {F3, }-
measurable for each n, and they are uniformly bounded by some constant
C > 0. Then ® € L*(M) and

/cde Z(I)t (M, =My, )+, (M= M, ), € [th,tn]. (5.12)

The proof follows by computing the bracket with N € HZ of the right hand
side of (5.12), which is left as an exercise.
Now we present some basic properties of stochastic integrals.

Proposition 5.9. Let M, N € HZ and let ® € L*(M), ¥ € L*(N) respectively.
Suppose that o < T are two {F;}-stopping times. Then we have:

(1)
E [IY(®)inr — IM(V)iro|Fs] =0

(2)
E [(I"(®)enr = T (®)ino) (I (W)inr — I (W)ing) | Fo]

tAT
_ E [ / B, U d(M, N),|F,
t

No

Proof. The result follows from applying the optional sampling theorem to the
underlying martinagles stopped at ¢. Note that

(IM (@), IN()) = D o (M, IN(V)) = (PV) ® (M, N).
0

Remark 5.3. 0 =s <17 =tor M = N are important special cases of Proposi-
tion 5.9. In particular, (I™(®)) = &% e (M).

The next property is associativity.
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Proposition 5.10. Let M € HZ. Suppose that ® € L*(M) and ¥ € L*(IM(®)).
Then U - ® € L2(M) and IM(Ud) = [ (®)(0).

Proof. Since (IM(®)), = [y ®2d(M), and ¥ € L*(IM(®)), we see that ¥ - & €
L?*(M). Moreover, for every N € HZ, we have

(IM(UP),N) = (UP)e(M,N)=1Ue(de(MN))
— Ve ((IM(®),N)) = <IIM(‘I’)(\I/),N>.

Therefore, IM(Ud) = 17(®)(@). O
The associativity enables us to show compatibility with stopping easily.

Proposition 5.11. Let 7 be an {F;}-stopping time. Then for M € HZ and
® € L?(M), we have

(@) = M (@1,) = IV (@7) = V(@)

Proof. Firstly, observe that 1y, € L*(M) and I™(1,) = M7 (note that
the process (t,w) = 1y, (t) is progressively measurable). Moreover, it
is apparent that ®,®" € L?(MT7). Therefore, the first equality follows from
Proposition 5.10, and the other inequalities follow from taking bracket with
N € H}. O

So far our stochastic integration does not even cover the case of Brownian
motion, as the Brownian motion is not bounded in L?. The way to enlarging
our scope of stochastic integration is localization.

Definition 5.6. Let M € MY be a continuous local martingale vanishing
at t = 0. We use L2 (M) to denote the space of progressively measurable

loc

processes X;, such that with probability one,
t
/ ®2d(M), < 0o, Vt = 0.
0

We aim at defining the stochastic integral IM(®) € MP° for ® € L2 (M).
This is contained in the following theorem.

Theorem 5.4. Let M € MY and let & € L (M). Then there exists a unique
IM(®) € MY, such that for any N € MY, we have

(IM(®), N) = ® o (M, N), (5.13)

where the integral process ® o (M, N) is finitely almost surely according to the
Kunita- Watanabe inequality (c.f. (5.4)).
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Proof. Uniqueness is obvious.
Now we show existence. For n > 1, define

t
Tn:inf{tZO: |Mt|>n0r/fl>§d<M)s>n}.
0

Then 7, is a sequence of {F;}-stopping times such that 7, 1 co almost surely.
Moreover, for each n, we have M™ € HZ and ®™ € L?(M™). Therefore,
XM & M™ (@) € HE is well-defined. According to Proposition 5.11, we
know that

(XN = M7 (@) = X ™, (5.14)

This implies that we can define a process X; on [0, 00) such that X; = Xt(n) on
[0, 7,,]. It is apparent that X} is continuous and {F; }-adapted. From (5.14) we
also know that Xt(n) = const. for t > 7,. Therefore, X™ = X This implies
that X € MY°. Finally, to see (5.13), let N € HZ (the general case where
N € M© follows easily by further localizing N to be bounded). Then

t Tn /At
(X, N)j" = (X", N), = / O d(M™,N), = / ®,d(M, N),
0 0

for every n. (5.13) follows from letting n — co. O

Remark 5.4. For M € M{°, we can define the space L?(M) C L2 (M) in
the same way as (5.9). Exactly the same proof of Theorem 5.3 allows us to
conclude that for each ® € L?*(M), there exists a unique X € HZ satisfying
the characterizing property (5.10). The map ® — X is a linear isometry from
L*(M) into HZ. This part has nothing to do with the martingale property of
M. Of course X coincides with /M (®) which is defined in Theorem 5.4 in the

sense of local martingales.

Although the stochastic integral I*(®) is constructed from a global point
of view, we also have the following local property.

Proposition 5.12. Let M € My° and let ® € L} _(M). Then there exists a
P-null set N, such that for every w € N€,

®, =0 or M; =M, on [a,b] = IM(®), = ["(®), on [a,]
for each a < b.

Proof. The result is a direct consequence of Proposition 5.8 and the fact that
(IM (D)) = D% o (M). O
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As we will see in the next subsection, if M is a local martingale and f is a
nice function, f(M) is in general not a local martingale, but it is a local martin-
gale (a stochastic integral) plus a process with bounded variation. Moreover, in
the study of stochastic differential equations, we also consider systems having
such a general decomposition, namely dX; = u(X;)dt + o(X;)dB;. Therefore,
it is necessary to further extend our scope of integration.

Definition 5.7. A continuous, {F;}-adapted process X; is called a continuous
semimartingale if it has the decomposition

Xt :X0+Mt+At, (515)

where M € M¢ is a continuous local martingale vanishing at ¢t = 0, and A; is
a continuous, {JF; }-adapted process such that with probability one, Ag(w) = 0
and t — A;(w) has bounded variation on every finite interval.

Given two continuous semimartingales X; = Xo + M; + A; and Y; = Yy +
N, + By, the bracket process of X and Y is (X,Y); = (M, N),, and the gradratic
variation process of X is (X); & (M);.

By the local continuous martingale version of Lemma 5.1, we see that the
decomposition (5.15) for a continuous semimartingale is unique. Moreover, the
quadratic variation process also satisfies Proposition 5.7.

When we talk about stochastic integrals with respect to continuous semi-
martingales, it is convenient to have a universal class of integrands which is
independent of the underlying semimartingales.

Definition 5.8. A progressively measurable process @, is called locally bounded
if there exists a sequence 7,, of {F;}-stopping times increasing to infinity and
positive constants C,,, such that

D" | < Cp, VE >0,
for every n > 1.

Every continuous, {F;}-adapted process ®; with bounded ®, is locally
bounded. Indeed, we can simply define 7,, = inf{t > 0: |®;| > n}. Moreover,
if @, is locally bounded, then for every M € M, we have ® € L2 (M).

loc

Definition 5.9. Let X; = Xy + M; + A; be a continuous semimartingale and
let ®, be a locally bounded process. The stochastic integral of ®; with respect
to X; is defined to be the continuous semimartingale

IX(®), = IM(®), + IY(®);, t >0,

where the second term I4(®), £ fg ®,dA, is understood in the Lebesgue sense.
The stochastic integral I (®), is also denoted as [ ®,dX,.
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When X, is a Brownian motion, the stochastic integral is usually known as
It6’s integral.

It is important to point out that I™(®) can fail to be a martingale if
M € M¥<, so the integrability properties in Proposition 5.9 may not hold in
general. However, we still have the following properties. The proof is similar
to the non-local case and is hence omitted.

Proposition 5.13. (1) I*(®) is linear in X and in ®.

(2) IX(U®) = I ®) (W) for any locally bounded ®, V.

(3) I (@) = IX(PLyp ) = [X7(®7) = X (D)7 for any {F:}-stopping time
T.

Remark 5.5. In the definition of stochastic integrals and in Proposition 5.13,
assuming local boundedness is just for technical convenience. Everything works
well as long as we assume that all the It6 integals and Lebesgue integrals are
well defined in their right sense respectively.

To conclude this subsetion, we establish a useful tool which acts as the
stochastic counterpart of the dominated convergence theorem.

Proposition 5.14. Let X, be a continuous semimartingale. Suppose that ®} is
a sequence of locally bounded processes converges to zero pointwisely, and there
exists a locally bounded process ® such that |®"| < ®. Then [*X(®"); converges
to zero in probability uniformly on every finite interval, i.e. for every T > 0,

t
/ "dX,
0

Proof. We only consider the situation where X € MP° as the other case is
easier. Let 7, be a sequence of {F; }-stopping times increasing to infinity, such
that for each m, X™ € HZ and ®™ X™ (X)™ are all bounded. Given

sup — 0 in probability

t€[0,T]

as n — .
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g,0 > 0, choose m such that P(7,,, < T) < 4. It follows that

t
P( sup /Q)’;dXS > €
t€l0,7] |Jo
t
< P(rn <t)+P [ sup /@?dXS >, Ty >T
t€l0, 7] |Jo
Tm /At
= P(1,, <t)+P| sup / OUAX | > e, Ty > T
tefo,77 1o
t
= P <) +P | sup / (@) dXT"| > &, 7 > T
tefo,77 1o
t
< 0+ P| sup /(@")?”dXSTm >e .
tefo,7] | Jo

Since (®")™ € L?(X™) for each n, we know that IX™ ((®")™) € HZ. Ac-
cording to Doob’s LP-inequality, we have

¢
P | sup /(@")gdeSTm
tefo,] |Jo

| t ?
>€> < ?E sup /((I)")gdesTm ]
0

_te[o,T]

a_[7 /" ?
(@TL)T'NL dXTm
£2 0 s s

N
|
&=

= e[ enrrane.).

which converges to zero as n — oo by the dominated convergence theorem.

Therefore,
t
limsupP | sup / OTdX | > e | <9,
n—00 t€[0,7] 1J0
which implies the desired convergence as § is arbitrary. O]

A direct consequence of Proposition 5.14 is the following intuitive interpre-
tation of stochastic integrals.

Corollary 5.1. Let &, be a left continuous and locally bounded process, and
let X; be a continuous semimartingale. For given t > 0, let P, be a sequence
of finite partitions over [0,t] such that mesh(P,) — 0. Then

¢
lim E q)til(Xti—Xt“):/ ®,dX, in probability. (5.16)
n—oo

ti€Pn 0
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Proof. We only consider the case where X € MF°. Suppose that X € HZ and
® is bounded. Define

@ - ®01{0} Z q)tz 1 7, lt ) + ¢t1(t700)($)

t;€Pn

Then ®" is uniformly bounded and ®" — & pointwisely on [0,t] x Q. Note
that (c.f. (5.12))

/ OrdX, = > O, (X ).

t;€Pn

According to Proposition 5.14, we know that

t
> b =) [,
0

t, €Pn

in probability as n — co. The general case follows from the same localization
argument as in the proof of Proposition 5.14. O

Remark 5.6. Taking left endpints in the Riemann sum approximation is an
important feature of stochastic integrals. Indeed, (5.16) does not hold any
more if we are not taking left endpoints.

5.3 Ito’s formula

In classical analysis, if z; is a smooth path, we have the differentiation rule
df (zy) = f'(z¢)dzy, or equivalently, f(x;) — f(zo) = fot f'(xs)dzs. In the prob-
abilistic setting, a natural question is: what happens if we replace x; by a
Brownian motion B;? The answer is surprlslngly dlfferent from the classical
situation: we have f(B;) — fo s)dBs + 5 fo f"(Bs)ds. This is the
renowned It6’s formula. We can see Why it takes this form in the followmg naive
way. Take the Taylor approximation up to degree 2 (it is reasonable to expect
that all higher degrees are negligible): df (B;) = f'(B;)dBi+(1/2) f"(By)(dBy)*.
Here comes the key point: we have (dB;)? = dt # 0. This is not entirely obvi-
ous at the moment, and it is crucially related to the martingale nature of B;
and the existence of its quadratic variation process. Therefore, 1td’s formula
follows naively.

Now we develop the mathematics.

We first consider the case when f(zr) = z?. This is also known as the
integration by parts formula.
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Proposition 5.15. Suppose that X;,Y; are two continuous semimartingales.
Then

t t
0 0

In particular,

t
X2 = X;+ 2/ X dX,+ (X)), (5.17)
0

Proof. Tt suffices to prove (5.17). The general case follows immediately from
considering (X; + Y;)?, (X; — Y;)? and linearity. Indeed, for any given finite
partition P of [0, ], we have

Xt2 - Xg =2 Z Xti—1<Xti - th‘—1) + Z(th - Xti—1)2‘
t, €P t; P

According to Corollary 5.1 and the semimartingale version of Proposition 5.7,
the result follows from taking limit in probability as mesh(P) — 0. O

If we take X = M € M, (5.17) tells us that
t
M2 — (M), =2 / M.dM.,.
0

We have already seen in Subsection 5.1 that M? — (M) € M. Therefore,
(5.17) gives us an explicit formula for this local martingale.
The general 1t6’s formula is stated as follows.

Theorem 5.5. Let X; = (X}, .-+, X2) be a vector of d continuous semimartin-
gales. Suppose that F' € C?(R?) (continuously differentiable up to degree 2).
Then F(X}) is a continuous semimartingale given by

F(X)—F(X)+§d:/ta—F(X)de+1Xd:/t OF (X,)d(X", X7)
t ’ —Jo Ot 25500 Oz Qxi > T

(5.18)

Proof. Suppose that F' € C?(R?) satisfies [t6’s formula (5.18). Let G(x) =
2'F(z) for some 1 <4 < d. According to the integration by parts formula (c.f.
Proposition 5.15), we see that G(X;) also satisfies It6’s formula. Therefore,
[t6’s formula holds for all polynomials.

For a general F' € C?(RY), we first assume that |X;| < K uniformly for
some K > 0. Let G € C?(R%) be such that G = F for |x| < K and G = 0
for || > 2K. We only need to verify It6’s formula for G in this case. From
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classical analysis, we know that there exists a sequence p,, of polynomials on
R?, such that for |a| < 2,

sup [Dp,(z) — D*G(z)| =0

lz|<2K

as n — 0o, where “D%” means the a-th derivative. Since It6’s formula holds
for each p,, according to the stochastic dominated convergence theorem (c.f.
Proposition 5.14), we conclude that 1t6’s formula holds for G as well.

For a general X}, we need to apply a localization argument. For each n > 1,

define

o, [ Xo| = n;
" linf{t > 0: |X| >n}, |Xo| <n,

and set
X" = Xolqixgjeny + M" + AT,

where M, A; are the (vector-valued) martingale and bounded variation parts of
X, respectively. Then Xt(") is a uniformly bounded continuous semimartingale.
By the previous discussion, [t6’s formula holds for Xt(n). On the other hand,
since the stopped process X™ = X™ on {r,, > 0}, by Proposition 5.12 we
conclude that It6’s formula holds for X™ on {7, > 0}. Since U5, {7, > 0} = Q,
by letting n — oo, we conclude that [t6’s formula holds for X; and F. O

Remark 5.7. The same result holds if F' € C?(U) for some open subset U C
R? and with probability one, the process X; takes values in U. The proof is
identical but we need to use compact subsets to approximate U and localize
on each of these compact subsets.

Formally, we usually write [t6’s formula in the following differential form
although it should always be understood in the integral sense:

d d
oF 1 0*F o
dF(Xe) = ) 55(Xe)dXi + 5 ) o (Ke)d(XT, X7),.
1

i=1 ij=
Now we present an important class of examples for 1t6’s formula.

Proposition 5.16. Suppose that f(z,y) € C*(R x R) is a complez-valued
function which satisfies
or 101
dy 20z
Then for every M € MK, f(M;, (M);) is a continuous local martingale.

=0.
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Proof. This is a straight forward application of It6’s formua to the vector
semimartingale (M, (M);) and the function f. O

A particular f satisfying Proposition 5.16 is the exponential function

P ,y) = XX

for given A € C. The resulting continuous local martingale

t
5>\(M)t 2 eAMt—%)@(M)t -1+ )\/ 5)\(M)SdMS
0
is known as the exponential martingale. This (local) martingale is important in
the study of change of measure. In the case when M; = B; (Brownian motion),
from the distribution of B; we can see directly that £*(B); is a martingale, a
fact which was already used to prove the strong Markov property of Brownian
motion and to compute passage time distributions.

5.4 The Burkholder-Davis-Gundy Inequalities

It is absolutely not unreasonable to say that It6’s formula is the most funda-
mental result in stochastic calculus. Starting from here we will begin a long
journey of applying 1t6’s formula to a rich class of interesting topics.

To appreciate the profoundness of [t6’s formula, in this subsection we are
going to (solely) use it in a pretty non-trivial way to obtain a fundamental type
of martingale inequalities. These inequalities were first proved by Burkholder,
Davis and Gundy and we usually refer them as the BDG inequalities. They
play a fundamental role in the connection with harmonic analysis.

Let M, be a continuous and square integrable martingale. Define M; £
SUPg<s<t | M| to be the running maximum process. According to Doob’s LP-
inequality (in the case when p = 2) and the definition of quadratic variation,
it is seen that

E[(M),] = E[M{] < E[(M;)*] < AE[M;] = AE[(M),] (5.19)

for every t > 0. In other words, the running maximum and the quadratic
variation control each other in some universal way which is independent of
the underlying martingale. In a more functional analytic language, it suggests

that the norm
IM|" = /E[(M,)?]

on HZ is equivalent to the original norm || - ||g2, where M2 £ supgc,.oo | M.
However, this simple fact relies on the special L2-structure, in which we have
E[M?] = E[{M);] making the story a lot easier.
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The BDG inequalities investigates the LP-situation for all 0 < p < co. Here
is the main theorem.

Theorem 5.6. For each 0 < p < oo, there exist universal constants C 5, Cap, >

0, such that for every continuous local martingale M € M, we have

CrE[(M)7] < E[(M;)*] < Co,E[(M)7], vt >0, (5.20)
where M} £ supgc,<;, | Ms|.

Proof. We prove the theorem by several steps. To simplify our notation, we
will always use C, to denote a universal constant which depends only on p
although it may be different from line to line.

(1) By localization, we may assume that M and (M) are both uniformly
bounded. Indeed, if we are able to prove the theorem for this case, since the
constants C ,, Cy, will be universal, it is not hard to see that the general case
follows by removing the localization.

(2) The case p = 1. This is done in view of (5.19). In this case, we have
Cl,l =1 and 0271 =4.

(3) The case p > 1.

We first prove the right hand side of (5.20). Let f(z) = x?. Then f €
C?*(RY), and

f(x) = 2pz®t, f"(x) = 2p(2p — 1)a?P~ Y,

According to It6’s formula, we have
t t
MP = 2p/ M2~ dM, + p(2p — 1)/ M2P=Da(M),. (5.21)
0 0

Since M and (M) are bounded, we can see that the local martingale part in
(5.21) is indeed a martingale. Therefore,

E[M{"] = p(2p — 1)E [/t Mf(p_”d<M>s] <p(2p — DE [(M)**~V(M),] .
0
On the one hand, Doob’s LP-inequality gives that
E[(M;)¥] < CE[M/"],
while on the other hand, Holder’s inequality gives that
E [(M{)*= (M), ] < (M)l [|(227)*P~Y)]

q Y

where ¢ £ p/(p — 1) is the Hélder conjugate of p. By rearranging the resulting
inequality, we arrive at

E [(M{)*] < GE[(M){].
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To see the left hand side of (5.20), let A, = (M),. To estimate A} =
fot pAP~1dA,, the key is to regard it as the quadratic variation process of some
martingale and use [to’s formula to estimate this martingale. More precisely,

define N; = fo .7 dM,. Then (N); = AV/p. On the other hand, since the
process A = is bounded and increasing, It6’s formula yields that

p—1 t p—1
MtAt? - Nt + MsdA52 .
0

p—1

Therefore, |N;| < 2M;A,? and thus

%E[Af] — E[(N),] = E[[N,J?] < 4E[(M)2 407,

By applying Hélder’s inequality on the right hand side and rearranging the
resulting inequality, we arrive at

E[A}] < GE[(M;)™].

(4) The case 0 < p < 1. We still use A; to denote (M );.

p-1
We first prove the right hand side of (5.20). Again we define N, = fg As? dM;
so that (N); = AV /p. According to the associativity of stochastic integrals (c.f.

1=p 1-p
Proposition 5.10), we see that M, = fot As? dNg. Since the process A,? is
bounded and increasing, by [t6’s formula, we have

NtA =M, + / N, dA

1—-p
Therefore, |Mt| < 2NjA,? . Since this is true for all ¢ > 0, we see that
M < 2N;jA, = and thus

E[(M;)¥] < 27 (N7 a7
< 2PE[(N))) - E[A7)P
< 2%P4PE[NZP - E[AD]) P
= PPUE(N)) - EA
D
= E]E[AP]
P

Finally, we prove the left hand side of (5.20). Given « > 0, consider

Ap Ap(a—l—M ) 2p(1 p)(a+M*>2p(1 )
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and Holder’s inequality gives
B[] < (B[A(a+ M) 20" (El(a+M;)7) " (5.22)
Here the reason of introducing « is to avoid the singularity in the term (« +
M;)~20-P) Now since
t

Ay + M;)207P) / (oo M) 2P A, (5.23)

0

we introduce the martingale N, = [ (a + M?)~(=Pd]M, so that its quadratic
variation process coincides with the right hand side of (5.23). Since the process
(a4 M;)~1=P) is bounded and has bounded variation, from It&’s formula, we
know that

t
(a+M;)" PN, = N+ / Md(a + M)~
0
t
= N+ (p— 1)/ M(o+ MFP~2dM?.
0
Therefore,

t
NI S G MM+ () [ M AR
0

It follows that ]

E[(N)d] =E[NV{] < EE[(M:)QP]'

Combining this with inequalities (5.22) and (5.23), we arrive at

EAY] < — (E[(M;)%))" - (El(a+ M;)?])" ™.

p*
Since this is true for all a > 0, the result follows by letting « | 0. O

Remark 5.8. From the proof, we can actually see that the constants C, and
(s can be written down explicitly, although there is no need to do so.
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5.5 Lévy’s characterization of Brownian motion

It is a rather deep and remarkable fact that most Markov processes can be char-
acterized by certain martingale properties. This is the renowned martingale
problem of Stroock and Varadhan, which we will touch at an introductory level
when we study stochastic differential equations. Here we investigate the special
case of Brownian motion, which is the content of Lévy’s characterization the-
orem. This result, along with the series of martingale representation theorems
that we shall prove in the sequel, reveals the intimacy between continuous
martingales and Brownian motion. Probably this explains why martingale
methods are so powerful and why the Brownian motion is so fundamental in
the theory of Itd’s calculus.

Suppose that B; = (B}, -+, B) is a d-dimensional {F; }-Brownian motion.
Apparently, we have (B'); = t for each 1 < i < d. Moreover, for i # j, from
the simple observation that */TE(B;’ + BJ) are both {F;}-Brownian motions, we

conclude that <‘/7§(BZ + Bj)> = t. Therefore, (B*, B’); = 0. In other words,
) ) t
we know that (B', B’); = §;;t for all 1 < i,j < d. Lévy’s characterization

theorem tells us that this property characterizes the Brownian motion.

Theorem 5.7. Let My = (M}, --- | M2) be a vector of continuous {F;}-local
martingales vanishing at t = 0. Suppose that

(M', M7y, = 6;;t, t>0.
Then M, is an {F;}-Brownian motion.

Proof. The key is to use the following neat characterization of an {F; }-Brownian
motion in terms of characteristic functions (see also the proof of Theorem 4.2):
it suffices to show that

E [eiw’Mt_MS) Fs] = e 21?0=9) v e R? and s < t. (5.24)

Let f = (fi,--,fq) € L*([0,00);RY) and define the (complex-valued)
exponential martingale

d t 1 d t
(M), & exp | i ()M 4+ - 2(5)ds |, ¢ 0.
(M) ep(z;/of(s)M+2;/of](s) s) t>0

By applying 1t6’s formula to the vector semimartingale

(Z A fj<s>dM§é [ ff(s)ds)
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in R? and the function f(z,y) = e*™¥%/2 it can be easily seen that £7(M); is
a continuous local martingale (starting at 1). Since it is uniformly bounded,
we know that it is indeed a martingale (c.f. Proposition 5.2).
Now let # € RY. For T > 0, consider f £ 01y € L*([0,00); R?). In this
case, we conclude that
gif(]\/[)t — ei<971\4Tmt>Jr%|9|2T/\t7 t>0

Y

is a martingale. This is true for every 17" > 0. Therefore, if we consider s < ¢t <
T, then for any A € F;, we have

E [ei(e,Mt—Ms>1Aj| — ]E |:e—i<9,Ms>1A]E [ei(e,Mt>|fsi|j|
= E [lAe_%w'Q(t_s)}
= P(A)e 2P0

which implies (5.24). O

5.6 Continuous local martingales as time-changed Brow-
nian motions

Sometimes it can be useful if we change the speed of a process. In particular,
if we change the speed of a continuous martingale in a proper way, we can get
a Brownian motion! Because the Brownian motion is so simple and explicit,
this technique could have lots of nice applications.

We should not be too surprised about this fact. Heuristically, let M; be
a continuous martingale with quadratic variation process (M);. Since (M), is
increasing, we can define an “inverse” process 7, of (M),. If we run M at speed
T, i.e. considering the process ]\//Tt £ M,,, the optional sampling theorem will
imply that ]\Z is a martingale with respect to the filtration {F,,}. Therefore,
it is not unreasonable to expect that (]\/4\ ) = (M),, =t as 7 is the “inverse”
of (M);. Lévy’s characterization theorem then implies that ]\/4\,5 is a Brownian
motion.

Now we put this philosophy in a rigorous mathematical form, which is
however technically quite involved.

We start with the discussion of a general time-change. This part is com-
pletely deterministic. Let a: [0,00) — [0,00) be a continuous and increasing
function which vanishes at ¢ = 0. Define

c=inf{s>0: a,>t}, t=>0.

Definition 5.10. The function ¢, is called the time-change associated with a;.
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The following properties are elementary and should be clear when a picture
is drawn. They provide a good intuition about what the time-change looks
like. The proof is routine and we leave it to the reader as an exercise. Denote
(oo 2 limy_, o ay.

Proposition 5.17. The time-change ¢; of a; satisfies the following properties.

(1) ¢; is strictly increasing and right continuous for t < as, and ¢; = oo if
t > Goo. If Ao = 00, then coo 2 limy o0 ¢; = 00.

(2) For every s,t, ¢; < s <= as > t.

(3) Let t = as. Then ¢, < s < ¢. Moreover, for every t, a = constant
on [ci—, ). This implies that the size of every jump for ¢; corresponds to an
interval of constancy for a; and vice versa.

(4) For every t < aeo, @, = t, and for every s < 0o, ¢, = S. If s is an
increasing point of a (i.e. a(s') > a(s) for all s' > s), then c,, = s.

The time-change can give us a useful change of variable formula for inte-
gration. But we need to be a bit careful as it should involve some continuity
property with respect to the time-change.

Definition 5.11. A continuous function z : [0, 00) — R is called c-continuous
if x is constant on [c,_, ¢;] for each ¢, where ¢y = 0.

Under c-continuity, we can prove the following change of variable formula.

Proposition 5.18. Let x be a c-continuous function which has bounded varia-
tion on each finite interval. Then for any measurable functiony : [0,00) — R,

we have
/ YudTy, :/ Ye, AT,
ety ,cto] [t1,t2]

provided that t, < ty < as and the integrals make sense.

Proof. First of all, observe that alic, ] [ct,ct,] — [t1,t2] is well-defined
and surjective. For simplicity we still denote it by a. Respectively, dx denotes
the Lebesgue-Stieltjes measure induced by x on [, ¢,] and u denotes the
push-forward of dx by a on [t1,ts]. It follows that for any [vi,vs] C [t1, 5],

[Coys Co) ©{u € [ery, ¢) 0 01 < ay <2} C ey, -, Coy)-
Since x is c-continuous, we conclude that

pl(on,va]) = d({ € [, 0] - 01 < 0 < 02)) = Ty — ey,

In particular, p coincides with the Lebesgue-Stieltjes measure induced by the
function z., on [ty,ts].
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According to the classical change of variable formula in measure theory, we

have
/ ycvdxcv :/ ycvdl/l :/ ycuudxuv
[t1,t2] [t1,t2] ety ety

whenever the integrals make sense. But we know that c¢,, = u for every
increasing point u of a, and apparently there are at most countably many
intervals of constancy for a. Therefore, from the c-continuity of x, we conclude

that
/ ycaudxu :/ yudxua
[etq 5Cts] [ctq 5Cts]

which then completes the proof. n

Now we put everything in a probabilistic context.

Recall that (Q, F,P; {F;}) is a filtered probability space which satisfies the
usual conditions. Let A; be an {F;}-adapted process such that with probability
one, every sample path ¢t — A;(w) is continuous and increasing which vanishes
at t = 0. Define the process

CyZinf{s>0: A, >t}

to be the time-change associated with A;.

Since the filtration {F,} is right continuous, according to Proposition 5.17,
(2), for every t > 0, C; is an {Fs}-stopping time. Therefore, we may define
a new filtration JF, 2 Fc, associated with the time-change. Since C; is right
continuous, from Problem 2.4, (2), (i), we know that {.7-}} also satisfies the
usual conditions. In addition, for every s > 0, A, is an {F,}-stopping time.

Now assume further that A,, = oo almost surely, so that with probability
one, C; < oo for all t.

Definition 5.12. Let {X;} be an {F;}-progressively measurable stochastic
process. Xt X, is called the time-changed process of X; by Cy.

We are mainly interested in how a continuous local martingale behaves
under a time-change. To emphasize the dependence on the filtration, we use
MPe({F}) to denote that space of continuous {F;}-local martingales vanish-
ing at t = 0.

It is quite a subtle point that a time-changed continuous martingale can
fail to be a local martingale even it is continuous. Here is a counterexample.

Example 5.1. Let B; be a Brownian motion with augmented natural filtration
{FB}Y. Define A, £ maxgcs; B;. Then A, is a continuous and increasing
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process vanishing at t = 0, and A,, = oo almost surely. Let C; be the time-
change associated with A;. Then we have Bg, = t. Indeed, apparently we have
Be, < Ag, =t. If Bg, < Ag,, by the continuity of Brownian motion, we know
that A, = A¢, =t on [Cy, Cy + 6] for some small 6 > 0. It follows from the
definition of C; that Cy > C} + 9, which is a contradiction. Therefore, B¢s, = t.
In particular, B¢, cannot be a continuous local martingale regardless of what
filtration we take since it has bounded variation on finite intervals.

To expect that a time-changed continuous local martingale is again a con-
tinuous local martingale, we need the C-continuity. A stochastic process X,
is called C'-continuous if with probability one, X is constant on [C;_, Cy] for
each t, where Cy_ = 0 (c.f. Definition 5.11).

Proposition 5.19. Let A, = 0o almost surely, and let Cy be the time-change
associated with A,. Suppose that M € MP({F}) is C- continuous.

(1) Let Mt be the time-changed process of My by Cy. Then M € MEe({F})
and (M) = <M)

(2) Let ® € L2 (M) with respect to {F;}. Then o e LIOC(M) with respect
to {F,} and IM(<I>) = Iﬂ\@)

Proof. (1) Since M, is C-continuous, we know that M, is continuous and My =
0. Moreover, it is easily seen that ]\//7,5 is {ft}—adapted.

Now let 7 be a finite {F;}-stopping time such that the stopped process M;
is a bounded {F;}-martingale. Define 7 = A,. From Proposition 5.17, (2), we
see that {7 > t} = {C, < 7}. Therefore, 7 is a finite {F,}-stopping time. In
addition, by definition we have

o~

M] = Mzp, = Me..

TAL®

If 7 > t, then C; < 7 and ]\/4? = M¢, = Mope,. If T < t, then MT Mc.. But
from Proposition 5.17, (3), we know that C>_ < 7 < C;. By the C-continuity
of M, M is constant on [r, C%]. Therefore, ]\/4? = M, = M;c, since Cp > 7 in
this case. In other words, we conclude that ]\//Zf = M, for all t. In particular,
]\/Zf is a bounded process. Applying the optional sampling theorem to the
bounded {F;}-martingale M which thus has a last element (c.f. Corollary
3.2), we conclude that MT is an {]-"t} martlngale If we let 7 = 7, T 00, then
7= A, 1 Ay = oco. Therefore, M € MY({F,}).

Finally, since M; is C-continuous, according to Proposition 5.8, we see
that (M), is also C-continuous. Therefore, M?* — (M) € /\/lloc({]:t}) is C-
continuous. From what was just proved, we know that M2 — ( ) e Ml ({F}).
Therefore, <]\/4\ ) = @
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(2) First of all, it is apparent that fot EI;?dU\//T)S = fgot P2d(M), < oo almost
surely for every t.

To prove the last claim, we first need to observe a slightly more general
fact than what was proved in (1): if M, N € M({F;}) are C-continuous,
then (M, N), is C-continuous, and <J\/4\, N) = (M, N). Indeed, the fact that
(M, N); is C-continuous follows from the identity
1
4
Therefore, MN — (M, N) € MY is C-continuous, which proves the claim
according to (1).

Coming back to the proposition, in order to show that IM(®) = M (®), it
suffices to show that <IM(<T>) — IM(<I>)> = 0. On the one hand, we have

("@), = [ @adn. - [

On the other hand,

(M,N)y = ~((M + N); — (M — N)y).

O2A(M), = <ﬁ\@)>t.

<ﬂ7(&>),ﬁ\@)> - $.<A7,1M(¢)>:€>.<M,1M(q>)>

t

Therefore, the result follows. O

Now we are able to prove the main result of this subsection. This is known
as the Dambis-Dubins-Schwarz theorem.

Theorem 5.8. Let M € MP({F;}) be such that (M), = oo almost surely.
Define Cy to be the time-change associated with (M),. Then B, £ Me, is an
{Fe, }-Brownian motion and My = B

Proof. From Proposition 5.17, (3), we know that (M);, and hence M, is
C-continuous. Therefore, by Proposition 5.19, (1), B € M({F¢,}) and

(B); = <]\7>t = (M)¢, = t. According to Lévy’s characterization theorem (c.f.
Theorem 5.7), we conclude that By is an {F¢, }-Brownian motion. Finally, for
each ¢t > 0, from Proposition 5.17, (3) again, we know that (M), and hence
M, is constant on [Ciary,—, Ciary,), as well as t € [Ciary,—, Ciary, ). Therefore,
My = Mc,,,, = By, O

The condition (M), = oo almost surely in the Dambis-Dubins-Schwarz
theorem ensures that the underlying probability space is rich enough to support
a Brownian motion. To generalize the theorem to the case when (M), < oo
with positive probability, we need to enlarge the underlying probability space.
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Definition 5.13. An enlargement of a filtered probability space (Q2, F, P; {F;})
is another filtered probability space (Q, F,P; {.Ft}) together with a prOJectlon
m: Q— Q such that Poxr ! =P, 7 Y(F) C F and 7 (F,) C 7 (F,) for
all ¢.

If (Q, F,P; {F,}) is an enlargement of (Q, F,P; {F;}), then associated with
any given stochastic process X; on {2, we can define a process X; on €2 by

X, (@) 2 X,(7(@)), @€, (5.25)

canonically. Apparently, the law of X is the same as the law of X by the
definition of enlargement. For simplicity, we may use the same notation X to
denote X.

Now we have the following extension of the Dambis-Dubins-Schwarz the-
orem. Recall from Problem 5.1, (3) that if M € M, then with probability
one, Mo, = lim;_, M; exists finitely on the event {(M), < co}.

Theorem 5.9. Let M € MP({F:}). Let Cy be the time-change associated with
(M)¢. Then there exists an enlargement (Q, F, P {F}) of (0, F,P;{Fc,}) and

a Brownian motion B on Q which is independent of M, such that the process

Bt A MOt? 7:< <JA\//[>007
Mo+ B — Binpanyo t = (M) oo,

is an {JF,}-Brownian motion. Moreover, M, = By, -

Proof. Let (S, F',; {F/}) be a filtered probability space on which an {F7}-
Brownian motion 3, is defined. Let (Q,F,P;{F]}) be the usual augmen-
tation of (2 x U, F x F,P x P;{Fe, x F/}). Apparently, (Q, F,P;{F})
is an enlargement of (2, F,P;{F¢,}) with projection 7((w,w’)) = w. Define
Bi((w,w')) £ B,(w'). Then f, is a Brownian motion on Q. It is apparent that
E and M are independent.

An important general fact for this enlargement is that for every X €
MEe({Fe,}) on Q, we have X € MP({F,}) and (X) = (X) almost surely
on €2, where X ((X ), respectively) is the process on Q defined by pulling back
X ((X), respectively) via the projection 7 (c.f. (5.25)). Similarly, for every
{Fc, }-stopping time 7 on 2, T is an {]:t} -stopping time on Q.

Now we rewrite the definition of B, in the following form:

t ~
Bt = MCt -+ / 1(<M>oo,oo)(3)dﬂs-
0
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On the one hand, by adapting the argument in the proof of Proposition 5.19,
(1), we can see that Mg € MPS({F;}) with quadratic variation process ¢ A
(M)so. On the other hand, [, 1¢(as).,00)($ )dB, € M({F,}) with quadratic
variation process ¢ — t A (M)o.. Therefore, B € MY({F,}) and

<B>t =t+ 2/0 1(<M>oo,oo)(8)d<MC.7§>s-

Finally, by the independence of of 7~ Y(Fy) and (7/)H(F.,), it is not hard to see
that Mc 3 € MP¢({F,}). Therefore, (Mc., 3) = 0, which implies that (B), = ¢.
According to Lévy’s characterization theorem, B, is an {F; }-Brownian motion.

The fact that M; = By, follows from the same reason as in the proof of
Theorem 5.8. ]

A natural question is whether the Dambis-Dubins-Schwarz theorem can be
extended to multidimensions. This is the content of Knight’s theorem.

Theorem 5.10. Let My = (M}, --- | M) be d continuous {F;}-local martin-
gales vanishing at t = 0, such that (M7, M*); = 0 for j # k. Then there exists
an enlargement (Q,}:, 515) of (Q,F,P) and a d-dimensional Brownian motion
B on Q which is independent of M, such that the process B; = (B},--- , BY)
defined by
Bf _ {Mém t< <Mj‘>005

MJ +ﬁt t/\ MJ> t > <M]>OO?

1s a d-dimensional Brownian motion.

Proof. From the proof of Theorem 5.9, we can see that on some enlargement
(Q, F,P) of (Q, F,P), every B! is a one dimensional Brownian motion. It
remains to show that B',--- B¢ are independent. To this end, we again use
the method of characteristic functions. Let f; (1 < j < d) be a real step

function of the form .

Fi8) =) ML, (t).

k=1
We only need to show that E[L] = 1, where

d oo L1 oo
E} j , A 2
L = exp (@;/0 fi(s)dB? + 5 jzl/o f; (S)ds) :

The independence then follows immediately since the equation E[L] = 1 (for
arbitrary )\f and t) gives the right characteristic functions for the finite di-
mensional distributions of B;.
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We use AJ to denote (M7),. Since s < A} <t <= CJ < u < C}, we know
that

Mét] - Mé; :/0 1(C£’Ctj](u)dMg = /0 1(s,t](Ai)dMg-
Therefore, by the definition of B/ and f;, we have

00 ] Al ) o9 )
/ Lwds = [ pwdBi+ / ()]
0 AL

0

- /Oofj(A{)dMg—i-/%ofj(t)dﬂg- (5.26)
0 AL,

On the other hand, a simple change of variables also shows that

OO? :Oo?AjAj 00.2 . .
/0 F2()di / F2(AD)dA] + /A&wdt (5.27)

Now define
d t 1 d t
N ) 4 ) o, i .
I; = exp (zZI/O fi(AD)dM! + 5 Zl/o fj (Ag)dAi,) , t>0.
j= j=

From Itd’s formula and the assumption that (M7, M*), = 0 for j # k, I, is a
bounded {F;}-martingale. Therefore, E[I,] = E[I;] = 1. Moreover, define

—exp< /f] (t)ds + = Z/ FA(t) dt)

From (5.26) and (5.27) we know that L = I.J. But E [J|FM] = 1 where
fM is the o-algebra generated by M, since the conditional distribution of
j 1 f AL fi(t)dB] given M is Gaussian distributed with mean 0 and variance

j:l fA%o f7(t)dt. Therefore,
E[L] = E[IooJ] = E [E [I..J|FM]] = E [IE [J|FY]] = E[Is] =1,
which completes the proof. O

Remark 5.9. Although Knight’s theorem is a generalization of the Dambis-
Dubins-Schwarz theorem to higher dimensions, it is somehow less precise be-
cause there is no counterpart of a filtration with respect to which the time-
changed process B; is a Brownian motion.
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5.7 Continuous local martingales as 1td’s integrals

Now we take up the question about when a continuous local martingale M, can
be represented as an Itd’s integral fg ®,dB, where B; is a Brownian motion.
Formally speaking, the main results can be summarized as two parts:

(1) If a Brownian motion is given, then every continuous local martingale
with respect to the Brownian filtration has such a representation.

(2) Given general continuous local martingale M, if d(M), is absolutely
continuous with respect to dt, then M has such a representation for some
Brownian motion defined possibly on an enlarged probability space.

Now we develop the first part, which is indeed much more surprising than
the second one.

Suppose that B; is a one dimensional Brownian motion and {F7Z} is its
augmented natural filtration.

Let T be the space of real step functions on [0, c0) of the form

FO =) Ml (1), £20,
k=1

For an f € T, define

&l £ exp (/Otf(s)st— %/Otfg(s)ds) , >0,

to be the associated exponential martingale. It is apparent that Stf is uniformly
bounded in L.
The following lemma reveals why the Brownian filtration is crucial.

Lemma 5.3. The set {EL : f € T} is total in L*(Q, FE,P).

Proof. Let Y € L?(Q2, FB P) be such that E[YE/] = 0 for all f € T. We want
to show that Y = 0. Define a finite signed measure p on (€, F2) by

1(A) £ / YdP, AeFZ.
A
It is equivalent to showing that u = 0. Since F2 is generated by the Brownian
motion, it then suffices to prove that the induced finite signed measure v on
(R™, B(R™)) given by
I/(F) = / Y]‘{(Btly"'7Btn)€F}dP7 I'e B(Rn),
Q

is identically zero, for every choice of n > 1 and 0 <t <ty < --- < t, < 0.
But this is equivalent to showing that the Fourier transform of v is zero.

122



By definition, the Fourier transform of v is given by
(10(>‘) A / ei()‘ller"'Jr)‘”x")l/(dl'), A\ = ()\17 . 7)\n) c R".

Moreover, by the definition of v and a standard approximation argument by
simple functions, we see that

[ ot mvlde) =BV (B By

for any bounded Borel measurable function g on R™. In particular,
90()\) —E [Yei()\lBt1+"'+)\nBtn):| )

To see why ¢()) is identically zero, we define a complex-valued function @
on C" by

(I)(Z) L E |:Y621Bt1+m+ant"} , 2= (Zla . 7Zn) cCn,

It is apparent that ®(z) is analytic on C". Moreover, when z € R" by assump-
tion we have

O(z) =exle OB R vel] =0,

where
n

f(t) = Z Zl,c]-(tk_htk](t) € T

k=1

with 2, 2 2+ -+ 2,. According to the identity theorem in complex analysis,
we conclude that @ is identically zero on C". Therefore, by taking z = i\, we
know that ¢(A\) = 0. O

Now we are able to prove the following representation theorem:.

Theorem 5.11. Let £ € L?(Q, FB ). Then there exists a unique element
® € L*(B), such that

§=E[] + /Ooo ®,dB;. (5.28)

Proof. Suppose that ® and @ both satisfy (5.28). Then [ (®, — ®))dB, =0,

which implies that
E V (P, — @;)st} =0,
0

as [,(®,—®,)dB, € Hj. Therefore, ® = @ in L?(B) and the uniqueness holds.
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To see the existence, we first show that the space H of elements & €
L*(Q, F2 ) which has a representation (5.28) is a closed subspace of L*(Q, FZ P).
Indeed, let

& = Elt,] + /0 " a4,

be a sequence converging to some ¢ € L*(Q, FE P). It follows that E[¢,] —
E[¢]. Moreover, from

/ dmdB, — / d"dB,
0 0

we know that ®™ is a Cauchy sequence in L?(B). According to Lemma 5.2,
®™ — & ¢ L*(B). Therefore, fo @gn)dBS — fo ®,dB, in HZ, which implies
that

2

=E {/ (@™ — dM)2ds| |
2 0

L

¢ = E[¢] +/O ®,dB,.

Therefore, H is a closed subspace of L%(Q, F2 P).

Now the existence follows from the simple fact that H contains elements
of the form &/ for f € T and Lemma 5.3, since

& =1 +/ f(s)€ldB,,
0

where Stf is the exponential martingale defined by

A t 1 t t
&l 2 exp </o f(s)dBs — 5/0 fz(s)ds) =1 —i—/o f(s)&faB,

according to Itd’s formula, and apparently f - &/ € L*(B). H

Remark 5.10. From the proof of Theorem 5.11, we can see that the uniqueness
of @ is equivalent to saying that if ®, &’ € L?(B) both satisfy (5.28), then with
probability one, we have

/ (@, — @' )2ds = 0.
0

On the other hand, if we remove the restriction that ® € L?*(B), then unique-
ness fails in the class L} (B) even provided [~ ®,dB, = lim o fg d.dB,
exists finitely (c.f. Problem 5.5).

Remark 5.11. The reader should be able to write down a local version of
Theorem 5.11, i.e. the representation of £ € L?(Q2, FZ,P) as an [t&’s integral

over [0, 7] for given T' > 0.
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Theorem 5.11 enables us to prove the following representation for continu-
ous local martingales with respect to the Brownian filtration. This is the main
result of the first part.

Theorem 5.12. Let M; be a continuous {FP}-local martingale. Then M; has
the representation

t
Mt:MO+/ ®,dB,, (5.29)
0

for some ® € L2 (B). Such representation is unique in the following sense: if

' is another process in L _(B) which also satisfies (5.29), then ®.(-) = ®/()

loc
P x dt-almost everywhere, or equivalently, with probability one, ®.(w) = &' (w)

dt-almost everywhere.

Proof. We may assume that My = 0 so that M € MP({FF}).
If M € HZ, according to Theorem 5.11, we know that

Moo:/ d,dB;
0

for some ® € L*(B). Therefore,

) t
M, =E [M,|F’] =E [/ @Sst|ftB} :/ O,dB;,
0 0

which proves the representation for M.

In general, suppose 7, is a sequence of finite { F? }-stopping times increasing
to infinity such that M™ € HZ for each n. Write Mj" = [ o dB, for
®™ ¢ L2(B). According to Proposition 5.11, we have

t t
/ (I)gn)st — Mt‘l'n — <M7n+1);n — / q)gn+1)1[0’7n](s)st.
0 0

Therefore, with probability one, &™) (w) = CID.("H)(w)l[O,Tn(w)](-) dt-almost ev-
erywhere. This implies that with probability one, CID.(nH)(w) = oM (w) on
[0, 7,,(w)], which enables us to patch all those ®™’s to define a single process
®. More precisely, let

n—oo

Apparently, ® is progressively measurable, and ® € L2 (B). To see that
M, = [y ®,dB,, let N € MP*({FF}). Then

t
<M7 N>Tn/\t = <MT”7N>t - / (I)gn)d<B7N>s
0
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for each n. But from the Kunita-Watanabi inequality (c.f. (5.4)) and the fact
that with probability one, ®™ (w) = ®.(w) dt-almost everywhere on [0, 7, (w)],
we know that fg ®Md(B, N), = fot ®,d(B, N), whenever t < 7,. Therefore,
by letting n — oo, we conclude that

(M, N), = /Ot ®,d(B,N),.

Since this is true for arbitrary N € MP({F7}), we obtain the desired repre-
sentation.

Finally, the uniqueness follows from the fact that if ® € L2 (B) satisfies
fot ®.dB,; = 0 for every t, then with probability one,

t
/ ®3ds =0, Vt=0.
0

]

Remark 5.12. Since By = 0 and {FP} is the augmented natural filtration of
By, every Fp-measurable random variable is therefore a constant. In particular,
My is a constant for a continuous {FZ }-local martingale.

The same argument extends to the multidimensional case without any dif-
ficulty. We only state the main result and leave the details to the reader.

Theorem 5.13. Let B; be a d-dimensional Brownian motion and let {FP} be
its augmented natural filtration. Then for any continuous {FP}-local martin-
gale My, there exists ® € L2 _(BY), such that

loc

d ¢
M, = My + Z/ 7 dBI.
j=1"0

These ®;’s are unique in the sense that if WI’s satisfy the same property, then
with probability one,

(BH(w), -, P w)) = (THw), -, ¥ (w)), dt—a.e.

An analogous result of Theorem 5.11 also holds in the multidimensional
case, and we will not state it here.

Now we turn to the second part: what if the underlying filtration is not
the Brownian filtration?

Suppose that M, = fot ®.dB; for some Brownian motion. Then (M), =

fot ®2ds. Therefore, a necessary condition for M having the representation as
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a stochastic integral is that d(M), is absolutely continuous with respect to
the Lebesgue measure. Moreover, if we know the Radon-Nikodym derivative
d(M)/dt =~ > 0, then B; £ [} ~;/2dM, will be a Brownian motion by
Lévy’s characterization theorem, and from the associativity of stochastic inte-
grals, of course we have M; = fot 7; / %dB,. If ~; is simply non-negative, in order
to support a Brownian motion we need to enlarge the underlying probability
space as we have seen in the last subsection.

To be precise, we are going to prove the following main result in the multi-
dimensional setting. Let (Q,F,P; {F;}) be a filtered probability space which
satisfies the usual conditions.

We are going to use matrix notation exclusively and apply results from
standard linear algebra. To treat things in an elegant way, we first fix some
notation. For a real m x n matrix A, A* is denoted as the transpose of A,
and we define the norm of A to be [|A|| £ maxicicmi<j<n |A}. The space
of real m x n matrices is denoted by Mat(m,n). If M; = (M},--- , M?) is a
vector of continuous {F;}-local martingales, we use (M), to denote the ma-
trix ((M*, M7);),; i<q- It is apparent that this matrix is symmetric and non-
negative definite for each t. If U, is a matrix-valued process, we use ¥ e M
to denote the vector-valued stochastic integral [ W -dM as long as the ma-
trix multiplication and the stochastic integral make sense in a componentwise
manner. Apparently, (Ve M) = U . (M) - U*

Recall that every real d x d matrix A has a singular value decomposition as
A = UAV*, where U,V are orthogonal matrices, A is a diagonal matrix with
non-negative entries on the diagonal. Moreover, the nonzero elements on the
diagonal of A are the square roots of nonzero eigenvalues of AA* counted with
multiplicity.

Theorem 5.14. Let My = (M},---, M?) be a vector of d continuous {F;}-
local martingales. Suppose that there exist matriz-valued progressively measur-
able processes 7, and @y taking values in Mat(d, d) and Mat(d,r) respectively,
such that:

(1) with probability one, fg |®s||>ds < oo for every t > 0;

(2) (M), = [ ~eds for every t > 0;

(3) ¢ = Dy - @F for every t > 0.
Then on an enlargement (0, F,P; {F}) of (0, F,P;{F.}), there exists an r-
dimensional {F,}-Brownian motion, such that

t
Mt:Mg—l—/ b, - dB;.
0

Proof. We may assume that My = 0. By adding M* = 0 or CID;'- = 0 when
necessary, it suffices to prove the theorem in the case d = r.
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First of all, let ® = [po* be a singular value decomposition of ®. Note
that 3, p,o are matrix-valued processes, where 3,0 are orthogonal and p is
diagonal . It follows that

v = 0" = Bpooppt = Bp*B*.

This also gives the diagonalization of v. Let a £ 8p and A £ §3*, where 6 is
the diagonal matrix formed by replacing each nonzero element on the diagonal
of p by its reciprocal. It is important to note that all these matrix-valued
process constructed here are progressively measurable, as they are constructed
from a pointwise manner.

Now define ¢; = rank(7;), and let P, to be the matrix-valued process given
by (P,); = 1if i = j < ¢ and (P,)} = 0 otherwise. Define the stochastic

integral process N £ X\ o M. It follows that

d({N); = X -d(M) - \* = MWy\*dt = 08*Bp*B*30dt = Pdt.
Next define X £ « @ N. Then we have

d(X), = aPea*dt = BpPepBdt = Bp*B*dt = dt = d(M),,
and

d(X, M), = d{M,X)" =aXd(M), = alydt
= Bp0BBp* B dt = ydt.

Therefore, (X — M) = 0, which implies that X = M.

To finish the proof, let (Q2, F,P; {F}) be an enlargement of (Q, F,P; {F,})
which supports a d-dimensional Brownian motion W; independent of M. The
construction of (Q, F,P; {F;}) is similar to the one in the proof of Theorem
5.9. Define

WEN+(Id— P;)eW.

Then

d(W)y = d(N); + (Id — Pr)dt = dt,

where we have used the fact that (N, W) = 0 due to independence (the same
reason as in the last part of the proof of Theorem 5.9). Therefore, W, is an
{ﬁ}—Brownian motion according to Lévy’s characterization theorem. More-
over, by the definition of a;, we know that

aelW = Oz.N—l—(Ck(Id—PC))OW:X:M.

Since o = ®o, we conclude that M = ® e (c @ W). But B £ o e W is also
an {F;}-Brownian motion according to Lévy’s characterization theorem as o
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takes values in the space of orthogonal matrices. Therefore, we arrive at the
representation

t
M, :/ b, - dBs.
0
O

Remark 5.13. The underlying idea of proving Theorem 5.14 is quite simple.
The complexity arises from the possibility that v is degenerate. If we further
assume that -, is positive definite everywhere, then B £ ®~! o M will be an
{F:}-Brownian motion, and M = ® e B. In particular, in this case we do not
need to enlarge the underlying probability space.

5.8 The Cameron-Martin-Girsanov transformation

In Section 5.6, we have seen the notion of a random time-change. Now we
study another important technique: change of measure. This technique is
quite useful in the study of stochastic differential equations.

It is well known that the Lebesgue measure on R? is translation invariant,
in the sense that given any h € R? the measure induced by the translation
map x — x + h is again the Lebesgue measure. The Lebesgue measure is
essentially a finite dimensional object: there is no counterpart of Lebesgue
measure in infinite dimensions in any obvious way.

However, a Gaussian measure is quite different: for instance, a natural in-
finite dimensional counterpart of a finite dimensional Gaussian measure is just
the law of Brownian motion defined on the continuous path space. A natu-
ral question therefore arises: what is the invariance property for a Gaussian
measure with respect to translation?

We first illustrate the motivation by doing a series of formal calculations.

Let us first consider the finite dimensional situation. Let

I =2
p(dx) = (27T)d/2e *dz

be the standard Gaussian measure on (R4, B(R%)), so that the coordinate ran-
dom variables £'(x) £ 2° define a standard Gaussian vector & = (€1, .-+ £9) ~
N(0,1d) under the probability measure u. Now fix h € R, Consider the trans-
lation map T}, : R? — R? defined by Tj,(z) = = + h, and let p" = o (Th)~?
be the push-forward of p by 7},. From the simple relation that for any nice
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test function f: R? — R,

| fwan) = [+ hatas)
1 _l=?
EENCISTIEN flz+h)e” 2 dx

= | F)e M p(dy),
R

we see that p” is absolutely continuous with respect to p, and the Radon-
Nikodym derivative is given by

h
C;L ol 4Ih2 (5.30)
"

This property is usually known as the quasi-invariance of Gaussian measures.

Another way of looking that this fact is the following: if we define u” by the
formula (5.30), then n = ¢ — h is a standard Gaussian vector under ", since
its distribution, which is the push-forward of p* by the map 7, : =+ = — h,
is just p.

Now we look for the infinite dimensional counterpart of this simple obser-
vation. For simplicity, let Wy be the space of continuous paths w : [0,1] — R!
vanishing at ¢ = 0, and let p be the law of a one dimensional Brownian motion
over [0, 1], which is a probability measure on (W, B(Wj)). Define B;(w) = wy,
so that B; is a Brownian motion under p. Now fix h € Wy, which is in this
case a continuous path. We assume that A has “nice” regularity properties and
let us do not bother with what they are at the moment. Again consider the
translation map T}, : Wy — W, defined by Tj,(w) = w + h, and let " be the
push-forward of p by T},.

To understand the relationship between p and p, we need some kind of
finite dimensional approximations. For each n > 1, consider the partition
Pn: 0=ty <ty <---<t,=10f][0,1] into n sub-intervals with equal length
1/n. Given w € Wy, let w™ € W, be the piecewise linear interpolation of w
(n)

(3

over P,. More precisely, w, ' = wy, for t; € P, and w™ is linear on each
sub-interval associated with P,. Given a nice test function f: W — R!, we
define an approximation f™ of f by f™(w) £ f(w™). A crucial observation
is that f( depends only on the values {wy,,---,w;,}. Therefore, f( is a
finite dimensional function, in the sense that there exists H : R® — R!, such
that ™ (w) = H(wy,,--- ,wy,) for all w € Wy,
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Now we do a similar calculation as in the finite dimensional case:
£ (w)p (dw)
Wo

= [+ hyu(dw)
Wo

— H<wt1 + ht17 T, W, + htn)lu<dw>

Wo
= (C H($1+ht1’... mn"‘htn)eXp (__Z| — Ti— 1’ )dx
R" t_tz 1
he, — hy. 1 — 2
— C H S L UYp) €X B - _
Rn (o1 Y) p(; ti —ti1 < 211 t; —ti1

2= i —ti

1~ (v — yio1)?
I i n)dy

" hy, — by, "\ (hy, — by, )?
= f(n)<w> exp (Z - (wti - wtif1) - %Z M) M(d'LU),

Wo — ti—tig — ti—tia

where C' 2 (2m)™2(t1(ty — t1) -+ (tn — to_1))~ /2. Here comes the crucial
observation. If we let n — oo, it is natural to expect that f(™(w) — f(w),
and also

" hy — hy, 1
Z i i (wy, — wy,_,) — / h.dB;,
ti —ti1 0

=1

zn: (htz B hti—1)2 _ . (htz - hti—1)2

1
(i —tis) — h)2dt, (5.31
— e (= 1) / ()%t (5.31)

i=1 i=1

where the first limit is Itd’s integral! Therefore, formally we arrive at

gt = [ e (| ian— 5 [ i) o)

which suggests that u” is absolutely continuous with respect to u, and the
Radon-Nikodym derivative is given by

dﬂ/h 1 1 1
—_— = h,dB; — = hh)%dt ) . .32
v ([ was - [ (5.52)

Another way of looking at this fact is the following: if we define u" by the
formula (5.32), then under the new measure p, B, = B, — h; = B, — fot hl.ds
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is a Brownian motion, since its distribution, which is the push-forward of u”
by the map T, : w — w — h, is just pu.

The above argument outlines the philosophy of Cameron-Martin’s original
work. The main technical difficulty lies in verifying the convergence in (5.31)
for the right class of h. Here the right regularity assumption on A is the
following: h needs to be absolutely continuous and fol(h;)th < 00. Cameron-
Martin’s result can be stated as follows. We refer the reader to [10] for a
modern proof.

Theorem 5.15. Let H be the space of absolutely continuous paths h € Wy
with fol(hg)th < o0o. Then for any h € H, " is absolutely continuous with

respect to p with Radon-Nikodym derivative given by (5.32), and w; — fg h.ds
is a Brownian motion under u". In addition, for any h ¢ H, p" and p are
singular to each other.

Remark 5.14. We can see from Cameron-Martin’s theorem that the infinite
dimensional situation is quite different from the finite dimensional one: the
quasi-invariance property is true and only true along directions in . This
space ‘H, which is known as the Cameron-Martin subspace, plays a fundamental
role in the stochastic analysis on the space (Wy, B(Wy), p).

After Cameron-Martin’s important work, Girsanov pushed this idea further
into a more general situation. It is Girsanov’s work that we will explore in
details with the help of martingale methods.

Let (Q, F,P; {F:}) be a filtered probability space which satisfies the usual

conditions, and let B; = (B}, -- , BY) be a d-dimensional {F;}-Brownian mo-
tion. Suppose that X; = (X},---, X{) is a stochastic process with X* €
L% (B") for each 1.

Motivated from the previous discussion on Cameron-Martin’s work, we
define the exponential martingale

d t t
]
StX £ exp ( E / X.dB; — 5/ |X5]2d8> , t=>=0. (5.33)
i=1 70 0

According to Itd’s formula, we have

d t
EX =1 +Z/ EXX'AB!.
i=1 /0

Therefore, & is a continuous local martingale. Now take a localization se-
quence 7, T oo of stopping times such that 835 A 18 martingale for each n,
le.

E[gji/\t‘fS] = Sfi/\s.
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Fatou’s lemma then allows us to conclude that £F is a supermartingale and
E[EX] < E[&F] = 1 for all t > 0. In general, & can fail to be a martingale.
However, we have the following simple fact.

Proposition 5.20. X is a martingale if and only if E[€X] =1 for all t > 0.

Proof. Since £ is a supermartingale, given s < ¢, we have
/ EXdP < / EXdP, VYA c F,. (5.34)
A A
If £X has constant expectation, then
L/%W}/gﬂKMER. (5.35)
But (5.34) and (5.35) are true for all A € F;. It follows that

/sthP:/ngdP, VA € F,,
A A

which implies the martingale property. O

Remark 5.15. In Cameron-Martin’s work, given h € H, since f(f h.dB; is Gaus-

sian distributed with mean 0 and variance [)(h.)%ds (c.f. Problem 5.1, (2)),
we know from Proposition 5.20 that the exponential martingale

t t
et 2 e [nan.— [ oeyas)
0 2 0

is indeed a martingale.

Now we make the following assumption exclusively and explore its conse-
quences. At the end of this subsection, we will establish a useful condition
which verifies the assumption.

Assumption 5.1. {£*, F;} is a martingale.

As in Cameron-Martin’s formula (5.32), for each given 7" > 0, we define
Pr(A) £ E[14EX], Ac Fr.

According to Assumption 5.1, Pris a probability measure on (€2, Fr) which is
obviously equivalent to IP.

The following lemma tells us how to compute conditional expectations un-
der Pr.
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Lemma 5.4. Let 0 < s < t < T. Suppose that Y is an {F,}-measurable
random variable which is integrable with respect to Pr. Then we have:

~ 1 ~
Er[Y|F,] = S—X]E[YStXU-“S], P and Py — ass.,

where I~ET 18 the expectation under IFT.

Proof. For any A € F,, by the martingale property of £X under P, we have

Er[Y1a = E[Y1.65] =E[Y14&"]
X
= E[1LE[YEY|F]] =E [E—TXIAE[YFJ?( | F]

~ [1
= Ep 8—XlAE[YSf(|]-"S]].

Therefore, the result follows. n

With the help of Lemma 5.4, we are able to understand the relationship
between continuous local martingales under P and Pr. Given T' > 0, we use

the notation MBO% (respectively, ./\/l%)o%) to denote the space of continuous local

martingales {M;, F; : 0 <t < T} on (2, Fr,P) (respectively, on (2, Fr,Pr))
which vanishes at ¢t = 0. The meaning of a local martingale defined on a finite
interval [0, 7] should be clear to the reader.

Theorem 5.16. For T > 0, the transformation map

—

Gr: My — MY,

M, + MtéMt—Z/ Xod(M, B")s,
i=1 V0

is a linear isomorphism and respects the bracket, i.e. (M, N} = (M, N) for all
M,N e M%ﬁ%, where the bracket processes are computed under the appropriate
probability measures.

Proof. We first show that M = Gp(M) € ./f\/lv%)OCT for M € Mg5. By localiza-
tion, we may assume that all involved local martingales and bounded variation
processes are uniformly bounded. By the definition of M and the integration
by parts formula (c.f. Proposition5.15), we have

t d t
ME = / EXdM, + / M EXX1dB,
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which shows that ]\Zé’tx is a martingale under P. Therefore, by Lemma 5.4,

Er[M;|F,) = —<E[M,EX|F,) =

1
&x
showing that Mt is a martingale under IP’T This proves that G maps ./\/lloc
to ./\/l1OC It is apparent that G is linear.

Now we show that G respects the bracket. Indeed, again localizing in the
bounded setting, exactly the same but longer calculation based on the integra-
tion by parts formula shows that (M, N, — (M, N),)EX is a linear combination
of stochastic integrals, which proves that it is a martingale under IP. Therefore,
Lemma 5.4 agam shows that M;N;, — (M, N), is a martingale under P,. This
proves that <M, N) = (M, N).

In particular, Gr is injective since

— —~

M=0= (M)=(M)=0 = M=0.

Finally, we show that G is surjective. Let M € ./\/lloC If M is bounded,
by Lemma 5.4, we know that

E[M,EY|F,) = EXEr[M,|F,] = MEX.

Therefore, ]\7,553( is a martingale under P. Since M, = (]\/7&573( )/EX, after re-
moving the localization, It6’s formula shows that ]\Z is a continuous semi-
martingale under P. Therefore, we may assume that under P, M, = M, + A;
for some M € /\/l10C and some bounded variation process A. Now define

M= Gp(M) € MIOC It follows that
M, — M, = A, + Z/ X!d(M, BY),.
— Jo

This shows that M — M is a bounded variation process. But M- e Mloc
Therefore, M =DM = G7 (M), which shows that G is also surjective. ]

From the characterization of stochastic integrals, a direct corollary of The-
orem 5.16 is that the transformation map G respects stochastic integration.

Corollary 5.2. Let M € M%)‘?CT, and let ®; be a progressively measurable pro-

—_—

cess on [0, T] such that P <fOT D2d(M), < oo) = 1. Then IM(®) = [M(®).
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Proof. Since (M) = (M), we have Py (fOT D2d(M), < oo) = 1. The last claim
follows from the fact that

<iﬁﬁirﬁ> — (IM(®),N) = @ e (M, N)
— & (M, N) :<1M K/>, VN € MSs.
O

Another direct consequence of Theorem 5.16 is the following result. This
is the original Girsanov’s theorem.

Theorem 5.17. Define the process B, = (B, --- , BY) by
t
B;éB;'—/X;ds, t>0, 1<i<d. (5.36)
0

Then for each T > 0, the process {Et,]:t . 0<t < T} is ad-dimensional
Brownian motion on (2, Fr,Pr).

Proof. From Theorem 5.16, we know that B' = Gg(B') € Mvho% for each
1 < i < d. Moreover, we have

(B!, B’), = (B!, B'), = 6;dt, te][0,T].

Therefore, according to Lévy’s characterization theorem, we conclude that Et
is an {F;}-Brownian motion on [0, 7] under Pr. O

The careful reader might ask if there exists a single probability measure
P on (2, Fs), such that P = Py on Fy for every T > 0. This is not true in
general. Indeed, if such P exists, then Pis absolutely continuous with respect
toPon Fy (A € Foo, P(A) = 0 implies A € Fy, and hence P(A) = Py(A) = 0).
In this case, if we let £ £ dﬁ”/dIP’ on (92, Fy), then it is not hard to see that
EX = E[¢|F] so that &F is uniformly integrable. Certainly this is too strong

Bt,%tQ

to assume in general (for instance, the martingale e is not uniformly

integrable). Conversely, if & is uniformly integrable, then &~ = E[¢ || for
€ 2 limy_,00 EF € Foo. If we define IF’ fA &dP for A € ]:OO, then P = Py
on Fr for every T' > 0. Therefore, we see that an extension P of {]P’T >0}

exists on (Q, F.) if and only if £ is uniformly integrable, in Wthh case [P
is absolutely continuous with respect to P on F.,. This is crucially related to
the fact that we assume Fy contains all P-null sets, which is part of the usual
conditions. Also note that in this case, the process B; defined by (5.36) is an

{F}-Brownian motion on [0, c0) under P.
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However, if we only consider the natural filtration and do not take its usual
augmentation, then we do have such an extension PP even without the uniform
integrability of £¥, and the process B; is a Brownian motion on [0, 00) under
P.

To be more precise, let us consider the continuous path space (W2, B(W2), i),
where p is the d-dimensional Wiener measure. Let B,(w) = w; be the coor-
dinate process and let {GP} be the natural filtration of B,. It follows that
{B;,GP} is a Brownian motion under x. Now consider a {GP}-progressively
measurable process X; which satisfies [; X2(w)ds < oo for every (t,w). Define
the exponential martingale £&* by (5.33) and assume that it is a martingale
(technically speaking, in order to make sense of the stochastic integrals in-
volved, we need to define £ with respect to the augmented natural filtration
{FP}, and assume that £F is a martingale under this filtration). Then

ﬁﬂA)é/%du, Acg?,
A

defines a compatible family of probability measures. Therefore, they extend
to a probability measure on the m-system UzsoGZ. By verifying the conditions
in Carathéodory’s extension theorem, we get a single probability measure P
on GZ = B(W9) which extends those Py’s. Apparently, B, £ B, — fot X ds is
{GB}-adapted and it is indeed a {GZ}-Brownian motion on [0, 00) under P.

In general, althought P is absolutely continuous with respect to y when
restricted on each GE (because Py is by definition), it can fail to be so on
GB. A simple example is the following: consider X = ¢ # 0. Then under the
new probability measure ﬁ’, Et = B; — ct is a Brownian motion and therefore
B, = B; + ct is a Brownian motion with drift c¢. Let

ANE{wew: tlirgowt/t:c}egg.

Then P(A) = 1 but p(A) = 0.

We leave the reader to think about these details.

To finish this part, we give a useful condition, known as Novikov’s condition,
under which Assumption 5.1 holds.

Theorem 5.18. Let M € M. Suppose that
E [eaM)t} < oo, Vt=0.

Then .
EM & M30N 45 ()

is an {F;}-martingale.
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The idea of the proof is not hard: we try to use the Dambis-Dubins-Schwarz
theorem, which tells us that M; = By, for a Brownian motion possibly de-
fined on some enlarged probability space. Since eBi3% g obviously a martin-
gale and (M), is a stopping time with respect to the relevant filtration, by
applying the optional sampling theorem formally, it is entirely reasonable to

expect that
E [eMt_%W[)t} =FE [eB<M>t_%<M)t} =1.

Therefore, the result follows according to Proposition 5.20. To make this idea
work, we need to overcome the issue of integrability by a technical trick.

Proof of Theorem 5.18. According to the generalized Dambis-Dubins-Schwarz
theorem (c.f. Theorem 5.9), there exists an {F;}-Brownian motion B, pos-
sibly defined on some enlarged space (€, F,P; {F;}), such that M, = By, -
Moreover, (M), is an {F,}-stopping time for every ¢ > 0.

For each b < 0, define

= inf{s >0: B, —s=0b}.

Note that in Problem 4.6, (2), we have computed the marginal distribution of
the running maximum process for the Brownian motion with drift. From that
formula it is not hard to see that the density of 7, is given by

R

P(m, € ds) = e 2 ds, t>0.
™ ) V273
In particular,
* bl (b+5)2
E [e%”’} = ez° . ’—e_ %= ds =e ", 5.37
0 V273 ( )

where we applied the change of variables u = [b|/+/s.
Apparently, Z, £ eBs2% is an {Fs}-martingale. Therefore, Z7 is also an
{Fs}-martingale. Moreover, since 7, < 0o almost surely,

27 — B _ gbnth
7 .

Now on the one hand, Fatou’s lemma tells us that {Z7, F, : 0 <s<oo}isa
supermartingale with a last element. On the other hand, (5.37) tells us that
E[Z%] = E[Z*] = 1 for all s. Therefore, similar to the proof of Proposition
5.20, we know that {Z7, Fy: 0<s< oo} is a martingale with a last element.
This allows us to use the optional sampling theorem to conclude that

5 _1
=B [1{<M>t>n}e§n’+b] Tk [1{<M>t<‘rb}eMt 2<M>t] .
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As b — —o0, the first term goes to zero by the dominated convergence theorem,
1 1

since the integrand is controlled by e?e2 ™t (note that E[ez‘M)t] < oo according

to the assumption) and 7, — co. Therefore,

E [eM’f—%<M>t] = 1.

As this is true for all ¢, according to Proposition 5.20, we conclude that M is
an {F;}-martingale.
O

Combing back to the setting of the Cameron-Martin-Girsanov theorem, we
have the following direct corollary.

Corollary 5.3. Suppose that X' € L} _(B") fori=1,--- ,d. Suppose that

loc

1 t
E {exp (5/ |Xsl2ds)} < oo, Vt=0.
0

Then the exponential martingale £~ defined by (5.33) is indeed a martingale.

5.9 Local times for continuous semimartingales

From It6’s formula, we know that the space of continuous semimartingales is
stable under composition by C?-functions. Now a natural question is: what
happens if the function fails to be in C??

Let us consider the simplest case: f(z) = |z|. Then f'(x) = sgn(z) and
f"(x) = 24p(x), where Jy is the Dirac o-function at 0. Applying Itd’s formula
for the one dimensional Brownian motion and f in a formal way, we have

¢ ¢
]Bt|—/ sgn(BS)st—i—/ do(Bs)ds.
0

0

Heuristically, fg do(Bs)ds measures the “amount of time” before ¢ that the
Brownian motion is at the zero level. Of course this is not m({s € [0,¢] : Bs =
0}) (m is the Lebesgue measure), because level sets of Brownian motion are
Lebesgue null sets with probability one. More precise, the term fot do(Bs)ds
should be understood as

/Ot do(Bs)ds = lsiﬁ)l zigm({s € [0,¢] : |Bs| <e}), (5.38)

so it measures some kind of occupation density at the zero level.

139



This motivates the definition of local time, and with which we can extend
[to’s formula to functions with singularities. The theory of local times for
Brownian motion is a rich subject, and it leads to deep distributional properties
related to Brownian motion. In this subsection, we introduce the basic theory
for local times of general continuous semimartingales. In the next subsection,
we study the distribution of the Brownian local time.

We start with the following result. Let X; = Xo+ M; + A; be a continuous
semimartingale.

Theorem 5.19. Let f be a convex function on RY. Then there exists a unique
{F:}-adapted process A{ with continuous, increasing sample paths vanishing
at t =0, such that

F(X) = F(Xo) + /f DX, + Al

where f' is the left derivative of f. In particular, f(X;) is a continuous semi-
martingale.

Proof. Let p € COO(Rl) be a non-negative function with compact support on
(—00,0] and [5, p(y)dy = 1. We can think of p as a mollifier. For each n > 1,

define p,(y) = np(ny) and f,(z) £ [o f(@ + y)pa(y)dy. Then f, € COO(Rl)
and f,(z) — f(x) for every x € Rl Moreover, since f is convex, it is locally
Lipschitz. Therefore, f’ exists almost everywhere and f’ is locally bounded.
By the dominated convergence theorem, we have

~ [ £t v = [ 1 (a4 2) i

But we know that for a convex function f, f’ is left continuous. As p is
supported on (—oo, 0], we conclude that f/(z) — f’ (x) for every z € R,
Now we define

s 0, |X0| Zm;
Tm = §.
inf{t > 0: |X;| >m}, |Xo| <m,

and Xt(m) £ Xol{xol<my + M{™ + AJ™ in the same way as in the proof of
Ito’s formula. Then each X is a bounded continuous semimartingale. By
applying It6’s formula to X ™ and the function f,, we have

t
o (307) = £ (557) + [y x4,
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where A" £ 1f0 I <X(m ) d (X)) If we let n — oo, according to the

stochastic and ordinary dominated convergence theorems (c.f. Proposition
5.14), we conclude that

f<Xt(m)> = / fo(xmy axtm 4+ Ar,

where A7 £ lim,,_,., A7 which has to exist. In addition, as {7, > 0} 1 Q
and X™ = X™ on {r,, > 0}, by letting m — oo, we arrive that

(X)) = F(Xo) /f DX, + A,

where A; £ lim,,_ o0 A" which also has to exist. Since f,, is convex, we know
that f” > 0. Therefore, A;"™ is increasing in ¢ for every n, m. This implies that
Ay is increasing in t. Therefore, we can simply define

AL 2 70X = 1000 - [ 700X, (539

which is continuous and has to be a modification of A;. A{ will be the desired
process, and uniqueness is obvious as it has to be given by the formula (5.39).
m

The reader might think that Theorem 5.19 is quite general and the increas-
ing process A,{ can depend on f in some complicated way. In fact, this is not
true. The process A,{ can be written down in a fairly explicit way in terms of
the local time of X which we are going to define now.

We define sgn(z) = 1 if x > 0 and and sgn(z) = -1 if x < 0. If f(z) = |z,
then f’ (x) = sgn(z).

Theorem 5.20 (Tanaka’s formula). For any real number a € R, there exists

a unique {F;}-adapted process L} with continuous, increasing sample paths
vanishing at t = 0, such that

¢
| Xy —a|l = |Xo—al+ / sgn(Xs —a)dXs + LY,
0 1
(Xt — CL)+ = (XO - CL)+ + / 1{Xs>a}dXs + éLg,
0 1
(Xt — &)7 = (XO — a)* — /O ]_{nga}dXS + 5[;?

In particular, | X; — a|, (X; — a)* are all continuous semimartingales.
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Proof. We apply Theorem 5.19 for the function f(z) = |z — a| and define

Ly = A{ in the theorem. Then the first identity holds. Let B; and C; be
the increasing processes arising from Theorem 5.19 applied to the functions
(x — a)* respectively, i.e.

¢

(X —a)t = (Xo—a)* + / Lix.oaydX, + By,
0

t
(X, —a) = (Xo—a) —/ 1ix.caydX,s + Ci.
0
Adding the two identities gives B; + C; = L{, while subtracting them gives
Bt — Ct =0 as .
Xt - X() +/ dXs
0

Therefore, By = Cy = L} /2. O

Definition 5.14. The process {L{ : ¢ > 0} is called the local time at a of the
continuous semimartingale X.

Example 5.2. Let B; be a one dimensional Brownian motion. Then the
first identity in Tanaka’s formula gives the Doob-Meyer decomposition for the
submartingale | B; — a|, where the corresponding increasing process is the local
time at a, and the martingale part is |By — a| + fg sgn(Bs — a)dBs, which
interestingly, is a Brownian motion starting at |By — a| according to Lévy’s
characterization theorem.

Since L{ is increasing in ¢, it induces a (random) Lebesgue-Stieltjes measure
dL® on [0,00). The first property of L¢ is that the random measure dL® is
almost surely carried by the set A, 2 {t > 0: X, = a} in the following sense.

Proposition 5.21. With probability one, dL*(A%) = 0.

Proof. By applying Ito’s formula to the continuous semimartingale |X; — al
given by the first identity of Tanaka’s formula and the function f(x) = 22, we
have

t
(X, —a)? = (Xg—a)?+ 2/ | X, — al - sgn(X, — a)dX,
0
t
+2/ | Xs —aldLi + (X),
0

¢ ¢
- (Xo—a)2+2/ (X —a)dXS—i—Q/ | Xs — aldL? + (X);.
0 0
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On the other hand, Ito’s formula applied to X; — a and the same function
f(z) = x? gives that

(X —a)? = (Xo—a)*+ 2/0t(Xs —a)dX, + (X);.

Therefore, fot | Xs—aldL® = 0 for all ¢ > 0. This implies that dL*(AS) =0. O

So far the local time process is defined for each given a € R!. In order to
obtain more interesting results from the analysis of local times, we should first
look for better versions of L¢ as a process in the pair (a,t). At the very least,
we should expect a jointly measurable version of L{. This is the content of the
next result.

Proposition 5.22. There ezists a B(R') @ B([0,0)) @ F-measurable L -
(a,t,w) — L¥w), such that for every a € R, the processes {L¢ : t > 0}
and {L{ : t > 0} are indistinguishable.

Proof. This is a direct consequence of the stochastic Fubini’s theorem (c.f.
Problem 5.3). O

With this jointly measurable version of local time process (which is still
denoted as L{), we are able to prove the following so-called It6-Tanaka’s for-
mula. This result gives an explicit formula for the process A{ arising from
Theorem 5.19 in terms of the local time Lj.

Theorem 5.21. Let f be a convex function on R' and let X; be a continuous
semimartingale. Then

F(X0) = F(X0) + / PN+ 5 [ Litda),
where i is the second derivative measure of f on (RY, B(RY)) induced by

p(la,0)) = fL(b) = f.(a)
fora <b. In particular, f(X;) is a continuous semimartingale.

Proof. The main idea is to represent a convex function in some more explicit
way. This part involves some notions from generalized functions.
First assume that p is compactly supported. Define the convex function

1
g(x) 2 = | |v—alu(da), »ecR. (5.40)
R1
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We claim that f(z)—g(z) = ax+ 3 for some «, 3 € R'. To this end, it suffices
to show that 1 = ¢” in the sense of distributions. Let ¢ € C>°(R') be a smooth
function with compact support. Then

Ty(p) = — /R 1 g¢'de = /R 1 g¢"dx

_ %/R </R o — a|u(da)> o' ()da

_ %/}Rlu(da) /R 204 () p(x)dx

- [ elatao),

where we have used the fact that |z —a|” = 26,(x) in the sense of distributions.
Therefore, the claim holds. Since the theorem is apparently true for any affine
function ax + 8 (in which case p = 0), it remains to show that it is true for g
given by (5.40).

Integrating the first identity of Tanaka’s formula with respect to p and
applying the stochastic Fubini’s theorem (c.f. Problem 5.3), we have

g(X)) = g(Xo) 4+ /0 t (% /R 1 sgn(XS—a)u(da)) dXer% /R Liu(da)

t / 1
= 9(X0)+/0 g_(Xs)dXs+§/Rl Lip(da).

Therefore, the theorem holds for g.

In general, if © is not compactly supported, we define f, to be a convex
function such that f, = f on [—n,n] and its second derivative measure p,, is
compactly supported on [—n,n]. By stopping along a sequence 7, of stopping
times, we then localize X; inside [—n,n] in the same way as in the proofs of
It6’s formula and Theorem 5.19. It follows that the theorem holds for f on each
[0, 7,,] provided {7, > 0}, and therefore holds globally by letting n — co. [

[to-Tanaka’s formula immediately gives the following so-called occupation
times formula.

Corollary 5.4. There exists a P-null set outside which we have

/0 t<I>(XS)d<X>S - /R D(@)Ljda (5.41)

for allt > 0 and all non-negative Borel measurable functions ®.
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Proof. Let ® € C.(R') be a non-negative continuous function with compact
support. Let f € C?(R') be a convex function whose second derivative is ®.
By comparing [t6’s formula and It6-Tanaka’s formula for f, we conclude that
outside a P-null set Ny,

/0 t@(Xs)d<X>s - /R ®(a)Lide, Vi >0. (5.42)

To obtain a single P-null set independent of @, let H = { Py, o450 * @1 < G2 <
g3 < q4 € Q} be the countable family of functions defined by

0, T < @1 or T 2 qu;

Tr—q1 .
<rT <
@ (,T) A q27q1’ Q1 Q2’
q1,92,93,94

L, @2 < T < gs;
s i <a <

Let N £ UgeyNg. Then N is a P-null set outside which (5.42) holds for all
® € H. From a standard approximation argument, this is sufficient to conclude
that (5.42) holds for all non-negative Borel measurable functions. O

It is tempting to choose ®,, — J, so that we obtain L{ = f(f 0o (Xs)d(X)s,
at least in the sense of (5.38), which verifies the intuitive meaning of local time
(in the Brownian motion case) that we explained at the beginning. To do so,
we need an even better version of L.

Theorem 5.22. Suppose that X; = Xo+ M;+ Ay is a continuous semimartin-
gale. Then there exists a modification {L¢ : a € Rt > 0} of the process
{L?: a € Rt >0}, such that with probability one, the map (a,t) — L%(w)
is continuous in t and cadlag in a. Moreover, for each a € R,

t t
Lta - Lg_ = 2/0 ]-{sta}dAs = 2/0 1{XS:a}dX5. (543)

In particular, if X; is a continuous local martingale, then there exists a bicon-
tinuous modification of the process {L%: a € Rt > 0}.

Proof. We start with the jointly measurable modification L{ given by Propo-
sition 5.22, which allows us to integrate with respect to a. From the second
identity of Tanaka’s formula, we have

1 ‘ t
§L? =(Xi—a)" = (Xo—a)" - / 1ix,>apdM;s — / 1ix,>a1dAs.  (5.44)
0 0
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We first show that the family ]\//Z“ = f(f 1ix,50dM; of continuous local
martingales possesses a bicontinuous modification in the pair (a, t). To this end,
given T' > 0, let Wy be the space of continuous paths on [0, T, equipped with
the uniform topology. It suffices to show that, when restricted on ¢ € [0, 7],

the Wp-valued stochastic process {M\“ : a € R'} possesses a continuous
modification in a.
Indeed, for given a < b and k > 1, the BDG inequalities (c.f. (5.20))

implies that
T k
(/ 1{a<XS<b}d<M>s> ] : (5.45)
0

By applying the occupation times formula (c.f. (5.41)) to the function & =
(4, the right hand side of (5.45) is equal to
1 :
L7 d

(/abLf_,edx)k] < Cp(b—a)'E

b
< av-a'e |2, [l
< Culb— o) sup E(LZ,)].

E[sup ‘]\Z“—]\/jtb

0<t<T

2k
| <a

CyE

zeR?
Now from (5.44), we can see that
t o0
LI <2 (sup | X — Xo| + sup / 1ix,>2yd M, +/ d||A||5) ,
t>0 t=0 |Jo 0

where ||A||; is the total variation process of A;. The BDG inequalities again
implies that

E[(L%,)"] < CLE :

. k
sup\Xt—Xolk—l—(M)iéz—i- </ d||A||S)
>0 0

Observe that the right hand side is independent of z. If it is finite, then
our claim follows from Kolmogorov’s continuity theorem with state space Wrp
which is a complete metric space. In general, we define

t k
Tnéinf{t>0: |Xt—X0!k+<M>f/2+(/ dHA||s> >n}.
0

Then the previous argument applied to the stopped process X™ (note that in
this case the corresponding local time L will be the local time of the stopped
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process) implies that for each n, the family (]\/4\ @)™ possesses a bicontinuous
modification in (a,¢) € R! x [0, T]. We denote such modification as M". Note
that when a,n are fixed, the relevant processes are always continuous in t.
Therefore, for each given n > 1 and a,t > 0,

Mfﬁ’:l =M™ as. (5.46)

From the bicontinuity property, outside a single null set (5 46) holds for all
n,a,t. In particular, we are able to define a single process M ¢ on R! x [0,T]
such that M“ M on [0, 7, AT]. Of course M“ is bicontinuous in (a, t) with
probability one and it is a modification of M &

Now consider the family of pathwise integral processes 121\? = f(f 1ix,>apdAs.
Apparently,

t

t
A7 = lim | lxsaadAs = / Lix.>a}dAs, (5.47)
0 0

el0
t

t
A?—’_ = lim 1{X5>a+s}dAs:/ 1{X5>a}dA5:A?.
€0 Jo 0

Since zzl\‘tl is already continuous in ¢ and cadlag in a pathwisely, there is no way
to improve the continuity of Eg by taking a modification.

Therefore, there exists a modification E? of L which is continuous in ¢ and
cadlag in a with probability one. If X; is a continuous local martingale, then
A = 0 and we obtain a bicontinuous modification.

It remains to show (5.43). The first part is clear from (5.47). To see the
second part, it suffices to show that

t
/ 1(x,—a)dM, =0, Yt >0,
0

for each given a. But from the occupation times formula applied to the function
® = 1y,, we know that

t t
/ Lix,=ayd{M); = / Lix,=ayd(X)s = / Liay(z)Lide =0, Vi = 0.
0 0 R1

Therefore the result follows. O]

Remark 5.16. It is important to point out that, in general, when the bounded
variation part A; of X; is present, we cannot expect a modification of local time
which is bicontinuous in (a,t) (a good example is illustrated in Problem 5.7).
However, such possible discontinuity is not a pure effect of the presence of A;.
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Indeed, if M = 0, by the occupation times formula we have [, ®(z)Lfdz =0
for all non-negative Borel measurable ®. In particular, L} = 0 for almost every
r € R!. Since L7 is cadlag in x, we conclude that LY = 0 for all (z, t). Therefore,
the possible discontinuity of L{ in a is a consequence of the interaction between
the martingale part and the bounded variation part of X.

Remark 5.17. From the proof of Theorem 5.22, if X is a continuous local
martingale, we have indeed shown that there exists a modification L{ of {L¢ :
a € Rt > 0}, such that with probability one, a E? is locally ~-Holder
continuous uniformly on every finite ¢-interval for every v € (0,1/2) :

Ly — Lt

P| sup sup ——
t€[0,7] 0<|a—bl<C |a — |7
for every T,C > 0 and v € (0,1/2).

Now we use the version L of local time that we obtain in Theorem 5.22.
Then we have the following result which verifies (5.38) at the beginning,.
Corollary 5.5. With probability one, we have

t

1
LY = hl%l . Ligate)(Xs)d(X)s VaeR' ¢t >0. (5.48)
€ 0

If X, is a continuous local martingale, we also have

1 t
Ly = lim —/ Lo—care)(Xs)d(X)s, VaeR' > 0. (5.49)
elo 2e Jq ’

In particular, in the Brownian motion case, (5.38) holds with the left hand side
being the local time at O of the Brownian motion.

Proof. From the occupation times formula, we know that with probability one,

1 1

t a-+e
: / Lo (X)d(X), = / [fdz, Vatc.
0 € Ja

But L¢ is right continuous in a, so we have (5.48) by letting ¢ — 0. If X; is a
continuous local martingale, then L is continuous in a, in which case (5.49)
follows from the same reasoning but with ® = 1(,_. .4,y when applying the
occupation times formula. ]
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5.10 Lévy’s theorem for Brownian local time

The Brownian local time is special and important. It is related to deep distri-
butional properties of functionals on Brownian motion.

Let L; be the local time at 0 of the Brownian motion. In this subsection,
we are interested in the distribution of L.

The following deterministic lemma plays a crucial role in the discussion. It

is due to Skorokhod.

Lemma 5.5. Let y: [0,00) be a continuous function such that yo > 0. Then
there exist a unique pair (z,a) of continuous functions on [0,00), such that:

(1) z=y+a;

(2) z is non-negative;

(3) a is increasing, vanishing att = 0, and the associated Lebesque-Stieltjes
measure da is carried by the set {t > 0: z = 0}.

Proof. For the existence, define a; = sup,<; ¥y, and 2 2 4 + a. Let us only
verify the last part of the third property as all other properties are straight
forward. Let ¢; < ty be such that z; > 0 for all t € [t1,15]. It follows that
a; > —y; for all t € [ty, t5]. This implies that

supy, =supy,, Vi€ [t,t].

s<t s<t

In particular, da([ty,t3]) = 0. Therefore, da({t > 0 : z > 0}) = 0, which
means that da is carried by the set {t > 0: 2z, = 0}.

For the uniqueness, suppose that (2!, a') and (22, a?) both satisfy the same
properties. Then z! — 22 = a! — a?. According to the deterministic chain rule,

t
(o =P =2 [ (ah - el - )
0

Since da’ is carried by the set {t > 0: z! =0} (i = 1,2), we see that

t t
0< (2l — 22)? = — ( / 2lda? + / zgda;) <0,
0 0

Therefore, 2} = 22, and hence a} = a?. This proves uniqueness. O

Now write §; = fot sgn(Bs)dBs. According to Lévy’s characterization, f; is

a Brownian motion. Moreover, from the first identity of Tanaka’s formula, we
know that

| Bi| = By + L. (5.50)

Lemma 5.5 allows us to prove the following interesting result.
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Proposition 5.23. For each t > 0, we have ]:t‘B‘ = ]-"tﬁ. Here we tmplicitly
assume that the filtrations {.7:,le|} and {F['} are augmented by P-null sets.

Proof. According to the proof of Lemma 5.5, we have

Ly =sup B € }—tﬁ'

s<t

It follows that |B,| € F/. Therefore, ]-}‘B‘ c FP.
On the other hand, from Problem 5.8, we know that

Ly(|Bl) = L{(B) + L (B),

where L{(|B|) (respectively, L¢(B)) denotes the local time of | B| (respectively,
B). Since B; is a continuous martingale, we see that LY(| B|) = 2L;. Moreover,
since (|B|); = t, according to identity (5.48), we see that

1 1 t
_ Bl — L1 B I8l
Lt 5L?(| |) 51;¢IOI1/0 1[0’5)<| s|)d$ € -
It follows that 8, = |B,| — L, € F,”?'. Therefore, 7/ C F". O

The same use of Lemma 5.5 enables us to prove the following renowned
Lévy’s theorem for Brownian local time.

Theorem 5.23. Let L; be the local time at 0 of the Brownian motion. Then
the two-dimensional processes {(|By|, L) : t > 0} and {(S; — B, S¢) : t > 0}
have the same distribution, where S, = maXo<s<t Bs 1S the running mazimum
of B.

Proof. On the one hand, from (5.50) and Lemma 5.5, we know that the process
(|B|, L) is determined by the process 8 explicitly. On the other hand, we can
write Sy — B, = —B; + S;. Again from Lemma 5.5, the process (S — B, S) is
determined by the process —B explicitly in the same manner. Since [ and
—B are both Brownian motions, we conclude that the processes (|B|, L) and
(S — B, S) have the same distribution. O

5.11 Problems

Problem 5.1. Let M € M{° be a continuous local martingale vanishing at
t=0.

(1) Recall that HZ is the space of L2-bounded continuous martingales van-
ishing at t = 0. Show that M € HZ if and only if E[{(M).] < oo, where
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(2) (x) Show that (M), is deterministic (i.e. there exists a function f :
[0,00) — R, such that with probability one, (M);(w) = f(t) for all t > 0) if
and only if M; is a Gaussian martingale, in the sense that it is a martingale
and (My,, -+, M,,) is Gaussian distributed in R™ for every 0 < t; < -+ < t,.
In this case, M; has independent increments. B B

(3) (x) Show that there exists a measurable set 2 € F, such that P(Q2) =1
and

Qﬂ{(M)OO < oo} = Qﬂ { lim M, exists ﬁnitely} ,

t—o0

Qﬂ{(M)OO =0} = ﬁﬂ {lirtriigth = 00, ligcingt = —oo} :
Problem 5.2. Let B; be the three dimensional Brownian motion with {F”}
being its augmented natural filtration. Define X, £ 1/|B;4|.

(1) Show that X; is a continuous {F{,}-local martingale which is uni-
formly bounded in L? (and hence uniformly integrable) but it is not an {F,, }-
martingale.

(2) Show that if a uniformly integrable continuous submartingale Y; has a
Doob-Meyer decomposition, it has to be of class (D) in the sense that {Y :
7 is a finite stopping time} is uniformly integrable. By showing that X, is not
of class (D), conclude that X; does not have a Doob-Meyer decomposition.

Problem 5.3. () This problem is the stochastic counterpart of Fubini’s the-
orem. |Give up if you don’t like this question—it is hard and boring. I have to
include it because we need to use it in the lecture notes when we study local
times and I don’t want to waste time proving it in class. |

(1) A set I' C [0,00) x Q is called progressive if the stochastic process
1r(t,w) is progressively measurable. Show that the family P of progressive
sets forms a sub-o-algebra of B([0,00)) ® F, and a stochastic process X is
progressively measurable if and only if it is measurable with respect to P.

(2) Let @ = {®”: a € R'} be a family of real valued stochastic processes
parametrized by a € R!. Viewed as a random variable on R x [0, 00) x €,
suppose that @ is uniformly bounded and B(R!) ® P-measurable. Let X; be a
continuous semimartingale. Show that there exists a B(R!) ® P-measurable

Y: R x[0,00) xQ — R
(a,t,w) — Y (w),

such that for every a € R', Y% and I¥(®%) are indistinguishable as stochastic
processes in t, and for every finite measure p on (R', B(R')), with probability

one, we have
t
[ vewtaa = [ ([ @) ax., w0
R1 0 R1
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Problem 5.4. Let B; be an {F; }-Brownian motion defined on a filtered proba-
bility space which satisfies the usual conditions. Let p; and o, be two uniformly
bounded, {F;}-progressively measurable processes.

(1) By using It6’s formula, find a continuous semimartingale X; explicitly,
such that

t t
X, =1 +/ Xpsds —|—/ X,o.dBs, t>0.
0 0

By using It6’s formula again, show that such X; is unique.

(2) Assume further that ¢ > C for some constant C' > 0. Given 7" > 0,
construct a probability measure @T, equivalent to P, under which {X;, F; :
0 <t < T} is a continuous local martingale.

Problem 5.5. Let B; be a one dimensional Brownian motion and let {F”}
be the augmented natural filtration.
(1) Fix T > 0. For £ = B% and B3, find the unique progressively measurable

process ® on [0,7] with E [fOT @?dt] < 00, such that £ = E[¢] + fOT ,dB;.
(2) Construct a process ® € L (B) with [ ®Fdt < oo almost surely (so

loc
B 1s well defined), such that by = ut with probability one,
0°°<I>dB' 11 defined h th 0°°<I>dB 0b ith babili
0< ;7 @fdt < co.
(3) Consider S; = maxoci<; B;. By writing E[S;|F”] as a function of

(t,S;, By), find the unique progressively measurable process ® on [0, 1] with
E [ I8 <I>,?dt] < 00, such that S = E[S)] + [} ®,dB,.

Problem 5.6. (1) Let B, be the d-dimensional Brownian motion. Define
72 inf{t > 0: |B;| = 1}. What is the distribution of B,? Show that B, and
7 are independent.

(2) Let ¢ € R? and define X; & B, + ct to be the d-dimensional Brownian
motion with drift vector c. Define 7 in the same way as before but for the
process X;. By using Girsanov’s theorem under a suitable framework, show
that X, and 7 are independent.

Problem 5.7. (x) Let B be a one dimensional Brownian motion and let A,z >
0 with A # pu. After taking the modification given by Theorem 5.22, show
that the local time L¢ of the continuous semimartingale X; = AB;" — uB; is
discontinuous at a = 0. Compute this jump (at any given ¢ > 0).

Problem 5.8. (x) Let X; be a continuous semimartingale. We use L{(|X|)
(respectively, L¥(X)) to denote the local time of | X| (respectively, of X). Show
that

LX)+ LY, axo0;

Ly (| X]) =
(X)) {0’ e
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6 Stochastic differential equations

Consider a second order differential operator A over R™ of the form

n

1 i) 'L
A= 2 Z (@ 8x’8x7 Zb (9xZ

i,7=1 =1

There are two fundamental questions one could ask in general:

(1) How can we construct a Markov process (or more precisely, a Markov
family ((Q, F,P), {X[}, Fi : « € R",t > 0})) with A being its infinitesimal gen-
erator, in the sense that

1
li ~ (E[f(X7)] - f(2)) = (Af)(z), V€ R,
for all f € CZ(R™)?

(2) How can we construct the fundamental solution to the parabolic PDE

— A*u = 0 where A* is the formal adjoint of A?

The first question is purely probabilistic and the second one is purely ana-
lytic. However, to some extent, these two questions are indeed equivalent. If
a Markov family solves Question (1) with a nice transition probability density
function p(t,x,y) = P(XF € dy)/dy, then p(t,z,y) solves Question (2). Con-
versely, if p(t, z,y) is a solution to Question (2), then a standard Kolmogorov’s
extension argument allows us to construct a Markov family on path space
which solves Question (1).

It was Lévy who suggested a purely probabilistic approach to study these
questions, and It6 carried out this program in a series of far-reaching works.
The philosophy of this approach can be summarized as follows. Let a = ogo*
for some matrix . Suppose that there exists a stochastic process X; which
solves the following stochastic differential equation (in matrix notation):

V

{de—a(Xg)dBter(Xf)dt, t>0,

X():I,

which is of course understood in Ito’s integral sense. Then the family {X}}
solves Question (1), or equivalently, the probability density function p(t, z, ) £
P(X] € dy)/dy solves Question (2) provided that it exists and is suitably regu-
lar. The existence and regularity of the density p(¢, x,y) is a rich subject under
the framework of Malliavin’s calculus, in which the theory is well developed in
the case when A is a hypoelliptic operator. The reader may consult [10] for a
nice introduction to this elegant theory.

153



When p(t, z, y) does not exist in the classical sense, the equivalence between
the two questions still hold as long as we interpret p(t, z, y) in the distributional
sense.

The previous general discussion provides us with a natural motivation to
study the theory of stochastic differential equations in depth. This is the main
focus of the present section.

6.1 Itd’s theory of stochastic differential equations

We start with Ito’s classical approach.

Recall that (W™, B(W™)) is the space of continuous paths in R", equipped
with a metric p defined by (1.3) which characterizes uniform convergence on
compact intervals. We use {B;(W")} to denote the natural filtration of the
coordinate process on W™,

In its full generality, we are interested in a stochastic differential equation
(we simply call it an SDE hereafter) of the form

Here B; is a d-dimensional Brownian motion, X; is an n-dimensional continuous
stochastic process, «, are maps defined on [0,00) x W™ taking values in
Mat(n,d) (the space of real n x d matrices) and in R" respectively. Note
that «, 8 here can depend on the whole trajectory of X, and we write X to
emphasize that it is a random variable taking values in W™.

From now on, when we are concerned with an SDE of the form (6.1), we
always make the following measurability assumption on the coefficients o and

B.
Assumption 6.1. Regarded as stochastic processes defined on (W™, B(W™)),
a and B are {B,(W™)}-progressively measurable.

Remark 6.1. In Problem 2.6, a crucial ingredient is showing that A € B,(/W")
if and only if for any two w,w’ € W" if w € A, w = w' on [0,t], then v’ € A.
Given t > 0, consider

AL {weW": a(t,w) = Oé(t,wt)} € B,(W™"),

where w' £ (wyrs)ss0 is the path obtained by stopping w at ¢. For every
w € W" since w = w' on [0,¢] and w' € A, we conclude that w € A.
Therefore, a(t,w) = «(t,w’) for every (t,w) € [0,00) x W™. Similar result
holds for S.
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Remark 6.2. If X, is a progressively measurable process defined on some filtered
probability space, then the process a(t, X) is progressively measurable. Similar
result is true for 5(t, X).

Now we can talk about the meaning of solutions to (6.1). Unlike ordi-
nary differential equations, the meaning of an SDE is not just about a solution
process itself; it should also involve the underlying filtered probability space to-
gether with a Brownian motion. This leads to two notions of solutions: strong
and weak solutions. Heuristically, being solutions in the strong sense means
that we are solving the SDE on a given filtered probability space with a given
Brownian motion on it, while being solutions in the weak sense means that the
SDE is solvable on some filtered probability space with some Brownian motion
on it. In the strong setting, we are particularly interested in how a solution
can be constructed from the given initial data and the given Brownian motion.
In the weak setting, we are mainly interested in distributional properties of
the solution process and do not care what the underlying space and Brownian
motion are (they can be arbitrary as long as the equation is verified). In the
next subsection, we will discuss the strong and weak notions of solutions in
detail .

As an introduction to the theory, we start with Itd’s classical approach
which falls in the context of strong solutions. Therefore, we assume that
(Q, F,P;{F;}) is a given filtered probability space which satisfies the usual
conditions, and By is an {F;}-Brownian motion. Suppose that the coefficients
«, [ satisfy Assumption 6.1.

[to’s theory, which is essentially an L2-theory, asserts that the SDE (6.1)
is uniquely solvable for any given initial data ¢ € L*(Q, Fo,P), provided that
the coefficients satisfy the Lipschitz condition and have linear growth.

Theorem 6.1. Suppose that the coefficients «, B satisfy the following two con-
ditions: there exists a constant K > 0, such that
(1) (Lipschitz condition) for any w,w' € W™ and t > 0,

(2) (linear growth condition) for any w € W™ and t > 0,
lee(t, w)]| + [[6(¢, w)|| < K (L + wy), (6.3)

where w} = SUpP,<, |ws| is the running maximum of w. Then for any initial
data € € L*(Q, Fo,P), there exists a unique continuous, {JF;}-adapted process
X; in R™, such that

d t t
Xf:§+2/0 a;(s,X)ngwr/D Bi(s,X)ds, t>0,1<i<n. (64)
k=1

155



In addition, for each T' > 0, there exists some constant Cr i depending only
on T, K and dimensions, such that

E[(X7)’] < Crx(1+E[E[]), t=>0. (6.5)
In particular, the martingale part of X; is a square integrable {F;}-martingale.

The key ingredient in proving the theorem is the following estimate. Al-
though here we only need the case when p = 2, the estimate for arbitrary p is
quite useful for many purposes.

Lemma 6.1. Let X; = (X},---, X") be a vector of continuous semimartin-
gales of the form

¢ t
X, =¢ +/ adBg + / Byds, (6.6)
0 0

provided the integrals are well defined in the appropriate sense, where (6.6) is
written in the matriz form. Then for each T > 0 and p > 2, there exists some
constant Crp,, depending only on T', p and dimensions, such that

N

10 < Cra (EleP) +B [ [ o+ 180 85] ) o<t

where X; £ sup,., | X,|.

Proof. Note that

Ai%ﬂ%p+<lm@$m>3.

The result then follows easily from the BDG inequalities (c.f. (5.20)) and
Holder’s inequality. O]

MW<@Qw+wp

0<s<t

Coming back to Theorem 6.1, we first prove uniqueness. It then allows us
to patch solutions defined on finite intervals to obtain a global solution defined
on [0, 00).

Similar to ordinary differential equations, uniqueness is usually obtained
by applying the following Gronwall’s inequality.

Lemma 6.2. Let g : [0,7] — [0,00) be a non-negative, continuous function
defined on [0,T]. Suppose that

t
Mﬂédﬂ+k/g@%,0<t<ﬂ (6.7)
0
for some k > 0 and some integrable ¢ : [0,T] — R'. Then

t
g(t) <c(t) + k/ c(s)ef=9ds, 0<t < T
0
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Proof. From (6.7), we have
t s
g(t) < c(t)—i—k/ (c(s)—i—k/ g(u)du) ds
0 0
¢
= c(t)+ k/ c(s)ds + kz/ g(u)duds
0 O<u<s<t
¢ ¢
= c(t)+ k:/ c(s)ds + k’z/ g(u)(t — u)du.
0 0
By applying (6.7) inductively, for every m > 1, we have

= be(s)(t —s)t it —s)™
g(t) < c(t) + Z k:l/o <2l(t_—1)3ds - l{:m+1/0 %g(s)ds. (6.8)

Since ¢ is continuous on [0, 7], we know that it is bounded on [0, T|. Therefore,
the last term of (6.8) tends to zero as n — oco. As c¢ is integrable on [0, 77, it
follows from the dominated convergence theorem that

g(t) <c(t)+k /0]t c(s)et=9)ds.

]

Now suppose that X, Y are two solutions to the SDE (6.1) (i.e. satisfying
Theorem 6.1), so in matrix form we have

X, = £+/Ota(s,X)dBS+/Otﬁ(s,X)ds,
Y, = §+/Ota(s,Y)st+/otﬁ(s,Y)ds.
Define 7, 2 inf{t > 0: |X; — Y;| > m}. Then we have
XV = [ (@)~ (6. V) LB

+/KMax>—ﬁ@Awnmmm&
0

By applying Lemma 6.1 in the case when p = 2 and the Lipschitz condition
(6.2), we conclude that for every given 7" > 0,

E [((X - Y);ATW)Q} < Crx /tE [((X - Y);ATmﬂ ds, Y0 <t<T.
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Now define )
16 =E[(X -V),)7] telbT)

From the dominated convergence theorem, we easily see that f is non-negative
and continuous on [0,7]. Therefore, according to Gronwall’s inequality (c.f.
Lemma 6.2), f = 0. As 7,, T 00, we conclude that X = Y on [0,7], which
implies that X =Y as T is arbitrary.

Now we consider existence. From the uniqueness part, it suffices to show
existence on every finite interval [0, 7). Indeed, if X(*) satisfies (6.4) on [0, T],
then the uniqueness argument will imply that X+ = X () on [0, T], which
allows us to define a single process X such that X = X on [0, T]. In view
of Remark 6.1, we see that

als, X) =a(s, X°) =« <s, (X(T))S> =« (S,X(T))

for every s < T, and similar result is true for 5. Therefore, X is a global
solution to the SDE (6.1) in the sense of Theorem 6.1.

For fixed T > 0, define L2 to be the space of all continuous, {F;}-adapted
processes X; on [0, T such that E[(X3)?] < oo (technically we define X; = Xr
for t > T so that X; is well defined on [0,00)). Then L2 is a Banach space.
Indeed, if X(™ is a Cauchy sequence in L%, then along a subsequence m; we
have

& o i xioof] < L

2 1

} <—, Vk>1
0<t<T
From Chebyshev’s inequality and the first Borel-Cantelli’s lemma, we know
that with probability one, X ) is a Cauchy sequence in the space of contin-
uous paths on [0, 7] under uniform topology. Therefore, with probability one,
Xt(mk) converges to some continuous X; uniformly on [0, 7. It is apparent that

X; is {F;}-adapted and E[(X})?] < oco. Moreover, from Fatou’s lemma, we

have
2
} o,

Therefore, L2 is a Banach space. For t < T, we denote || X||; = /E[(X})?].
The proof of existence on [0,7] is a standard Picard’s iteration argument.
Therefore we consider the map R : L% — L% defined by

lim E | sup ’Xt(m) _ X,

m—0o0 |:0<th

2
} < lim liminf E [ sup ’Xt(m) — Xt(m’“)

m—oo k—oo 0<t<T

(RX)té§—|—/ta(s,X)dBS—l—/tﬁ(s,X)ds, te0,7].
0 0
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Similar to the uniqueness argument, Lemma 6.1 and the Lipschitz condition
show that

t
IRX — RY7 < CT,K/ X —Y|2ds, VO<t<T. (6.9)
0

Now define X© £ ¢ and for each m > 1, define X™ £ RX(m=1 By the
linear growth condition (6.3), It is apparent that

IXD = X2 < Cre(1 +E[J€2).

In addition, from (6.9), we have

T
||X(m+1) _ X(m)H% < CT,K/ ||X(m) . X(m—l)HgdS
0

< o f X0 = XO2 dsy -+ dsy,
0<s1< <8 <T'

m+1gm

CTK 2
< TE (1 E[P). (6.10)

Since the right hand side of (6.10) is summable, we conclude that X(™) is a
Cauchy sequence in L2.. Suppose that X = lim,,_., X in LZ. It follows that

IX = RX[lr < |X = X"z + [ X" = RX"™ |7 + |[RX™ — RX||r.

Combining with (6.9), (6.10) and the fact that X ™+ = RX (™ we conclude
that X = RX, which shows that X is a solution to the SDE (6.1) on [0, 7.

Finally, since X € L2, (6.5) follows immediately from Lemma 6.1 and
Gronwall’s inequality.

Now the proof of Theorem 6.1 is complete.

Let us take a second thought on the proof of Theorem 6.1. On the one
hand, to expect (pathwise) uniqueness, we can see that some kind of Lipschitz
condition is necessary. Because of localization, this part does not really rely on
the integrability of solution. On the other hand, in the existence part, it is not
so clear whether the Lipschitz condition is playing a crucial role as the fixed
point argument is certainly not the only way to obtain existence. Moreover,
in the previous argument we can see that the square integrability of ¢ does
play an important role for the existence. It is not so clear from the argument
whether existence still holds if £ is simply an Fj-measurable random variable.

Therefore, to some extent, it is more fundamental to separate the study
of existence and uniqueness in different contexts, and to understand how they
are combined to give a single well-posed theory of SDE. This leads us to the
realm of Yamada-Watanabe’s theory.
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6.2 Different notions of solutions and the Yamada-Watanabe
theorem

In this subsection, we study different notions of existence and uniqueness for an
SDE, which are all natural and important on their own. Then we present the
fundamental theorem of Yamada and Watanabe, which outlines the structure
of the theory of SDEs.

We first make the following convention.

Definition 6.1. By a set-up ((Q2, F,P;{F:}),&, B;), we mean that

(1) (2, F,P;{F:}) is a filtered probability space which satisfies the usual
conditions;

(2) £ is an Fy-measurable random variable;

(3) By is a d-dimensional {F;}-Brownian motion.

Now let o : [0,00) x W™ — Mat(n,d) and 8 : [0,00) x W™ — R" be
two maps satisfying Assumption 6.1. We are interested in an SDE of the
general form (6.1). For simplicity, we always use matrix notation in writing
our equations.

Motivated from It6’s classical result, it is natural to introduce the following
definition in the strong sense.

Definition 6.2. We say that the SDE (6.1) is (pathwise) ezact if on any
given set-up ((Q, F,P;{F;}),&, By), there exists exactly one (up to indistin-
guishability) continuous, {F;}-adapted n-dimensional process X, such that
with probability one,

[ Gats 0 4156, 0 ds <0, wez0. o)

and

Xt:S—l-/otoz(s,X)dBS—l—/otﬂ(s,X)ds, t>0. (6.12)

As we mentioned at the end of last subsection, it is even not clear if exact-
ness is true in Itd’s setting (i.e. under the conditions in Theorem 6.1) although
we do have uniqueness. Therefore, it is a fundamental problem to understand
how one can prove exactness in general. Before doing so, we need to intro-
duce different notions of existence and uniqueness, which are all important and
natural on their own.

Definition 6.3. Let u be a probability measure on R". We say that the
SDE (6.1) has a weak solution with initial distribution p if there exists a
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set-up ((Q, F,P;{F:}),&, By) together with a continuous, {F;}-adapted n-
dimensional process X;, such that

(1) € has distribution g;

(2) X; satisfies (6.11) and (6.12).

If for every probability measure p on R" the SDE (6.1) has a weak solution
with initial distribution u, we say that it has a weak solution.

From Definition 6.3, a weak solution is the existence of a set-up on which
the SDE is satisfied in It6’s integral sense. A particular feature of a weak
solution is that we have large flexibility on choosing a set-up; it could be any
set-up as long as conditions (1) and (2) are verified on it. Therefore, in some
sense a weak solution only reflects its distributional properties.

Corresponding to weak solutions, we have the notion of uniqueness in law.

Definition 6.4. We say that the solution to the SDE (6.1) is unique in law if
whenever X; and X are two weak solutions (possibly defined on two different

probability set-ups) with the same initial distributions, they have the same
law on W™.

In contrast to the weak formulation, we have another (strong) notion of
uniqueness.

Definition 6.5. We say that pathwise uniqueness holds for the SDE (6.1) if
the following statement is true. Given any set-up ((Q2, F,P;{F:}),&, By), if
X and X/ are two continuous, {F; }-adapted n-dimensional process satisfying
(6.11) and (6.12), then P(X; = X[ Vt > 0) = 1.

It is part of the Yamada-Watanabe theorem that pathwise uniqueness im-
plies uniqueness in law (c.f. Theorem 6.2 below). However, the converse is not
true and the following is a famous counterexample due to Tanaka.

Example 6.1. Consider the one dimensional SDE
dXt B O'(Xt)dBt (613)

where o(z) = —1ifx <0and o(z) =1if 2 > 0.
Suppose that X, is a weak solution with initial distribution x on some given
set-up ((Q, F,P;{F;}),&, By), so that we have

X, =6+ /Ota(XS)dBS.

Since fot 0(Xs)dB;s is an {F;}-Brownian motion according to Lévy’s charac-
terization theorem, we see immediately that the distribution of X is uniquely
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determined by p and the law of Brownian motion. Therefore, uniqueness in
law holds. Moreover, for given initial distribution pu, let ((2, F,P; {F:}), &, By)
be an arbitrary set-up in which § has distribution . Define X £¢4B and
let B, & fg 0(X;)dBs. Lévy’s characterization theorem again tells us that By is
an {JF; }-Brownian motion, and the associativity of stochastic integrals implies
that

X, =¢+4 /Ot o(X,)dB.

Therefore, the SDE (6.13) has a weak solution.
However, pathwise uniqueness does not hold. Indeed, suppose that X; =

fot 0(Xs)dBs on some set-up (so Xy = 0 in this case). According to the occupa-

tion time formula (c.f. (5.41)), we know that fot 1¢x,—0yds = 0, which implies
that [} 1(x,—0}dBs = 0. Therefore, (—=X,) = [, o(—X,)dB,. This shows that
pathwise uniqueness fails as X # —X.

Now we can state the renowned Yamada-Watanabe theorem which has
far-reaching consequences. The proof is beyond the scope of the course and
hence omitted. The interested reader may consult N. Ikeda and S. Watanabe,
Stochastic differential equations and diffusion processes, 1989 for basically the
original proof.

Theorem 6.2. The SDE (6.1) is exact if and only if it has a weak solution and
pathwise uniqueness holds. In addition, pathwise uniqueness implies unique-
ness in law.

If we have an exact SDE, it is natural to expect that there is some universal
way to produce the unique solution (as the output) whenever an initial data
and a Brownian motion are given (as the input), regardless of the set-up we
are working on. In other words, it is natural to look for a single function
F: R*x W% — W" such that on any given set-up ((Q2, F,P;{F:}), &, By),
X £ F(¢, B) produces the unique solution. This is indeed the original spirit
of Yamada and Watanabe.

Definition 6.6. A function F : R™ x W — W" is called E(R" x W9)-
measurable if for any probability measure p on R"™, there exists a function

— w
F,: R* x W? — W™ which is B(R" x Wd)uxp /B(W™)-measurable, where

— w
PY is the distribution of Brownian motion and B(R" x Wd)uXP is the pu x P~

completion of B(R"™ x W), such that for y-almost all z € R™, we have
F(z,w) = F,(z,w) for P — almost all w € W*.

If £ is an R™-valued random variable with distribution pu and B, is a Brownian
motion, we set F(¢, B) = F,(£, B).
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Definition 6.7. We say that the SDE (6.1) has a unique strong solution if
there exists an € (R™ x W9)-measurable function F' : R™ x W — W™, such
that: .

(1) for every fixed x € R", w — F(x,w) is Bt(VV“l)HD /Bi(W"™)-measurable
for each t > 0;

(2) given any set-up ((2, F,P;{F}),& By), X = F(&, B) is a continuous,
{Fi}-adapted process which satisfies (6.11) and (6.12);

(3) for any continuous, {F; }-adapted process X; satisfying (6.11) and (6.12)
on a given set-up ((2, F,P;{F:}),&, By), we have X = F(£, B) almost surely.

The following elegant result puts the philosophy of “constructing the unique
solution out of initial data and Brownian motion in a universal way” on firm
mathematical basis. This is essentially another form of the Yamada-Watanabe
theorem.

Theorem 6.3. The SDE (6.1) is exact if and only if it has a unique strong
solution.

6.3 Existence of weak solutions

The Yamada-Watanabe theorem tells us that the structure of exactness is
rather simple: we only need to study weak existence and pathwise uniqueness
independently, and they combine to give exactness.

We first study weak existence in this subsection. The main result is that
(surprisingly) continuity of coefficients is sufficient to guarantee weak existence
(up to an intrinsic explosion time), and it has nothing to do with any Lipschitz
property (compare Theorem 6.1 in It6’s theory).

In general, the weak existence has an elegant martingale characterization,
which is known as Stroock and Varadhan’s martingale problem. Let «, be
the coefficients of the SDE (6.1) which satisfy Assumption 6.1. We define the
generator A of the SDE in the following way: for f € CZ(R") (the space
of twice continuously differentiable with bounded derivatives of up to second
order), define Af to be the function on [0, 00) x W™ given by

Anta) 2 L3 a2 )

ij=1
—i—Zﬂi(t,w)%(wt), (t,w) € [0,00) x W", (6.14)
i=1

where a is the n x n matrix defined by a £ ao*.
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Suppose that X satisfies (6.11) and (6.12) on a given set-up ((Q2, F, P; {F:}), &, By).
For any f € C(R"), according to It6’s formula, we have

n

J(X0) = J©)+] Z/ o (Xo)ag(s XdB’“rZ/ o (X)B(s, X)ds

Therefore,

) — £(6) / (Af)(s, X)ds € ME® (6.15)

0
on (Q, F,P;{F}).

Conversely, suppose that X, is a continuous, {F; }-adapted process defined
on a given filtered probability space (2, F,P; {F;}) satisfying the usual condi-
tions, such that (6.11) and (6.15) hold for every f € CZ(R™) (of course with
&= Xp). Let

t
MtéXt—Xo—/ B(s, X)ds, t>0.
0

For each R > 0, define f € CZ(R™) to be such that fh(z) =2"if |z| < R

Let
> R}

(M) = fr(Xonn) = fr(Xo) — /O ’ .ﬂi(s,X)ds € My©.

O’R—lnf{ : | X¢| > R or

/ B(s, X)ds

From (6.15), we know that

But (M")?% is uniformly bounded, so (M?)?% is indeed a martingale. Since
or T oo as R — oo, we conclude that M* € M{e.

Similarly, by considering fji € CZ(R") with f(z) = 2’2/ when |z] < R,
and by defining op in a similar way but for f¥ 1, we know that

N £ XX XEXG / ¥ (s, X)ds / (X2 (5, X)+ X2 (5, X))ds € ME*.
0 0
(6.16)
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On the other hand, from the integration by parts formula, we have
X;X] = XX +/ X.dX! +/ X7dX:+ (X", X7 )
= X\Xj +/ X.dM?! +/ X!dM:
—|—/ X0 (s, X)ds +/ XI1p'(s, X)ds + (M*, M?). (6.17)
0 0
By comparing (6.16) and (6.17), we conclude that
. . t ..
(MF, MY, = / 0¥ (s, X)ds.
0

According to the martingale representation theorem for general filtrations (c.f.
Theorem 5.14), possibly on an enlargement of (2, F,P; {F;}), we have

t
Mt—/ a(s, X)dB;
0

for some Brownian motion B;. Therefore,

t t
X = Xp +/ a(s, X)dB;s + / B(s, X)ds.
0 0

To summarize, we have proved the following result.

Theorem 6.4. Let p be a probability measure on R"™. Then the SDE (6.1)
has a weak solution with wnitial distribution p if and only if there exists a
continuous, {F;}-adapted process n-dimensional process X, defined on some
filtered probability space (2, F,P;{F:}) which satisfies the usual conditions,
such that Xy has distribution u, and (6.11) and (6.15) hold for every f €
CZ(R™).

There is yet a more intrinsic way to formulate the martingale characteri-
zation described in Theorem 6.4. Recall that (W™ B(1W™)) is the continuous
path space over R", and {B;(W™)} is the natural filtration of the coordinate
process.

Theorem 6.5. Let p be a probability measure on R"™. Then the SDE (6.1) has
a weak solution with initial distribution p if and only if there exists a probability
measure P* on (W™ B(W™)), such that:

(1) PM(wy € T') = p(T") for every I' € B(R™);
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(2) PH-almost surely, we have

t
| (lats.w)l + 156 w)l) ds < o, w0,
0
(3) for every f € CZ(R™), under P* we have

ﬂw)—ﬂw@—/YAﬁ@mmkeAﬁwaWﬂ»

0

where {H,;(W™)} is the usual augmentation of {B,(W™)} under PH.

Proof. Sufficiency is already proved before.

Now we consider necessity. Suppose that X; is a continuous, {F;}-adapted
process on some (2, F,P; {F;}) satisfying the usual conditions, such that X
has distribution p, and (6.11) and (6.15) hold for every f € CZ(R™). Consider
the distribution PX of X on (W™, B(W™)). Apparently, (1) and (2) are satisfied
for PX. To see (3), given f € CZ(R"), define

> R}

Vi £ =10 = [ (AP X)ds.

aRéinf{tZO:

/Ot(Af)(s,X)ds

on €2, and consider the stopped process

Y; is indeed an {F;}-martingale since it is uniformly bounded. Correspond-
ingly, define
- i

aéfwmm—fww—lm(Aﬁ@wﬂs

which is also uniformly bounded. Now a crucial observation is that or and
Y are determined by X pathwisely. Therefore, for A € H(W"), since {F;}
satisfies the usual conditions, we have X 'A € F,, and

/ztd]P’X:/ thlIP’:/ st]P’:/zsd]P’X.
A X-1A X—1A A

This shows that z; is an {H;(W")}-martingale under PX. As 75 1 oo, we
conclude that (3) holds. O

TRéinf{tBO:

[ caniswis

on W™ and consider the stopped process
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Remark 6.3. If we assume that the coefficients «, 8 are bounded, then all the
relevant local martingale properties in the previous discussion become true
martingale properties, and fOt(Af)(s,w)ds is finite for every (¢,w) € [0, 00) X
W™, In this case, we do not need to pass to the usual augmentation, and (3)
is equivalent to the following statement: for every f € CZ(R™), the process

ml 2 flwy) — f(wn) — / (Af)(s, w)ds

is a {B;(W")}-martingale under P*. Indeed, the only missing gap is the fact
that m! is a {B,(W")}-martingale if and only if it is an {#,(W")}-martingale,
which can be shown easily by using the discrete backward martingale conver-
gence theorem.

In view of Theorem 6.5, there are lots of advantages working on the path
space. For instance, it has a nice metric structure, and we can apply the
powerful tools of weak convergence and regular conditional expectations. The
search of a probability measure P* on (W", B(W™)) satisfying (1), (2), (3) in
Theorem 6.5 is known as the martingale problem.

As a byproduct, we have indeed proved the following nice result.

Corollary 6.1. (1) A continuous, {F;}-adapted process X; on (2, F,P; {F})
satisfying the usual conditions in an {F; }-Brownian motion if and only if Xy =
0 almost surely and

FX) — f(Xo) — 2 / (AS)(X.)ds

2
is an {F;}-martingale for every f € CZ(R™).
(2) A probability measure P on (W™, B(W™)) is the n-dimensional Wiener
measure if and only if P(wy = 0) =1 and

) = fwn) = 5 [ (An s

is an {B(W™)}-martingale under P for every f € CZ(R").

By the same reasoning, uniqueness in law holds if and only if for every
probability measure 1 on R”, there exists at most one probability measure on
(W™, B(W™)) which satisfies (1), (2), (3) in Theorem 6.5. Remark 6.3 also
applies for the uniqueness.

We will appreciate the power of the martingale characterization of weak
existence in the following general result.
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Theorem 6.6. Suppose that o, (5 satisfy Assumption 6.1, and they are bounded
and continuous. Then for any probability measure p on R™ with compact sup-
port, the SDE (6.1) has a weak solution with initial distribution .

Proof. For m > 1, define a,, : [0,00) x W™ — Mat(n,d) by a,,(t,w) =
a(dm(t), w), where ¢,,(t) is the unique dyadic partition point k/2™ such that
k/2™ <t < (k+1)/2™. Define f3,, similarly. Now we construct a weak solution
to the SDE with coefficients «,,, £,, with initial distribution p explicitly.

Let (2, F,P;{F:}),&, B:) be a set-up in which £ has distribution u. Define
a process X\"™ inductively in the following way. Set Xém) 261t x™ s
defined for ¢ < k/2™, then for t € [k/2™, (k + 1)/2™], define

X" AEXT +a (Q—m,XW“) (B, — Byjom) + <— X<mk>) (t— 2—m)

where X (™) ig the stopped process defined by

(m) m
Xpjgms t>k/2m.

It follows from Remark 6.1 that

o (2%,X<mvk>) — am (6, XY, 3 (2’; X(M) B (£, X))

provided that ¢ € [k/2™, (k + 1)/2™]. In particular, we conclude that
t t

Xt(m) =¢ +/ U (S,X(m)) dB; +/ Bm (S,X(m)) ds, t=>0.
0 0

In other words, Xt(m) is a weak solution to the SDE with coefficients «,, 5,
with initial distribution . Now define P(™ to be the distribution of X ™) on
(W™, B(W™)). According to Theorem 6.5 and Remark 6.3, we know that for
given f € CZ(R"), the process

Flwy) = f(wo) — /0 (Anf) (u, w)ds

is a {B;(W")}-martingale under P(™) where the differential operator A, is
defined by (6.14) in terms of the coefficients au,, B,
In addition, given constants v,p > 1, we have

swk [| X[ =Eler < o

m>=1
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and by the BDG inequalities, we have

2
sup E “Xt(m) - X§m>‘ p} < Crplt—sP, Vs, te[0,7].  (6.18)

m>=1

According to Problem 2.3, (3) (we take p = 2 in (6.18)), we conclude that
{P(m)} is tight. Without loss of generality, we may assume that P(™ converges
weakly to some probability measure P.

In view of Theorem 6.5 and Remark 6.3 again, it suffices to show that
P(wy € T) = pu(T) for T € B(R") (which is trivial), and for every f € CZ(R"),
the process

Flwn) — fluwo) — / (Af) (1, w)dus

is a {B;(W")}-martingale under P.
Indeed, let s < t, and ®(w) = p(wg,, - - ,ws, ) for some s; < -+- < s < s
and ¢ € C,(R™F). Then from the P(™)-martingale property, we know that

[ o) (ft) = s - [ (Auswswlan) 2 = o

for every m. To simplify our notation, set

Cm(w) £ fluwn) — flwg) / (A f) (1, w)du
and

Corlw) 2 F(w,) — flw) — / (Af) (1, w)dus

respectively. From the tightness of {P(m)}, given € > 0, there exists a compact
set K C W™, such that

PM(K) <¢e, Ym > 1.

By the definition of «,,, 5, and the uniform continuity of a, 3 on [s,t] x K,
when m is large, we have

sup |7y (w) = Gou(w)| <e.
weK

Therefore, when m is large,
‘ / O (w) ¢l (w)dP™ — / D (w) ¢y (w)dP™| < O (P™(KC) + ) < 2Ce.
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On the other hand, by weak convergence we know that

lim B (w) sy (w)dP™ = / D (w) (s (w)dP.

m—r0o0 wn n

Since ¢ is arbitrary, we conclude that

| atiwir =0,

which implies the desired P-martingale property. ]

Remark 6.4. The assumption that p is compactly supported in Theorem 6.6 is
just for technical convenience. Indeed, we have shown that for every x € R”,
there exists P* which solves the martingale problem with initial distribution
0,. For a general probability measure p on R", we can simply define

PH(A) = / P*(A)pu(dz), A e BW™). (6.19)

This P* will then solve the martingale problem with initial distribution pu.
Of course here a rather subtle point is whether x — P* is measurable before
making sense of (6.19). This is not true in general, but we can always select
P* so that the map x — P* is measurable. This selection theorem is rather
deep and technical, and we will not get into the details.

From now on, we will restrict ourselves to a special but very important
type of SDEs:

where 0 : R™ — Mat(n,d) and b : R™ — R". This type of SDEs is usually
known as time homogeneous Markovian type, and it is closely related to the
study of diffusion processes. In particular, we are going to develop a relatively
complete solution theory along the line of Yamada and Watanabe’s philosophy.

Of course the general weak existence theorem (c.f. Theorem 6.6) that we
just proved covers this special case (with a(t,w) = o(wy), B(t,w) = b(wy)).
However, in general it is too strong to assume uniform boundedness on the
coefficients. And it is not so clear how a localization argument should yield
weak existence without the boundedness assumption. Indeed, if we do not as-
sume boundedness, the solution can possibly explode in finite amount of time.
Therefore, it is a good idea to start with this general situation independently,
and then to explore under what conditions on the coefficients will a solution
be globally defined in time without explosion. Uniform boundedness will be
too strong to assume and not so satisfactory.

170



To include the possibility of explosion, we take A to be some given point
outside R™ which captures the explosion. Define R" £ R”U{A} Topologically,
R" is the one- point compactification of R™. In particular, R" is homeomorphic
to the n-sphere S™. In this sphere model, A corresponds to the north pole N,
and R" is homeomorphic to S"\{N}.

We consider the following continuous path space over R". Let W" be the
space of continuous paths w : |0, oo) — R", such that if w, = A, then wy = A
for all ' > t. The Borel o-algebra B (W”) is the o-algebra generated by cylinder
sets in the usual way. For each w € W", we can define an intrinsic quantity

e(w) = inf{t >0: w, = A}.

e(w) is called the ezplosion time of w.
Unless otherwise stated, we assume exclusively that the coefficients o, b are
continuous. Note that o,b are defined on R" instead of on R".

Definition 6.8. Let i1 be a probability measure on R”. We say that the SDE
(6.20) has a weak solution with initial distribution p if there exists a set-up
((Q, F,P;{F:}), &, By) together with a continuous, {F; }-adapted process X; in
f@”, such that:

(1) € has distribution y;

(2) if e(w) £ (X (w)) is the explosion time of X (w) € W™, then we have

=&+ /OtJ(XS)dBS + /Otb(Xs)ds, te0,e). (6.21)

Remark 6.5. The stochastic integral in (6.21) is defined in the following way.
Let 0, £ inf{t > 0: |X;| > m}. From the continuity of o, we know that for
each fixed m > 1, the process o(X¢)1jo,,,(t) is uniformly bounded, and hence
the stochastic integral

t
[ a / 0(X,) L0, (s)dB,
0

is well-defined on [0, c0). Moreover, by stopping we see that 1™+ = (™) on
[0, 04,]. Therefore, since o, 1 e, we can define a single process I, on [0, €), such

that I, = It(m) if t < 0y, < e. This I; is our stochastic integral in (6.21).

Similarly, the notions of exactness, uniqueness in law, pathwise uniqueness,
and unique strong solution carry through without much difficulty. In partic-
ular, the Yamada-Watanabe theorem remains true in this setting. Moreover,
the martingale characterization is also valid as long as we localize in the same
way as Remark 6.5 when we describe the martingale property.
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To establish a solution theory for the SDE (6.20) in the spirit of Yamada
and Watanabe, we first take up the question about weak existence. We have
the following main result.

Theorem 6.7. Suppose that the coefficients o, b are continuous. Then for any
probability measure i on R™ with compact support, the SDE (6.20) has a weak
solution with initial distribution p.

The most convenient way to prove this result is to use the martingale
characterization in the sense of Theorem 6.4. To this end, we need to show
that, on some filtered probability space (Q,F,P;{F;}) satisfying the usual
conditions, there exists a continuous, {F;}-adapted process X; in I@", such
that:

(1) P(Xy € I') = u(I) for I € B(R");

(2) for every f € CZ(R") and m > 1, the process

F(Xons) — F(Xo) — / T A (X ds

is an {F;}-martingale, where the differential operator A is defined by (6.14)
in terms of the coefficients o, b, and

Om 2 inf{t > 0: |X;| > m}. (6.22)

_ The idea of proving Theorem 6.7 is to obtain X as the time-change of some
X which is a weak solution to some SDE with bounded coefficients.

For this purpose, we choose a function p(z) on R” such that 0 < p(z) <
for every x € R", and p(z)a(z), p(x)b(z) are both bounded, where a(x)
o(xz)o(z)*. It is not hard to see that such p exists. Consider the differen-
tial operator defined by (Af)(z) 2 p(x)(Af)(z) for f € C2(R™). According
to Theorem 6.6 and the martingale characterization, there exists a continu-
ous, {F;}-adapted process X; in R™ defined on some filtered probability space
(Q, F,P; {]T",f}) which satisfies the usual conditions, such that X, has distribu-
tion p, and for every f € CZ(R"),

1
£

F(R) — (o) — / (Af)(X)ds

is an {J,}-martingale.
Consider the strictly increasing process

t
A2 / p(X,)ds
0
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and define -
e é/ p(X,)ds.
0

Let C; be the time-change associated with Ay, so that C; < oo if and only if
t < e. Define F, £ Fe,, and

Xté jot’ f}<€;
A, t>e.

The key ingredient of the proof is to show that e is the explosion time of X.
We assume this is true for the moment and postpone its proof for a little while.

Now we show that X, satisfies the desired martingale characterization on
(Q, F,P;{F;}) for the differential operator A. Recall that o,, is defined by
(6.22). Set &, £ inf{t > 0: |X,| = m}. It follows that C,, = &,,, and thus
Co,nt = 0m N Cy for all t > 0. Now we know that

(o) = £50) - | T 0AF) (R )ds

is a bounded {ﬁt}—martingale. According to the optional sampling theorem,

_ FmAC _

F(Xsncs) — F(X) — / (pAf)(X,)ds
~ ~ Ocom/\t ~

= (R ) — f(Ko) - / (PAf)(X,)ds

= F(Xe) — F(X0) / " AR (R ds

is an {F;}-martingale. But a change of variables s = C, (u = A;,) together
with the definition of A, yields immediately that

Comnt - omAt
/0 (PAf)(X,)ds = /0 (AF)(X. ),

Therefore, we have the desired martingale characterization property for X; on
(€ F, Py {F}).

Now it remains to prove the following key lemma.
Lemma 6.3. With probability one, if e(w) < oo, then limy, X; = A.

Proof. 1t is equivalent to showing that, with probability one, if fooo p()zs)ds <
00, then lim; ..o X; = A in R™. This is not surprising to expect. Indeed,
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since p > 0, we know that the minimum of p on any compact subset of R" is
strictly positive. Therefore, if X; spends too much time being trapped inside
a compact set, then the integral [° p(X,)ds will have a high chance of being
infinity. B

Now fix 7 < R such that |X,| < r almost ~surely. The key point is to
demonstrate that, with probability one, if fo X;)ds < oo, then after ex1t1ng

the R-ball and coming back into the r-ball for at most finitely many times, Xt
will stay outside the r-ball forever. As r can be arbitrarily large, this shows
that X; has to explode to infinity as t — oo.

To be precise, define

inf{t > &, : |X,| > R},
nf{t >y |X:| > R},

0 T
inf{t > \Xt| <r}, To

o1

02

1> >
(1> >

We want to show that, with probability one,

{/ p()zs)ds < oo} C{3m>1, st. 7, <o and 7,41 = 00}.  (6.23)
0

This is equivalent to showing that, with probability one,
ﬂ {Tn = 00 or 01 < 00} C {/ p()N(S)ds = oo} ) (6.24)
m=1 0

Observe that the left hand side of (6.24) is equal to the event that
{Im > 1, s.t. 0m<ooandTm—oo}U{5m<oon> 1}.

Therefore we need to show that with probability one, this event triggers

I3 p(Xs)ds =
0
Case one. Suppose that there exists m > 1, such that ,, < oo but 7,,, = .

Then |X,;| < R for all ¢ > 5,,. Since min, < g ,0( ) > 0, we have

oot > [ s> (minon) - [ as= o
0 Om TS Om

Case two. Suppose that g, < oo for every m > 1. In this case, we only
need to show that

Z(;m —Op) = 00. (6.25)
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Indeed, if this is true, then
> | min p(z T — Opm) = 00.
[oz 2 [t (o) =

Observe that (6.25) is equivalent to showing that with probability one,

e e} _ _ e} _ _
<H 1{5m<oo}> e” Zn=1 =) = TT (145, <6 77m)) =0,
m=1

m=1

which is also equivalent to showing that

1T (1{5m<oo}e—<?m—5m>)] =0. (6.26)

m=1
We write
m+1
E H (Lz<ocye™ ™ "’“)IfamH]
k=1
(1 e~ .1 E |eFri=Gmi)| Fo | (6.27)
{r<oc} {Gm1<00} Fom
k=1

Now we estimate the quantity 1z, <o} E [e*(%”“*Em“)L%gmH . In par-

ticular, we are going to show that this quantity is bounded by some determin-
istic constant v < 1, which depends only on R,r and A. If this is true, then
by taking expectation on both sides of (6.27), we get (6.26) immediately.

Let

Aﬂéﬁ—i51[<xw<>weWWﬂﬂn

for each i (the reader may recall from the proof of Theorem 6.4). According
to Itd’s formula, we may write

X2 = | Xo> + Ny + A,

in semimartingale form, where
N, = 2 Z / XidM

A, = ( / X)ds + (M), )
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Since p-a and p- b are both bounded, by the definition of 7,1, it is not hard
to see that there exists a constant C' > 0 depending only on A, such that on
{Oms1 < 00}, for every 0 < t < Tpny1 — Oma1, We have

<N>5m+1+t - <N>Em+1 § CRQt,
| Agpirie — A < CQR+1)t.

5m+1|

If 7,41 < 00, then we know that

Xz,

+1| =R, |X5m+1| =T
Therefore,

R2 _ 7"2 RQ _ 742
|N5:m+1 - N~ or |A?’m+l - A5m+1| > 2 °

Om+1

| >

In particular, if we define

) RQ—TZ
Qélnf{t>0 |N5m+1+t_N5m+l|> 9 },

then
R2 _ 7n2

Tl — Oma1 = 0N ———.
Tmtt = Omil Z VR 9600R 1 1)
In addition, according to the generalized Dambis-Dubins-Schwarz theorem (c.f.

Theorem 5.9), there exists an {]?t}—Brownian motion defined possibly on some
enlargement of the underlying filtered probability space, such that N, = By,

where F, £ Fp, and D, is the time-change associated with (N),. Let

R? — r?
SR

t)

5m+1

n £ inf {U> 0: ‘B(N)5m+l+u_B<N) 5

It follows that
Ui g <N>5m+1+9 - <N>Em+1 < CR2¢9

Therefore, we obtain that on {7,,11 < 0o},

~ - S " A R% —r?
Tmd T Il Z R N 90RR 1 1)

It follows that

~ ~ ~ __n R2_y2
15,1 <00l E e*(Tm+1*0m+1)|]:&m+1] <1, <ol E {e cr2/\2CERTT)
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A~

In addition, observe that ]:Um+1 C Fivys o Indeed, if A € F5 i1s according
to Proposition 2.4, we know that
AN{(N),., St} = AN {Gpni1 < Di} € Fi, = F,
therefore A € ]?< Nayir It follows that
R2_s2 ~
1{am+1<oo}E [e Rz \ICERTY) fgmﬂ}
2 o~ ~
— 1{5m+1<OO}E |:E |:1{<N>5m+1 }e CRQAQC(2R+1) _F 0m+1:| f5m+1:| .
Now a crucial observation is that on {{(N)z,,,, < oo}, By, . —Bw,,

is a Brownian motion independent of ]?< Nz oy by the strong Markov property.
Therefore,

~ 2

,L/\RQ;T
f Um+1:| o E[e CR2 20(2R+1)] =:7, on {<N>&m+1 < OO},

-n_ AR =r® R27r2
E e T CR2''2C(2R¥1)

where 7 is the hitting time of the level set (R? — r?)/2 by a one dimensional
Brownian motion. Apparently v < 1, otherwise 7 = 0 which is absurd. There-
fore, we arrive at

1{&m+1<oo}E e*(?m+175m+1)’f5m+1] <7,

which concludes (6.26).
To summarize, we have show that with probability one, (6.23) holds. Since

r, R are arbitrary, we conclude that with probability one, on { fooo p()? s)ds < oo} ,

)?t—>Aast—>oo. O

The next question is about non-explosion criteria. The following result
shows that explosion will not happen if the coefficients have linear growth.
This is compatible with Theorem 6.1 in [t6’s classical theory.

Theorem 6.8. Suppose that the coefficients o,b are continuous, and satisfy
the following linear growth condition: there exists some K > 0, such that

lo (@) + l[b(x)]| < K(1+[z]), VoeR™ (6.28)

Then for any weak solution X; to the SDE (6.20) with E[| Xo|?] < oo, we have
E[|X:|?] < oo for all t > 0. In particular, e = oo almost surely.
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Proof. Suppose that X; is a weak solution on some set-up with E[|X(|*] < oc.
Let 0,, = inf{t > 0: |X,;| = m}. Then for any f € CZ(R"), the process

F(Xons) — F(Xo) — / T A (X ds

is a bounded martingale. In particular, if we choose f € CZ(R") to be such
that f(z) = |z|*> when |z| < m, then by the martingale property and the
condition (6.28), we have

E [| X5, n)] < E[|X0|2]+ZEUOM (a”(Xs)nLQbi(Xs)Xﬁ)ds}

om /Nt

E[| Xo|?] + CkE { (1+ |XS|2)ds}

[e=]

HX() —|-CK/ (1+E|XJ AS ]) dS.

Gronwall’s inequality then implies that
E[| X, nel*] < (1 +E[|Xo[?]) %" — 1.

By letting m — oo, we conclude that e > ¢ almost surely and E[|X,|%] < oo.
Since t is arbitrary, we know that e = oo almost surely. O]

Remark 6.6. By the same reason as in Remark 6.4, we can remove the com-
pactness assumption on g in Theorem 6.7. In addition, by Theorem 6.8, we
know that every weak solution with initial distribution y = 4, does not _ex-
plode. By using the martingale formulation on the continuous path space W"
we have

IP”“(lim am:oo)zl, Vr € R",

m—r0o0

where P is a solution to the martingale problem with initial distribution 4,
and o, = inf{w € wn |lw¢| = m}. For an arbitrary probability measure
pon R™, we define P* by (6.19) as in Remark 6.4 (after suitable measurable
selection on the family {P*}). It follows that

P“(lim am:oo>:1.

m—ro0

Therefore, P* is a non-exploding solution to the martingale problem with ini-
tial distribution p. In particular, a non-exploding weak solution with initial
distribution p exists.

178



6.4 Pathwise uniqueness results

Now we study pathwise uniqueness for the SDE (6.20). It is a standard result
that (local) Lipschitz condition implies pathwise uniqueness.

Theorem 6.9. Suppose that the coefficients o,b are locally Lipschitz, i.e. for
every N > 1, there exists Ky > 0, such that

lo(x) = a(y)ll + [|b(z) = by)|| < Knlz —yl, Vu,y € By, (6.29)

where By 1s the Euclidean ball of radius N. Then pathwise uniqueness holds
for the SDE (6.20).

Proof. Suppose that X;, X] are two solutions to the SDE (6.20) on a given
set-up ((Q, F,P;{F;}),&, By) with the same initial condition £. Define

oy Z2inf{t >0: |X;| > N}, oy £inf{t >0: |X]| > N},
respectively. Then we have
ONNONAL
XUN/\Uﬁv/\t - X;N/\a;\,/\t = / (0(Xs) — o(X5)) dBs
0

+ / e (b(X,) — b(X"))ds.  (6.30)

Therefore, given T > 0, for every ¢ € [0, 7], we have

T

/
E |:‘X0'N/\0'§V/\t - XO'N/\O';V/\t

[ ONAT AL oNATNAE 2
< 9E / (0(X.) — o(X1)) dBs| + / (b(X.) — b(X")) ds
0 0
- oONNTNAL ONNGN AL
< | [T o) - ol Pds| 4 2rE | [T b - b s
0 0
r t
< 28| [ o Xanagne) = of ;W;VAQH%S}
LSO
t
L2TE [ JRESE ;NM/NASWS}
0
t
< 2KN(1+T)/O]E[|X0N/\o§\,/\s_XéN/\a§\,/\s|2i| ds.
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Since the function ¢t € [0,7] — E [‘onvwfv/\t - X’

2
ONNT AL
and continuous, according to Gronwall’s inequality, we conclude that

] is non-negative

2
E [|XCTN/\0§\,/\1€ - X¢/7N/\o'§\,/\t| ] =0
for every ¢t € [0,T]. As T is arbitrary, it follows that with probability one,
XO‘N/\O';V/\t = XJN/\Ujv/\ta Vi = 0.

This implies that X; = X/ on [0,0n5 A cd’y). By the definition of oy and o'y, we
must have oy = oy. In particular, by letting N — oo, we conclude that with
probability one, e(X) = e(X’) and X; = Y; on [0, e(X)), where e¢(X) and e(Y)
are the explosion times of X and Y respectively. O

The local Lipschitz condition can be weakened in the one dimensional case.
In particular, pathwise uniqueness holds if ¢ is 1/2-Ho6lder continuous and b is
locally Lipschitz continuous.

Theorem 6.10. Suppose that n = 1 and the coefficients o,b are continuous.
Assume further that the following two conditions hold:

(1) there exists a strictly increasing function p on [0, 00) such that p(0) = 0,
Jos P2 (w)du = 00, and ||o(z) — o(y)|| < p(lz —y|) for all z,y € RY;

(2) b is locally Lipschitz in the sense of (6.29).
Then pathwise uniqueness holds for the SDE (6.20).

Proof. According to Condition (1), we can find a sequence 0 < -+ < a, <
Apo1 < +++ < ag < a; < 1 such that

1 ay ap—1
/ p~ 2 (u)du = 1, / pH(u)du =2, / pA(w)du=mn, -

Apparently a,, | 0 as n — oo. For each n, choose a continuous function v,
supported on [ay,, a,—1], such that

2 —2
0 < tn(u) < pn(“), Vu >0,
and .
/ Up(u)du =1
Define



It is not hard to see that o, € C*(R!), p,(z) 1 |z|, |¢,(x)| < 1, and ¢! (z) =

Un(|]).

Now suppose that X;, X] are two solutions to the SDE (6.20) on a given
set-up ((Q, F,P;{F:}),&, By) with the same initial condition £. Define oy, oy
in the same way as in the proof of Theorem 6.9. For the simplicity of notation,
we set T = oy Aoy, YV 2 Xonnoiunt and Y, & X;NAU A+ By rewriting the
equation (6.30), we obtain that

Vie¥! = [ (o) = o) T (B + [ 00%) YD) T (s)ds.

According to It6’s formula,
t
on(V —Y!) = / (Ve = Y) (0(Y) — o(Y7)) 1 (s)dB,
0
t
T / (Ve — Y7) (b(Ya) = B(Y)) Lo (5)ds
0

+ ; / Pi(Ys = YD) o (Ys) = o (Y|P L0 (s)ds.

Since ¢} ,0 are bounded, we know that the first term is a martingale.
Therefore,
E[on(Y: = Y))] = I, + I,

where
o2 ] [ - YD 00 - 00 e (o))
B2 Jm] [ - ) o) - o) un(elas).
On the one hand, according to Condition (2), we have
1< Ko [ Y, - Yl
0

On the other hand, since 0 < ¢ (z) = ¥u(|z|) < 2p7%(|x|)/n, according to
Condition (1), we have

1 ton2(lY, = Y!
[2 g _E |:/ p <| S|> p2(|}/; _Y;Dds
0

T2 n

Since ¢, () 1 |z|, by the monotone convergence theorem, we arrive at
¢
B[, - Y/[) < Ky [ (EIY. - Y/ ds.
0

181



Gronwall’s inequality then implies that Y; = Y/ for all ¢ > 0. Since N is
arbitrary, the same reason as in the proof of Theorem 6.9 shows that e(X) =
e(X') and X; = X on [0,e(X)). O

The integrability condition on ¢ in Theorem 6.10 is essentially the best we
can have. The following example shows what can go wrong if the integrability
condition is not satisfied. This also gives an example in which uniqueness in
law does not hold.

Example 6.2. Consider the case n = d = 1 with b = 0. Suppose that o is
a function such that o(0) = 0, f_lla_Q(x)dx < oo and |o(z)] > 1 for |z] > 1
(for instance, o(z) = |z|* with 0 < a < 1/2). Let W, be a one dimensional
Brownian motion, and let L} be its local time process. For each A > 0, define

¢
I / o 2(x)L¥dr + ALY = / o 2(W,)ds + LY.
R! 0

According to the assumptions on o, apparently A7 is well defined and strictly

increasing. Moreover, since L? g, (c.f. Theorem 5.23), we know that A} =
oo. Let C be the time-change associated with A7, and define X} £ Wea. It

follows from Proposition 5.19 that X} is a local martingale with respect to the
time-changed filtration, and

(XM= (W)ep = G}
On the other hand, we know that
dAY = o72(W,)dt + ALY,

Now a crucial observation is that o?(W;)dL) = 0 because o(0) = 0 and

dLP({t > 0: W; # 0}) = 0. Therefore, dt = o?(W;)dA} and

cp cp t
) :/ ds :/ o?(W,)dA) :/ (X)) du.
0 0 0

According to the martingale representation theorem (c.f. Theorem 5.14), we
conclude that

t
X = / a(X3)dB,
0

for some Brownian motion B;. Therefore, we have a family of weak solutions
X with the same initial distribution X3 = 0, which are possible defined on
different set-ups because the filtrations, which depend on A, can be different.
Apparently, the distribution of X* varies for different A (if A\; < \o, then
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C2 < CM for all t, so that as A increases, X is defined by running the
Brownian motion in strictly slower speed which certainly results in a different
distribution). Therefore, uniqueness in law for the corresponding SDE does
not hold, and of course pathwise uniqueness fails as well.

Remark 6.7. The weak existence theorem and uniqueness theorems that we
just proved for the time homogeneous SDE (6.20) extend to the time inhomo-
geneous case

dXt = U(t, Xt)dBt + b(t7 Xt)dt

without any difficulty. Indeed, by adding an additional equation dX} = dt,
the time inhomogeneous equation reduces to the time homogeneous case. In
particular, Theorem 6.7 and Theorem 6.9 hold for this case. Moreover, it can
be easily seen that the proof of Theorem 6.10 works in exactly the same way
without any difficulty in the time inhomogeneous case, although we cannot
simply apply this reduction argument as the nature of that theorem is one
dimensional. In the time inhomogeneous case, the corresponding assumptions
on the coefficients in the uniqueness theorems should be made uniform with
respect to the time variable.

Remark 6.8. In the context of Theorem 6.9 or Theorem 6.10, we also know that
weak solution always exists. Therefore, according to the Yamada-Watanabe
theorem, the SDE (6.20) is exact and has a unique strong solution. In addition,
if we assume that the coefficients satisfy the linear growth condition, then for
every probability measure 1 on R”, a non-exploding weak solution with initial
distribution p exists (c.f. Theorem 6.8 and Remark 6.6). But we also know that
pathwise uniqueness implies uniqueness in law, which is part of the Yamada-
Watanabe theorem (c.f. Theorem 6.2). Therefore, every weak solution must
not explode (note that the explosion time is intrinsically determined by the
process, so if two processes have the same distribution, their explosion times
will also have the same distribution).

6.5 A comparison theorem for one dimensional SDEs

Now let us use the same technique as in the proof of Theorem 6.10 to establish
a useful comparison result in dimension one.

Let o(t,x),b;i(t,x) (1 = 1,2) be real-valued continuous on [0,00) x R'. We
consider the SDEs

dX; = o(t, X;)dBy; + b;(t, X;)dt (6.31)

fori =1,2.

We assume the same condition on ¢ as in Theorem 6.10, i.e. there exists a
strictly increasing function p on [0, 0o) such that p(0) =0, f;. p~*(u)du = oo,
and |lo(t,z) — o(t,y)|| < p(Jz —yl|) for all t > 0 and z,y € R".
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Theorem 6.11. Suppose that

(1) by(t,x) < bo(t,x) for allt >0 and v € R!;

(2) at least one of b'(t,x) is locally Lipschitz, i.e. for some i = 1,2, for
each N > 1, there exists Ky > 0, such that

‘bz(t,l') - bl(tayﬂ < KN|x - y|

for allt >0 and z,y € R* with |z|,|y| < N
Let X} (i = 1,2) be a solution to the SDE (6.31) on the same given filtered
probability space up to the intrinsic explosion time, i.e. X] satisfies

t t
X; =Xé+/ a(s,X2>dBS+/ bils, XJ)ds, 0<t<e(X),
0 0

for i = 1,2. Suppose further that X} < X& < oo almost surely. Then with
probability one, we have

X} < X7Vt <e(XY) Ae(X?).

Proof. Suppose that by (¢, x) is locally Lipschitz.
Define 1, in the same way as in the proof of Theorem 6.10, but we set

oulr) 24 T
)= foxdyfoyz/}n(u)du, x> 0.

Then ¢, € C*(RY), ¢p(z) T 2™, 0 < ¢ (x) <1, and ¢l (z) = ¥ (2)Lzs0}-

We also localize X!, X? in the same way as in the proof of Theorem 6.10,
so we define Y7 £ X! ., (i = 1,2) where 7 £ o}, A 02

By applying [t6’s formula, we have

Pu¥ = V) = I+ 12+ I, (6.32)
where
A / o (o (5,Y2) = (s, Y2)) Lo (5)dB,,
22 / G (V2 = Y2)(bu(s, V1) = bals, Y2)) L (3)ds,
o2 / Gu(Y2 = Y2) (05, YY) = 0(5,Y2))" gy (s)ds.
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From the boundedness assumption, we know that E[I!] = 0. Moreover,

Bl = oE [/ (V) = YA Loz (o5, Y)) = 0, Y2) 1o (s)ds

1 207y} - Y.
< _E |:/ P (| s s D -pQ(‘Y;,l —Yf])ds
2 0 n

t
< -
n

And also we have
t /!
B[00 =Y. = bl Y (5)ds
_ / 6. ( 2) (by(5, Y1) — bi(s, Y2)) 10 (5)ds
/ i (b1 (5, Y2) = ba(s, Y2)) Lo (5)ds
< [ G~ bl Y (51
0
t
< K/ Ly Y = Y{lds
— K/ —Y2)*"ds.
Therefore, by taking expectation on (6.32) and letting n — oo, we arrive at
t
B ~ Y2 < K [ BV}~ Y2)ds.
0
According to Gronwall’s inequality, we conclude that
E[(Y;' —=Y?)*] =0, Vt>0,
which implies that with probability one,

VI <Y? vt > 0. (6.33)

Now the result follows from letting N — oc.
In the case when by(t, z) is locally Lipschitz, the same argument gives the
desired result. O
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Remark 6.9. If we make a more restrictive assumption that by (¢, z) < by(t, x)
for all t > 0 and = € R!, then we do not need to assume that at least one of
b is locally Lipschitz. Indeed, after suitable localization, we may assume that
bi(t,x) is uniformly bounded on [0, 7] x R! for each fixed T > 0. In this case,
it is possible to choose some b(t, z) defined on [0,7] x R! which is Lipschitz
continuous. If we consider the unique solution to the SDE

dXt = O'(t, Xt)dBt + b(t, Xt>dt, 0 < t < T,
Xo = X¢,

then the argument in the proof of Theorem 6.11 shows that with probability
one
V<X, <Y? Vtelo,T).

As T is arbitrary, we conclude that (6.33) holds, which implies the desired
result by letting N — oco.

6.6 Two useful techniques: transformation of drift and
time-change

In this subsection, we introduce two important probabilistic techniques of solv-
ing SDEs in the weak sense. These techniques usually apply to SDEs with
discontinuous coefficients, hence they are not covered by the existence and
uniqueness theorems that we have proven so far.

The first technique is transformation of drift, which is an application of the
Cameron-Martin-Girsanov transformation. For this part, we are interested
transforming an SDE

dX; = a(t,X)dB, + B(t, X)dt, 0<t<T, (6.34)
to another SDE
dX; = a(t,X)dB; + 6’(t,X)dt, 0<t<T, (6.35)

which has the same diffusion coefficient « but a different drift coefficient /'
In practice, we usually want 5’ = 0. In view of the Cameron-Martin-Girsanov
transformation, we will always fix 7" > 0 and consider SDEs defined on the
finite interval [0, 7.

In this part, we will always make the following assumption.

Assumption 6.2. There exists some v : [0,T] x W™ — R% such that v is
bounded, {B,(W™")}-progressively measurable, and

B'=p+a.
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This is the case when n = d if « is invertible with bounded inverse, and

B, 8" are bounded.
Suppose that X} is a solution to the SDE (6.34) on some filtered probability
space (Q, F,P;{F;: 0<t<T}) with an {F;}-Brownian motion B;. Define

t 1 [t
£ 2 oxp (/0 v*(s, X)dB, — 5/0 ||7(87X)||2d8) -

Since 7y is bounded, according to Novikov’s condition (c.f. Theorem 5.18), we
know that {&, F;: 0 <t < T} is a martingale. Define a probability measure
P on Fr by _

P(A) £ E[14&)], A€ Fr.

It follows from Girsanov’s theorem (c.f. Theorem 5.17) that
. t
B, & Bt—/ (s, X)ds, 0<t<T,
0

is an {F; }-Brownian motion under the probability measure P. Therefore, under
P, X, satisfies

X, = X0+/0 a(s,X)d§s+/O (B(s, X) + als, X)v(s, X)) ds
— XO—l—/otoz(s,X)dES—i—/otﬁ/(s,X)ds.

In other words, X; solves the SDE (6.35) with the new Brownian motion B,

under P.
On the other hand, suppose that X; solves the SDE (6.35) with Brownian
motion B;. By defining

e 2o (= [ 72008~ [ 1ot 0lds).

the same argument shows that X, solves the SDE (6.34) with Brownian motion
- t
B, £ B, +/ (s, X)ds, 0<t<T, (6.36)
0
under the probability measure

P(A) £ E[14£;], A€ Fr. (6.37)
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Now we consider uniqueness. A crucial point is the following: we can as-
sume without loss of generality that v = a*n for some {B;(W")}-progressively
measurable n : [0,7] x W™ — R™. Indeed, for each (t,w) € [0,T] x W™, write

R* = (Im(a” (t, w))) @D (Im(a* (t,w))")

where we regard o*(t,w) as a linear map from R"™ to R?. Under this decompo-
sition, we can write

V(tv w) =N (t’ w) + 72(tv w)

for some 71 (¢t,w) € Im(a*(t,w)). Since v, is defined pointwisely and [|y;| <
|7]l, we know that ~; is bounded, {B;(W™)}-progressively measurable. More-
over, since

(Oz(t, w)72(t> w)a y> = <72(t7 w)? O‘*<t7 U))y) = 07 ‘v’y € Rn7

we have a(t, w)y,(t,w) = 0, and hence a(t,w)y(t,w) = a(t,w)y(t,w). As
7 (t,w) € Im(a*(t,w)), there is a canonical way of choosing 7 such that v, =
a*n and n is {B;(W™)}-progressively measurable. For instance, we can define
n(t,w) to be the unique element in the affine space {n € R" : o*(t, w)n(t, w) =
7 (t, w)} which minimizes its Euclidean norm. In the following, we will assume
that v = a™n.

Suppose that uniqueness in law holds for the SDE (6.34). Let X; be a
solution to the SDE (6.35) with Brownian motion B;. It follows from the
previous discussion that X; solves the SDE (6.34) with a new Brownian motion
B, defined by (6.36) under the new probability measure P defined by (6.37).
However, we know that for every A € Fr,

( (s, X)dB, +;/T ||7(5,X)||2ds)}
[ 1 )
o[

_ :lAeXp (/0 (5, X)dX, — / ( )+%\|7(3,X)||2) dsﬂ |

In particular, for given k£ > 1, 0 < t; - < t, T and f € C(R™F), we

P(A)

= E|[1lsgexp
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have

Ig[f(th e ath)]

=K [f(Xt“ ce 7th)
e ([ s [ (06:20806.2) + (s, 0) a5 )]

But the integrand of the expectation on the right hand side is a functional of
{X;: 0 <t < T} Soitsdistribution is uniquely determined by the distribution
of X. Since uniqueness in law holds for the SDE (6.34) and X solves this SDE
under I?D, we conclude that the distribution of X under IP is uniquely determined
by the distribution of X under P. In particular, uniqueness in law holds for
the SDE (6.35). Conversely, similar argument shows that uniqueness in law
for the SDE (6.35) implies uniqueness in law for the SDE (6.34).
To summarize, we have obtained the following result.

Theorem 6.12. Under Assumption 6.2, the existence of weak solutions and
uniqueness in law are equivalent for the two SDEs (6.34) and (6.35).

The following is an important example which is not covered by our existence
and uniqueness theorems so far, but it is within the scope of Theorem 6.12.

Example 6.3. Let 8 : [0, 7] x W? — R? be bounded, {B;(W%)}-progressively
measurable (here n = d). Then weak existence and uniqueness in law hold for
the SDE

dX; =dB;+ B(t, X)dt, 0<t<T. (6.38)

Indeed, we can just take v 2 J in the previous discussion to see that weak
existence and uniqueness in law are both equivalent for the SDE

dXt:dBt7 Ogth,

and the SDE (6.38). In particular, the law of the weak solution with initial
distribution ¢, is determined by

E[f(Xt17"' 7th)]
= 5 ft oo ([ st -5 [ 1stwlPas)

for k >1,0<t <+ <t <T,and f € Cy(R¥F), where P is the law of
the Brownian motion starting at x, and w, is the coordinate process on path
space.

It should be pointed out that existence and uniqueness only hold in the
weak sense. In general, the SDE (6.38) can fail to be exact.
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Now we study another useful technique: time-change. This technique ap-
plies to the one dimensional SDE of the following form:

dX; = a(t, X)dBy, (6.39)
where we assume that there exists constants Cy, Cy > 0, such that
C1 < at,w) < Cy, Y(t,w) € [0,00) x W

We have already seen the notion of a time-change in Section 5.6. Here
we consider a more restrictive class of time-change. Denote Z as the space
of continuous functions a : [0,00) — [0,00) such that ayg = 0, t — a; is
strictly increasing and lim;_,, a; = co. An adapted process A; on some filtered
probability space is called a process of time-change if for almost all w, A(w) € Z.
As in Section 5.6, we use C; to denote the time-change associated with A;. In
this case, C, is really the inverse of 4,. Given a process X;, we use T4 X = X,
to denote the time-changed process of X; by C; (c.f. Definition 5.12).

The following result gives a method of solving the SDE (6.39) by using a
time-change technique.

Theorem 6.13. (1) Let b, be a one dimensional Brownian motion defined on
some filtered probability space (Q, F,P; {./’N:t}) which satisfies the usual condi-
tions. Let X, be an Fy-measurable random wvariable. Define & & Xy + by
Suppose that there exists a process A; of time-change on ), such that with
probability one, we have

¢
Ay :/ oAy, TA€)2ds, Yt =0, (6.40)
0

If we set X 2 T4 = Xy + be. and F, & .7?0“ then there exists an {F;}-
Brownian motion By, such that X; solves the SDE (6.39) on (0, F,P;{F:})
with Brownian motion B;.

(2) Every solution to the SDE (6.39) arises in the way described by (1).

Proof. (1) Let b;, Xo and A; be given as in the assumption. According to
Proposition 5.19, we know that M = T4b € MK°({F;}) and (M); = C;. In
view of (6.40), we have

(A, TAE)2dA, = dt,
so that . .
t:/ a(AS,TAf)QdAS:/ oAy, X)2dA,,
0 0
and hence

Cy t
C, :/ oAy, X)2dA, :/ a(u, X)*du.
0 0
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If we define B, = fot a(s, X)tdM,, by Lévy’s characterization theorem we
know that B, is an {F;}-Brownian motion, and

t
Xt — X(] = Mt = / O[(S,X)dBS.
0

In other words, X; solves the SDE (6.39) on (Q, F,P;{F;}) with Brownian
motion B;.

(2) Let X; be a solution to the SDE (6.39) on some filtered probability space
(Q, F,P; {F;}) with Brownian motion B,. Then M. & X. — X, € MP*({F})
and (M), = f(f a(s, X)%ds. Let A, be the inverse of (M),. Define b = T \f
and ]?t £ Fa,. It follows that b, is an {ft}—Brownian motion, and M = T“b.
If we define & = X, + b;, then apparently X = T4¢. In addition, since

= [ alsX) 0000,

a simple change of variables shows that

¢ ¢
A = / a(Ag, X)) 2ds = / (A, TA€)2ds.
0 0

Therefore, X; arises in the way described by (1). ]

An important corollary of the second part of Theorem 6.13 is that if the
ordinary differential equation (6.40) is always uniquely solvable from (X, b) in
a pathwise sense, then weak existence and uniqueness in law hold for the SDE
(6.39). Indeed, in this case the solution X is some deterministic functional
of Xy and b, so that its distribution is uniquely determined by the initial
distribution and the distribution of Brownian motion.

Example 6.4. Consider the time homogeneous SDE
dXt = a,(Xt)dBt,

where ¢ : R! — R! is a Borel measurable function such that C; < a < Cy
for some positive constants C1, Cy. By setting a(t,w) = a(w,), the differential
equation (6.40) becomes

t t
A= / a ((TAf)AS)_2 ds = / a(&,)2ds. (6.41)
0 0
Apparently A; is uniquely determined by X and b, and it is simply given by the

formula (6.41). Therefore, X = T4¢ defines a weak solution and uniqueness
in law holds.
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Example 6.5. Consider the time inhomogeneous SDE
dXt = a(t,Xt)dBt,
where a : [0,00) x R! — R! is a Borel measurable function such that C} <

a < Csy for some positive constants C, Cy. By setting a(t,w) £ a(t,w,), the
differential equation (6.40) becomes

t
At:/ a<As>€s)72dS>
0

Ay 1
dt — a(At,&)27
Ay = 0.

or

This equation has a unique solution along each fixed sample path of &, for
instance if a(t, ) is Lipschitz continuous in ¢. In this case, X = T¢ defines a
weak solution and uniqueness in law holds.

Example 6.6. Let f(x) be a locally bounded, Borel measurable function on
R!, and let a(z) be a Borel measurable function on R! such that C; < a < Cy
for some positive constants C;, Cy. For a fixed y € R!, define

t
alt,w) = a (y +/ f(ws)ds) . (t,w) €[0,00) x W
0
Consider the SDE
t
dX, = a(t, X)dB, = a <y +/ f(Xs)ds) dB,.
0

The differential equation (6.40) now becomes

-2

¢ Ay
A = /0a<y—|— i f(fcu)du) ds

_ /Ota<y+/osf(§u)Audu>_2ds.

75é t uAu .
z /Of(f) du

Define

It follows that
dZ,

dt

f(&)

_ fend, = L&)
&A= 0z
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and hence . ,
/ aly + Z,)*dZ, = / f(&s)ds.
0 0

If we set -
d(z) = / a(y + 2)%dz, x € R,
0

then ®(z) is continuous, strictly increasing and

v(z) = [ s€)is

7= ( / tf(fs)ds> ,

and A; is uniquely solved as

A = /Ota (y + ot (/Osf(fu)du>)2 ds.

In this case, X £ TA¢ defines a weak solution and uniqueness in law holds.
A particular example is that f(z) = z. In this case, the SDE is equivalent
to the following equation of motion with random acceleration:

Therefore,

dY; = X,dt,
dXt = a(Y})dBt,
Yo=1y.

6.7 Examples: linear SDEs and Bessel processes

In this subsection, we discuss several useful examples of SDEs.

The first type of examples that we are going to study are linear SDEs. This
is a nice case where we can obtain explicit formulae.

Consider the SDE

dX, = (A(t) X, + a(t))dt + o(t)dB;, (6.42)

where A(t),a(t) and o(t) are bounded, deterministic functions taking values
in Mat(n,n), Mat(n, 1) and Mat(n, d) respectively.

This SDE can be solved explicitly in the following way. First of all, from
classical ODE theory, we know that the matrix equation

dt

WU — A(H)D(t), t > 0;
®(0) = Id,,
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has a unique solution ®(¢) which is absolutely continuous. Moreover, it is not
hard to see that ®(¢) is non-singular for every ¢ > 0. Indeed, suppose on the
contrary that for some ¢, > 0 and some non-zero A € R", we have ®(tp)\ = 0.
Since the function x(t) £ ®(t)\ solves the ODE

dx(t)
dt
with condition z(ty) = 0, from the uniqueness of (6.43), we know that z(¢) = 0
for all ¢. But this contradicts the fact that z(0) = ®(0)A = X # 0. Therefore,
®(t) is non-singular for every ¢ > 0. In the case when A(t) = A, ®(t) is
explicitly given by

= A(t)z(t) (6.43)

2, Aktk
__ A tA A
O(t) = = R

k=0
and ®~1(t) = e7t4,
(1) is called the fundamental solution to the ODE (6.43). The reason of
having this name is simple: the solution to the inhomogeneous ODE

dx(t)
dt

and even to the SDE (6.42) can be expressed in terms of ®(¢) and the coef-
ficients. Indeed, it is classical that the solution to the ODE (6.44) is given
by

= (A(t)z(t) + a(t)) (6.44)

Moreover, by using It6’s formula, it is not hard to see that

¢ ¢
X, 2 0(t) (Xo +/ d(s)a(s)ds +/ @1(3)a(s)st> (6.45)
0 0
is a solution to the SDE (6.42). This is the unique solution because pathwise
uniqueness holds as a consequence of Lipschitz condition.
Since the integrands in the formula (6.45) are deterministic functions, we

know that X; is a Gaussian process provided X is a Gaussian random variable.
In this case, the mean function m(t) = E[X,] is given by

and the covariance function p(s,t) £ E[(X, —m(s)) - (X; — m(t))*] is given by
p(s,t) = ®(s) (p(0,0) + /08 O (u)o(u)o* (u) (q)_l(u))*du) o*(t), s,t>0.
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A important example is the case when n = d = 1, A(t) = —v (y > 0),
a(t) =0, o(t) = o, so the SDE takes the form

dXt = —'}/Xtdt + UdBt.

This is known as the Langevin equation and the solution is called the Ornstein-
Uhlenbeck process. In this case, the solution is given by

t
Xt = Xoei’yt + O'/ eiy(tis)st.
0

If X, is a Gaussian random variable with mean zero and variance n?, then X,
is a centered Gaussian process with covariance function

p(s,t) = et (772—{—02/ ezwdu>
0

2 2
_ 2 _ T\ astt) T At
(77 27) ‘ * 276

provided s < t. In particular, if n*> = 02/(27), then X, is also stationary in the
sense that the distribution of (X, 4p,- -+, Xy, 4s) is independent of h for any
given k > 1 and t; < -+ < l;.

We can generalize the SDE (6.42) to the case where the diffusion coefficient
depends linearly on X,. For simplicity, we only consider the one dimensional
case (n = d = 1), in which the SDE takes the form

dX, = (A()X, + a(t))dt + (C(H)X, + c(t))dB,. (6.46)

Of course we also have pathwise uniqueness in this case.

To write down the explicit solution for this SDE, it is helpful to first under-
stand heuristically how to obtain the formula (6.45) in the previous discussion.
Indeed, in the SDE (6.42), the linear dependence on X; appears only in the
term A(t)X,dt, which can be viewed as contributing to an “exponential form”
of the solution. Since ®(t) behaves like the exponential of [ A(t)dt, it is rea-
sonable to expect that if we apply Itd’s formula to the process ®~1(¢)X;, all
those terms involving X; should get killed and we will obtain that

A1) X,) = & (t)a(t)dt + 7 (t)o(t)dB,.

The reader might do the computation to see that this is indeed the case.
Now to solve the SDE (6.46), note that the linear dependence on X; ap-

pears in the terms A(t)X; and C(t)X;. These two terms should contribute

to the “exponential form” of X;. Therefore, taking into account the fact that
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C'(t) appears in the diffusion coefficient, we may define the “exponential” of

(A@),C(1)) by

70 & exp ( /0 " A(s)ds + /0 ' O(s)dB. - % /0 t 02(s)ds> |

Then it is reasonable to expect that after applying It6’s formula to the process
Z;7'X,, we should arrive at an expression which does not involve X,. This is
indeed the case, and we can obtain that the solution to the SDE (6.46) is given
by

X, =7, (Xo + /Ot Z N a(s) — C(s)e(s))ds + /Ot Zs_lc(s)dBS) .

An important example is the case when A(t) = p, C(t) = o, and a(t) =
¢(t) = 0. In this case, the SDE takes the form

dXt = ,uXtdt + O'XtdBt
and the solution is given by
X, = XoetttoBimzo®t

X, is known as the geometric Brownian motion.

Another type of examples that we are going to study are Bessel processes.
These are one dimensional SDEs. They are important and useful because a lot
of explicit computations are possible and many interesting SDE models can be
reduced to Bessel processes.

We first take a slight detour to discuss a bit more about one dimensional
SDEs.

In the one dimensional case, explosion can be described in a more precise
way as there are exactly two possible ways to explode in finite time: to the
left or to the right. Therefore, we may consider more generally an SDE

{dXt = o(X,)dB; + b(X,)dt, >0, (6.47)

X():ZEE[,

defined on an open interval I = (I,7) with —oo < I < r < oo, and we think
of I and r as two points of explosion. In Section 6.3, we were essentially
identifying [ and r in the case of explosion, which we do not want to do here.
The argument here fails in higher dimensions, and indeed very little is known
for the geometry of multidimensional diffusions.

Suppose that o,b are continuously differentiable on I. According to the
Yamada-Watanabe theory (continuity gives weak existence and local Lipschitz
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condition gives pathwise uniqueness), the SDE (6.47) has a unique solution
X} defined up to an explosion time e. More precisely, e = lim,,_,, 7,,, Where
T, = inf{t > 0: X7 ¢ [an,b,]} and a,,b, are two sequences of real numbers
such that a, | [, b, T r. If we define W to be the space of continuous paths
w : [0,00) = [I,r] such that wy € I and w; = weqw) for t > e(w), where
e(w) £ inf{t > 0: w, = or r}, then X? is a random variable taking values
in W! , and the explosion time of X* is e = e(X®). What is more precise than
Section 6.3 is that lim. X[ exists and is equal to [ or 7 on the event that
{e < o0}, a fact which can be proved by the same argument as in the proof of
Theorem 6.7 and the continuity of X*.

From now on, we always assume that o> > 0 on 1.

The following quantities play a fundamental role in studying the geometry
of one dimensional diffusions.

Definition 6.9. Let ¢ € I be a fixed real number.
(1) The scale function is defined by

s(z) = /cw exp (—2/C5 :2((2))(%) ¢, zel.

(2) The speed measure is defined by

N 2dx
m(dx) = W’ x el

(3) The Green function is defined by
a (s(xAy) —s(a))(s(b) — s(zVy))
s(b) — s(a)

We first show that these quantities can be used to compute expected exit
times.

Let [a,b] C I. Consider the ODE

Ga,b(l’, y)

, x,y € [a,b] C 1.

{b(f)M’@) T30 (@M (@) = -1, a<w<b (6.48)

x
M(a) = M(b) = 0.
It is not hard to see that a solution is given by
b
Ma,b(x) é/ Ga,b<x7y)m(dy>7 S [CL?b]'

In particular, M, is non-negative.
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Define 7,, = inf{t < e: X7 ¢ [a,b]}. According to It6’s formula and the
ODE (6.48), we see that

Ta,b/\t
Mo p(XT  ne) = Map(z) + / M o(X3)o(XT)dBs — Tap At
0

Therefore,
Elrap At] = Myp(z) — E[M, (X7 b/\t)] < Myp(z) < o0. (6.49)

In particular, 7, is integrable. Indeed, in view of the boundary condition for
the ODE (6.48), by letting ¢ — oo in (6.49), we have obtained the following
result.

Proposition 6.1. The expected exit time E[7,,] equals M,,(x). In particular,
Tap < 00 almost surely.

Note that Proposition 6.1 does not imply that e < oo almost surely. In
fact, we are going to study the limiting behavior of X as t — e and give
a simple non-explosion criterion for X;. This is the content of the following
elegant result.

Theorem 6.14. (1) Suppose that s(I4+) = —oo and s(r—) = oo, then
Ple =00) =P (limsupr = r) =P <1imianf = l) =1
t—00 t—o0

(2) If s(I+) > —o0 and s(r—) = oo, then limy, X[ exists almost surely and

P (lime = l) =P (supr < r) =1
tte t<e

A similar assertion holds if the roles of I and r are interchanged.
(3) If s(I+) > —o0 and s(r—) < oo, then

P (1%1 X7 = l) —1-P (13%?)(;6 - 7’) - (( )) 8(3“1)) (6.50)
) =

Proof. The main feature of the scale function is that (As)(z) =0 for all x € I,
where

(Af) () = 50 (@) () + b(x) ()

is the generator of the SDE. Given | < a < x < b < r, we again consider the
first exit time 7,;. According to the martingale characterization for the weak
solution, we know that s(X7  .,) —s(z) is a martingale. In particular, we have

E |s(X2 )| = s@).
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By letting t — oo and noting that 7,;, < co almost sure (c.f. Proposition 6.1),
we obtain that

s(a)P <Xfa’b - a) +s(b)P (Xfayb - b) = s(z)

el P(Xz, =a)+P(x5, =b) =1
Therefore,

(1) Suppose that s(l+) = —oo and s(r—) = oo.

In this case, lim, P(X7 | =b) = 1. Since {X7 , = b} C {sup,.. X; > b}
for all a, we conclude that P(sup, . XJ > b) > 1. This is true for all b, which
implies that P(sup,., X = r) = 1. Similarly, we have P(inf;.. X} = [) = 1.
This in particular implies that P(e = oo) = 1, for otherwise on the event
that {e < oo}, we know that limy. X; exists and equals { or r, which is a
contradiction.

(2) Suppose that s(I+) > —oo and s(r—) = oo.

In this case, by the discussion in the first case, we see that

P <ianf - z) ~ 1. (6.51)

t<e

On the other hand, the process
VL S(X2 ) - s(i4)

is a non-negative martingale. According to Fatou’s lemma, by letting a | [, b 1
r, we conclude that
Yy 2 s(XZ) — s(l+)

is a non-negative supermartingale. In particular, with probability one lim; ., Y;
exists finitely. This implies that lim. s(X[) exists finitely. But s is continuous
and strictly increasing, we therefore know that lims. X exists almost surely.
In view of (6.51), we conclude that P(limy. X7 = ) = 1. This also implies
that P(sup,., X7 < r) =1 since {limy. X7 =1} C {sup,., X7 <1}

The case when s(I+) = —oo and s(r—) < oo is treated in a similar way.

(3) Suppose that s(I+) > —oo and s(r—) < oo.

In this case, we have

P (supr > b) > M

t<e



for all b. Therefore,

v _ s(x) — s(i+)
¥ (Sthe)X B T) > s(r—) —s(l+) (6.52)
Similarly,
i (mf Xe = z) 5 (=) = s(@) (6.53)
t<e ~ s(r—) — s(l+)’ '

On the other hand, by the discussion in the second case, we see that lim. X
exists almost surely. Therefore,

{ltlng —7’} = {Szlith —T}, {ltlng —l} {%I<1£X —l}

In particular, these two events are disjoint. Since the right hand sides of (6.52)
and (6.53) add up to one, we arrive at (6.50). O

Remark 6.10. In the first case in Theorem 6.14, we see that X}’ is recurrent, in
the sense that P(o, < 00) = 1 for every y € I, where o, = inf{t > 0: X, = y}.
This case gives a simple non-explosion criterion for the SDE. In the second
and third cases, there exists an open subset U of (I, ), such that with positive
probability X never enters U. In these cases, it is not clear whether X}
explodes in finite time with positive probability. The famous Feller’s test
studies explosion and non-explosion criteria in a pretty elegant way, in terms
of a more complicated quantity than just the scale function. We are not going
to discuss Feller’s test here, and we refer the reader to [4] for a more detailed
discussion.

Now we come back to the example of Bessel processes.

Let B; = (B},---, B") be an n-dimensional Brownian motion. R, = |B;| is
known as the Classmal n-dimensional Bessel process. By applying 1t6’s formula
to the process p, = R? = Y7 (B})?, formally we have

dpy = 2 BldBj+ ndt
=1

i, BidB
Vo

W, 2 Z/ BidB!

+ ndt.

= 2/p -

But the process
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is a one dimensional Brownian motion according to Lévy’s characterization
theorem. Therefore, p; solves the SDE

dp = 2/pedW; + ndt.

In terms of the SDE, we can generalize the previous notion of Bessel pro-

cesses to arbitrary (real) dimensions. To be precise, consider the one dimen-
sional SDE

dpt = 2\/ ‘,Ot|dBt + Oédt, (654)

where a > 0 is a constant.

Proposition 6.2. The SDE (6.54) is exact without explosion to infinity in
finite time. Moreover, if po = 0, then py > 0 for all t.

Proof. Since the coefficients are continuous, weak existence holds. From the
inequality |z — /y| < /z —y, pathwise uniqueness holds. Moreover, since
V7] < (1 +]2|)/2, the solution cannot explode. Therefore, the SDE is exact
without explosion.

Now observe that the unique solution to the SDE

{dpt—2\/’pt|dBt, t}O,

p0:07

is the trivial solution p = 0. According to the comparison theorem (c.f. Theo-
rem 6.11), we conclude that the solution p; to the SDE (6.54) is non-negative,
provided that py > 0. O

Due to Proposition 6.2, when writing the SDE (6.54), we may drop the
absolute value inside the square root.

Definition 6.10. Given a > 0 and = > 0, the solution to the equation

t
pt—ac—I—Q/ \V/psdBs + ot
0

is called a squared Bessel process starting at x with dimension « and it is
a

simply denoted as BSEQ®. The process R; = /p; is called a Bessel process
starting at \/x with dimension « and it is simply denoted as BSE®.

From the comparison theorem again, we easily see that if p}, p? are BESQ*',BESQ*?
starting at zy, xo respectively such that a; < ag,x; < 9, then p} < p? for all
t.
An important property for Bessel processes is the additivity property. For
a >0,z > 0, we use Q2 to denote the law of BESQ® starting at = on the path
space Wi,
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oy @ az . M)X1to2
Proposition 6.3. Let ai,as > 0 and vy, 15 2 0. Then Qg * Q22 = Q) 157,
where x means convolution of two measures.

Proof. In terms of processes, it is equivalent to prove the following. Suppose
that B!, B? are two independent Brownian motions. Let pi (i = 1,2) be the
unique solution to the following SDE:

{dp;' = 2y/pidBi + aydt, t >0,

po = Ti.
Then p} £ p} + p? solves the SDE

dp? = 2+/p3dB; + (a; + ao)dt, t >0,
P8 = 1 + 9,

for some Brownian motion B;. Indeed, this is true because
t
PP = m+ay+ 2/ (\/pgdB,j + Mp?dB?) + (a1 + ag)t
0

t VpidBl  \/p2dB?
= o1+ +2/ V- =+ = | + (a1 + )t
sl T2 0 P ( \/p—g \/p—zs,) ) (al 062)

t
= 1+ 22+ 2/ V P2dBs + (a1 + ag)t,
0

where
B A / [ VpadBs | pidB;
t =
o \ Vri VP
is a Brownian motion according to Lévy’s characterization theorem. O]

We can also derive the Laplace transform of a BSEQ®™ explicitly. In fact, if
a €N, let p! (1 <i<a)beaBESQ' starting at /a (driven by independent
Brownian motions). According to Proposition 6.3, we have

) N T\ @ 1 Dz
B oot = (B[ ])" - e ™, 059)

where we have used the formula for the Laplace transform of the square of a
Gaussian random variable. This formula must be true as the additivity holds
even when « is not an integer, as indicated by Proposition 6.3. In other words,
we have the following result.
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Proposition 6.4. The formula (6.55) gives the Laplace transform for a BESQ®
starting at x for arbitrary o, x = 0. In particular,

_ (@42

e 2t a— Ty
P(Rt S dy) = W?J 1‘[(35/2—1 (7) y Y > 07

where Ry is a BES™ starting at x, and

L) & (5) S

n=0

15 the modified Bessel function.

Proof. The function v(t,z) defined by the right hand side of (6.55) is in
Cy%([0,00) x [0,00)) and satisfies dv/dt = Av, where

(Af)(@) = 2a|f"(2) + af (x)
is the generator of the SDE (6.54). Given ¢, > 0, define
u(t,r) = v(ty —t,x), (t,x) € [0,t9] x [0,00).

By applying Itd’s formula to the process u(t, p;), we can see that u(t, p;) —
u(0, z) is martingale (one may see the integrability of the quadratic variation
process by comparing p; with a BESQ® where o/ > « is an integer). Therefore,

Elu(to, pr,)] = E[u(0, z)],

which is exactly the formula (6.55) at .
The second part follows from inverting the Laplace transform and the fact

that Ry = /pr. O
Another interesting property is the behavior at the boundary point 0.

Proposition 6.5. Let R; be a BES™ starting at \/x > 0. If a > 2, then with
probability one, R, never reaches 0.

A

Proof. Tt is equivalent to looking at p; = R?. Let e = inf{t > 0 : p; = 0}.
As we are only concerned with the process before e, we can use the model
(6.47) with I = (0,00) and think of 0 and co as two explosion times. In this
framework, consider the scale function

v Y 2adz T a
s(z) = / exp (—/ 1 ) dy = / Yy~ zdy.
1 1 z 1

In particular, s(0+) = —oc if and only if @ > 2, and s(o0) = oo if and only
if a < 2. Therefore, the result follows from Theorem 6.14 (Case (1) for v = 2
and Case (2) for a > 2). O
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Remark 6.11. By using Feller’s test of explosion, it is possible to show that if
0 < a < 2, then with probability one, R; reaches 0 in finite time. Moreover,
by using pathwise uniqueness and local times (we leave this part as a good
exercise), one can show that the point 0 is absorbing (i.e. the process remains
at 0 once it reaches it) if « = 0 and reflecting (i.e. whenever Ry, = 0, we have
for any ¢ > 0, there exists t € (to, %o + 0) such that R, > 0)if 0 < o < 2.

As we mentioned before, Bessel processes are useful because they are related
to many interesting SDE models. Here we present two of them: the Cox-
Ingersoll-Ross processes and the Constant Elasticity of Variance processes.

(1) The Cox-Ingersoll-Ross (CIR) model
Consider the SDE

{drt = k(0 —r)dt + o\/ridBy,, =0, (6.56)

r0:$>07

where k-6 > 0 and o # 0. Apparently, the SDE (6.56) is exact without
explosion. Moreover, according to the comparison theorem, we know that

ry > 0 for all t. The solution to this SDE is nothing but a time-change and
rescaling of a BESQ.

Proposition 6.6. The solution r, to the SDE (6.56) is given by

r, = —kt 0-_2 kt_l
t =€ P 4k(e ) )

where p; is a BESQ™ starting at x with o £ 4k6 /0>

Proof. Let Z, & re*. According to the integration by parts formula, we have
t
Z, :ac—|—9(ekt —1)+ ae%\/ZSdBS.
0

To relate Z; with a BESQ), let A; be a non-negative, increasing function to be
determined and let C; be the associated time-change. It follows that

Ch
Ze, = x40 —1)+ | oe%\/Z,dB,
0

t ECs
= x+0(ekct—1)—|—2/ 0622 N/ Ze.dBe..
0

In view of the SDE (6.54) for a BESQ, we want
A [foes
Wt - dBCS
0
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to be a Brownian motion. This is equivalent to saying that

2 kCy
dw, =2 Z Cldt = dt,
and hence -
7 -,

Since we also want Cy = 0, we obtain easily that

and this is the increasing function ¢ — t = A. that we need. C}; would just be
the inverse of A,. If we set p, £ Z¢,, then

4k0 ¢
pt:,Z'—i-?t—'—Q/ \/deWs,
0

which shows that p, is a BESQ® starting at = with a 2 4kf/0?. The result
then follows. O

From Proposition 6.6 and Theorem 6.14, we know that r, never reaches 0
if k6 > 02 /2, provided ro = = > 0.

(2) The Constant Elasticity of Variance (CEV) model

Consider the SDE

{dst = Si(udt + 0S/dBy), t>0, (6.57)

S():I>O,

where 8 > 0 and o # 0. Apparently, the SDE (6.57) is exact.
We first look at the case when u = 0. Let 79 2 inf{t > 0: S; = 0}. Define

1
ey 5*2/5

= , t<T9ANe.
pt 0'2/62 t 0

According to Itd’s formula, we have

1 K 1
= 29;—2ﬂ+2/ w)_sdws+(2+—)t, t<mNe,
0'5 0 5

where W, £ —B, is a Brownian motion. Therefore, p; is a BESQ® starting at
0215235_26 with o £ 2+~ > 2. In particular, we know that p, does not explode
in finite time and hence P(1p = o0) = 1. In other words, S; never reaches
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0. Moreover, according to Proposition 6.5, we know that p; never reaches 0.
Therefore, S; does not explode in finite time. Since

Sy = L 2Bp_zlﬁZ:L"+a/tSl+5dB
0232 t 0 U w

we see that S; is a local martingale with strictly decreasing expectation. In
particular, S; is not a martingale (of course it is a non-negative supermartin-
gale). The distribution of S; can be easily computed from the distribution of
BESQ.

Now we consider the case when p # 0. Similar to the previous discussion,
let 7o £ inf{t > 0: S; = 0}, and define
A L S—zﬁ

Ty =

= t <719 /Ne.
4/82 t Y

According to Ito’s formula, we obtain that

1 t t
Ty = 4—ﬁ2$725 +/ k(0 —rs)ds + (—o) - / VrsdBs, t<ToNe.

0 0
where k = 2uB3, 0 £ (28 + 1)0%/(4kp3). In particular, 7, satisfies the CIR
model with parameters k, 0, —o. Therefore, r; does not explode and hence
P(r9 = oo) = 1. Moreover, since k6 > ¢2/2, we know from the previous
discussion on the CIR model that r; never reaches 0. In other words, S; does

not explode. Since
1
1 \2 _1

according to Proposition 6.6, the distribution of S; can also be computed from
the distribution of BESQ explicitly.

6.8 Ito’s diffusion processes and partial differential equa-
tions

To conclude this course, we study [t6’s diffusion processes and explore their
relationship with partial differential equations. In particular, we are going
to show that solutions to a class of elliptic and parabolic equations admit
stochastic representations.

Throughout this subsection, we consider the multidimensional SDE

(6.58)

dXt = O'(Xt)dBt + b(Xt)dt, t 2 0,
XO =,
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where o,b are Lipschitz continuous. We know from the Yamada-Watanabe
theory that this SDE is exact without explosion. Let {XJ: z € R", t > 0}
be the unique solution to the SDE (6.58) on some given filtered probability
space.

Definition 6.11. {X} : 2z € R", ¢t > 0} is called a time homogeneous Itd’s
diffusion process.

A important consequence of exactness is the following strong Markov prop-
erty.

Theorem 6.15. Suppose that T is a finite {F;}-stopping time. Then for any
r€R™ 0 >0 and f € By(R"), we have

E[f(X710)| F7] = E[f (Xg)]ly=xz-

Proof. From the SDE (6.58), for > 0, we have
T4+0 T+60
X7, = x+ / o(X7)dB, + / b(XT)ds
0 0
T+6 T+0
= Xf—l—/ U(X;’“")st+/ b(X7)ds
"0 "
= Xr+ [ otz )aB0 + [ hex )
0 0

where B&T) £ B,.., — B, is a Brownian motion. Therefore, the process 6 —
X2, solves the SDE (6.58) with initial data X* and Brownian motion B(™).
According to exactness, X7, is a deterministic functlonal of X and B, and
we may write

X2,y = F(8,X7,B")

for some deterministic functional F, where 6 — F(0,y, B) gives the unique
solution to the SDE (6.58) starting at y with a given Brownian motion B. Now
since X? is F,-measurable and B is independent of F,, we see immediately
that

Elf(X7 )| F] = E[f(F(6,X7,B7))|F]
= E[f(F(0,y.B)]ly=x;
= E[f(X§)]ly=xz-
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Now recall that the generator A of the SDE (6.58) is the second order
differential operator

n

(Af)() = % Z @ 83718331 Z 8:5“

ij=1 i=1

where a £ o - 0.
In the theory of elliptic PDEs, we are usually interested in the boundary
value problem associated with the operator A. More precisely, suppose that

D is a bounded domain in R”. Let k : D — [0,00), g : D — R! and
f: 0D — R! be continuous functions. We consider the following (Dirichlet)
boundary value problem: find a function u € C'(D) N C?(D), such that

(6.59)

Au—k-u=—g, x€D,
u=f, x € 0D.

The existence of such u is well studied in PDE theory under suitable regular-
ity conditions on the coefficients and the geometry of dD. Here we are not
concerned with existence, but we are interested in representing the solution in
terms of Itd’s diffusion process under the assumption of existence.

Theorem 6.16. Suppose that there exists u € C(D) N C?(D) which solves

the boundary value problem (6.59). Let X7 be the solution to the SDE (6.58).
Assume that the exit time

p=inf{t >0: X' ¢ D}

satisfies
E[rp] < o0 (6.60)

for every x € D. Then u is given by

we) = B |roxz)em (- [ kxzas)

+/OTD 9(X7) exp (_ /05 k(X;”)cw) ds} , (6.61)

In particular, the solution to the boundary value problem is unique in C(D) N

C2(D).
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Proof. Fix x € D. According to Itd’s formula and the elliptic equation for wu,
we have

Tp At au k Tp At
W0 = e+ 03 [ 2 ngiocant s [ o
i=1 k=1
TpAt 816
= u(z)+ X?)dB¢
TE L s

TD/\t Tp /At
+ / R(XT)u(XT)ds — / g(X®)ds.
0 0

By further applying the integration by parts formula to the process

Tp At
(X7, ,) - expl— / B(X7)ds), t 30,
0

we conclude that the process

Tp/At
M2 uxg) e (- [ )

N /0 M X exp (— /0 Sk(Xg)dH) ds

n TpAL 8’& s
= ul@)+> Y / o (X oL (X?) exp( /0 k(Xg)de) dB*

=1 k=1

is a continuous local martingale. Moreover, from continuity we see that
M| < C(1+7p), Vt=0.

According to the assumption (6.60), we conclude that M, is of class (DL). In
particular, M, is a martingale. Indeed, the same reason shows that M, is a
uniformly integrable martingale. Therefore,

E[M,] = E[M.],
which yields the desired formula (6.61). O

One might wonder when the condition (6.60) holds. Here is a simple suffi-
cient condition.

Proposition 6.7. Suppose that for some 1 < i < n, we have

inf a”(z) > 0.

zeD

Then (6.60) holds for every x € D.
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Proof. Define )
p2 inf a(z), g2 sup b(z)], r 2 inf 2
€D z€D xzeD

Let A > 2¢/p, and define
hz) 2 —eM', 2 eR™

Then we have

—(AR)(z) = " (%)\za“(:c) + )\bi(:c)) > %)\pe’\” ()\ - %) =:7>0,

for every x € D. On the other hand, for fixed z € D, we know from the mar-
tingale characterization that the process h(X” \,) — h(z) — [,° M(AR)(X7)ds
is a martingale. Therefore,

E(h(X% )] = h(x) +E [ IS <Ah><X§>ds]
< h(z) —yE[mp At

which implies that

< M) ZBIXG )] 2sup,ep [Rlo)]
Y v
Therefore, by letting t — oo, we conclude that (6.60) holds. O]

HEPFD ﬁ\ﬂ

Next we turn to the parabolic problem. The idea of the analysis is similar
to the elliptic problem.

We fix an arbitrary 7> 0. Let f: R" — R k: [0,7] x R" — [0,00) and
g: [0,T] x R" — [0,00) be continuous functions. We consider the following
backward Cauchy problem: find a function v € C([0, T]xR™")NC2([0, T) xR™)
(continuously differentiable in ¢ and twice continuously differentiable in x),
such that

~% 4 k-v=Av+g, (tz)€[0,T) xR,
(T, z) = f(z), x € R".

Here A acts on v by differentiating with respect to the spatial variable. Again
we are not concerned with existence which is contained in the standard parabolic
theory, and we are looking for a stochastic representation for the existing so-
lution.

Suppose that f, g satisfy the following polynomial growth condition:

[f(@)] < CA+[z]"), sup [gt,2)] < C(1+[z]"), YeeR",  (6.63)
<

0<t<

(6.62)

for some C, > 0. Then we have the following result which is known as the
Feynman-Kac formula.
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Theorem 6.17. Suppose thatv € C([0, T]xR")NC2([0,T)xR") is a solution
to the backward Cauchy problem (6.62) which satisfies the polynomial growth
condition:

sup |v(t, )| < K(1 + |z)), Vo e R,

0<t<T

for some K, \ > 0. Then v has a representation
T—t
v(t,z) = E [f(X%_t) exp (—/ k(t + s,Xf)ds)
0
T—t s
+/ g(t+ s, X7)exp <—/ k(t+ Q,X(‘,”)d@) ds}
0 0

In particular, the solution is unique in the space of C'([0, T} x R*")NCY2([0, T) x
R™)-functions which satisfy the polynomial growth condition.

Proof. The proof is essentially the same is the one of Theorem 6.16. Given
0 <t < T, by applying [t6’s formula to the process together with the parabolic
equation for v,

Ysév(ths,Xf)-eXp(—/ k(t—l—@,Xg)d@), 0<s<T—t,
0
we arrive at

dY, = —g(t+s,X7)-exp (—/ k(t+9,X§)d9) ds
0
° T 8v T\ 0 T
+ §'_ > exp (—/0 k(t+9,X9)d9) -%(Hs,xs)ak(xs)wf

for 0 < s < T —t. On the other hand, since o,b satisfy the linear growth
condition which is a consequence of Lipschitz continuity, we see from the BDG
inequalities and Gronwall’s inequality that

E [sup |X§|p} <oo, Ve eR"t>0,p>2.

0<s<t

In particular, together with the polynomial growth condition for g and v, we
conclude that the local martingale

s 0
YS—v(t,x)%—/ g(t+0,Xy7) - exp (—/ k:(t—i—r,Xf)dr) dg, 0<s<T—t,
0 0
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is indeed a martingale (one might show that this local martingale is of class
(DL)). Therefore, we arrive at

T—t s
v(t,z) =E [YTt —i—/o g(t+ s, X7)exp <—/O k(t + G,Xg)dﬁ) ds] ,

which yields the desired formula. O]

We can see from the proof of Theorem 6.17 that the backward Cauchy
problem is a more natural one to consider from the probabilistic point of view.
Of course one can consider the following classical forward Cauchy problem,
which is indeed a direct consequence of the backward case.

Corollary 6.2. Let f: R" -+ R' k: [0,00) x R" — [0,00) and g : [0,00) x
R™ — R! be continuous functions such that f,q have local polynomial growth
in the sense that for each T > 0, there exists C, > 0 such that (6.63) holds.
Suppose that u € C([0,00) xR™) x C*2((0,00) X R™) is a solution to the Cauchy
problem

{%+k.u:,4u+g, (t,z) € (0,00) xR, (6.64)

u(0,z) = f(x), z € R,

which has local polynomial growth in the same sense. Then u is given by
t
u(t,z) = E {f(Xf)eXp (—/ k:(t—s,Xj)ds)
0
t s
+/ g(t — s, XT)exp (—/ k(t — Q,Xg)de) ds] . (6.65)
0 0

In particular, the solution is unique in the space of C(]0, 00) xR™)NC2((0, 00) x
R™)-functions which have local polynomial growth.

Proof. For fixed T' > 0, define
v(t,z) 2 u(T —t,x), 0<t<T.

Then v solves the backward Cauchy problem. The result follows from applying
Theorem 6.62 to v. [

Remark 6.12. A nice consequence of Theorem 6.16 (the elliptic problem) is a
maximum principle: suppose that g > 0, f > 0, then v > 0. Similar result
holds for the backward and forward parabolic problems.

Remark 6.13. The Markov property and the relationship between SDEs and
PDEs can be extended to the time inhomogeneous situation.
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In the end, we give a brief answer (not entirely rigorous) to the two fun-
damental questions that we raised in the introduction of this section. Recall
that X7 is the solution to the SDE (6.58).

(1) According to the martingale characterization for the SDE (6.58) with
some boundedness estimates, we know that the process

t
FO57) = 1la) = [ (Ap(xds
0
is a martingale. Therefore, it is natural to expect that

Ef (XD = f(=) _ 1/0 E[(Af)(X®)]ds — (Af)(x)

t t

ast ] 0.
(2) Let p(t,z,y) be the fundamental solution (assuming its existence) to
the parabolic equation %_1; — A*u = 0, where
Il 0 —~ 0
* D = ! i (. D) — _(bY(- .
A5 60 5 32 g (@000) = 3 55 (10R0)

1,J=

is the formal adjoint of A. In other words, p(¢,x,y) satisfies

B (A'p) =0, t>0,
p(0,z,y) = 4. (y),

where A* acts on the y variable (the forward variable) of p. Equivalently, p
satisfies the backward equation

op B
E—Ap—o

where A now acts on the = variable (the backward variable). It follows that
for every f: R™ — R!, the function

utia) 2 [ ptt.og) )y

solves the forward Cauchy problem (6.64) (k = 0, g = 0) with initial condition
given by f. According to Corollary 6.2, we know that

u(t, z) = E[f(X])].

This implies that the distribution of X} has a density with respect to the
Lebesgue measure which coincides with p(t, x,y).

In general, if p(¢,z,y) does not exist, the family of probability measures
P(t,z,dy) 2 P(X? € dy) gives the fundamental solution to the same equation
in the distributional sense.
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Remark 6.14. There are still technical gaps to fill in order to make the previous
argument work. Even so, a rather subtle point is that it is not at all clear that if
we define u(t, x) by the right hand side of (6.65) (respectively, define p(t, z,y) =
P(X} € dy)/dy if it exists), then u(t,x) (respectively, p(t,x,y)) solves the
forward Cauchy problem (respectively, defines a fundamental solution). This
philosophy of proving existence was not fully explored because it turns out to
be not as efficient as traditional PDE methods in general. The elegance of the
stochastic representation lies in the fact that once a solution exists, it has to
be in the neat probabilistic form that we have seen here, which gives us solid
intuition about its structure and probabilistic ways to study its properties. On
the practical side, it enables us to simulate the solution to the PDE from a
probabilistic point of view (the so-called Monte Carlo method), which proves
to be rather efficient and successful.

6.9 Problems

Problem 6.1. Show that the following SDEs are all exact. Solve them ex-
plicitly with the given initial data. Here B; is a one dimensional Brownian
motion.

(1) The stochastic harmonic oscillator model:

dXt == }/tdt,
mdY; = —kX,dt — cY,dt + odBy,

where m, k, ¢, o are positive constants. Initial data is arbitrary.
(2) The stochastic RLC circuit model:

dX, = Y,dt,
LdY, = —RY,dt — £ X,dt + G(t)dt + adB,,

where R, C| L, « are positive constants and G(t) is a given deterministic func-
tion. Initial data is arbitrary.
(3) The stochastic population growth model:

dXt = T'Xt(K - Xt)dt + /BXtdBty
where r, K, 8 are positive constants. Initial data is Xy = x > 0.

Problem 6.2. (1) Let B, be a one dimensional Brownian motion on a filtered
Probability space (2, F,P; {F;}) which satisfies the usual conditions.

(i) Define X; 2 B, —tB; (0 <t < 1). Show that X, is a Gaussian process.
Compute its mean and covariance function p(s,t) = E[X,X,] (0 < s,t < 1).

214



(ii) Find the solution Y; (0 <t < 1) to the SDE
dY, =dB, — $&dt, 0<t <1,
Yy =0.

Show that Y; has the same law as X; (0 < t < 1). In particular, lims ¥; = 0
almost surely and we can define Y; £ (0. This defines a process Y, 0<t<1)
which has the same law as X; (0 <t < 1).

(iii) Show that

P(supi@)x) :e_2“’2, x = 0.

0<t<1
(2) For z,y € R!, define the process
X[V & By +t(y—By), telo,1],

where {Bf : 0 <t < 1} is a one dimensional Brownian motion starting at x.
XY is known as the Brownian bridge from z to y. Let p, (respectively, p1, ) be
the law of the process By (respectively, X;*) on the path space C([0,1]; R").
Show that i, coincides with the conditional distribution of {By : 0 <t < 1}
given BY =y, in the sense that

B (@ By] = B" 51 (@] pp — as.,
for all bounded measurable @ : C([0,1]; R') — R™.
Problem 6.3. Consider the one dimensional SDE

dY, = 3Ydt — 2|Y|2dB,.

(1) Show that this SDE is exact (in the context with possible explosion).

(2) Show that if Yy > 0, then Y; > 0 for all ¢ up to its explosion time e.

(3) Suppose that Yy = 1. Compute P(e > t) for ¢ > 0. Conclude that
P(e < o0) =1 but Ele] = 0.

Problem 6.4. (1) Let H,G be continuous semimartingales with (H,G) = 0
and Hy = 0. Show that if

t
Z = 55’/ (ESYdH,,
0

where EF is the stochastic exponential of G' defined by
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then Z, satisfies .
Zt - Ht —|—/ stGs.
0

(2) Consider the following two SDEs on R!:
dXtZ B O'(t, Xt)dBt + bZ(Xt)dt, 1= 1, 2,

where o : [0,00) x R! — RY o* : R' — R! are bounded continuous, o is
Lipschitz continuous and one of b, b? is Lipschitz continuous. Suppose further
that b! < b? everywhere. Let X/ be a solution to the above SDE with i =
1, 2 respectively, defined on the same filtered probability space with the same
Brownian motion, such that Xj < X@ almost surely. By putting 7, = X?— X},
and choosing a suitable positive bounded variation process H; and a continuous
semimartingale GG; in the first part of the problem, show that

P(X! < X} Vt>0)=1.

Give an example to show that if o is not Lipschitz continuous, then the con-
clusion can be false even b', b? are Lipschitz continuous.

Problem 6.5. (1) Let (a,b) be a finite open interval on R!, and let K :
[a,b] — [0,00) be a non-negative continuous function. Suppose that u(t,z) €
C ([0,00) x [a,b])NC*2 ((0,00) x (a,b)) is a bounded solution to the following
initial-boundary value problem for the heat equation with cooling coefficient
K :

DL K@, (ta) € (0,00 x (a,b)
u(t,a) =0, u(t,b) =0, t=0,
u(0,z) = f(x), a<x<b,

where f is a continuous function with compact support inside (a,b). Establish
a stochastic representation for u(t, z).

(2) Let BY be a one dimensional Brownian motion starting at z, where
a < x < b. Define 7° 2 inf{t > 0: B? ¢ (a,b)}. By using the result of Part
(1) in the case when K = 0, and solving the corresponding initial-boundary
value problem explicitly, show that

b—a

—a

ad n27r2t —_ —_
P(Bf edy, t<7") = Zeﬁ(b*@ sin (M) sin (M) , t>0,y € (a,b).

n=0
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