Solutions for Problem Sheet 6

Problem 1. Exactness all follow from continuity and local Lipschitz property for
the coefficients.
(1) We have

Therefore,
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(3) Let 79 = inf{t > 0 : X; = 0} and let e be the explosion time. Define
Y, £ In X,. According to Itd’s formula, we have

2
dY; = r(K — X;)dt + fdB; — %dt, t<T1Ne.

Define Z, 2 In X, +r f; X.ds. It follows that

52



Therefore,

t 2
In (%) —i—?“/o X.ds = B + <TK — %) t,
X, - exp (7’ /t Xsds> = rexp (BBt + <TK — %2> t) :
0

Integrating with respect to dt, we have

exp (7’ /Ot Xsds> —1=rx /Ot exp (ﬁBs + (rK — %2> 5> ds.

Therefore,

t ¢ 2
/OXSdSZ%-ln (14—7‘.%/0 exp (5354- (T’K—%) s) ds).

Differentiating with respect to ¢, we arrive at
X exp (ﬂBt + (TK — %) t)
1+rzx fot exp <ﬁBS + (TK - %) s) ds

and hence

Xt:

, t<T1oANe. (1)

This in particular implies that 7 = e = oo almost surely, and (1) defines the
global solution to the SDE.

Problem 2. (1) Since B, is a Gaussian process, we know that X is also a Gaussian
process. The mean function is m(t) = E[X;] = 0, and the covariance function is

p(s,t)

[1>

E[X X

E[(Bs — sB1)(B; — tBy)]
SANt—st—st+ st

= sAt—st

B {s(l —t), s<t;

t(l—s), s>t

(2) The SDE is a linear SDE with A(t) = —(1 —#)7!, a(t) = 0 and o(¢t) = 1.
By the general formula for the solution, we have ®(¢t) =1 — ¢, and

" dB
Y, =(1—1¢) ds, 0<t<1.
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Since the integrand is deterministic, it is immediate that Y; is a Gaussian process.
The mean function is zero, and for s < t < 1, we have

By = (-0 - 08 | [ 2] =st -0,

In particular, Y; has the same mean and covariance functions as X;. Since they
are both Gaussian processes, we conclude that

(Xt>0<t<1 liN (}/t)0<t<1

Moreover, since X; = 0, and by continuity, the probability P(limy X; = 0) is
determined by the distribution of (X;)o<;<1, therefore we conclude that

P (limY} = O) =1.
1

(3) Let B; be a one dimensional Brownian motion, and let S; £ supgc,«; Bs.
The joint density f(s, 5,)(,y) of (Si,B1) is given by

22z — y)e z—)?
V2T

Now a crucial observation is, the process X; has the same distribution as the
Brownian motion B; conditioned on B; = 0. More precisely, for 0 < t; < --- <
tn < 1, the joint density of (X;,,---,X},) is the same as the conditional density
of (B, -, By,) conditioned on By = 0. Therefore, the desired probability is

0)d o0 2 2
P(S1 = z|B; =0) / Jis1 ? (2, 0)dz :/ 4z e dzy =e 2.
Bl x

Problem 3. (1) The coefficients are given by o(z) = —2|2[%? and b(z) = 322
They are continuous and locally Lipschitz. Therefore, the SDE is exact.
(2) The result follows from the comparison theorem, since the unique solution

to the SDE

P(S; € dzx, By € dy) = dedy, >0,z >y.

dY, = =2|Y}|2dB;, t >0,
Yo =0,

is the zero solution.
(3) Let 7o = inf{t > 0: Y; = 0}, and define 7, £ Y, /2. According to Ito’s
formula, we conclude that

dZt = dBt, t < 7'0/\6.



Therefore,
1

(14 B;)?’
This in particular implies that 7 = oo almost surely (otherwise we have 1/(1 +

B,,)? = 0 which is absurd). In other words, Y; never reaches zero and we have

1
Vi=— t<e.
"7 (1+B)?

It follows that e = inf{t > 0: B; = —1}. Therefore,

Y, = t<T9/Ne.

< 1 u
Pe>t)=1-2P(B;, >21)=1-2 e 2t du.
e>0=1-22B>n-1-2[ ——

From the density formula for e, it is easy to see that
Ple < 00) =1, Ele] = o0.

Problem 4. (1) According to Tanaka’s formula,
X, — Y| = /Ot sgn(X, — Y;)d(X, = Y,) + LY(X - Y)
= [ s Y (016, X0 — ot Vo) B
v “sgn(X, = Y2) (45, X,) — (s, Y5)) ds + L9(X V).

By using
X+ Y+ X - Y

2 Y

Xt V }/; -
one easily see that

X, VY,
— Xyt % /0 (0(s, X.) + o, V2) + san(X, — Y2 - (o(s, X.) — o(s, Y2))) dB,

2
+ L)X -Y)

+ 1 /Ot (b(S,Xs) + b(S,Ys) + sgn(Xs — YS> . (b(ijs) _ b(S,YS))) ds

t t
:X0+/ U(S,stl/.s)st+/ b(s, XV Y,)ds + LY(X —Y).
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Therefore, X; V'Y, is a solution if and only if L°(X —Y) = 0.
(2) Let X; and Y; be two solutions defined on the same set-up with X, = Y}
almost surely. According to Part (1), we know that Z; £ X, VY, is also a solution.

law

By uniqueness in law, we conclude that X = Z. In particular, for each t > 0,
X faw Z;. But we also know that X; < Z; almost surely. This implies that X; = Z,
almost surely. Indeed, for each n > 1, define

—n, X;<-—n;
thé Xy, —n <Xy <n;
n, X;>n,

and similarly for Z;'. Then X} o Z{" and also X' < Z]' almost surely. It follows
that
E[Zy = X7 =0,

which implies that X;* = Z}' almost surely. Since n is arbitrary, we conclude that
Xt - Zt'

Problem 5. (1) According to Itd’s formula, we have
def = ECdG,.
Therefore,
t
Az, = < / (é’f)‘lst> deC + dH, + d&F - dH,
0

= Z,dG,+ dH, + ECd(G, H),
= thGt+dHt

(2)By the comparison theorem (c.f. Theorem 6.11 in the lecture notes), we
may assume without loss of generality that X} = X2. Now suppose that b' is
Lipschitz continuous. Then

xp-xt = [ e - vo) s [ (ot x2 - o(s.x) d
_ /0 C(BX) — bA(X2) ds + /0 (o5, X2) — (s, X)) dB,
+ [ e - vex) as
= Ht+/0t(X§—X51)dGS,
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where
t

(b*(X3) = b'(X7)) ds,

t

Lixizxap (X2 — X7 ((o(s, X2) — (s, X)))dB,

S— S—

+ (b1(X3) = b1 (X,))ds) .

Define £F to be the stochastic exponential of G as before, and define

t
2 [ (&%) an,
0

It follows from the first part that
t
Zt - Ht +/ ZSdGS.
0

But we have already seen that X? — X/ also satisfies the same (linear) equation.
Apparently we have uniqueness in this context. Therefore,

t
zzﬁ—ﬁzfﬁwﬁMWvawmw

Since £ > 0 for all ¢, by the assumption b* > b', we conclude that with probability
one, X? > X! for all t > 0.

The result does not hold if ¢ is not Lipschitz continuous. For example, consider
the two SDEs

dX} = 2./|X}|dB; + o'dt,

where o' = 0 and a? = 1. Suppose that X} = X2 = 0, then X} = 0 and X7 is the
square of a one dimensional Brownian motion. Since the Brownian motion visits
the origin infinitely often, we see that the result fails in this case.

Problem 6. (1) Existence. Let o(t) be the square root of a(t). Define

Y x, 0Kt s
b x—i—f u)dB, —|—fb du, t=>s.

Then the law of X satisfies the desired properties.



Uniqueness. Let P(5%) be a probability measure on W" which satisfies the
given properties. The martingale characterization assures that under P(5%)

¢ t
wt:x—f—/ J(u)dBu+/ b(u)du

for some Brownian motion on some enlargement of path space. Therefore, the
law of w, which is P*%), must coincide with the one defined in the existence part.
For each cylinder set A £ {w : (wy,, -+ ,w,,) € I'}, one can write down
P2 (A) explicitly as it is essentially Gaussian. The measurability of (s,z)
P(#)(A) then follows immediately. For general A € B(W™"), we can simply use
the monotone class theorem to obtain the desired measurability property.
(2) We may assume that

t t
T =z +/ o(u)dB, +/ b(u)du, t>s,
where B, is a Brownian motion. Then

P(S’x) ($t2 € FlBh(Wn))
to

to
_ ploa) (x + [ otwas,+ [ b e FiBn(W”))
t1 t1
= P(tl, l‘tl;t27 F)
It follows that

P(s, x; 15, T') = P (, € T)
_ ]E 5,%) |: 5,) th S F’Bh(Wn))]
= ]E(S x) []P)(tl, $t17 t27 F)]

- / P(87$at17dy>P<t17yat27F)

(3) Let u be a solution to the Cauchy problem. For fixed ¢ > 0 and z € R,
let X7 be the solution to the SDE

dX? =o(t—s)dBs +b(t —s)ds, 0<s <t
X§ ==



By applying It6’s formula to the process s — v(t — s, X7), we get
t t
f(XP) —v(t,x) = —/ O(t — s, X5)ds + / Vot —s, X)) ot —s)-dBs

0 0

t
+/ Ly sv(t —s,X7)ds
1to
= / Vit —s, X)) ot —s) - dBs.
0

Therefore,
u(t,z) = E[f(X7)].

This in particular shows uniqueness.

Problem 7. (1) Let Bf be the one dimensional Brownian motion starting at
x € (a,b). Define 7% to be the first time when B exits the interval (a,b). Applying
It6’s formula for u(t — s, B ,,) (0 < s < t), we have

s T Ns
u(t — s, Biap,) —ult,z) = —/ ut(t —r, B2, )dr + / Uz (t —r, B, ,,)dBy
0 0

1 TTNAS
+ —/ Uz (t — 7, B, . )dr
2 Jo

x

TTNAS TEN\S
:/ K(Bf)dr—i—/ uz(t —r, B, ,,)dBY,
0 0
where we have used the PDE for v and the fact that

/ u(t —r, B, )dr = 0.

TAS

Therefore, by applying the integration by parts formula for the process

TTNS
M, = u(t — s, B%,,) exp (—/ K(Bf)dr) , 0<s<t,
0
we obtain that

TENS TENAT
M, = u(t, x) +/ Uz (t —r, B, \,) €Xp (—/ K(ij)dv) dB;.
0 0



In particular, M is a continuous local martingale. But we also know that M, is
uniformly bounded. Therefore, it is a martingale, and hence

u(t,z) = E [M,]

~E {f(Bfw) exp (— / K(B;“)dsﬂ
—E [f(Bf) exp (— /Ot K(Bg)ds) < TJC} .

(2) For any continuous f which is compactly supported on (a,b), the corre-
sponding initial-boundary value problem can be solved by the method of separa-
tion of variables. The solution is given by

u(t,x) = b — (/ fly sm )dy) ~2ra? sin M.

—a

From Part (1), we also know that
u(t,z) = E[f(Bf);t <7°].

Since f is arbitrary, the result follows immediately.



