Solutions for Problem Set One

Problem 1. (1) (i) We have
E[XE[Y|d]] = E[E[XE[Y|F]|G]] = E[E[X|F] - E[Y|d]].

Similarly for E[YE[X|G]].
(ii) We say that a bounded measurable function satisfying property P if

E[f(Xv Y)|g] = E[f(I’ Y)”J::X

Let &€ = {E € B(R?) : 1 satisfies property P}. Then £ is a monotone class
containing the 7-system C = {4 x B : A, B € B(R")}. By the monotone class
theorem in measure theory, we conclude that £ = B(R?). In other words, 1x
satisfies property P for every E € B(R?).

Note that the property P is linear in f. By writing f = f* — f~, we only need
to consider the case when f is bounded and non-negative. But then there exists a
sequence f,, of simple functions on R? such that 0 < f, T f. We know that each f,
satisfies property P. By the monotone convergence theorem for both conditional
and unconditional expectations, we conclude that f satisfies property P.

(iii) Since both sides are o(G, H)-measurable, it suffices to show that

[EXd]P’—/EIE[X\Q]dP, VE € o(G, H). (1)

Let € = {F € 0(G,H) : equation (1) holds}, andlet C = {ANB: A€ G, B¢ H}.
Apparently, C is a m-system. For any A € G, B € ‘H, we have
E[X1415] = E[X14]P(B) = E[E[X|G|]14]P(B) = E[E[X|G]1415].

Therefore, C C £. Moreover, it is easy to see that £ is a monotone class. By the
monotone class theorem, we conclude that o(G, H) = £.
(2) By assumption, we know that for every r € R,

E[(X -Y)lixen] =E[(X = Y)lyey] =0
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Therefore,

E[(X - Y)lixaysn] +E[(X = Y)lixgyvey] = 0,

E [(X — Y)]-{X>T,Y<r}} + E [(X — Y>1{X<T,Y<r}} = 0.
It follows that

E [(X — Y)]-{X>T,Y<r}:| +E [(Y — X)l{Xgr,Y>r}} = 0.
But the integrand inside each of the above expectations is non-negative. There-
fore,
(X — Y)l{X>T,Y<r} = (Y — X)]-{Xg'r,Y>r} =0 a.s.
This implies that
PX>rY<r)=P(X<nrY >r)=0.
And this is true for all » € R. The result then follows from the fact that
xzvicixs>viUJix<vicly ({X>n>Y}U{Y>n>X}).
nez

Problem 2. (1) For A > 0, we have
IE[X|G11eixig>x < E[X G m)x) 16152}

Therefore, by taking expectations on both sides, we obtain that

E [|E[X|Gi1{emxigqsr] < EIX[1gmgxgsa]-
But

E[| X1 gx|16:>2)]
= E[X|1myxia=ry; | X] > VA + B[ X[ Lmgxasa; [ X < VA

< EXE1X] > VA + VA SE[E[X]|6]

1
E[|X]; |X| > VA + \/XEHXH,
which goes to zero uniformly in ¢ € Z as A — oo since X is integrable. Therefore,
{E[X|G;] : i € T} is uniformly integrable.
(2) Let M = sup,cp E[@(|X|)]. For ¢ > 0, let R = M/e. Then there exists
some A > 0, such that for any x > A, we have p(z)/x > R. Therefore, for A > A,
we have

1 M
B[ Xl L) < FEIIXD] < 7 =<, WeT.

Consequently, {X; : t € T} is uniformly integrable.
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Problem 3. (1) P(X,, > alogn) = e@!¢" = 1/n Therefore, by the Borel-
Cantelli lemma, we have

0, a>1;

P(X,, > alogn for infinitely many n) =
( & y many n) {1, 0<a<l.

(2) Let A, = {X,, > alogn for infinitely many n}. Since P(A;) = 1, we know
that L > 1 almost surely. Moreover,

[e.e] 1 [e.e]
{L>1}QU{L>1+E}QUAH2II€.
k=1 k=1

It follows that P(L > 1) = 0. Therefore, L = 1 almost surely.
(3) For each z € R!, we have

1<i<n

P(M, <z)=P (max X; <x+log n) = (1 — e @ losmyn,

provided that x + logn > 0. Therefore,
lim P(M, <z)=e° ", VrecR.

n—oo

Apparently, the function F(z) = e~ " defines a continuous distribution function
on R!. Therefore, M,, converges weakly to F'.

Problem 4. (1) = (2). Suppose that P, converges weakly to P. According
to Theorem 1.7, we know that P,(A) — P(A) for every A € B(R') satisfying
P(0A) = 0. In particular, let x be a continuity point of F' and let A = (—o0, z].
Then P(0A) = dF({z}) = 0. Therefore,

Fo(z) = Po(A) — P(A) = F(2).

(2) = (1). Suppose that F,, converges in distribution to F. Let Cr be the
set of continuity points of F. Since Cf is at most countable, we conclude that Cp
is dense in R!.

Let ¢ € Cy(RY). Given € > 0, let a,b € Cf be such that a < 0 < b and

F(a)<e, 1=F(b) <e.
Then there exists N > 1, such that for any n > N,

1F,(a) — F(a)| < )| F(b) — F(b)] < <.
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It follows that
F.(a) <2, 1 —F,(b) <2, ¥n>N.

/gden—/ godF‘
R! R!

/( ,aF, = dF)] el (P (@, BE) + dF((a, 59))

Therefore,

<

~

< \ /( aF, = dF)] +6llllne @)

for every n > N.

Since ¢ is uniformly continuous on [a, b], there exists § > 0, such that whenever
z,y € [a,b] with |z — y| < 0, we have |¢p(x) — ¢(y)| < €. Choose a finite partition
P: a=mx <z < <z =Dbof [a,b], such that zg, 21, -+ ,2, € Cp and
|z; — x;_1| < ¢ for each i. Define a step function ¢ by taking ¢ (z) = ¢(z;-1) for
x € [z;_1,x;]. It follows that

sup |p(z) —¥(z)| <e.
z€la,b]

Therefore,

) /@L,b} o(dF, — dF)‘

<2 sup [o(a) — ¥(a) +] | b]wdpn—df’)\

z€a,b]

<2+ Z [p(@iz1)] - (Fu(z:) — F(2:)) — (Fa(wioa) — Fxiz1))) . (3)

Note that the partition P we chose before does not depend on n.
By substituting (3) into (2) and letting n — oo, we arrive at

lim sup
n—o0

[ i [ sodF‘ < 2+ 6llgll)e.
R! RL

Since ¢ is arbitrary, we conclude that [, pdF, — [, ¢dF as n — oo. Therefore,
P,, converges weakly to P.



Problem 5. (1) Necessity. Suppose that {P,} is tight. Then there exists M > 0,

such that 5

P.([—M, M]) > 7 Yn>1
It follows that |u,| < M for all n. Indeed, if this is not the case, suppose for
instance that p,, > M for some n. Then

1 1
5 S Pul[pn, 00)) S Pul(M, 00)) < 7,
which is a contradiction. In addition, we have
S By(-M,M]) = — /M e
— < e 207, €T
4 V2o, J_

2M
on -

e 2dx. 4
27T =M=yn \/271' /2M v 4)

This implies that ¢, is bounded. Indeed, if o,, T oo along a subsequence, then the
right hand side of (4) goes to zero along this subsequence, which is a contradiction.

Sufficiency. Suppose that |u,| < M, 0, < M; for some M; > 0. Then for any
M > M, we have

M—pn

1 on 22
Po(-M. M) = = | crron € 2dz
M— 1\/11
1 Ton a2
> Jon V2T Me s
M— Tzlwl
) )
\/%/M , e” 2 dz. (5)

Since the right hand side of (5) converges to 1 as M — oo, we conclude that

lim inf P, ([-M, M]) =

M—ocon>1

In other words, {PP,} is tight.
(2) Sufficiency. Suppose that p, — 4 and 02 — o2, Then

ez,unt _> ezut—fo t



for every t € R! as n — oo. Therefore, P,, converges weakly to N'(u, o?).

Necessity. Suppose that {P,} is weakly convergent. From the first part we
already know that {u,} and {o2} are both bounded. Assume that p and g/
are two limit points of u,. We may further assume without loss of generality
that p,, — p,0n, — 0, and p, — 4/ ,O’i; — 02 along two subsequences ny,
and n;. By the sufficiency part and the uniqueness of weak limits, we know that
N (p,0?%) = N (i, 0"), and hence i = p’ and o = o’?. Therefore, y,, converges to
some u € RY. Similarly, we conclude that o2 has exactly one limit point, which
means that it converges to some o2 > 0.



