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Problem 1. Show that the following SDEs are all exact. Solve them explicitly with the given initial
data. Here Bt is a one dimensional Brownian motion.

(1) The stochastic harmonic oscillator model:{
dXt = Ytdt,

mdYt = −kXtdt− cYtdt+ σdBt,

where m, k, c, σ are positive constants. Initial data is arbitrary.
(2) The stochastic RLC circuit model:{

dXt = Ytdt,

LdYt = −RYt − 1
CXt +G(t) + αdBt,

where R,C,L, α are positive constants and G(t) is a given deterministic function. Initial data is
arbitrary.

(3) The stochastic population growth model:

dXt = rXt(K −Xt)dt+ βXtdBt,

where r,K, β are positive constants. Initial data is X0 = x > 0.

Problem 2. LetBt be a one dimensional Brownian motion on a filtered Probability space (Ω,F ,P; {Ft})
which satisfies the usual conditions.

(1) Define Xt , Bt − tB1 (0 6 t 6 1). Show that Xt is a Gaussian process. Compute its mean
and covariance function ρ(s, t) , E[XsXt] (0 6 s, t 6 1).

(2) Find the solution Yt (0 6 t < 1) to the SDE{
dYt = dBt − Yt

1−tdt, 0 6 t < 1,

Y0 = 0.

Show that Yt has the same law as Xt (0 6 t < 1). In particular, limt↑1 Yt = 0 almost surely and we
can define Y1 , 0. This defines a process Yt (0 6 t 6 1) which has the same law as Xt (0 6 t 6 1).

(3) Show that

P
(

sup
06t61

Yt > x

)
= e−2x

2

, x > 0.

Problem 3. Consider the one dimensional SDE

dYt = 3Y 2
t dt− 2|Yt|

3
2 dBt.
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(1) Show that this SDE is exact (in the context with possible explosion).
(2) Show that if Y0 > 0, then Yt > 0 for all t up to its explosion time e.
(3) Suppose that Y0 = 1. Compute P(e > t) for t > 0. Conclude that P(e < ∞) = 1 but

E[e] =∞.

Problem 4. (1) Let H,G be continuous semimartingales with 〈H,G〉 = 0 and H0 = 0. Show that
if

Zt , EGt
ˆ t

0

(EGs )−1dHs,

where EGt is the stochastic exponential of G defined by

EGt , eXt− 1
2 〈X〉t ,

then Zt satisfies

Zt = Ht +

ˆ t

0

ZsdGs.

(2) Consider the following two SDEs on R1:

dXi
t = σ(t,Xt)dBt + bi(Xt)dt, i = 1, 2,

where σ : [0,∞) × R1 → R1, bi : R1 → R1 are bounded continuous, σ is Lipschitz continuous
and one of b1, b2 is Lipschitz continuous. Suppose further that b1 < b2 everywhere. Let Xi

t be a
solution to the above SDE with i = 1, 2 respectively, defined on the same filtered probability space
with the same Brownian motion, such that X1

0 6 X2
0 almost surely. By putting Zt = X2

t − X1
t ,

and choosing a suitable positive bounded variation process Ht and a continuous semimartingale Gt

in the first part of the question, show that

P(X1
t < X2

t ∀t > 0) = 1.

Give an example to show that if σ is not Lipschitz continuous, then the conclusion can false even
b1, b2 are Lipschitz continuous.
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