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Abstract

The main contribution of the present thesis is in two aspects.

The first one, which is the heart of the thesis, is to explore the fundamental
relation between rough paths and their signatures. Our main goal is to give
a geometric characterization of the kernel of the signature map in different
situations. In Chapter Two, we start by establishing a general fact that
a continuous Jordan curve on a Riemannian manifold can be arbitrarily
well approximated by piecewise minimizing geodesic interpolations which
are again Jordan. This result enables us to prove a generalized version
of Green’s theorem for planar Jordan curves with finite p-variation for
1 < p < 2, and to prove that two such Jordan curves have the same
signature if and only if they are equal up to reparametrization. In Chapter
Three, we investigate the problem for general weakly geometric rough
paths. In particular, we show that a weakly geometric rough path has
trivial signature if and only if it is tree-like in the sense we will define
later on. In Chapter Four, we study the problem in the probabilistic
setting. In particular, we show that for a class of stochastic processes,
with probability one the sample paths are determined by their signatures
up to reparametrization. A fundamental example is Gaussian processes
including fractional Brownian motion with Hurst parameter H > 1/4, the

Ornstein-Uhlenbeck process and the Brownian bridge.

The second one is an application of rough path theory to the study of
nonlinear diffusions on manifolds under the framework of nonlinear ex-
pectations. In Chapter Five, we begin by studying the geometric rough
path nature of G-Brownian motion. This enables us to introduce rough
differential equations driven by G-Brownian motion from a pathwise point
of view. Next we establish the fundamental relation between rough (path-
wise theory) and stochastic (L2-theory) differential equations driven by
G-Brownian motion. This is a crucial point of understanding nonlinear

diffusions and their generating heat flows on manifolds from an intrinsic



point of view. Finally, from the pathwise point of view we construct G-
Brownian motion on a compact Riemannian manifold and establish its
generating heat flow for a class of G-functions under orthogonal invari-
ance. As an independent interest, we also develop the Euler-Maruyama

scheme for stochastic differential equations driven by G-Brownian motion.
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Chapter 1

Introduction

1.1 Motivation and Main Results of the Thesis

The set of continuous paths in R? forms a semigroup with involution, with the
group operation and involution given by concatenation and reversal of paths. As early
as 1954, K.T. Chen [8] observed that the map sending a continuous path x : [0,1] —

R? with bounded total variation to the formal series
1 ) 1 S92 ) )
1—|—/ dx'E; +/ / dry dvl EiEj + - -, (1.1.1)
0 0o Jo

where F, - - -, Ey are indeterminates and =’ denotes the i-th coordinate component of
x, is a homomorphism from the semigroup of continuous paths to the algebra of non-
commutative formal power series. In general, this map is not injective; it is apparent
that any path concatenated with its reversal is mapped to the trivial formal series.
It seems however that the map is essentially injective if we restrict our attention to
paths that “do not track back along themselvs”. Indeed, in 1958 K.T. Chen himself
[9] already proved that the map is injective on the space of regular, irreducible paths.
In 2010, B.M. Hambly and T. Lyons [35] extended K.T. Chen’s result to the space
of continuous paths with bounded total variation and first introduced the notion of
tree-like paths to describe paths that track back along themselves. In particular, they
proved that the formal series corresponding to a path, which they called the signature
of the path, is trivial if and only if the path is tree-like.

Aside from its interesting algebraic properties, the map also gained attention
through the fundamental role it plays in the theory of path integration. In 1936, L.C.
Young [69] defined the Stieltjes type integral f01 yidx, in terms of a Riemann sum when
x and y have finite p- and g-variation respectively, where 1/p+1/¢ > 1. In particular,
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this allows us to define, for a Lipschitz one form ¢, the path integral | 01 ¢ () dxy when
x is a multidimensional path with finite p-variation for 1 < p < 2. In the same paper,
L.C. Young gave an example where the integral fol ¢ (z¢) dzy defined using a Riemann
sum diverges if x has only finite 2-variation. In other words, the Stieltjes integration
map r — fol ¢ (z¢) dxy does not have a closable graph under the p-variation metric
if p > 2. The seemingly insurmountable p = 2 barrier, at least in the deterministic
setting, was to remain for another sixty years. In 1998, T. Lyons [45] showed that
the Stieltjes integration map has a closable graph under the p-variation metric if the
path = takes values in the step-|p| free nilpotent Lie group. He called these paths
weakly geometric p-rough paths. The first step in the construction of such integrals
is to define the signature for weakly geometric rough paths, which can be viewed as a
generalization of the formal series (1.1.1) of iterated path integrals. The integration
of one forms against such paths is then defined via Taylor’s expansion and by using
the multiplicative structure of the signature in an essential way. Later on, there
have been extensions of T. Lyons’ integration theory to more general settings, see for
example M. Gubinelli [30] for controlling rough paths, T. Lyons and D. Yang [49] for
integrating time-varying cocyclic one forms against rough paths.

From a theoretical point of view, it is a fundamental question about whether
we could further extend B.M. Hambly and T. Lyons’ result to the case of weakly
geometric rough paths; namely whether the signature of a weakly geometric rough
path determines the path uniquely up to tree-like equivalence. From a practical point
of view, there has also been work done, for example by D. Levin, T. Lyons and H. Ni
[44], on analyzing time series data using the signature map. The justification of their
method implicitly uses the fact that the map from a path to its signature is injective
in a certain sense.

Before any answer to the question in the deterministic setting, there has already
been exciting progress on the problem in the probabilistic setting. In 2012, Y. Le
Jan and Z. Qian [43] proved that with probability one, the Stratonovich signatures
of Brownian motion determine Brownian sample paths. Later on, their result was
extended to hypoelliptic diffusions by X. Geng and Z. Qian [28], and to Chordal SLE,
curves with k < 4 by H. Boedihardjo, H. Ni and Z. Qian [6]. It should be pointed
out that in [6], the authors already gave a complete answer to the question for planar
simple (i.e. non-self-intersecting) curves with finite p-variation for 1 < p < 2. In this
case tree-like equivalence reduces to the equivalence of reparametrization. This is the
first result in the deterministic setting beyond the bounded total variation case.

The main contribution of the present thesis is to investigate this problem in general
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in both deterministic and probabilistic settings. From now on, we call this problem
the uniqueness of signature problem.

In Chapter 2, we first consider the special case of planar Jordan curves. In fact,
we begin by establishing a general result regarding simple piecewise geodesic approx-
imation of simple and Jordan curves on an arbitrary Riemannian manifold. As two
important consequences, we prove a generalized Green’s theorem for planar Jordan
curves with finite p-variation for 1 < p < 2 and solve the uniqueness of signature
problem for this case (more precisely, we show that the curve is uniquely determined
by its signature up to reparametrization). The contents of this chapter are based on
joint work with H. Boedihardjo in the paper [3] in 2013.

In Chapter 3, we solve the general uniqueness of signature problem for weakly
geometric rough paths. More precisely, we prove that the signature of a weakly
geometric rough path is trivial if and only if it is tree-like. The contents of this
chapter are based on joint work with H. Boedihardjo, T. Lyons and D. Yang in the
paper [5] in 2014.

In Chapter 4, we study the problem in the probabilistic setting by further ex-
tending the results and techniques in [28],[43]. In particular, we prove that for a
certain class of non-Markov processes, with probability one the signatures of the pro-
cess determine the sample paths uniquely up to reparametrization. As a fundamental
example, we show that our method applies to a class of Gaussian processes including
fractional Brownian motion with Hurst parameter H > 1/4, the Ornstein-Uhlenbeck
process and the Brownian bridge. The contents of this chapter are based on joint
work with H. Boedihardjo in the paper [4] in 2014.

From T. Lyons’ point of view, the path integration theory is essential for the study
of differential equations driven by rough paths. In fact, in the same paper [45], T.
Lyons proved the existence and uniqueness of solutions to differential equations driven
by rough paths by regarding the equation as a rough integral equation and then by
using Picard iteration. Moreover, he established the continuity of the solution map
with respect to the driving path under the p-variation metric, which is usually known
as the universal limit theorem. Later on, reformulations and extensions of T. Lyons’
theory of rough differential equations appeared, for example in A.M. Davie [16], P.
Friz and N. Victoir [25] via discrete approximation.

The theory of rough paths leads to an enormous number of applications among
different fields, in particular in probability theory. As the sample paths of many inter-
esting stochastic processes are irregular, pathwise solutions to stochastic differential

equations driven by such processes were not well understood before the appearance
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of rough path theory. Once we have established the rough path nature for sample
paths of stochastic processes, the pathwise theory of stochastic differential equations
is a direct consequence of the deterministic results. A fundamental example is Brow-
nian motion. It was shown by E.M. Sipildinen [60], T. Lyons and Z. Qian [47] that
with probability one, sample paths of Brownian motion can be lifted as geometric
(2 + €)-rough paths in a canonical way. Moreover, pathwise solutions to stochastic
differential equations driven by Brownian motion coincide with Stratonovich’s solu-
tions, which relates to [to’s solutions in terms of the famous result of E. Wong and
M. Zakai [66]. The rough path regularity of other important stochastic processes and
related applications are well summarized in the monograph by P. Friz and N. Victoir
[26]. Other important applications of rough path theory in probability include, for
example to the Malliavin calculus for Gaussian rough differential equations by T.
Cass and P. Friz [7], to support theorem and large deviations by M. Ledoux, Z. Qian
and T. Zhang [42], and to stochastic partial differential equations by M. Hairer [31],
[32].

In the last chapter of the present thesis, we explore another application of rough
path theory in studying nonlinear diffusions on manifolds under the framework of
nonlinear expectations, originally introduced by S. Peng [56] in 2007. The theory
of nonlinear expectations, or more precisely, of G-expections, is motivated from the
study of probability model uncertainty. In contrast to classical stochastic analysis,
the fundamental feature of G-diffusions is that the generating heat flows are nonlin-
ear. Starting with a G-function which captures the underlying nonlinearity, it is an
interesting question to ask what the associated intrinsic nonlinear heat flow looks like
on a Riemannian manifold.

The last chapter of the thesis is devoted to an answer to this question based on the
theory of rough paths. As a crucial point, we first show that quasi-surely, sample paths
of G-Brownian motion can be lifted canonically to geometric p-rough paths for 2 <
p < 3. This enables us to introduce the notion of rough differential equations driven by
G-Brownian motion in the pathwise sense. Next we establish the fundamental relation
between stochastic (in the L2-sense of S. Peng) and rough differential equations driven
by G-Brownian motion. It follows that we are able to construct G-diffusions on a
differentiable manifold easily from a pathwise point of view. This is the starting
point of constructing G-Brownian motion on a compact Riemannian manifold via J.
Eells, K.D. Elworthy and P. Malliavin’s approach. The last part of the chapter is
devoted to such construction for a wide and interesting class of G-functions under

orthogonal invariance. In particular, we establish the generating nonlinear heat flow
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for such G-Brownian motion and construct the canonical G-expectation on the path
space over the manifold. As a result of independent interest, we also develop the
Euler-Maruyama scheme for stochastic differential equations driven by G-Brownian
motion. The contents of this chapter are based on joint work with Z. Qian and D.
Yang in the paper [29] in 2013.

1.2 Background on Rough Path Theory

In this section, we recall the basic notions of rough path theory. The contents of
this section are based on the monographs by T. Lyons and Z. Qian [47], T. Lyons,
M. Caruana and T. Lévy [46], and P. Friz and N. Victoir [26]. These are excellent
references for a systematic introduction to rough path theory and its applications.

In the present thesis, we only consider finite dimensional paths and hence we
restrict ourselves to the finite dimensional setting. However, it should be pointed out
that the original rough path theory of T. Lyons was developed for general Banach
space-valued paths.

Let T (]Rd) denote the infinite dimensional tensor algebra over R%. Let 7y denote
the projection map from T’ (Rd) to (Rd)®N and 7) denote the projection map from
T (Rd) to the truncated N-th tensor algebra

™ (RY) := @), (RN

Here we equip (Rd) “Y With the Euclidean norm by identifying it with R, Let
A = {(s,t) : 0 < s <t <1} be the standard 2-simplex. Throughout the rest of this

section, p > 1 is a fixed constant.

Definition 1.2.1. A multiplicative functional of degree N € N is a continuous map
X = (1, X},, . ,X‘]’Y) A\ — TN (Rd) satisfying the following so-called Chen’s iden-
tity:

Xsu @ Xyt = X5, V0O<s<u<<t <L

Let X,Y be two multiplicative functionals of degree N. Define

i

dp (XvY) = max Sup (Z ‘Xtil—lvtl B Yg—lvtl > ’
l

1<i<N 7)[0 1

RS

where Pjo 1] denotes all finite partitions of [0,1]. d, is called the p-variation metric. If
d, (X, 1) < co where 1 = (1,0,---,0), we say that X has finite total p-variation. A

5
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multiplicative functional of degree |p| with finite total p-variation is called a p-rough
path. The space of p-rough paths is denoted by €, (R?).

It can be proved that (Qp(Rd), dp) is a complete metric space.
The p-variation metric d, is in general hard to use. Equivalently, when describing

convergence and continuity for rough paths, we usually use the notion of control.

Definition 1.2.2. A control over [0, 1] is a continuous function w : A — [0, c0) such
that

w(s,t) +w(t,u) <w(s,u)
forany 0 < s<t<u<l.

Definition 1.2.3. A multiplicative functional X of degree N (1 < N < o0) is said

to have finite p-variation if there exists a control w such that
| X2, <w(s t)é forall 1 <7< N.

It can be shown (see [47]) that a multiplicative functional X of degree N (N € N)
has finite total p-variation if and only if it has finite p-variation. The key point lies in
the fact that according to the multiplicative structure, if X has finite total p-variation,
then

7

Z sup Z ‘th "

st] l

, (s,t) € A,

is a control. In many situations, to emphasize the control of a p-rough path X, we
usually say that X is controlled by w.

The following so-called Lyons’ extension theorem asserts that the signature of a
p-rough path is well defined and is locally Lipschitz continuous with respect to the
p-rough path in some sense. We refer the reader to [47] for the proof.

Theorem 1.2.1. (1) Let X be a p-rough path. Then for anyi > |p| + 1, there exists
a unique continuous map X' : A — (]Rd) “" such that

S(X) = (1, X", 7)(U’J,...Xi,...)

15 a multiplicative functional in T (Rd) with finite p-variation. Moreover, if w is a

control such that

, V1 <i< [p] and V(s,t) € A, (1.2.1)
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where [ is some constant satisfying

LpH—l
(1 + Z ( ) ) ,
then (1.2.1) holds for all i > |p| +1

(2) Let X, Y be two p-rough paths, and let 5 be a constant satisfying

%G+z(

LpJ+1
r— 2) > '
Suppose that there exists a control w such that

], (Y] < 25 << ) and (s, 1)
ﬁ(é)!
and

eA

Y

‘X _Yz ‘ w(s,t)%

5(3)
then (1.2.2) holds for all i

, V1 <i< [p] and Y(s,t) € A, (1.2.2)
> |p] +1.

Definition 1.2.4. S(X),, € T ((R?)) defined in Theorem 1.2.1 is called the signa-
ture of the p-rough path X
If z:

[0,1] — R? is a path with finite p-variation for some 1 <

p-rough path no higher levels of x are needed and we can express the signature of x
explicitly as (see (1.1.1))

p < 2, then as a
S ($>0,1 = (1,/ dzg,, ... ,/ dzs,
0<s1<1 0<s1< <8<

®...®dwsn,...>,
where the iterated integrals are defined in the sense of L.C. Young

There is a special class of rough paths called geometric rough paths. They play a
Definition 1.2.5. Given p >

fundamental role in rough path theory and its applications

1. Let GQ, (Rd) denote the completion of the set
0 (RY) := {5y (@

= 7P (S(2)) -

x has bounded total Variatlon}
under the p-variation metric d
paths.

GQ,(R?) is called the space of geometric p-rough
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The importance of geometric rough paths lies in the fact that it is canonical
from an analytic point of view, as the construction of the signature naturally arises
as iterated path integrals for paths with bounded total variation. Moreover, from
a probabilistic point of view, almost surely the sample paths of many interesting
stochastic processes (e.g. Brownian motion, Markov processes, martingales, Gaussian
processes, under certain conditions), can be regarded as geometric rough paths in a
canonical way, or more precisely via piecewise linear approximation. See [26] for a
detailed discussion.

The following so-called shuffie product formula implies that polynomial functionals
of the signature are essentially linear, which is a crucial feature of the signature.
Therefore, by an approximation argument we can see that the structure of certain
regular functionals of the signature is rather simple. We refer the reader to [46] for

the proof.

Proposition 1.2.1. Let X be a geometric p-rough path for some p > 1. For multi-
indices I = (i1, ,i,) and J = (j1, -+ ,Js), set

<k17”' 7k7"+s) - (ila"' 7i7’7j17"' 7js)'

Then we have
X% =Y Xl ),
o€Shuflle(r,s)
where Shuffle(r, s) denotes the set of permutations o of order r + s such that o(1) <
e <o(r)ando(r+1)<--- <o(r+s).

The fundamental results in rough path theory are continuity theorems for rough
path integrals and rough differential equations (written RDEs hereafter) under the
p-variation metric. As we pointed out in the last section, from T. Lyons’ original
point of view the study of RDEs is based on the theory of path integration; an RDE
is equivalently regarded as a rough integral equation (a fixed point problem) and the
solution is constructed via Picard iteration.

Instead of presenting T. Lyons’ original approach, here we follow [26] to adopt
a relatively simpler and equivalent formulation which does not rely on the theory of
path integration . In fact, path integration is a direct consequence of the theory of
RDEs in this respect. The key idea is using the Wong-Zakai type approximation.

The following result, known as the universal limit theorem, asserts the existence,

uniqueness and local Lipschitz continuity of solutions to RDEs driven by geometric
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rough paths in some sense. The definition of solutions to RDEs is contained in the

statement of the theorem itself. We refer the reader to [26] for the proof.

Theorem 1.2.2. (1) Let V = (Vi,--- | Vy) be a family of Lip”-vector fields on R® for
some vy > p (a Lip7-vector field is a vector field with bounded continuous derivatives
of orders up to |7y| and its |y]|-th derivative is (v — |v])-Hélder continuous). For any
gen yo € R, define the map

F(yo,-) : 2 (RY) = GQ, (R°)

in the following way. For any X € (2° (]Rd) which is the lifting of some path x with
bounded total variation, let y be the unique path in R® with bounded total variation

which s the solution to the ordinary differential equation

d
dy, = > Vi(y)da}, t € [0,1],

i=1
with initial value yo. F(yo, X) is defined to be the lifting of y in Q2° (R°) C G, (R?).
Then the map F(yo,-) is uniformly continuous on bounded subsets under the p-
variation metric. Therefore, it extends uniquely to a continuous map on GQ,(R?).
For given X € G, (Rd) , the corresponding Y = F(yo, X) is defined to be the unique
solution to the RDE

dY = V(Y)dX

with wnitial condition yq.

(2) Let VO, V@ be two families of Lip” -vector fields on R® for some v > p, let
XD, X be two geometric p-rough paths over RY, and let y§",y$? € Re. According
to (1), define YU = F (yél),X(1)> and YO = F (yéQ),X(2)> respectively. Suppose

that for some control w we have

Sl

1,i
x4

2),
) )Xé,t)

Sw(s,t)r, V1 <i< [p] and (s,t) € A,

and

Lew(s, t)r, V1 <i < |p| and (s,t) € A,

Xﬁ}t),i B X§2),i

R

then

1), 2),i 2 i
Vi =y @ < oul” = o]+ VO = VO s )5,

for all1 < i< |p] and (s,t) € A, where C is some positive constant depending only
174 vV

on p? 77w(07 T)’

Lip? ’ Lip” *
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Remark 1.2.1. In general, the definition of solutions itself does not require such regu-
larity assumptions on the generating vector fields as in Theorem 1.2.2, in which case
the first result of Theorem 1.2.2 does not hold any more. However, the underlying
key idea of the general formulation is the same as in Theorem 1.2.2, namely the
Wong-Zakai type approximation. Here we are not going to present the most general

formulation. A detailed presentation can be found in [26].

As mentioned before, rough path integrals can be regarded as a special case of
solutions to RDEs.

Let ¢ be an Ré-valued one form on R¢, which can be formally written as

where ¢; are R°-valued functions on R? (i = 1,---,d). Given a geometric p-rough
path X over R?, we want to define the rough path integral Y = [ ¢(dX) as a geometric
p-rough path in R®. The idea is to consider the following RDE:

d(Z,Y) = V(Z,Y)dX (1.2.3)

with initial condition (2o, o) = (z0,0), where z, is some given point in R? being un-

derstood as the starting point of X. Here the generating vector fields V' = (V,--- | Vj)

Vi(z,y) = <q§-6(iz) > Li=1,---.d,

where {ey, -+, eq} is the standard basis of R?. The RDE (1.2.3) is defined for the cou-
pled geometric rough path (Z,Y) in R4®R, and its projection onto the Ré-component
is then defined to be the rough path integral [ ¢(dX). Under Lip”-regularity on the

one form ¢, the existence, uniqueness and local Lipschitz continuity of the integral is

are given by

a direct consequence of Theorem 1.2.2. We refer the reader to [26] for the details.
Unlike general rough paths, geometric rough paths in fact take values in a much

smaller subspace which is a Lie group with very nice analytic structure. It is this

special structure that provides powerful tools in the study of geometric rough paths.

We first introduce some algebraic notions.

10
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Given N € N let

(R = {geTV (RY): mo(g) = 0};
T4 (R = {geT (RY): mo(g) =1},

We equip tV (]Rd) with the multiplication defined by
9.l =g®h—h®g, g.het (RY).

Respectively, the multiplication on 1 + tV (]Rd) is induced by the tensor product ®
on TV (R?) . Then we can prove the following result. We refer the reader to [26] for
the proof.

Proposition 1.2.2. The space (1 +tV (Rd) , ®) 15 a Lie group with manifold topology
induced by the Euclidean topology, and the space (tN (]Rd) .+ ]) 15 a Lie algebra.
Moreover, t¥ (]Rd) is identified with the Lie algebra of the Lie group 1+tV (Rd) under
the exponential map exp : tV (]Rd) — 14tV (Rd) given by

N o ®F
CL'—>1—|—ZF, GE{N(Rd).
k=1

Now let gV (Rd) be the Lie subalgebra of ¢V (Rd) generated by m (tN (Rd)) =~ RY,
It is an important result that the Lie group with Lie algebra g (Rd) is exactly the

group of truncated signatures. More precisely, let
el (]Rd) = {Sn(x)p1 : = has bounded variation} .

Then we have the following result. We refer the reader to [26] for the proof.
Proposition 1.2.3. GV (R?) = exp (g" (R?)), and GV (R?) is a closed subgroup of
14tV (R7).

It follows from the theory of Lie groups (see for example the monograph by F.W.
Warner |63]) that there exists a unique manifold structure on G (Rd) under which it
is a Lie subgroup of 1+ (R?) . The corresponding manifold topology is the relative
topology.

Definition 1.2.6. GV (]Rd) is called the free nilpotent group of step N over R%.

It is a remarkable feature of G¥ (Rd) that it carries a natural norm structure

under which it becomes a geodesic space. Recall that a geodesic space is a metric

11
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space (E,d) such that for any two points a,b € E, there exists a continuous path
v [0,1] = X such that v(0) = a, v(1) = b and

d(vs, 1) = |t — s| - d(a,b), VO < s <t <1 (1.2.4)

By an obvious rescaling, the geodesic v can actually be defined on any closed interval
[, t].
For g € GV (Rd) , define

1
llg|| = inf {/ |dx| : z has bounded total variation and Sy(z) = g} :
0

Then we have the following result. We refer the reader to [26] for the proof.

Proposition 1.2.4. (1) For any g € GV (Rd) , there exists some minimizing path x*

with bounded total variation such that Sy(x*) = g and ||g| = fol |dx*| . Moreover, z*

can be (and will be from now on) parametrized to be Lipschitz and of constant velocity.
(2) The norm || - || induces a left-invariant metric d on GV (R?) by letting

d(g,h) =g~ @hll, g,h € GV (RY)

Under this metric, G (Rd) becomes a geodesic space, and for g,h € GV (Rd), a
geodesic X joining g and h is given by

Xt =g ® SN(x*)O,tu le [07 1]7

where T* is a minimizing path associated with g~ ® h given by (1).
(3) Let p be the induced Euclidean metric on GV (R?) . Then

Id: (GY(RY),d) = (GN (R, p)

is Lipschitz continuous on bounded sets in the “—” direction and is 1/N-Hélder con-
tinuous on bounded sets in the “«—7 direction. In particular, the topology induced by

d coincides with the manifold topology.
Definition 1.2.7. The metric d on GV (Rd) is called the Carnot-Carathéodory met-

ric.

Given p > 1, it is nature to regard the group G (Rd) as the state space of
geometric rough paths which captures nonlinear higher level increments. This leads
to the study of G'P)(R9)-valued continuous paths.

12
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Definition 1.2.8. A continuous path X : [0,1] — G!?! (RY) starting at the unit 1

with finite p-variation under the Carnot-Carathéodory metric, i.e.

|X]|, := sup (Zd (th_Nth)p> < 00,

P\

is called a weakly geometric p-rough path. The space of weakly geometric p-rough

paths is denoted by WGQ, (R?).

Similarly we can introduce the p-variation metric on WGS, (]Rd) based on the
Carnot—Carathéodory metric. For X,Y € WGQ,, (Rd) , define

EP(X7Y) = (gup Zd (thnthtlhtz)p) )
0,11

where Xy, | ¢, := X;fl ® Xy, and similarly for Y. It can also be proved (see [26]) that
(WGQP (Rd) ,Ep) is a complete metric space.

Given X € WGQ, (R?), by setting X, = X' ® X, for (s,t) € A, we can regard
X as a multiplicative functional of degree |p|. Therefore, the p-variation metric d,
defined at the beginning can be applied to the space WG, (]Rd) . It is an important
consequence of Proposition 1.2.4 (3) that d, and c_lp are comparable on bounded sets.

More precisely, we have the following result. We refer the reader to [26] for the proof.

Proposition 1.2.5. A continuous path X : [0,1] — G7] (Rd) starting at the unit 1
1s a weakly geometric p-rough path if and only if it is a p-rough path. Moreover, the
identity map

Id: (WGQ, (RY),d,) = (WGQ, (R?) . d,)

is Lipschitz continuous on bounded sets in the “—” direction and is 1/|p|-Hdélder con-

tinuous on bounded sets in the “«” direction. In particular, the notion of convergence
in WGQ, (RY) under d, and d,, are equivalent.

From Proposition 1.2.5, it is obvious that a geometric p-rough path X actually
takes values in GP) (R?) if we set X; = X, for ¢ € [0, 1]. Therefore, G€2, (R?) can
be equivalently regarded as a subspace of WG, (Rd) . A nontrivial and important
fact is that weakly geometric rough paths are almost indistinguishable from geometric
rough paths. In fact, we have the following result. We refer the reader to [26| for the

proof.
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Proposition 1.2.6. Let X be a weakly geometric p-rough path.

(1) When regarded as a multiplicative functional of degree |p|, X is a geometric
q-rough path for any p < q < |p] + 1.

(2) X is a geometric p-rough path if and only if

where X7 denotes a piecewise geodesic interpolation of X over the partition points in

P.

Let us point out that the finite dimensional rough path theory can be equivalently
formulated under the framework of weakly geometric rough paths, and many impor-
tant results such as Lyons’ extension theorem and the universal limit theorem can
be proved in an equivalent way in this setting. See [26] for a systematic presentation
using this approach.

To end this section, we remark that in the previous formulations, it is of no impor-
tance whether we require all paths to be defined on the unit interval [0, 1] or on any
arbitrary interval [s,¢]. In fact, the whole theory is invariant under reparametriza-
tion in the general sense (for example, the signature is invariant). As we will use
the concept of reparametrization several times, we give its formal definition in the

following.

Definition 1.2.9. A reparametrization in the strict sense from [a,b] to [c,d] is a
continuous, strictly increasing map o : [a,b] — [c,d] with o(a) = ¢ and o(b) = d. If
o is just increasing (i.e. non-decreasing), we call o a reparametrization in the general

sense.

For the study of the uniqueness of signature problem, we restrict ourselves to
reparametrizations in the strict sense. In this thesis, unless otherwise stated, a

reparametrization is understood in this sense.
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Chapter 2

Simple Piecewise Geodesic
Interpolation of Simple and Jordan

Curves with Applications

2.1 Introduction

The classical proofs of many properties of Jordan curves (e.g. the Jordan curve
theorem) or functions on Jordan curves (e.g. Cauchy’s theorem) begin with consid-
eration of the case of polygonal Jordan curves. As part of the proof of the Jordan
curve theorem in H. Tverberg [62], it was shown that for every planar Jordan curve,
there is a polygonal Jordan curve that approximates the original Jordan curve arbi-
trarily well. We begin this chapter by proving a stronger and more general fact that
given a Jordan curve on a connected Riemannian manifold M and n points on the
curve, there exists a simple, piecewise minimizing geodesic, arbitrarily fine interpola-
tion which includes these n points as interpolation points. Its proof relies on another
main result of this chapter for non-closed simple curves. This case was first treated by
Werness [64], in which the author used an inductive proof which is not constructive.
Here we provide another proof of this result which has the advantage of being explicit
and constructive.

We would like to emphasize that our approximation, unlike that of [62] (which is
then a direct consequence of our result), does not rely on the flatness of the Euclidean
metric or the regularity of the curve. Moreover it respects the parametrization of the
curve, i.e. it is an interpolation rather than merely an approximation in the uniform

norm. This is particularly important for applications in the context of rough path
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SIMPLE PIECEWISE GEODESIC INTERPOLATION

theory, where we approximate continuous paths by bounded total variation ones in the
p-variation metric. Such an idea is fundamental to study the roughness of continuous
paths, and particularly of sample paths of continuous stochastic processes. We will
come back to this point in the last two chapters.

We then give two applications of our main result for Jordan curves.

By taking advantage of the result that the p-variation of the piecewise linear inter-
polation of a path is bounded by the p-variation of the path itself, our approximation
theorem yields immediately a generalized Green’s theorem for planar Jordan curves
with finite p-variation, where 1 < p < 2. To the best of our knowledge, in the rough
path literature, the only other attempt so far in extending Green’s theorem to non-
rectifiable curves appeared in P. Yam [67], where Green’s theorem was proved for the
boundaries of a-Holder domains for % < a < 1. Our result is a partial generalization
of P. Yam’s because P. Yam’s result requires the curve to be a-Holder under the
conformal parametrization whereas our result only requires the curve to be a-Hélder
under some parametrization. This difference lies in the fact that P. Yam used the
conformal map from the unit disk to the interior of the Jordan curve to construct the
approximation.

Another application of our main result is a solution to the uniqueness of signature
problem for planar Jordan curves with finite p-variation for 1 < p < 2. Since Jordan
curves are highly non-degenerate, it is natural to expect that the curve is determined
by its signature up to reparametrization in this case. In fact, we will see that with
the aid of our main result, this can be proved by using the same technique as in 6] for
planar simple curves (with the same regularity). It should be pointed out that under
such regularity, the path is actually “smooth” from the view of rough path theory
as no higher level increments are needed in this case and the signature is uniquely
defined in the sense of L.C. Young as iterated path integrals. Of course the uniqueness
of signature problem is nontrivial, even for the case when the path is really smooth.

Throughout the rest of this chapter, all curves are assumed to be continuous.

2.2 Simple Piecewise Geodesic Interpolation of Sim-

ple and Jordan Curves

In this section, we prove our main results about simple piecewise geodesic approx-
imation of simple and Jordan curves in Riemannian manifolds. Although the most

interesting and nontrivial case lies in the Euclidean plane, we formulate the problems
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in a Riemannian geometric setting of arbitrary dimension since our proofs do not rely
on Euclidean geometry (i.e. the "flatness” of the Euclidean metric) at all.
Throughout this section, let M be a d-dimensional connected Riemannian mani-
fold (d > 2).
The following lemma, which is an easy fact from Riemannian geometry, is essential

for us to formulate our main results.

Lemma 2.2.1. For any compact set K C M, there exists some € = € > 0, such
that for any x,y € K with
d(z,y) <e,

there exists a unique minimizing geodesic in M joining x and y, where d (-,-) denotes

the Riemannian distance function.

Proof. For any = € K, choose ¢, small enough such that B (z,d,) is a geodesically
convex normal ball (see the monograph by M.P. do Carmo [21], Chapter 3, Proposition

4.2). By compactness, we have a finite covering of K :

g 5
K C UB (ZL’Z,§) s
=1

where x1,--- , 2, € K. Let ¢ = %min{ézl, o+, 0g, }. It follows that for any z,y € K
with d (z,y) < &, there exists some 1 < i < k, such that x,y € B (x;,0,,). Therefore,

by geodesic convexity we know that x and y can be joined by a unique minimizing
geodesic in M which lies in B (z;,d,,) - O

Now we are in a position to state our main results.
The first main result is a simple piecewise geodesic approximation theorem for

non-closed simple curves in M.

Theorem 2.2.1. Let v be a non-closed simple curve in M. Then for all € > 0, there

exists a finite partition
P.: O=tg<ti < - <th_1<t,=1

of [0,1], such that
(1) the mesh size of the partition ||P-| = max,— ., (t; —ti—1) <&
(2) foranyi=1,--- n, vy, , and~y, can be joined by a unique minimizing geodesic

in M, and the piecewise geodesic interpolation (more precisely, piecewise minimizing
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Figure 2.2.1: This figure illustrates the relative positions of the points in Lemma 2.2.2
in the Euclidean case. The lengths of the line segments Ty and Zw are less than or
equal to r. Here the length of zx is strictly less than r.

geodesic interpolation, and the same thereafter) 4= of ~v over the partition points in

P- is a simple curve.

The proof of Theorem 2.2.1 relies on the following crucial lemma, which depends
heavily on properties of minimizing geodesics. In the Euclidean case, we illustrate
the lemma in Figure 2.2.1, which says that if the length of the straight line segments
Ty and Zw are both less than or equal to r, then at least one of the four line segments

T, 7w, yu, yw has length strictly less than r.

Lemma 2.2.2. Let z,y,z,w € M and o : [0,1] — M (respectively, § : [0,1] —
M) be a minimizing geodesic joining x and y (respectively, z and w). Assume that
a([0,1]) N B ([0,1]) # O and for some r > 0, d(x,y) <7, d(z,w) <r. Then at least
one of d(x,z),d(y, z),d(z,w),d(y,w) is strictly less than r.

Proof. Let ao(u) = B (v) = p for some u,v € [0,1]. Since o and S are minimizing

geodesics, we know that

Therefore, at least one of the following four cases happens:

(1) d(z,p) <%, d(z,p) < 5
(2) d(z,p) <%, d(p,w) <5
(3) d(p,y) <5, d(z,p) <%
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(4) d(p,y) <% d(p,w) <5
First assume that Case (1) holds. It follows that

d(z,z) <d(x,p)+d(z,p) <.

If d(z,z) =r, then

d(z,p) = d(z,p) = 3,

and hence Case (4) holds, which implies

d(y,w) <d(p,y)+d(p,w) <r.

If d (y,w) = r, then
,

Consequently, we have u = v = 1.

2
Now define

Since
Length (@) = r =d(z, 2),

« is minimizing. Moreover, since any geodesic has constant speed, by definition we
know that « is parametrized proportionally to arc length. It follows from the first
variation formula (see [21|, Chapter 9, Proposition 2.4) that & must be a geodesic.
However, since « ‘[07 =0 ‘[0, 1 by the uniqueness of geodesics we have a = « and
hence y = z. Similarly we have z = w.

The other cases can be treated in the same way, which completes the proof of the

lemma. O

With the help of Lemma 2.2.2, we can now prove Theorem 2.2.1. The key idea
is to construct a sequence of times ¢, t,, ... so that ¢;,1 is the last exit time of ~ for
a small geodesic ball around ~;, after time ¢;. The uniform continuity of the inverse
of the map t — ~; guarantees that ¢; and ¢;,; are close. We then need to argue
that adjacent geodesic segments as well as non-adjacent geodesic segments in the
approximation curve do not intersect. The latter uses Lemma 2.2.2. We illustrate

the first step of the construction in Figure 2.2.2.

Proof of Theorem 2.2.1. Fix € > 0. Since + is a continuous and injective map from
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/
/
/T

Figure 2.2.2: This figure illustrates the first step in the construction given in the proof
of Theorem 2.2.1. The dotted line represents the simple curve v. The solid geodesic
segment joining the point vy and ~;, represents the first step in the construction of
the piecewise geodesic interpolation of 7. Note that we take ¢; to be the last exit
time of v in a %—geodesic ball centered at ~.

the compact space [0, 1] to the Hausdorff space M, it is a homeomorphism from [0, 1]
to its image. By compactness and hence uniform continuity of 4~ we know that
there exists d. > 0 such that for any s,t € [0,1],

d(Vs, 1) < 0. = |t—s|<e.

We further assume that d. < (0,1, Where £4(j0,1]) is the positive number in Lemma
2.2.1 depending on the compact set «y ([0, 1]) C M. It follows from Lemma 2.2.1 that
for any s,t € [0, 1] with d (s, %) < e, ¥s and 7; can be joined by a unique minimizing
geodesic in M. Now define an increasing sequence of points {t;} 22, in [0, 1] inductively

by setting o = 0 and

_ 6.
ti = sup {t S [ti—la ].] DY € B (’)/ti_l, 5) }, 1 > 1.

We claim that there exists some [ > 1, such that for all ¢ > [, ¢; = 1. In fact, if it

is not the case, then for any ¢ > 1, we have

Oc

tiii <t;<landd (%iﬂa%i) = 5

On the other hand, by the uniform continuity of 7, there exists some 7. > 0, such
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that for any s,t € [0, 1],
sl <n = () < %
Therefore, for any ¢ > 1, |t; — t;_1| = 1., which is an obvious contradiction. Now set
l=min{i >1: t; =1},
and define

P.: 0=to<ti < --- <1<tz =1

to be a finite partition of [0,1]. Then it is easy to see that ||P.|| < e, where ||P.||
denote the mesh size of the partition P..

It remains to show that the piecewise geodesic interpolation %= of v over the
points of P. is a simple curve.

To see this, first notice that for adjacent intervals [t;_1,t;], [ti,tir1], we have

[ti—1,t:] ﬂ 77)5

In fact, if it is not the case, then there exist s; € [t;_1,t;) and so € (;,t;41] such that

P)/PE [tistig1] — {’Yti}'

VP =P £ .

If7 < -1, then by applying Lemma 2.2.1 with z = v, and y = 7ff = ﬁ, vPe [s1,t]
is a reparametrization of the reversal of ~”= [ti,s2], Which we denote as Pe [ti,s0]- 1D

particular, %=

H
] and Fe

[tistisn [t;_1,t; are geodesics that start at the same position

with the same initial velocity. By the uniqueness of geodesics, either v7= ([t;, ;41]) C

— —
P ([tiz1, t]) or v ([tic1, t]) € 47 ([ti, tisa]). In particular we have either v7¢|y, | 4
H

passes through v, ,. As »"*

passes through v, , or "=

[ti—1,ts] and ,77)5 [tistiy1]

are minimizing geodesics and we have d (%i,%i_l) =d (%i, M, +1), we conclude that

[tistit1]

Vtio1 = Yty Which contradicts that «y is simple. Figure 2.2.3 illustrates this argument.
<_Ifi = [ — 1, then arguing as in the case i < [ — 1, we have either v7= ([t;, t;11]) C
VP ([t ti]) or AP ([tima, ti]) C 4% ([tis tina]).  However, ﬁi = | — 1, we have
d (Vs Vripn) < % =d (1, %) and hence %= ([t;,ti1]) € v ([ti1,t]). In partic-
ular, =

(t:_1,t;] Passes through v, . Therefore, d (’yti,l,%iﬂ) <d (’Yti,p%i) which

contradicts the construction of {t;}!_,.
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Figure 2.2.3: This figure illustrates the argument in the proof of Theorem 2.2.1 that
two adjacent line segment of the approximation curve we constructed cannot inter-
sect. The straight line represents the geodesic segments in the piecewise geodesic
interpolation of 7. 7, ., V,, V.., are subdivision points of the curve. If the two adja-
cent line segments do intersect as in the figure, then ~y,, ., is closer to ~;,_, than to 7,
which contradicts our construction.

On the other hand, if [t;_,t;] and [t;_1,%;] (¢ < j) are non-adjacent intervals and

Sl [T ﬂVPEhtjfml # 0,

then by Lemma 2.2.2 we know that at least one of

d (,Yti_lﬂ ’Ytj_l) 7d (’th ’Ytj_l) 7d (’yti_1 ) th) ’d (Vt“%tj)

is strictly less than %E. However, this again contradicts the construction of {t;}!_,.

Now the proof is complete. O

The previous technique is crucial for us to prove our second main result, which
is concerned with simple piecewise geodesic approximation of Jordan curves. This

result significantly strengthens Theorem 2.2.1.

Theorem 2.2.2. Letv: [0,1] — M be a Jordan curve. Assume that 0 <1 < --- <
T < 1 are k fized points in [0,1]. Then for any € > 0, there exists a finite partition

P.: O0=tg<ti < <th_1<t,=1

of [0,1], such that

(1) 7, -+ , Tk are partition points of P.;
(2) [Pl <e;
(3) fori=1,--- n, y,_, and 7y, can be joined by a unique minimizing geodesic

in M, and the piecewise geodesic interpolation vF= of ~v over the partition points in
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Figure 2.2.4: This figure illustrates the relative positions of the points involved in
Lemma 2.2.3.

P. is a Jordan curve.

The proof of Theorem 2.2.2 relies on the following geometric fact. It is illustrated
by Figure 2.2.4.

Lemma 2.2.3. Let B (p, R) be a geodesically convex normal ball centered at p € M,
and let ¢ € OB (p, R). Assume that x,y € B (p, R)¢ and there exists a minimizing
geodesic o : [0,1] — M joining x and y. If «([0,1])(Pg # 0 and d(z,y) < r for
some 0 < r < R, where pq denotes the image of the unique minimizing geodesic in M
joining p and q, then

d(z,q) <r, d(y,q) <r.

Proof. The conclusion is obvious if ¢ € «([0,1]). Otherwise, let ¢t € (0,1) be the
unique time such that e := a/(t) € B (p, R) is the intersection point of « ([0, 1]) and
pq. By using the fact that B (p, R) is a geodesically convex normal ball, it is easy
to show that there exists a unique u € (0,t¢) and a unique v € (¢,1), such that
z:= a(u) and w := «a(v) lie on IB (p, R) . Observe that e and p are distinct, since
their equality contradicts the fact that r < R. Now it follows from properties of
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Figure 2.2.5: This figure illustrates the idea of proving of Theorem 2.2 when k = 2.
The dotted line represents the curve . The solid line represents the piecewise geodesic
interpolation of ~.

minimizing geodesics that

d(r,q) < d(x,e)+d(eq)
= d(z,e)+d(p,q) —d(pe)
= d(z,e)+d(p,w)—d(p,e)
< d(z,e)+d(e,w)
= d(z,w)
< d(z,y)
< r

Similarly, we have d (y,q) < r. ]

Now we can prove Theorem 2.2.2. Our proof is constructive and the idea is as
follows. Recall that the times 7, ..., 7, should to included in our partition. Firstly,
We find small disjoint geodesic balls around the points 7;,,...,v7,71. Secondly, we
connect each point v,, by two radial minimizing geodesics to the point where v first
enters the geodesic ball around +,, before time 7; and to the point where ~y last exists
the geodesic ball. Finally, we construct a simple piecewise geodesic interpolation
for each piece of simple curve outside those geodesic balls inductively, by using the
algorithm in Theorem 2.2.1. To make sure that those approximation curves do not
intersect the geodesic segments inside those geodesic balls, we need to use Lemma
2.2.3. Figure 2.2.5 illustrates the idea when k = 2.
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Proof of Theorem 2.2.2. Take an arbitrary 7 € (0, 7). Since 7 is a Jordan curve, we
know that v, v, Yrs Vreyn € M are all distinct, where we set 7,1 = 1. By
the Hausdorff property, there exists some 6 > 0 such that the closed metric balls
B (Vr,,6) -+, B (Vs,,,,0) are all disjoint and v, ¢ U B (72, ).

For the moment, by periodic extension and restriction we regard v as defined on
[7,7 + 1] with starting and end points being ~ (7).

Now fix ¢ > 0. Without loss of generality we assume that

T2 —T1 Tk+1—Tk}

8<min{7,ﬁ—7’, 5 , 5

First of all, by the uniform continuity of fy][_Tln] and ’y\[_an 41> there exists some
d. > 0, such that foralli =1,--- [k + 1, any s,t € [1,7;] or s,t € [1;, 7+ 1],

d(vs,m) <0 = |t —s|<e.

Now set U; = B (7,,,0.). Here we assume that J. is small enough so that each U;
is a geodesically convex normal ball and Lemma 2.2.1 holds for those ~,,7; with
d (vs, V) < 20.. Define

w; = inf{ter,n: nel},
v; = Sup{tE[Ti,T+1]t %GU,}.

To return to the original time interval [0,1], let vg = vg1 — 1. We have |vg| < e,

|7 —u;| < e, |v; — 7| <eand
0<v0<u1<7'1<vl<---<uk<7'k<vk<uk+1<1,
and
Vi 7é Yvis d(’yﬂ" ’Yui) =d (’Yﬂ'?ryvi) = Oe.

Moreover, we have

k+1
Y1) Utwr 12) U Ut Ut ) | (U Ui) =0.

i=1

We take vg, uy, 71,01, -+, Uk, Tk, Uk, Upr1 as part of the partition points in P.. In
particular, vy is the first point, ux,; is the last point (except 0 and 1), and u;, 74, v;

are successive points in P., so the piecewise geodesic interpolation of v over those
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small intervals is a finite sequence of radial geodesics of the balls centered at 7,, with
radius 6. fori=1,---  k+ 1.

For the next step, notice that |wgui)s Y|jruel> =+ » V/je,unsa] are k + 1 non-closed
simple curves with disjoint images. We use the constructive procedure in the proof of
Theorem 2.2.1 to define a simple piecewise geodesic approximation of each 7|p, , u,
(t=1,---,k+1) with partition size smaller than € inductively, such that the resulting
piecewise geodesic closed curve over [0, 1] is Jordan.

Let 79 be the Jordan curve such that

7% =7, on [v, ui] U [v1, us] UU [vk—1, ux] U [vk, 1],

and it is the minimizing geodesic (radial segment of the corresponding normal ball)

on each small interval of

[Oa UO} ) [ula 7_1] ) [7—17 Ul] y T [uka Tk] ) [Tka Uk] 5 [uk’-i-la ]-] .

By the construction in the proof of Theorem 2.2.1, we may find a partition

(1) (1) (1)

. (1) _
< <wply <wy =

[U07u1] . UO - wo < wl

™)
so that HP[(UIO)UI] ‘ < ¢, the geodesic interpolation fyp[vwﬂ of Y|jwo,u,] OVer the partition

points in P[Sjlo)ul] is simple and
d<’yw<£)1”7w§1)> - 521)7 1= 17"'l1_17
d (IYw(l) aVIu) g 5gl)a
-1

for some (551) > 0.

(1)
Moreover, we may choose 5 small enough so that dist <fy7’[v0ul]77(0)|[ﬁ’1]) > 0

and (Sél) < 5&-
Now we show that
PO
7 0l ()1 ,00) Ytar ) = 0.

)
In fact, if 4" le0.u) N7 0.06) # 0, then from the construction of {wgl)}, there exists
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some 7 > 2, such that Yo s Yy € Uk+1c and
1—1 1

— (0)
T 7o [ 17 li) # 0,

where Yoo Vg™ denotes the image of the unique minimizing geodesic joining Yo
i—1 1 i—1
and 7 ). However, since d (’yw(l) ,’yw(1)> < s < 0., we know from Lemma 2.2.3
i i—1 i
that
d (%0,%(1> ) <o, d (%o,vwm) <6,
i—1 i

which is an obvious contradiction to the construction of {wgl)} b

)
On the other hand, if 4 o) NV wim) # 0, then there exists some i < l; — 1,
such that Vo ® Yy ﬂ7(0)|(ul,ﬁ] =+ (. Since VoD s V) € 716 and d <7w(1) ,’yw(1)> =
i—1 Wi i—1 i i—1 i

s < 0., we know again from Lemma 2.2.3 that

d (%lwwm > <M, d (vul,vwm) <o,
i—1 2
But this is also a contradiction to the construction of {wgl)} b
Therefore, the closed curve () over [0, 1] defined by
o]
@ )t e vy, wl;

Vel = 0)
Ve s te [071]\[007161]7

is a Jordan curve.
Now consider 7|, 4,). The previous argument can be carried through easily with

respect to the Jordan curve vV, and we obtain a finite partition

P[(fl)Mﬂ S w(()Q) < wgz) <-e < wl(j)_1 < wl(22) = g,

such that HP(Q)

[v1,u2]

‘ < ¢, and the closed curve v over [0, 1] defined by

@)
[01,us] .
@ ), te v, ugl;

T = )
Vs S [071]\[U17u2]7

)
is a Jordan curve, where 7 iual is the geodesic interpolation of Y1 ,us] OVer the
(2)

o1 us] By induction, we are able to construct simple piecewise

partition points in P,
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geodesic approximation of each piece of v outside Uf;l U, and finally obtain a finite

partition P. of [0, 1] with partition points

k+1
{O}U (U {viflawgl)a T 7wl(j)—1’ui’ﬂ}> ’

i=1

1) by induction)

such that ||P.|| < e, and the geodesic interpolation y%= (which is 7
of v over the points of P. is a Jordan curve.

Now the proof is complete. O]

Remark 2.2.1. By slight modifying the proof, it is not hard to see that Theorem 2.2.2
also holds for non-closed simple curves. In this respect, it strengthens the result of
Theorem 2.2.1.

Remark 2.2.2. 1t is possible to generalize our main results to infinite dimensional
spaces with suitable geodesic properties. For technical simplicity we are not going to

present the details.

2.3 Applications

In this section, we demonstrate two applications of Theorem 2.2.2. Here we assume

that M = R2.

2.3.1 Green’s Theorem for Jordan Curves with Finite

p-variation for 1 < p < 2

We first prove a generalized version of Green’s theorem for planar Jordan curves
with finite p-variation, where 1 < p < 2.
The following continuity result on Young’s integrals is crucial for us. We refer the

reader to [46] for the proof.

Theorem 2.3.1. Let p,q > 1 be such that % + % > 1. Let z,y :[0,1] — R? be two
continuous paths with finite p- and g-variation respectively. Then the following limit

exists:

1

dy := i , =y ) .

/0x® T el o—tz - 0 o)
1 0=tp<...<tp=1

28



SIMPLE PIECEWISE GEODESIC INTERPOLATION

Moreover, the path fo x ® dy has finite g-variation and

/x@dy
0

where ( (+) is the classical Riemann zeta function.

1 1
< 2( (_ + _) T Yllg»
i [l llyllq

q

The following lemma demonstrates the importance of piecewise linear approxima-

tion under the p-variation metric. We refer the reader to [46] for the proof.

Lemma 2.3.1. Let x : [0,1] — R? be a path with finite p-variation, where p > 1. Let
f:R* = R® be a Lipschitz function with Lipschitz constant C. Then
()11 @l < Cllell
(2) For any q > p,
lim | f(z)—f (:CP)”q — 0,

IPl—0

where ¥ denotes the piecewise linear interpolation of x over the partition points in

P.

We now prove a generalized version of Green’s theorem for non-rectifiable Jordan

curves.

Theorem 2.3.2. Let f,g : R? — R be functions with continuous first order deriva-
tives, and let v : [0,1] — R? be a positively oriented Jordan curve with finite p-
variation, where 1 < p < 2. Let x,y denote the first and second coordinate components

of v respectively. Then we have

! of ag)
s ds_ s ds = a. I dda
/0 (f (7s) dys — g (7s) das) /Im(v) ((%Jray zdy

where the integral on the L.H.S. is understood as Young’s integral, and Int () denotes

the interior of .

Proof. Fix ¢ > 0. According to Theorem 2.2.2; let P. be a finite partition of [0, 1]
such that ||P.|| < e, and the piecewise linear interpolation 47+ of v over the partition
points in P. is a Jordan curve. Let %=, 4™ be the first and second components of
vPe respectively. It follows from the classical Green’s theorem for piecewise smooth

Jordan curves that

' af  ag
Pe £ __ Pe Pe — -4 —J
/0 (f (’Ys )dys g (’Vs )cl:zcS ) /Imw’s) (895 + 8y) dzdy.
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For any ¢ € (p,2), we know that

/01 (f (77%) dyl= - /Olf(%)dys>

| [ wem-senar+ [ re0aer - w)
<[ rer) = e ar+| [ fe0der -
<2¢(2) (1767 = £ Gl Il 17 G, P = %1,

where the final inequality follows from Theorem 2.3.1 and Lemma 2.3.1. Therefore,

by Lemma 2.3.1,
1 1
/f(vff)dyf%/ f(vs) dys
0 0

1 1
/Og(vff)dyf%/o g (7s) dys

On the other hand, as v has finite p variation, it has a 1/p-Hélder parametrization.

as € — 0. Similarly,

ase — 0.
Therefore, v has Hausdorff dimension less than 2. In particular, this means that

v([0,1]) has zero Lebesgue measure. By applying the bounded convergence theorem
to the integrand (% + %) Liye(47-), we have

of | 39> <3f 89)
dxdy — dxd
/Ivnt ( Ox 9 Int(y) Ox ay Y

Now the proof is complete. n

as € — 0.

Remark 2.3.1. For paths with bounded total variation, there is a version of Green’s
theorem which works for non-simple closed curves, involving the winding number
of a path. An interesting inequality in this respect is the Banchoff-Pohl inequality,
which generalizes the isoperimetric inequality and asserts that the winding number of
a rectifiable curve is square-integrable. The reason for the “simple closed” condition
in our version of Green’s theorem is that in general the winding number of a non-
simple non-rectifiable curve is not integrable. The fact that we can approximate the
rough Jordan curves by piecewise linear interpolations which are still Jordan means

that the winding number of each approximation is an indicator function, which is
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bounded by the indicator function of a neighborhood of Int(y). This point is crucial

in our situation.

Remark 2.3.2. A direct consequence of Theorem 2.3.2 is Cauchy’s theorem for Jordan
curves with finite p-variation where 1 < p < 2, according to the Cauchy-Riemann

equation for holomorphic functions.

2.3.2 The Uniqueness of Signature Problem for Planar Jordan

Curves with Finite p-variation for 1 <p < 2

As the second application of Theorem 2.2.2, we prove that up to reparametrization,
a planar Jordan curve with finite p-variation for 1 < p < 2 is uniquely determined by
its signature.

For notational simplicity, assume that {ei,..., e} is the standard basis of R,
and {e},...,e!} is the corresponding dual basis of R¥*. We embed T ((Rd)*) into
T (]Rd)* by extending the relation

i i 1 ifn==Fkand i =7j1, -, = Jr,
el ®..0€e (6,®...0e€,)

i1 in

0 otherwise,

linearly. Throughout the rest of this section 1 < p < 2 is some fixed constant.
The following basic properties of the signature follow easily from the definition

and Lyons’ extension theorem.

Proposition 2.3.1. Let x : [0,1] — R? be a continuous path with finite p-variation.
Then the following holds.

(1) Let o : [0,1] — [0, 1] be a continuous increasing surjection, then

S (37->0,1 =5 (xa('))0,1 .

(2) For all v € R4,
S+, =5(@)g,-

(3) Let x,, be a sequence of continuous paths with finite p-variation and

lim ||z, — |, =0,
n—oo

31



SIMPLE PIECEWISE GEODESIC INTERPOLATION

Then for each i € N,

lim
n—o0

i (5 (xn)m) — (S (@)‘ 0.

It turns out that some terms in the signature of a curve can be reduced to single

line integrals. This is the key idea for proving our uniqueness of signature result.

Proposition 2.3.2. Let v : [0,1] — R? be a positively oriented Jordan curve with
finite p-variation. Let x.,y. be the first and second coordinate components of v respec-

tively. Then for k,n > 0, we have

e{®k+1 ® e;@n—O—l (S (7)071>

1 psntk+t2 s2
= / / / dxg, -+ drg,  dys ., dYs, ..,
o Jo 0
1

k n
- - — y)" dzdy.
k'n' Int(v) ($ xﬂ) (yl y> rey

Proof. Note that

1 psSntkte 82 » » » »
/ / ’ / dxsl T d$5k+1dy5k+2 T dysn+k-+2
0 0 0
1

_ ' Pe Pe h Pe Pe nd Pe
N (k+1)n! J, Tspra — T0 Y = Ysps Ysiyo
1 k
= r— — )" dady,
kin! Int(yP<) ( 0) (yl y) Y
where P. is the partition given by Theorem 2.2.2, so that v is a Jordan curve.

By Proposition 2.3.1,

bk 2P P P P
.« .. € “ .. € € “ .. €
/; /0 /0 d:csl dekJrl dy5k+2 dy8n+k+2

1 Sntk42 52
. / / / drg, - dag,, dys,,, - dys, ., .,
0 0 0

as € = 0. On the other hand, as in the proof of Theorem 2.3.2 it is not hard to see
that

(x — 20)" (y1 — y)" dady — (x — 20)" (y1 — y)" dady
Int(yPe) Int(7)

ase — 0.
Therefore, the result follows. O
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Remark 2.3.3. The case of n = 1,k = 0 for Proposition 2.3.2 has already been proved
by Werness [64]. The main difficulty in extending to the general case involves the

interchange of iterated path integrals.

The following lemma is the main reason why our result only works for Jordan

curves.

Lemma 2.3.2. Let 7,7 : [0,1] — R? be two positively oriented Jordan curves such
that Tm(vy) = Im(¥) and vo = Y. There exists a continuous and strictly increasing
map o = [0,1] — [0,1] with 0(0) =0, o(1) = 1, such that v, = 7. In other words,

v and v are equal up to reparametrization.

Proof. As v and 7 are Jordan curves, Im(7)\{7} and Im(7)\ {70} are both home-
omorphic to (0,1). Therefore, the function o : (0,1) — (0,1) defined by o () =
71 o7 (t) is a homeomorphism (0,1) — (0,1). Hence, it is strictly monotone. This
implies that lim; ,o o (t) exists. Moreover, it is easy to see that lim, oo (t) € {0,1}.

If limy_o0 (t) = 0, then o can be extended to the desired map on [0,1]. As
Yo(t) = V¢, We know that v and 7 are equal up to reparametrization. If lim;_, o (t) =
1, then lim; ,;0(t) = 0 and o (t) is decreasing. This implies that o (1 —1t) is a
continuous increasing function. Therefore, v and 7 have opposite orientations, which

is a contradiction. O

Now we are in a position to provide a solution to the uniqueness of signature

problem for planar Jordan curves.

Theorem 2.3.3. Let v,7 : [0,1] — R? be two Jordan curves with finite p-variation
starting at the origin. Then S (), , = S (7)o, if and only if v and ¥ are equal up to

reparametrization.

Proof. Sufficiency follows from Proposition 2.3.1. We now consider the necessity part.
Asej ® €} <S (”Y>o,1) =e;®e} (S (:V)0,1>> by Proposition 2.3.2 we have

(—1)5(7)/ dxdy = (—1)6(&)/ dxdy,

Int(v) Int (%)

where ¢ () is 0 if v is positively oriented and 1 otherwise. As flnt(w) dxdy and

fInt(’y) dxdy are both positive, we must have v and 7 oriented in the same direction.
Without loss of generality, assume both 7 and 4 are positively oriented. By

Proposition 2.3.2 and that S (v),, = S (7),,, we have

/ (x — xo)k (y1 —y)" dady = / (x — jo)k (91 —y)" dedy
Int(7)

mt(3)
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for all n, k > 0. Therefore,

/ ei(/\lir)\gy)dxdy _ / ei(/\laer)\Qy)dxdy
Int(y)

Int(%)
for all A\, A\ € R.
Both 1p,(y) and 1) are in L' and by the injectivity of the Fourier transform
on L', we have

1Int(7) (.’L’, y) = ]-Int(’y) (:Ea y)

for almost every (z,y) € R?. In particular, this implies that both Int (v) \Int (y) C

Int () \Int (¥) and Int (3) \Int () C Int(y)\Int (§) are null sets in R?. However,

since both Int () \Int () and Int () \Int (7) are open, they must be empty. There-

fore,

Int (7) = Int (7).

By the Jordan curve theorem, we have
R2\Int (7) = R*\Int (7).

Therefore, Int (§) = Int (7) and so Im(y) = Im(¥) and by Lemma 2.3.2, v and 7 are

equal up to reparametrization. L]

Remark 2.3.4. The proof of Theorem 2.3.3 gives an explicit way of computing the
moments of the finite measure 1y () (7,y) dedy from the signature of +. In particular,
by applying Fourier inversion it gives us a way of reconstructing the path from its
signature. However, this is not explicit due to the possible difficulty of inverting the

Fourier transform.
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Chapter 3

The Uniqueness of Signature Problem
for Weakly Geometric Rough Paths

3.1 Introduction

In this chapter, we give a complete solution to the uniqueness of signature problem
for weakly geometric rough paths.

In [35], B.M. Hambly and T. Lyons introduced the notion of tree-like paths and
proved that the signature of a continuous path with bounded total variation is trivial
if and only if the path is tree-like. According to their formulation, a continuous
path x : [0,1] — R? with bounded total variation is called tree-like if there exists a
continuous function h : [0,1] — [0,00) (called a height function) such that h(0) =
h(1) = 0 and

|z — xs| < h(t) + h(s) —2 inf h(u) (3.1.1)

u€|s,t]

for all 0 < s <t < 1. This notion is to describe paths that track back along themselves
completely. Since the signature of x represents the aggregation of its global higher
order increments, it is heuristically not obvious that the trajectory of X could be
determined from its signature in any sense. In this respect, the result of B.M. Hambly
and T. Lyons is profound and it reveals the fundamental relationship between the
geometry of the path and its signature, which is a deep exploration of the connection
between geometric and algebraic features of the path.

The fundamental idea of their proof is via approximation. More precisely, for the
“if” part, they first showed that if a piecewise linear path is tree-like, then it has trivial
signature. The proof is based on induction on the number of edges. Then they showed

that a tree-like path with bounded total variation can be approximated by a sequence
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of piecewise linear tree-like paths under the 1-variation metric. The conclusion of the
“if” part is then an easy consequence of the continuity of the signature map under
the 1-variation metric. The logic of proving the “only if” part is similar, but the
development is much more involved. First of all, again by induction they showed that
if a weakly piecewise linear path (i.e. a path with bounded total variation whose image
lies in a polygonal curve) has trivial signature, then it must be tree-like. The next step
is to represent the original path by the indefinite path integral of a rank 1 one form
along the path. It then follows from standard compactness results in measure theory
that this one form can be approximated by a sequence of locally constant rank 1 one
forms in L'-norm (this is sufficient in the case of paths with bounded total variation).
It is both the local constancy and rank 1 features which guarantee that the indefinite
path integrals of this sequence of approximating one forms yield a sequence of weakly
piecewise linear paths, which converges to the original path under the 1-variation
metric. Moreover, according to the shuffle product formula the signatures of this
integral sequence are functionals of the signature of the original path and hence they
have trivial signatures. It follows that this sequence of approximating paths must
be tree-like. Finally the conclusion of the “only if” part follows from a compactness
result for tree-like paths.

The main contribution of this chapter is the extension of B.M. Hambly and T.
Lyons’ result to the case of weakly geometric rough paths. Before developing the
complete mathematical proof, we first illustrate the underlying idea informally.

Let’s look at B.M. Hambly and T. Lyons’ proof of the “if” part more closely.
Although their proof relies on the assumption of bounded total variation in a crucial
way, the underlying idea is robust. From a more geometric point of view, a tree-like
path is nothing but just a continuous loop in some real tree. If we start with a finite
set of points on the path, the key to producing a piecewise linear tree-like path with
this set as end points (but not necessarily all the end points) is simply to identify all
nodes associated with this set. The piecewise linear tree-like path is then constructed
almost immediately from the basic structure of a real tree. This argument certainly
does not rely on the regularity of the path and can be developed rigorously in the
language of real trees (or equivalently in terms of “height functions” as in [35]). Our
proof of the “if” part for weakly geometric rough paths is based on this idea.

On the other hand, if we look into B.M. Hambly and T'. Lyons’ proof of the “only if”
part more carefully, it is not hard to capture the fundamental difficulties in extending
the technique to weakly geometric rough paths. First of all, the representation of

the path by the indefinite path integral of a rank 1 one form along the path depends
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crucially on the fact that the path has bounded total variation, since the rank 1
feature comes from projections onto the tangent lines of the path. In general, such
a representation is possible if we relax the rank 1 condition. However, this condition
is necessary to guarantee that the approximating sequence is weakly piecewise linear,
a point which is again crucial in the development. Even if such a one form can be
constructed, the corresponding approximation is also highly nontrivial beyond the
bounded total variation case since the L!'-norm on the space of one forms is not
strong enough to yield the corresponding convergence for the approximating paths
under the p-variation metric.

Therefore, in developing the “only if” part of the assertion for weakly geometric
rough paths, we do need a substantially new idea to get around the difficulties we
mentioned before. The fundamental point is to prove that for any weakly geomet-
ric p-rough path X, there exists a unique weakly geometric p-rough path X up to

reparametrization such that S <)~() = 5(X),, and the signature path S <}~(> of
0,1 : 0,

X is a simple curve. This almost indicates, at least in a very intuitive way (it would
be clear in the context of Definition 3.2.1 below), that the signature group S, over
the space of weakly geometric p-rough paths is a real tree under some tree metric.
This tree metric is actually not hard to construct in terms of the p-variation of the
“reduced” path X. With the observation that the signature path S(X)o,. of a weakly
geometric p-rough path X with trivial signature is just a continuous loop in S, under

the tree metric, it follows easily that the path X is tree-like.

3.2 Preliminaries on Real Trees and Formulation of
the Main Result

In the formulation and proof of our main result, we use the basic language of real
trees instead of height functions, which is technically simpler and geometrically more
intuitive. It can be seen from the following discussion that these two settings are
equivalent. In this section, we recall the basic notions of real trees. The contents of
this section are based on the monographs by I. Chiswell [11], and C. Favre and M.

Jonsson [23].

Definition 3.2.1. A metric space (7,d) is called a real tree if for any two distinct
points g,h € T, there exists a unique continuous simple curve v : [0,1] — 7 up
to reparametrization such that v(0) = g,7(1) = h. Moreover, this simple curve is a
geodesic (i.e. it satisfies (1.2.4)).
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For two points g, h in a real tree 7, we use [g, h] to denote the image of the unique
continuous simple curve joining g to h (it degenerates to a single point when g = h).
lg, h] is usually called the segment with end points g, h.

We list some simple geometric properties of segments in the following proposition.
We refer the reader to [11] for the proof.

Proposition 3.2.1. (1) For g,h € T and any continuous curve o : [0,1] — 7 with
a(0) = g,a(1) = h, we have [g,h] C a([0,1]).

(2) Forr,g,h € 7, there exists some unique w € T such that [r,g](\[r, k| = [r, w].
Moreover, [w, g ([w, h] = {w} and [g,h] = g, w] J[w, h].

The notion of partial order is important in the study of real trees. Let » € 7 be
a fixed point, which is called a root (the choice of roots is of no importance). Define
the relation “<” on 7 by
g S hiff [r,g] C [r, Al

It is easy to show that “<” defines a partial order on 7. Moreover, for g, h € 7, the
unique element w € 7 given by Proposition 3.2.1 (2) is the infimum of g and h under
the partial order “<”. We denote w by g A h.

The following result gives a geometric characterization of general real trees. We

refer the reader to [11] for the proof.

Proposition 3.2.2. A metric space (1,d) is a real tree if and only if it is a geodesic

space and contains no subspace which is homeomorphic to the unit circle S*.

For compact real trees, we have a more explicit and constructive characterization
based on height functions.
Let h : [0,1] — [0,00) be a continuous function. Introduce the equivalence

relation “~" on [0, 1] by

s~ tiff h(s) =h(t) = inf h(u), (3.2.1)

w€|[s,t]

and define the functional d on the quotient space [0, 1]/ by

d([s),[t]) = h(s) + h(t)—2 inf  h(u). (3.2.2)

u€ls,t] or [t,s]

It is shown by B.M. Hambly and T. Lyons [34] that d is well-defined and it defines a
metric on [0, 1]/. which makes it into a real tree. Moreover, the canonical projection

m : [0,1] — [0,1]/~, where [0,1] is equipped with the Euclidean topology, is a

38



UNIQUENESS OF SIGNATURE FOR ROUGH PATHS

continuous map. Therefore, ([0,1]/~,d) is a compact real tree. This tree is called the
contour tree associated with the height function h.
Conversely, we have the following characterization. We refer the reader to [34] for

the proof.

Proposition 3.2.3. Every compact real tree T is isometric to the contour tree asso-

ciated with some height function.

It is worth sketching the proof of Proposition 3.2.3 in a few words as it is then
clear how the tree is realized as a contour tree. Firstly, by a topological argument we
can always find a continuous loop « : [0,1] — 7 onto the whole tree. Let h be the

height function given by
h(t) = d(a(t),a(0), t €[0,1].

Then the contour tree associated with A is isometric to 7, and the isometry is given
by (1) = ().

For a general partially ordered set, it is a natural question to ask if it can be
equipped with a real tree metric. The following result gives an affirmative answer to
this question for a class of partially ordered sets. This is important for us since our
signature group turns out to be a special example.

Let (P, <) be a partially ordered set. A subset S C P issaid to be full if s1, 55 € S,
t € P with s; <t < sy implies that ¢ € S.

Now we have the following result. We refer the reader to 23] for the proof.

Proposition 3.2.4. Let (P, <) be a partially ordered set satisfying the following
conditions:

(1) P has a unique minimal element;

(2) any two elements s,t € P have an infimum s At (and hence unique by the
definition of infimum,);

(3) for any t € P, the set {s € P: s <t} is totally ordered;

(4) There exists an increasing function L : P — [0,00), such that the restriction
of L on any full, totally ordered subset is a bijection onto a real interval (i.e. a

connected subset of R).
Then the functional d defined by

d(s,t) = L(s) + L(t) —2L(s A t), s,t € P,

1s a metric which makes P into a real tree.
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Now we are in a position to formulate our main result. We first define tree-like

paths in the setting of real trees.

Definition 3.2.2. Let V be a topological space. A continuous path 5: [0,1] — V
is called tree-like if there exists a real tree 7, a continuous map « : [0,1] — 7 with
a(0) = a(l) and a map ¢ : 7 — V such that § = ¥ o a. We also say that J is a

tree-like path realized on the tree 7.

It is easy to see that being tree-like is invariant under reparametrization.

The following is the main result of this chapter.

Theorem 3.2.1. Let X : [0,1] — G7 (Rd) be a weakly geometric p-rough path.
Then S(X)o1 =1 if and only if X is tree-like.

3.3 Proof of the Sufficiency Part

In this section, we prove the sufficiency of Theorem 3.2.1. The proof essentially

¢

consists of two parts: showing that a “piecewise linear” tree-like path has trivial
signature, and constructing a “piecewise linear” tree-like approximation of the original
tree-like path.

First of all, we have the following result.

Proposition 3.3.1. Let X = 1 o a be a tree-like weakly geometric p-rough path

realized on some real tree T. If there exists a finite partition
P:0=ty<tya<---<tp1<tp=1

of [0, 1] such that cv is monotone with respect to the root r := a(0) on each sub-interval

[ti—1,t;], then the signature of X is trivial.

Proof. We prove this by induction on the number |P| of partition points in P.

If |P| =2, then o = r since «(0) = a(1) = r, and the claim is trivial.

Suppose that the claim is true for the case when |P| < n, and that X satisfies
the assumptions with a partition P consisting of n points. Since «(P) is a finite
set in 7, it has a maximal element in itself, say, ¢ = «(t;) for some ¢; € P. Since
aft;_q),a(tir1) < g, from the definition of the partial order it is easy to see that
either a(t;_1) < a(tir1) or a(tir1) < a(ti_1).

Let us assume the first case. Set
t'=1inf{t € [t;_1,t;]: a(t) = altiy)}.
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It follows that X |[tiyti 1] is a reparametrization of X |y, in the general sense and

hence
S (X

[t’vtz‘+1]) =5 (X |[t',ti]) ® S (X

[tivtﬂrl]) =1

Now let o be the continuous loop in 7 such that

o (t) = o), t €0, tia] | Jlti, 1],

and ' |i,_, 4., is the unique continuous simple curve (choose some parametrization)
joining a(t;—1) to a(t;11). It is then easy to see that X’ := ¢ o/ has finite p-variation

(controlled by the p-variation of X), and we have

S (X'

[ti—l,tﬂ-ﬂ) =5 (X

[ti—1,t'] )

since X' is a reparametrization of X ‘[tiq,t/]- Therefore,

[tim1,tit1]

S (X)O,l = S (X ‘[O,ti—l]) ® S (X ‘[ti—l,t,]) ® S (X
= S (X/ |[07ti—1]) ® S (X/
= 5 (X/)O,l :

[t’ﬁti+1]) ® S (X
[ti—lvti+l]) ® S (X/

[tit1,1] )

[ti+171])

On the other hand, it is obvious that X’ satisfies the assumptions with the partition
P\{t;}. Therefore, by the induction hypothesis we know that X’ has trivial signature
and so does X. The second case can be treated in the same way.

Now the proof is complete. O]

The second part of the proof is to show that a tree-like weakly geometric p-
rough path can be approximated by the ones in Proposition 3.3.1 in a sense that the
continuity of the signature map should follow.

Let X =1 o« be a tree-like weakly geometric p-rough path realized on some real
tree 7, and choose a(0) = (1) to be the root of 7. Given a finite partition P of [0, 1],
define

B={a(ty)N---Nalt;y): 121, t;, - ,t;, € P}.

Heuristically, B contains all nodes associated with the finite point set «(P) in 7. Note
that if g, h € B, then g A h € B. Moreover, by the definition of the partial order and
Proposition 3.2.1 (1), every point in the set B is reachable by a.

Set sg = 0, and define inductively

s =1inf {s € [s;_1,1] : a(s) € B\ {a(si_1)}}
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for « > 1.Since B is a finite set in 7, by the continuity of « it is easy to see that there

exists some k > 1 such that
O=sp<851 < ---<sp <1,

a(sk) = a(0) and a([sg, 1]) ) (B\{«(0)}) = 0. We denote this partition of [0,1]
(including the end points {0, 1}) by P’. Note that P may not be a subset of P’, but
apparently we have a (P’) = B. The next key observation is that for each s;, either
a(si—1) < a(s;) or afs;) < as;—1). In fact, if a(s;—1) A af(s;) ¢ {a(si—1),a(s;)}, then
by Proposition 3.2.1 we know that a(s) = a(s;_1) A a(s;) for some s € (s;_1,5;),
which is a contradiction to the definition of s;. Moreover, again by the definition we
can see that for any s;,s; € P’, there are only three possibilities: [a(s;—1),a(s;)] =
[a(sj-1), a(s;)] or [a(si—1), a(s;)] N[e(sj=1), a(s;)] = 0 or their intersection is a single
point which is an end point of these two segments.

Now define a continuous loop o’ such that on each sub-interval [s; 1, s;] in P’, o/
is the unique geodesic (parametrized on [s;_1, s;]) joining a(s;—1) to a(s;). It follows
that o/(0) = /(1) = a(0) and ' is monotone on each sub-interval [s;_1, s;]. Moreover,
by Proposition 3.2.1 it is easy to see that 7/ := o/ ([0, 1]) C 7 is a real tree under the
induced tree metric. Define a map ¢’ : 7 — G7 (]Rd) in the following way. For
each s;, choose a geodesic v in G (]Rd) joining X, |, to X, in such a way that
if [o(si—1),a(si)] = [a(sj_1),a(s;)] then the corresponding geodesics are either the
same or are reversals of each other. For g € [a(s;_1),a(s;)], define ¢/(g) to be the
unique point on the geodesic v such that

d(a(si—l)vg) _ d(XsH7¢/(9>)

d<a(5i*1)7 Oé(Si)) d (XSi—17X3i) ‘

Then ¢/ is a well defined map from 7' to G} (R?). Let X’ = ¢/ o o/. From the
construction of o/ and ¢/, we know that X’ is a piecewise geodesic interpolation of X

over the partition points in P’. It follows from [26], Proposition 5.20 that
1
XN, < 3577 Xl (3.3.1)

In particular, X’ is a weakly geometric p-rough path. Moreover, it is obvious that X’
is tree-like and satisfies the assumption in Proposition 3.3.1. Therefore, X’ has trivial
signature.

To complete the proof of the sufficiency of Theorem 3.2.1, it suffices to show

42



UNIQUENESS OF SIGNATURE FOR ROUGH PATHS

that X’ converges uniformly to the original path X as ||P|| — 0. In fact, by [26],

Proposition 8.15 and Lemma 8.16, we have

dy (X', X)
<O (HX’Hp+HXH )7 - max {do (X', X) |
dos

1 1—-L
(X, X) B - (X + X))

for any ¢ € (p, |p] +1), where the subscript “co” denotes the uniform norm or uniform
metric under the Carnot—Carathéodory metric. It follows from (3.3.1) and the uniform
convergence that X’ converges to X under the g-variation metric as ||P|| — 0. This
argument is based on the generalization of Lemma 2.3.1 to weakly geometric rough
paths. By the continuity of the signature map under the g-variation metric (which
follows immediately from Lyons’ extension theorem), we conclude that S(X)g; = 1.

Now it remains to establish the following result.
Lemma 3.3.1. X’ converges to X uniformly as |P|| — 0.

Proof. By the continuity of X, for any € > 0, there exists some § > 0 such that
t—s| <6 = d(X.,X,) < g
Given any finite partition P of [0, 1] such that ||P|| < £, construct P’ as before.
We claim that for any s; € P" and s € [s;_1, 5], d(X;, X, ;) < e. In fact, if this

is not the case, then we have s — s;,_1 > 9. On the other hand, let
t* =sup{t€0,s): teP}.

It follows that t* € (s;_1,5) and s —t* < 0/2. Therefore, we have d(X;, X,) < §
which implies that a(t*) € B\ {«(s;—1)}. However, this contradicts the definition of
S;.

Consequently, for any s € [s;_1, s;] with s; € P, we have

d(X,Xs) < dX, X, ) +dX,,,, Xs)
= d(X;7 X;l 1) + d(X5i717 XS)
g d<X;17 X{SZ 1) + d<X5i71 ) XS)
= d(XSm XS¢71> + d(st;u XS>
< 2e.
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Now the proof is complete. O

Remark 3.3.1. The use of piecewise geodesic interpolation for X is not necessary; the
whole point is that the piecewise geodesic interpolation is realized on the tree 7 by
o/. In fact, we can simply take X” = 1) o ¢, and argue along a similar way as before.

However, the continuity of X” is not obvious and requires more careful analysis.

3.4 Proof of the Necessity Part

Now we prove the necessity of Theorem 3.2.1. Let
Sy ={5X)o1: X €WGQ, (RY)}

be the signature group over the space of weakly geometric p-rough paths. As we
have pointed out before, the key point is to show that for each g € S, there exists a
unique X € WG, (R?) up to reparametrization such that S(X)o; = ¢ and S(X)o,
is a simple curve. Such an X is called the reduced path associated with g.

First of all, the existence of a reduced path is purely topological and requires only
the Hausdorff property. Such a path is obtained by a topological procedure of erasing
all possible loops of the original path in a maximal way. More precisely, we have the

following result.

Proposition 3.4.1. Let T be a Hausdorff topological space, and o : [0,1] — T be a
continuous path. Then there exist disjoint open intervals {I; : 1 < i1 < oo} in (0,1)

such that the continuous path a defined by

5 t e Oi Iz C;
=4 ™ (U= ) (3.4.1)

Qinf I; 5 te [i7

satisfies the property that if s #t and &, = &y, then s,t € I; for some i.

Proof. The construction relies on Zorn’s lemma.
Let

P = {U I; : I; are disjoint open intervals in (0, 1) with ajuss, = asupli} )
i=1

Define a partial order “<” on P by inclusion. We claim that (P, <) is inductively

ordered, i.e. every totally ordered subset of P has an upper bound.
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Let J C P be a totally ordered subset, and define J = UJEJ J. Then J is an open
subset of (0, 1). It suffices to show that J € P. According to the structure of open sets
in R!, J can be written as the countable disjoint union of open intervals I; C (0, 1)
uniquely up to permutation. Fix any such I; and ¢ > 0. Since [inf I; + ¢, sup I; — €]
is covered by J € J, by compactness there exists Jy,--- ,Jp € J such that

k
[inf I; + e,sup I; — €] C U J;.

=1

Since J is totally ordered, there exists a greatest element among {Ji,--- ,Ji} and

assume it to be Jy. It follows that
[infI; +e,sup I; — ] C Jp.

By connectedness, [inf I; + €, sup I; — €] is contained in some connected component C'
of Ji. On the other hand, we know that C' C J and C'(I; # (. Therefore, C' C I,.
Since J; € P we have qinrc = Qup - By letting € — 0, it follows from the continuity
of a and the Hausdorff property that cines, = @supr,. Therefore, JeP.

According to Zorn’s lemma, P contains a maximal element, say I = [ J;~, I;. Define
& by (3.4.1). From this construction and the continuity of «, it is easy to see that for

any t € [0, 1] and any open neighborhood U of &, there exists some ¢ > 0 such that
se(t—o6t+0)[()0.1] = @, eU.

The continuity of a then follows easily. Now it remains to show that if s # ¢ and
Qs = &y, then s,t € I; for some i.

In fact, assume that a, = a; for some s < t, and suppose on the contrary that s, ¢
do not belong to the same I; for all i. There are four cases corresponding to whether

as, o belong to 1. If s € I;,t € I, for some ¢ # j, then
Qinf 1, = 625 = 62t = Olsup I; -

Therefore, I’ := I'\J(inf I;,sup [;) is an element in P strictly containing I, which
contradicts the maximality of I. If s € I; for some i and ¢t ¢ I, then

Qinf 1, = Qg = O = O

Therefore, I' := I'|J(inf I;,¢) is an element in P strictly containing I (note that
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t cannot be equal to sup I;, otherwise s,¢ € I;). The remaining two cases can be
treated in a similar way:.

Now the proof is complete. O]

Although the path o does not contain loops, it is not simple as it stays constant
on each [;. It is another standard topological procedure of obtaining a simple curve
from a.

Let a: [0,1] — T be a continuous path in some Hausdorff space T', and let & be the
path constructed in Proposition 3.4.1. It follows that a(]0, 1]) is a compact connected
Hausdorff subspace of T. From a general fact in topology (see the monograph by
S. Willard [65]) that a compact connected Hausdorff space is arcwise-connected (i.e.
any two distinct points can be joined by a continuous simple curve), there exists a
continuous simple curve & joining @y to a; with image lying in Im (&) . Moreover, we

have the following result.
Lemma 3.4.1. a([0,1]) = a([0,1)), and o :=a ' oa : [0,1] — [0, 1] is increasing.

Proof. We first show that if @ ([0,1]) = @ ([0,1]), then o is increasing. Since @ :
[0,1] — & ([0,1]) is a homeomorphism, we know that o (s) = o (¢) if and only if
as = oy, and by the construction of & this is equivalent to s,t € I, for some 4. If
o is not increasing, since ¢ (0) = 0 and o (1) = 1, by continuity there exists some
s < u < t such that

o(u) <o(s)=ol(t). (3.4.2)

Therefore s,t € I; for some i and by the construction of & we know that &, = &, = ax,
contradicting (3.4.2).

Now we show that a ([0, 1]) = a ([0, 1]).

We first prove that for any 0 < t < 1, @ ([0, 1]) \ {a:} is disconnected. In fact, if
t & U, Ii, then & ([0,1])\ {&;} can be written as the disjoint union of & ([0,¢)) and
a ((t,1]) which are both non-empty. By continuity and Hausdorff property, a ([¢, 1]) ¢

is open in 7. Since
a([0,t)) = a([t, 1) (a0, 1),

we know that & ([0,¢)) is open in & ([0, 1]). Similarly, & ((¢, 1]) is open in & ([0, 1]). If
t € I; for some 4, then & ([0, 1]) \ {&;} can be written as the disjoint union & ([0, inf I;))
and a ((sup I;, 1]) which are both non-empty. Since

a ([0,inf I,)) = & ([inf 7;, 1]) (") @ ([0, 1]),
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Figure 3.4.1: This figure illustrates the non-uniqueness of the simplified path a.

we know that a ([0, inf I;)) is open in & ([0, 1]) , and similarly for a ((sup Z;, 1]) . There-
fore, a ([0,1]) \ {an} is disconnected.

Suppose on the contrary that there exists some 0 < ¢ < 1 such that oy ¢ @ ([0, 1]),
then @ ([0,1]) € a([0,1]) \ {a:}. But this contradicts connectedness since @ (0) and
a (1) lie in different components of & ([0, 1]) \ {a:} . Therefore a ([0, 1]) = a ([0, 1]).

Now the proof is complete. O]

Remark 3.4.1. In the case when oy = ay, a degenerates to a constant point. In this

case, the simplified path @ should be understood as the constant path.

Remark 3.4.2. The simplified path @ associated with « is in general not unique. For
example, consider « as in Figure 3.4.1. Apparently there are two ways of erasing the
loops of « : either erasing the loop from time s; to s3 or the loop from s, to s4; the

resulting simple curves have different images.

Now we apply the previous discussion to signature paths.

Recall that S, is the space of signatures for weakly geometric p-rough paths, which
can be regarded as a subspace of the infinite tensor algebra T’ (]Rd) . For any element
X € T (RY) and multi-index I = (i1, ,i,) € {1,--- ,d}", we use X' to denote the
I-th component of X (we have omitted the constant term of X). We also use X to
denote the truncation of X up to degree N. Now define

L?l = X = (XI)I: multi—index T (]Rd) : Z (‘X'I)2 < 00

- multi-index

From Lyons’ extension theorem (the factorial decay of signature), it is easy to see
that S, is a subspace of L3. Moreover, for any X € WGQ, (R?), the signature path
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S(X)o,. is continuous under the L*-metric. From now on, we always equip S, with
the L2-metric.

Given g = S(X)o,1 € S, for some X € WG, (R?), define a simplified continuous
path X. associated with the signature path S(X)o,. as before. From the construction

it is not hard to see that
|~ (%)

for every N € N. Therefore, X := () (X) is a weakly geometric p-rough path, and

< s,

p

by Lyons’ extension theorem X is the signature path of X.

In contrast to Remark 3.4.2, the uniqueness of the simplified signature path for
weakly geometric rough paths is a special and crucial feature of the signature. It is
a consequence of the shuffle product formula. Such uniqueness is the key to proving
that the signature group can be equipped with a real tree metric and to conclude the
necessity of Theorem 3.2.1.

Now our main goal is to establish the following result.

Proposition 3.4.2. Let X,Y be two weakly geometric p-rough paths such that

If their corresponding signature paths S(X)o.., S(Y)o,. are both simple, then they differ

by a reparametrization. In particular, X and Y differ by a reparametrization.

The main idea of proving Proposition 3.4.2 is to show that S(X). and S(Y)o.
have the same image, which can be proved by contradiction. If not, we are then able
to construct a finite dimensional one form such that the path integrals of this one
form along the truncated signatures of X,Y are different. This certainly leads to
a contradiction since the two integrals are functionals of the signature, according to
polynomial approximation and the shuffle product formula, provided the one form is
smooth enough, and hence they should be identical.

To start with, we first establish the following approximation result.

Lemma 3.4.2. Let X, Y € WGKQ, (Rd) with the same signature. Then for any
N € N and any C™-one form (continuously differentiable up to order m) ¢ on RWY)

with m > p, we have

/1 ¢ (dXM) = /1 ¢ (dY, ™). (3.4.3)
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Proof. From Proposition 1.2.6 (1), we know that X,Y are geometric g-rough paths
for all ¢ € (p,|p] + 1), and hence the shuffle product formula (Proposition 1.2.1)
applies to them. Fix any ¢ € (p, [p] + 1).

Write ¢ = ZIIKN ¢rdX', where ¢; are C™-functions on R™Y). Let K be a compact
neighborhood of X™)([0,1]) Y™ ([0, 1]). According to T. Bagby, L. Bos and N.
Levenberg [2], Theorem 1, for each multi-index I, there exists a polynomial sequence
gb([n) such that

o~ = ol o )|

laj<m K

as n — oo. Let ¢ = Z‘ <N gbgn)dX I From the shuffle product formula it is easy
to see that (3.4.3) holds for the polynomial one forms ¢™.

By regarding X, Y as geometric g-rough paths, the result follows from the continu-
ity of the integration maps ¢ +— fol ) (Xm(LN)> , fol ) (dYu(N)> under the Lip™ '-norm
(on K) when m > p (see [26], Theorem 10.47) and the fact that the Lip™ '-norm on
K is dominated by the C'j#-norm. O

The crucial point of proving Proposition 3.4.2 is to find a way to reduce the
problem to finite dimensions via truncating the signature. For N € N, we use R®Y)
to denote the Euclidean space of truncated tensor elements up to degree N, and such
a truncation of X € 7' ((R?)) is denoted by X®™. We also use B(X, R) (B (X, R),
respectively) to denote the open ball in L2 (in R®) respectively) with radius R.

Firstly, we need the following lemma.

Lemma 3.4.3. Let X € WGQ, (R?) and X. := S(X)o,. be a simple curve. Then for
any € > 0, there exists N(¢) € N, such that XM £ XM for every N > N(e) and
(s,t) € A with |t —s| > e.

Proof. Let A, = {(s,t) € A: t —s > e}. For each (s,t) € A, since X # X, there
exists some N,; € N such that

XS(Ns,t) £ Xt(NS’t). (3.4.4)

By continuity, (3.4.4) holds in a neighborhood of (s,t). The result then follows easily

from a compactness argument on A.. n

The following result is the key to constructing the finite dimensional one form

mentioned before.
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Lemma 3.4.4. Let X € WG, (Rd) and X be the corresponding signature path.
Suppose for some s < T <t that X|;4 is simple, || X, — X;|| = ||IX; — X;|| = R, and
X|se € B(X;, R) where 0 < R < 1. Then there exists some Ny € N, such that for
any N > Ny, there exists some h € CI" (R(N)) (m > p) supported on the closed ball
B (XW,R) with

/ 5 (dXM) £ 0,

where the C™-one form ¢ on RWY) is defined by

Z h(X™) xTdx!.

[I|<N

The construction of the one form gb in Lemma 3 4.4 is local. The underlying idea is
that ¢ is “almost” supported near XM and X , and more importantly it is locally
radial near these two points with respect to XM but globally not. This breaks the
symmetry of ¢ and prevents the exact cancellation of the path integral, so that it
should be nonzero. The global construction of ¢ relies on the following general result
from differential geometry, which is usually known as the partition of unity. We refer
the reader to the monograph by S.S. Chern, W. Chen and K.S. Lam [10] for the proof.

Lemma 3.4.5. (Partition of Unity) Let {U;}¥_, be an open cover of a differentiable
manifold M. Then there exists C*®-functions {¢;}5_, on M such that

(1) 0< p; <1

(2) suppg; C Us;

(3) Zf:l @i = L.

Proof of Lemma 3.4.4. Let € > 0 be such that B(X,,¢) [ B(Xy,¢) = 0, and define

s; = inf{uels,7]: X, € B(X;,e)},
t1 = sup{uent]: X, € B(X;,e)}.

It follows that X([s, s1)) C B(Xs,¢€), X((t1,t]) C B(X;,¢e). Moreover, by assumption
and continuity, there exists some 0 < p < R, such that X([s,t1]) C B(X,, p). Let

Ar={XeLli: p<|X-X,| <R}
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Figure 3.4.2: This figure illustrates the corresponding infinite dimensional configura-
tion in the proof of Lemma 3.4.4.

be the open annulus, and define

Sy = sup {u € [s,7]: X, € Z%R},
ts = inf{ue(rt]: X, eA,r}. (3.4.5)

It follows that s < s5 < s1, {1 < to < t and X((s2,t2)) C B(X,,p). Figure 3.4.2
illustrates the corresponding infinite dimensional configuration.
Let

g1 = max{ sup ||X, — X[, sup [|X, — XtH} < e. (3.4.6)

u€ls,sa] u€lta,t]

Then there exists some N; € N, such that for each N > Ny,

Soxip <S5 S IxIp < S5

[I|>N [I|>N

It follows that for each N > Ny,

B (XS(N), £ 7;51) N B™ <X§N), et 51) -y (3.4.7)

and

X(N)<[S,82]> C B(N) (‘X'S(N)7 5‘;51> : X(N)<[t2,t]) - B(N) (Xt(N), 5—;51> '
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Of course we also have X V) ([sy,t5]) € BWY) (XT(N), p) . On the other hand, since
HXS - XTH = “Xt - XTH =R,
for any fixed Ry € (p, R), there exists Ny € N| such that for each N > Ny,

Ry < || X — XV

T

ﬂm—XWW<R

b

We take Ny = N7 V Ny and fix any N > N,.
Let
AN = {X®™ e R™ : p < ||X™ — xM)|| < R}

be the finite dimensional open annulus, and define

u

s3 = sup {u e [s,7]: XV ¢ A(N)p,R}7

ts = inf {u elrt]: XV e A(N)p,R}'

Then s < s3 < 89, to < t3 < t,

N
60 = X0 = |67 - x09 =,
and
XM ((s3,t3)) € BN (XN p). (3.4.8)
Consider a small open neighborhood Afﬁ;, Rin Of AW, . and let U,V be two open
subsets of Ag;ﬁﬂ such that Affgﬁﬂ =UV, and
e (N) € + 51 (N) c
BM) (XS T ) A e, € UV
B [ x@™ T e (V) c
BMC&,jT)ﬂ@wmncvﬂU. (3.4.9)

This is possible because of (3.4.7). Figure 3.4.3 illustrates the corresponding finite
dimensional configuration .

Let h;(r) € C™(R') (i = 1,2) be such that h; are supported on [p, R]. Take
(N)

.y Subordinate to the open cover {U, V'}

{1, 2} to be a partition of unity on A
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Figure 3.4.3: This figure illustrates the corresponding finite dimensional configuration
in the proof of Lemma 3.4.4.

according to Lemma 3.4.5. Define h € C" (R(N)) by

0, XWN) e BN (XﬁN),p> ;
P = 352 (X0 ([ = X)X € A0
0, XN ¢ gV (XiN), R)C.

It is not hard to see that h is well-defined, of class C™ and compactly supported on
BW) (XﬁN), R). Consider the C™-one form ¢ on R™Y) defined by

=Y h(X™M)xlax"

<N

It is crucial point to notice that ¢ is radial in both of B™ (X (4 £;)/2) and
BW) (XN (e +¢1)/2), although globally it is not. It follows from (3.4.8), (3.4.9)
and the definition of A that

/St¢(dX£N)) — /:qu(dXL(LN))+/t3¢(dXL<LN))+/t¢(dX£N))
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where rV = || X{™ — X denotes the radial vector.
Obviously we can find hy, hy such that (3.4.10) is nonzero. For instance, we can

take

7,2_2197: RQ_TQki, <r <R
By = 4 TP ) (3.4.11)
0, otherwise,

where ki, ks > K are large positive integers to be taken later on. It follows that
t
[ o (ax)

1 TgN) T‘gN)
= = </ hg(’f‘)d?”2 — / h1<7“)d7’2>
2\Jp p
= k k r k k
> 5 (/ (rQ—pQ) : (RQ—TQ) 2er—/ (7‘2—,02) ! (RQ—TQ) 1dr2) .
p p

Since 0 < R < 1, when fixing ks we can choose k; large enough so that the R.H.S. is
strictly positive.

Now the proof is complete.

Now we are in a position to prove Proposition 3.4.2.

Proof of Proposition 3.4.2. It suffices to show that X. := S(X),. and Y := S(Y)o.
have the same image.

Assume on the contrary that X, ¢ Y([0, 1]) for some 7 € (0,1). Then there exists
some 0 < Ry < 1 and some N3 € N, such that for each N > N3 and u € [0, 1], we

have

|V (V) — XMV > R,. (3.4.12)

Define

So = Sup{u S [O7T] Xy € B(X‘MRO)C}?
t() = 1nf{u S [T, 1] . XU € B(XT,R())C}.

Choose £ > 0 so that B(X,,,2¢) () B(Xy,,2¢) = 0. For such ¢, there exists some ¢ > 0,
such that
lu—vl<d = ||IX, =X, <e.
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By the uniform continuity of X™!, there exists gy << ¢, such that
IXy =Xl <e0g = |u—v| <é.

Consider the balls B(X,,,c9) and B(X,,c0). By arguing in the same way as in the
beginning of the proof of Lemma 3.4.4, we can find some s € (sg,7), t € (7,%p) and
some 0 < R < Ry, such that

X([8078]> - B(XSmgU)’ X([tvto]) C B(Xtoa€0)7

and
IX, — X, | = X — X, | = R, X((s,#)) € B(Xs,R).

Also note that
X([s0, 8]) € B(X,¢), X([t,to]) C B(Xy,¢).

By applying Lemma 3.4.4 to X[,y and B(X;, R), we know that there exists some
No € N, such that for each N > N, there exists some h € C™ (R™M) (m > p)
supported on BW) (XiN), R) with

/ 5 (dXM) £ 0,

where
=Y h(XM)xlax"
SN
Here when applying the proof of Lemma 3.4.4 we should start with the disjoint balls
B(X,,e) and B(X;,¢). Moreover, in order to take the pieces X|s, s and X|y ) into
account, the “e,” defined by (3.4.6) should be

gl = max{ sup ||IX, =X, sup |IX, — Xt”} <e

uE[So,SQ] ue[tg,to]

here, where so,1y are the last exit and first entry times for the closed annulus Zp, R
defined by (3.4.5). It then follows from our explicit construction of h that ¢ is radial
along X™)|(;, o and XM, 1. since they lie inside the balls B(Y) (XS(N), (e + 5’1)/2)

and BW) (Xt(N), (e + 6’1)/2) respectively.
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Fix Ry € (R, Ry). Choose N, € N such that for each N > Ny,

R < | X0 - X0V

XM XT(N)H < Ry,
Moreover, for the positive number Ry, — R, there exists some 1 > 0, such that
lu—vl<n = |IX, —X,|| < R2 — R.

We then apply Lemma 3.4.3 for n to get some N5 € N, such that xM +# Xt(N) for
every N > Ny and (s,t) € A witht —s > n.
Now take N > max { Ny, N3, Ny, N5}, and define
sy = inf {u € [so,7]: XV e BM (X(N),R)},
ty = sup {u € [r,te) : XM e BW) (X(N),R)}.
It follows that
[Xoo = Xoull 2 557 = XE|| > R = R,

and hence s4 — so > n. Similarly we have ¢y — t, > 1. Therefore, we know that

84,t4 ﬂX O S0 U[to, 1]) - @

By continuity, there exists open sets U cC V in R®) such that
X ([s4,ta]) € U, XP([0, o] U to, 1] UIm (Y c ve.

Figure 3.4.4 illustrates the corresponding finite dimensional configuration.

Let ¢ € C° (R(N)) be a bump function with respect to {U,V}, i.e. 0 < ¢ < 1,
(=1onU and ( =0 on V¢ (see [10] for the construction of bump functions). Define
the C7-one form ® on R™) by & = ( - ¢. It follows that

1 s t, 1
/ o (ax™M) = / 0@(dX5N>) + / 0c1>(dX5N>)+ / ® (ax™M)
0 0

- [ cw o)

S0

Since ¢ is supported on BW) <XT(N), R), we know from the definition of s4, 4 and ¢

56



UNIQUENESS OF SIGNATURE FOR ROUGH PATHS

Figure 3.4.4: This figure illustrates the corresponding finite dimensional configuration
in the proof of Proposition 3.4.2.

that

1 tq
[ o) = [Coqax).
0

S4
Based on the explicit construction of ¢, it follows from the local radial property of ¢
and (3.4.10) that

/:¢ (dx™M) = % ((/fm +/r;)) ha(r)dr? + (/fm +/T;>> h2(7“)d7“2>
_ % (/pR(hg(T) - hl(r))dTQ) .

This is nonzero if for instance we take hy and hy as given by (3.4.11) with ky >> ko >

K. Therefore we arrive at

/1 @ (axM) # 0.

On the other hand, since ® is supported on BW) (XiN), R> C B®) <X$N), R0> ,
we know from (3.4.12) that

1
/ @ (dYy™M) = 0.
0

This is a contradiction to Lemma 3.4.2.

Now the proof is complete.
]

Remark 3.4.3. In the proofs of Lemma 3.4.4 and Proposition 3.4.2, we have implicitly
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used the following fact: the truncated signature path X®) of X, regarded as a con-
tinuous path taking values in the truncated tensor algebra W = TW) (Rd), admits
a canonical lifting as a weakly geometric p-rough path over W whose signature is
uniquely determined (and can be explicitly computed) by the signature of X. The
proof of this fact can be obtained by first looking at the case of p = 1 and then using

approximation based on the geometric rough path nature of X.

Remark 3.4.4. Proposition 3.4.2 itself already gives the uniqueness of signature for
simple weakly geometric rough paths: if X, Y € WGQ, (]Rd) are both simple and

have the same signature, then they differ by a reparametrization.

To conclude the necessity of Theorem 3.2.1, we now show that the signature group
S, can be equipped with a tree metric d, and if X € WGQ,, (]Rd) has trivial signature,
then it is a tree-like path realized on the real tree (S,,d).

For g € S,, let XY and X9 denote the unique simplified signature path and reduced
weakly geometric path (choose some parametrization) associated with g respectively.

Introduce the relation “<” on S, by
g S hiff Im (X9) C Im (X").

It is easy to see that “<” defines a partial order on S,. Now define a functional
L: S,— [0,00) by
Lg) = IX?;, 9 €S,

Then we have the following result.

Proposition 3.4.3. The partially ordered set (S,, S) together with the functional L

satisfies the four conditions in Proposition 3.2.4. In particular, the metric given by
d(g,h) = L(g) + L(h) = 2L(g A h), g,h € Sy,

defines a real tree metric on Sp.

Proof. (1) Obviously, the unit element “1” is the unique minimal element under the
partial order “<”.
(2) Let g, h € S,. Set

t*=inf{t€[0,1]: X} ¢ Im(X9)},

and define g A h = X. We now show that g A h is an infimum of {g, h}. In fact, it is

obvious that g A h < h since X9\ = Xh|[07t*]. Moreover, by continuity we know that

58



UNIQUENESS OF SIGNATURE FOR ROUGH PATHS

Xk = XY for some s* € [0,1], and by the uniqueness of simplified signature path
(Proposition 3.4.2) we have

Xg/\h — Xh|[0,t*} — Xg|[0,s*}7
which implies that g A h < ¢g. Now assume that w € S, with w < g, h. It follows that
X*([0,1]) = X"([0,#]) C Im (X9)

for some ¢’ € [0,1]. Apparently ¢* > ¢’ and hence w < g A h. Therefore, g A h is an
infimum of {g, h}. By the uniqueness of infimum, this already implies that gAh = hAg
is the unique infimum of {g, h}.

(3) Let g € S, and h,w < g. Then there exists unique s*, ¢* such that h = X%, and
w = X{. (unless g = 1 which is a trivial case). Apparently h < w or w < h according
to whether s* < ¢* or t* < s*.

(4) It is obvious that L is increasing. Moreover, let g,h € S, with g strictly
less than h. It follows that there exists some 0 < t* < 1 such that X9 = Xh][oytﬂ.
Apparently X" |- 1 cannot be a constant path otherwise g = h. It follows that

L(g) = X[} = [|X"|jo.e-

§< ||XhH§ = L(h),

and hence L is strictly increasing. Now let A be a full, totally ordered subset of S,,.
It follows that L : A — L(A) is a bijection. To complete the proof, it remains to
show that L(A) is a real interval. Indeed, let

0 =inf L(A), © =sup L(A),
and ¢ € (0,0). It follows that for some g, h € A, we have
L(g) < ¢ < L(h).

Since A is totally ordered, g must be strictly less than h, and there exists a unique
0 < t* < 1 such that X9 = X"| ;. If we define

o(t) = X" pall,, t € [t 1],

by [26], Proposition 5.8 we know that ¢ is continuous. Therefore, there exists some
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(unique) t* < ¢’ < 1 such that
o(t') = X oI, =

Let w = X! € S,. It follows that ¢ < w < h and hence w € A. In particular, ¢ € L(A).
Now we have

(0,©) C L(A) C [6,0],

which of course implies that L(A) is a real interval.

Now the proof is complete. ]

Corollary 3.4.1. For g € S, the reduced path X9 is p-variation minimizing among

all weakly geometric p-rough paths with signature g.

Proof. For any X € WGQ, (R?) with S(X)o1 = g, we apply Proposition 3.4.1 and
Lemma 3.4.1 to the signature path S(X),. to obtain a continuous simple curve X

joining 1 to g. From the previous discussion we know that
= @)1, < 1

On the other hand, by the uniqueness of simplified signature path and reduced path,
X9 and 7(l») (X) differ by a reparametrization, and hence have the same p-variation.
Therefore,

1XAp < 11Xl

and XY is a p-variation minimizer. O

Remark 3.4.5. In general, X9 is not the unique p-variation minimizer (up to reparame-
trization in the general sense).

To see this, consider the following example for d = 2 and 1 < p < 2. Let AB be
an arc of the unit circle centered at O € R? with central angle 6, and let C' be the
midpoint of AB. Let D be a point on the extension of the radius vector O? and let
|C D] = e. Consider the paths z,y : [0,1] — R? defined by the trajectories

r=ACUCDUDCUCB, y= AB,

respectively, where “LI” means concatenation. It is easy to see that x,y have the
same signature g and y is the reduced path of x (obviously they are not equal up
to reparametrization in the general sense). Now we show that ||z||, = |ly||, = ’1@ ‘

provided 6y and ¢ are small enough.
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In fact, let F € AB and denote the central angle ZEOB by 6. Consider the

function
7(6) = [AE[ + |EE|,

which can be written as

6 € [0, 6],

6 0o — 0
— 97 [ gin? 2 + sin?
f(0)=2 (sm 2+sm 5 >

according to Euclidean geometry. Computing the second derivative of f, we obtain
that

26 2 6p—0
nigy P Cos” 3 cos” =— 0 00— 0
f(0) = 22p ((p —1) (Siang + 7 602_9> - <sm 3 + sin 5 :

Since 1 < p < 2, we konw that when 6 is small, f”(6) is uniformly positive and hence
P
f is convex on [0,6]. Also note that f(0) = f(6y) = ‘E‘ . Therefore, for 6, small

enough f obtains its maximum on the end points and we have

T8+ |78 < |2

' VE e AB.

Now we fix such a 6. This already implies that ||y, = ’1@‘ Moreover, by consid-

ering the symmetry of f(6) it is easy to see that f obtains its minimum at 6 = 6, /2.
Set
p p
[T - | - |

It remains to show that when ¢ is small enough, ||z||, = ‘1@’ To this end, let

p
> 0.

P:0=tg<t1 <---<t, =1

be a finite partition of [0, 1], and let t,¢; be the first and last partition points at

which x is in C'D respectively. If such points don’t exist, then obviously we have

p

n

p §
E |$ti — l‘ti71| < ’A
i=1
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Otherwise, we have

n k—1
2o~z [" = Dl — w2 [
T, Lty - Lt; Tty + Ty, Lty,_q
=1 i=1
l n

p p p
+ E : ‘xti_xtifl} +‘xtl+1 _:Ctl‘ + E : |:Eti_xti71

i—kt1 =142
p p P
‘xtk—l - A’ + ‘B - xtl+1| + ‘xtk - xfkfl‘

p
—+ ‘ItH—l — Itl| + 2€p,

where we have used the previous discussion and the fact that @ is a geodesic. It

follows that

Z‘%ﬁ — Ty, 1 p
B o N

(|xtl“ N xtl’p - ‘xtm - C‘p> + 2P
P
- (|22 - e[ - ez -

- (’$tl+1 - xtl‘p - }xml - Clp) - 2€p) :

P P
(|Itk —$tk_1| - |C_xtk—1| )

On the other hand, we have

p p

(!C — xtk71| —I—e)p — |C’ — xt,ﬁl‘
max{(\/g—i—s)p,ﬁg ((1+ Ve)P - 1)}

(e,

p
’xtk - mtkql - ‘C - wtkql

NN

where the “max” comes from considering the cases whether ‘C’ — $tk_1‘ < /€ or not.

The same inequality holds for ‘xtl T Ty ‘p - |xtl a—C !p. Therefore, we have

Z|xt x| < ‘z@‘ — (A —2u(e) — 2¢P)

provided ¢ is small enough so that

2u(e) +2eP < A
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Now by taking supremum over all finite partitions of [0, 1], we conclude that
lelly < |AB] = Iyl < 2l

Therefore, x is also a p-variation minimizer with signature g.

However, it should be pointed out that when p = 1, X9 is always the unique
l-variation (length) minimizer (up to reparametrization in the general sense) with
signature g € S; . This follows easily from the triangle inequality. See [35] for a

discussion as well.

Finally, the necessity of Theorem 3.2.1 is a consequence of Proposition 3.4.3. In
fact, given X € WGQ, (Rd) with trivial signature, define a loop a: [0,1] — S, by

aft) = S(X)oy, t € 0,1],

and define ¢ : S, - G Lr] (Rd) by projection (P (3 is well-defined according to
the definition of S,). It is obvious that X = ¢ o . Now it remains to establish the

following nontrivial fact.
Lemma 3.4.6. « is continuous under the tree metric d.

Proof. Define
ht) = ||X'7, t € [0,1],

where X' is the reduced path associated with S(X)o,. We also use X' to denote the
corresponding simplified signature path.We first show that h is a continuous function.

Fix t € [0, 1]. By the continuity of the p-variation norm, for any € > 0, there exists
some ¢ > 0 such that

se(t—6t) = X[, <&,

where | - ||;s,4 denotes the p-variation of X|;;4. Let X’ be the concatenation of X*
and X5, where we parametrize X* on [0, s] so that X’ is defined on [0,¢]. For any

finite partition

P:O0=ug<up < <up <8SKUpqr <o < Upypg <Upyg =1t
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of [0,t], we have

k+1

Z d (X;ifl’ X;z>p
=1
- (zk: a(X,, . X,) +d(X,, X;)p>
=1

k+1

+ (d (XX, ) + > d <X;H,X;i)p>

i=k+2

Uk? = T UE 41 Uk’ Uk 41

”Xng + HXHi;[s,t] +d (XS X“k+1)p —d (Xs X )P

U’ ug? S

X524+ + (d (X5, Xs) +d (Xs, Xy y)) — d (X5, X,)"

U ? up?

+d (X, X, ) = d (X, X)) —d (XX, )

NN

It follows that
k4l

Z d <X;i71’ Xitz>p
=1

< [IXC + max { (27 + 1) e, e + | X[[p (L + )" = 1)},

where the “max” comes from considering the cases whether d (Xik, XS) < € or not,
and we have also used the fact that || X*||, < [|X]||, (see Corollary 3.4.1). Therefore,
by taking supremum over all possible partitions of [0,¢] and by the definition of X,

we have

h(t) = h(s)
<X =Xl
< max {(2"+1)e”, e + |X|E((1+e) —1)}.

By taking s 1 ¢ and then € — 0, we have

listt.up (h(t) = h(s)) <O0.

On the other hand, let

< _ Xt u € [0,t];
th_u, u € [t, 2t]
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It follows that
ht) — hs) = XU~ IX711,

;[0,2t—s]"

Again by the continuity of the p-variation norm, we have

liménf (h(t) — h(s)) = 0.
Therefore, we conclude that h is left continuous. By a similar argument we can
show that A is also right continuous.
Now we establish the continuity of «a(t) = S(X)o; under the tree metric. Again
fix t. From the continuity of height function, apparently we only need to show that

i [0 =[x,

s—t

Note that for each s, there exists a unique o(s) € [0, 1], such that X, = a(s)Aa(t) €
X*([0,1]). We now show that o(s) — 1 as s — t.

In fact, from the construction we know that the concatenation of the reversal of
X from a(s) to a(s) A a(t) with X* from «(s) A a(t) to «(t) is a continuous simple
curve under the L2-metric, unless a(s) = a(t) which is a trivial case. We denote this
path by Y*® and its projection onto G (]Rd) by Y?*. Then Y* has finite p-variation.
By uniqueness a(s)™' ® Y* must be the reduced path associated with a(s)™! @ a(t)
and [[Y*||, < || X]||ps,¢- Therefore, |[Y*||, = 0 as s — ¢, and thus || X*||,0(s)1 — 0 as
s —t.

For any subsequence s, — t such that o(s,) converges to some u € [0,1], by
the continuity of the p-variation norm we have [ X[ )1 = [X*[|pu,1. There-
fore, HXtHi 1) = 0, which implies v = 1 since X' is the simplified signature path.
Consequently, o(s) — 1 as s — t.

Now the result follows from the fact that X)) — X*j0,0(s)] and the continuity

of p-variation. O]

Combining all the previous results, now the proof of Theorem 3.2.1 is complete.

3.5 Final Remarks

As we have seen before, our proof of Theorem 3.2.1 is developed under the setting
of real trees. Alternatively, it is also possible to develop the proof by using height

functions as in the original work by B.M. Hambly and T. Lyons for continuous paths
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with bounded total variation. Namely, it is possible to prove the following result

without realizing the path on any real tree.

Theorem 3.5.1. A weakly geometric p-rough path X has trivial signature if and only
if there exists some continuous function h : [0,1] — [0,00) with h(0) = h(1) = 0,
such that for any s,t € [0,1], if

then X, = X,.

The proof of this result is of course essentially the same as the proof of Theorem
3.2.1 under the setting of real trees. Instead of developing the technical details again,

let us just give a proof of the following result.

Proposition 3.5.1. A continuous path B : [0,1] — V in some topological space V is
tree-like if and only if there exists some continuous function h : [0,1] — [0, 00) with
h(0) = h(1) = 0, such that for any 0 < s <t < 1, if

h(s) = h(t) = inf h(u), (3.5.1)

u€ls,t]

then B(s) = B(t).

Proof. Necessity. Assume that 3 is a tree-like path in V' realized on some real tree
(1,d), so we have 5 = 1 o a for some continuous loop a and some map 1. Choose

a(0) to be the root of 7 and define the partial order accordingly. Set
h(t) = d(a(t),a(0)) , ¢ € [0,1],

It is obvious that h is non-negative, continuous and h(0) = h(1) = 0. Now assume
that s,t € [0, 1] satisfies (3.5.1). If a(s) # «(t), then either a(s), «(t) are comparable
which contradicts the fact that h(s) = h(t), or a(s), a(t) are not comparable which
contradicts the fact that h attains its minimum at s,¢ since in this case a(u) =

a(s) A a(t) at some u € [s,t] and

Therefore, a(s) = a(t) and hence f(s) = 5(t).
Sufficiency. Assume that there exists a continuous function h satisfying the condi-

tions in the Proposition. From the discussion in Section 3.2, we know that ([0, 1]/, d)
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is a real tree where the equivalence relation is defined by (3.2.1) and the tree metric
is defined by (3.2.2), and the canonical projection « : [0,1] — [0, 1]/~ is continuous.
Now define a map ¢ : [0,1]/. — V by ¥([t]) = 5(t), which is well defined since s ~ ¢
if and only if (3.5.1) holds which implies that 8(s) = B(t) by the assumption. From

the construction it is obvious that 3 = 1) o . Therefore, (3 is tree-like. O]

Remark 3.5.1. It should be pointed out that the notion of tree-like paths in the
sense of B.M. Hambly and T. Lyons (see 3.1.1) is equivalent to our formulation. Let
z: [0,1] = R? be a continuous path with bounded total variation. We only need
to show that if it is tree-like in our sense (we use the height function formulation in
Proposition 3.5.1), then it is tree-like in the sense of B.M. Hambly and T. Lyons. In
fact, since x is tree-like, it has trivial signature and from the previous discussion it
can be realized on the real tree §; via the signature path and projection. From the

proof of Proposition 3.5.1, we know that the height function of x is defined by

h(t) = d(S(z)os 1)
= L(S(w)os)

[l

where z' denotes the reduced path associated with S(x)g;. For given 0 < s <t < 1,
it follows that

o =z < [l

= L(S(x)os) + L(S(x)os) = 2L(S(x)o,s A S(w)o.r),

where 2% denotes the reduced path from z, to x;, and we have also used the additivity
of the 1-variation norm over adjacent intervals. Moreover, by Proposition 3.2.1 we
have

S(x)os A S(x)or € S(x)([s,t]),

and hence

inf h(u) < L(S(z)os A S(x)os)

U€E|[s,t]
This implies that
|z — xs| < h(s)+ h(t) — 2 inf h(u),

U€E|[s,t]

and x is tree-like in the sense of B.M. Hambly and T. Lyons.

A immediate consequence of Theorem 3.2.1 is the fact that being a tree-like defor-
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mation of each other is an equivalence relation, which is nontrivial from the definition.

More precisely, if we introduce the relation “~” on WG, (]Rd) by

XNYifffl_lvistree—like,

9

where ? means the reversal of Y, then Theorem 3.2.1 implies that “~” is an equiv-
alence relation on WGQ, (R?).

On the other hand, consider the RDE
dY = V(Y)dX

on R¢ with initial condition y,. When X has bounded total variation, we have the

following Taylor expansion:

Yer Y (Vi Vil D) (wo) - Xt e [0,1), (3.5.2)

N>0
1<y, in<d
where V = {V},---,V;} is a given family of vector fields on R, I is the identity map

on R¢ and

i1, 40 ; ;
x i) = / dX; - dX}N
O<t1<--<tn<t

are the signature terms associated with X. From the formula 3.5.2 and the shuffle
product formula, it is not hard to see that the signature of the solution path is uniquely
determined by the signature of X, and by a limiting argument it holds when X is
a weakly geometric rough path. This point can be made mathematically rigorous,
at least in the case when the generating vector fields are regular enough. Therefore,
Theorem 3.2.1 implies that the tree-like equivalence class of the solution path Y is
determined by the tree-like equivalence class of the driving path X; or equivalently
the signature of Y is determined by the signature of X.

Finally, so far we have seen that the signature map X € WGS), (Rd) = S(X)oa
defines an isomorphism from the space of weakly geometric p-rough paths modulo
tree-like equivalence onto its image S,. To have a fundamental understanding of the
signature map, which is an interesting and important mathematical problem on its
own, we should at least be able to answer two more questions.

(1) Given a tensor element g € T' (Rd) , when can it be identified as the signature
of some weakly geometric rough path? Or equivalently, can we characterize the

signature group S, intrinsically?
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(2) Given a tensor element g in the signature group S,, how can we reconstruct
the reduced weakly geometric p-rough path whose signature is g7 In other words,
can we describe the inverse of the signature map (modulo tree-like equivalence) in an
analytic way? Another related interesting question is: how does the tensor element
g reveal the geometry of the reduced path?

These questions are the main motivation of my ongoing research, and at this stage
they are still far from being well understood. We will come back to the second one

partially in the probabilistic setting in the next chapter.
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Chapter 4

The Uniqueness of Signature Problem
in the Probabilistic Setting:

Non-Markov Processes

4.1 Introduction

In this chapter, we deviate from the deterministic setting and investigate the
probabilistic situation for sample paths of stochastic processes.

As mentioned in the first chapter, in the probabilistic setting Y. Le Jan and Z.
Qian [43] proved that with probability one, the Stratonovich signatures of Brown-
ian motion determine the Brownian sample paths. Their strategy, in particular the
approximation scheme constructed in the proof, came from the study of cyclic co-
homology in algebraic topology. Moreover, their proof relies heavily on the explicit
distribution of Brownian motion, the strong Markov property and the potential theory
for the Laplace operator. Later on this result was extended to hypoelliptic diffusions
by X. Geng and Z. Qian [28|, in which the technique of Y. Le Jan and Z. Qian is
strengthened but the proof still relies on the strong Markov property and potential
theory in a crucial way. A similar result for Chordal SLE, curves with x < 4 was
obtained by H. Boedihardjo, H. Ni and Z. Qian [6], as a direct application of the de-
terministic result for planar simple curves together with the sample path properties
for SLE curves.

It should be pointed out that the result of Le Jan and Qian is stronger than the
general deterministic results we have seen so far, as it not only gives the injectivity but

also gives an explicit way of how a sample path can be constructed from its signature
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outside a null set in the path space. In the deterministic setting, such reconstruction
was studied by T. Lyons and W. Xu [48| for C''-paths via symmetrization, and also
implicitly contained in the work in Chapter 2 (see Remark [3]) via Fourier transform.
A general inversion scheme for the signature of weakly geometric rough paths remains
a significant open problem in rough path theory.

The main purpose of this chapter is to further simplify and strengthen the method
of Y. Le Jan and Z. Qian to include a class of non-Markov processes. In particular,
we establish the almost-sure uniqueness of signature (up to reparametrization) for
a class of Gaussian processes including fractional Brownian motion with Hurst pa-
rameter H > 1/4, the Ornstein-Uhlenbeck process and the Brownian bridge. More
importantly, our technique also yields an explicit inversion scheme for the signature
of sample paths.The fundamental difficulty in exploiting the idea of Y. Le Jan and
Z. Qian of course lies in the unavailability of those probabilistic and analytic tools
arising from the strong Markov property and potential theory which are both crucial
in their proof. The key of getting around this difficulty is to find methods which
enable us to analyze pathwisely.

The well-definedness of the signature when the sample paths of the process have
finite p-variation for p > 1 are well studied in the probability literature (see for
example [26] for a detailed presentation). For instance, it was shown by L. Coutin
and Z. Qian [14] that with probability one, the sample paths of fractional Brownian

1

motion with Hurst parameter H > 7 can be lifted canonically as geometric rough

paths, while it is believed that no such canonical lifting exists for H < }l. More
generally, L. Coutin and Z. Qian [13] showed that under certain conditions on the
decorrelation of the increments of a Gaussian process, with probability one the lifting
of the dyadic piecewise linear interpolation of the Gaussian sample paths in G2, (Rd)
is a Cauchy sequence under the p-variation metric. In [26], P. Friz and N. Victoir
extended this result to a larger class of Gaussian processes under certain regularity
condition on the covariance function. Moreover, they showed that the lifting of any
sequence of piecewise linear interpolations of the Gaussian sample paths in G, (R?)
converges to the same limit. This limit is usually known as the canonical lifting of
the Gaussian process in GQ, (R?).

In establishing our main result, we state explicitly under what conditions on the
law of the process the almost-sure uniqueness of signature holds. We hope that
this provides a general framework for solving the almost-sure uniqueness of signature

problem for other interesting processes. Note that our result is not a direct corollary

of the result in Chapter 3, since it is highly nontrivial to prove the existence of a null
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set outside which no two paths can be tree-like deformations of each other.

4.2 Main Results

In this section we state the main results of this chapter and illustrate the idea of
the proofs.

Let X = {X; : t € [0,1]} be a d-dimensional continuous stochastic process
starting at the origin, where d > 2. We always assume that X is realized on the path
space (W, B(W),P),where W is the space of Ré%valued continuous paths over [0, 1]
starting at the origin, B(W) is the Borel g-algebra over W, and P is the law of X.

In the rest of this chapter, we make the following assumptions on the law P.

Assumption (A): There exists a P-null set Ny and a map
St W\N, = C (AT (RY),

such that for each x € W\Nj and (s,t) € A, m (S (x)sat> =1z, —xs and S (z) is the
multiplicative extension of some geometric rough path X in terms of Lyons’ extension
theorem. We call such a map S a P-almost sure lifting. The integral against x is then
defined as integrating against the geometric rough path X.

Assumption (B): For any 0 < ¢ < 1, the law of z; is absolutely continuous with
respect to the Lebesgue measure.

Assumption (C): For any open cube H C R?, there exists a differential one form
(i.e. a C*°-one form) ¢ = Zle ¢;dx" supported on the closure of H, such that for
any 0 < s <t <1, if we let

Al = {z € W : there exists some u € (s,t) such that =, € H}, (4.2.1)

P({xe W /:gb(dxu) :o}ﬂAﬁ{Q = 0.

Here fst ¢(dr,) =30, [ " ¢i(x,)dxl, is defined in the sense of rough paths according
to Assumption (A).

then

Remark 4.2.1. As we have mentioned before, Assumption (A) is quite natural for a
large class of stochastic processes. Assumption (B) is also verified for most of these
processes, e.g. hypoelliptic diffusions, Gaussian processes, solutions to hypoelliptic
rough differential equations driven by Gaussian processes. These examples are well

studied in [26]. Assumption (C) suggests a certain kind of non-degeneracy for sample
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paths of the process, which is essential for the recovery of a path from its signature in
our setting. By a closer look at Assumption (C), it actually excludes the possibility of
the sample paths having tree-like pieces. Therefore, with probability one the sample
paths are already “reduced” paths in the tree-like equivalence classes and it is natural
to expect an inversion scheme for the signature in our setting. This is the main goal
of this chapter.

In the last section of this chapter, as a fundamental example we show that these
assumptions are all verified for a class of Gaussian processes including fractional
Brownian motion with Hurst parameter H > 1/4, the Ornstein-Uhlenbeck process

and the Brownian bridge.

Now we are in a position to state our main results. Let R be the group of

reparametrizations from [0, 1] to itself.

Theorem 4.2.1. Assume that the law P of the stochastic process satisfies Assumption
(A), (B) and (C). Let S be the P-almost sure lifting as in Assumption (A). Then there
exists a P-null set N, such that for any x,2’ € N¢, if S(x)o1 = S(2')o1, then there

exists some o0 € R, such that
Ty = .T/U(t), vVt € [O, 1]

As a fundamental example, we prove the following result for a class of Gaussian

processes satisfying conditions to be specified later on in the final section.

Theorem 4.2.2. Let P be the law of a Gaussian process satisfying conditions specified
in Section 4.5. Then P satisfies Assumption (A), (B), (C). In particular, the result
holds for fractional Brownian motion with Hurst parameter H > 1/4, the Ornstein-

Uhlenbeck process and the Brownian bridge.

Before going into the mathematical proofs, we first describe the strategy infor-
mally. The approximation scheme we develop is an adaptation from the work of Y.
Le Jan and Z. Qian [43]. However, the main difficulties are in the development of
each step in the non-Markov setting, which will be clear in the detailed proofs.

Step One. Prove that if two paths have the same signature, then the iterated
integrals of the paths along any finite sequence of differential one forms are the same.
Following [43], these iterated integrals along one forms are called extended signatures.

Step Two. Decompose the Euclidean space R? into disjoint identical open cubes
with small tunnels between them. For each such cube, we define a differential one

form supported on the closure of the cube according to Assumption (C).
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Step Three. Show that, for each path z outside a P-null set, the ordered sequence
of cubes visited by x corresponds to the unique maximal sequence of differential one
forms along which the extended signature of x is nonzero. This together with step
one allows us to recover the ordered sequence of cubes visited by x from its signature.

Step Four. Construct a polygonal approximation of x by joining the centers of
cubes visited by x in order. This polygonal path is parametrized so that it is at the
center of the cube at the time when the cube is first visited by z. Show that with
probability one, as the size of cubes tends to zero, the polygonal path converges to
the original path x under the uniform topology.

Step Five. Since the signature is invariant under reparametrizations of the path,
it is not possible to recover the exact visit times of the cubes. If two paths have
the same signature, then the corresponding polygonal paths constructed in (3) are
only equal up to reparametrization. Therefore, we need to introduce a variant of the
Fréchet distance on W measuring the distance of two paths modulo parametrization.
We should also prove that outside a P-null set this is indeed a metric. It then follow
from step four that if two paths x and 2’ have the same signature, their corresponding
approximation paths converge to the same limit under this metric, which implies that
x and 2’ are equal up to reparametrization.

For the Gaussian case, Assumption (A) is verified from [26] and Assumption (B)
is trivial by definition. By using the Malliavin calculus, for each open cube H we
explicitly construct a differential one form ¢ supported on H such that the functional
v — [l ¢(dz,) has a density conditioned on the set AF,. This certainly verifies
Assumption (C).

4.3 Signature Determines Extended Signatures

Starting from this section, we develop the detailed proofs of our main results.

As the first step, we prove that if two sample paths as geometric rough paths
have the same signature, then they have the same extended signature. Note that
the signatures and extended signatures are well-defined P-almost surely according to
Assumption (A).

From now on, for a geometric rough path X and a finite sequence (¢!, -, ¢")
of differential one forms ¢', ..., ¢", we use [¢',---,¢"] () to denote the iterated
path integral fol s [SRo (dX,) - 9" (dX,), where . = 1 (S(X),,.) is the first
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level path of X. A simple way of understanding this integral is by

/ / P! (dXy,)...¢" (dX,,) = Lim / / o' (dxlF)) - o (dzl?)

where by the definition of geometric rough paths 2 is a sequence of paths with
bounded total variation whose lifting converges to X under the p-variation metric.
Sometimes we also use the notation fol P9 () ... @™ (dag, ) to denote the path
integral. Note that the ordering of (¢!, --- ,#") is non-commutative in this notation.

Now we have the following result. The proof is almost identical to the one of
Lemma 3.4.2.

Proposition 4.3.1. Given p > 1, let X, X’ be two geometric p-rough paths. Suppose
that ¢',...,¢" are C*-one forms for a > p. If S(X),, =S (X")g1, then

(o', .., ¢“]071 (z) = [, ... ,¢”}0,1 (2'), (4.3.1)
where x and x' are the first level paths of X and X' respectively.

Proof. We write ¢ as ¢! = Z;l:l @' (x)dx?. Let K be a compact neighborhood of
z([0,1]) J2'([0,1]). As in the proof of Lemma 3.4.2, according to [2]|, Theorem 1, for

each a > 0 and each j, there exists a polynomial sequence gb;(m) such that

as m — oo. Let ¢'™ (z) = ijl ¢j»(m) (z) dz?. We know from the shuffle product
formula (see also [43], p. 4) that (4.3.1) holds for the finite sequence (¢'(™), - .. ¢n(m))

for all m. Now the result follows from the continuity of the integration map

—>O

P — -5

(¢17 T 7¢n) = [¢17 e ’¢n] 0,1 (3}'), [¢17 e ’¢n] 0,1 (33/)
under the Lip®-norm when a > p together with the fact that the Lip®-norm is con-

trolled by the C'f-norm. O

4.4 The Strengthened Le Jan-Qian Approximation

Scheme and the Uniqueness of Signature

Now fix €,0 > 0 with § << €.
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For any integer point z = (21, 2%,...,2%) € Z4, let H:° be the open cube centered

at ez with edges of length ¢ — 4. In other words,
€8 d i i _€—0 .
H® = xER:!x—ez’<T,Vz:1,~~,d .

Geometrically, the space R? is divided into disjoint identical open cubes and small
closed tunnels.

For any x € W and k > 1, define recursively

T]i’(s =infte [Téfl,l} DXy € U HEO b
8

z#m0y
and mi’é to be the integer point z € Z% such that
Tes € HE?,
where 75° = 0, m5° = 0 € Z%. Let

Ns"s:sup{k> 1: T]i’é < 1},

where sup () := 0. The sequence {T,f"s} records the successive visit times of the open

cubes by the path, the sequence {mi’é} records the cubes visited in order, and N®?
records the total number of cubes visited. Note that revisiting the same cube after
visiting some other cubes counts, but revisiting before visiting any other cubes does
not count. By continuity and compactness, it is easy to see that for any x € W,
0 < N0 < 0.

Here and thereafter, for notational simplicity we drop the dependence on x for

these random variables on W.

Remark 4.4.1. Tt is important to use the open cubes instead of the closed ones, as we
are only interested in the case when a path x travels through the interior of a cube.

Note that these 7';’5 are not stopping times with respect to the natural filtration.

For each cube H=%, let ¢=° be the differential one form given in Assumption (C).

In particular, ¢° is supported on the closure of H:?, and ¢S = 0 on OH:°,
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4.4.1 Recovery of Cubes Visited in Order by Using the Ex-

tended Signature

Let W,, (m > 0) be the set of words (29 = 0, 21, -+ , 2;m) With 2; # 241, 2; € Z4,
and let W = J,,-o Wi Elements of W are called admissible words.
For w = (20, 21, , 2m) € W, define

ESU’(S:{J?EWi NE6_m mié_zkv k:0>7m}

It follows that T/ can be written as the disjoint union W = J,cy £5°- 0

Now we have the following result.

Lemma 4.4.1. For anym >0, ifw = (20 =0, ,2,) € Wy, and x € EZ°, then

(1)

m—+1

(05, H/ =0 (dxy), (4.4.1)

where Tfrzil =1 by definition since v € E°.
(2) For any w' = (20,21, -, 2,,) € W,, with n > m,

[ S @ﬂ (z) = 0.

0,1

(3) For any w' = (2o, 21, -+ ,2,) with w' # w,

) m

o503 @ =o.
Proof. We prove this result by induction on m.

If m = 0, assume that = € E(E;g). Then (1) and (3) are trivial. To see (2), let w' =
(20,21, - ,2) € W, with n > 0. Since w’ is an admissible word, there is some 0 <
k < n such that = does not visit the open cube HZS and the corresponding extended
signature is zero by definition (here we have implicitly used the definition of extended
signatures of geometric rough paths and the joint continuity of the integration map
with respect to the one forms and the driving path). If m = 1, assume that w =

(20,21) € Wy and = € E°. Then (3) follows by the same argument as before. To see

7



UNIQUENESS OF SIGNATURE IN PROBABILISTIC SETTING

(1), first we have

1

(050, 020],, (2) = i 2 (day)

057],., (@)
= [ 165, @65 ),

1

. . . . 5
since ¢§,’15 is supported in H 25. Moreover, if 7;7° <t < 1, then

[ 266] 0, (ZE) = [ if] 0,750 (ZL’),

since 2)5 is supported in H jf. Therefore,
5 160 & 5 -
050050, ) = ([ oxttam ) ([, oftam
T
and (1) follows. If w’' = (29,21, -+ ,2),) € W, with n > 1, there are two case. The

first case is that there is some 0 < k < n such that z;, is different from 2z, and z;. In

this case (2) follows by the same argument as before. The second case is

U)/ = (20721a207217 e Zl)a

rn

where n > 1 and 2/, is either 2 or z;. If 2/, = 2y, then

51
[ oo ,¢2;5}01 (z) :/O [ S 7(@?71:“ (7)., ().

0,t

But during [0,7'15 ’6] the path z never visits the interior of H j{‘;, so the integral on
the R.H.S. is zero and hence the extended signature corresponding to w’ is zero. If

[
Zp = 21,

1
5 ,0 _ 0 ,0 ,0
[ w0 ]0,1 (z) = /T 6 [ w0 ’¢24L71=ZO ()5 (dzy).

0,t
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For 7'16’5 <t <1, we have
s 5 -
L ZO y T 7¢i;71:2’0_0t($)
_ - 1
— | A0 &,0 €8 .. &0 €,6
- | 770 e 7¢z;71:zo_ 07715,5 (JZ) + /7-5’5 [ 20 ? ’¢Z;L2=z1]07t (l‘) 20 (d‘rt>
1
[ es €,0 |
= |20, ’(bZLl:ZO - (x).
L lot

But during [0, Ty ’5} the path = does not visit the interior of H jf and the last term

contains the differential one form ¢, thus it is zero and [ igs e ,(bif]o ) (x) = 0.
Therefore (2) again follows. ’

Now assume that the claim is true for all non-negative integer less than m, and
we show that it is true for m. Let w = (20, -+ , 2m) € Wy, and x € E5°.

We first show (1). In fact,

£,0

Tm
[0, 020],, (@) = (020,020 ], (©)022 (day)
0,1 0 0,t

1
[0, 06 )
T

€,
m

ey
= [ e 0 ), 00
O b
1
(05 05 e @) [ o),
Tm

where the last equality comes from the fact that

[ 2)67 T 2;76171}[)715 (I) = [ 2)5’ B i;i,l}oﬁﬁa (CL‘), NS [7—;{5’ 1] )

since z,,_1 # 2, and hence during [Tff, 1] the path does not visit the interior of H j;f_l.
. . . ,0 ,6
Now we want to use the induction hypothesis (1) on the term [ AP im_l] 0,535 (x).

To this end, let = be a path in W such that £ = x on [0, Tf,ﬂ and 7 stays inside the

tunnel on [75°,1]. It follows that T € Efz’é where W = (20, , Zm_1) € Wi_1, and

[ 2)57 U 7¢i;i71}077-fﬂ5 (ZL‘) - [ 2367 o a¢2i,1}071 (%)
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Therefore, by the induction hypothesis (1) and the definition of = we have

[zo"”7¢zm1} () = / o3’ (dxy)) / ¢z,1d$t)

7

= / qbzl 1 dmt ( E’ ¢§’Ti7l(dxt))

Consequently (1) follows once we show that

£,0

/OTm [ ZO’“ ’(bzm 1} () i;i(dl't)z().

But this is an easy consequence of the fact that

£,0

Tm
[ 0 ), e = [ 62, @

and the induction hypothesis (2).

Now we show (2). Let w' = (20, 2}, ,2},) € W,, with n > m. As before, the case
when there exists some 0 < k < n such that z;, & {2, -, 2z} is trivial. Otherwise,
write

[o58,-- . o] Z / D0 | (@65 (de), (4.4.2)

0.t

where the sum is over those ¢ < m + 1 such that z;_; = 2/,. Since 2],_, # 2, for each

such 7 we have

7_6,5
P P
[ Jomt it ] @00
Til1
7'15’5
5 €6 boed
il ] @ ], 00

Define a new path z € W such that = = on [0, T;fsl:| and z stays inside the tunnel
on [7’65 ] Then = € EZ * with @ = (20, ,2i_2). Since during [Tffsl, 1] the path
z does not visit the interior of HZ, , we have

5 R 5 3
[?07...’& ]0 (@)= [ RORTR

n—1 n—1
Ti—1

}0,1 (7).
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Now observe that i —2 < m < n— 1, and so by the induction hypothesis (2) we know
that

3.6 ] @ =0

Therefore, each term in the R.H.S. is zero and (2) follows.
Finally we show (3). Let w' = (20,21, ,2,,) € Wy, with v’ # w. If 2/, = 2z,
then
£, ,0
[ 200 7¢z’ ]071(1‘)

m

1
:[ ed . Qfﬂ @)+ [ ORIy } y (gg)/ =0 (day).
0,7m 0,7m 7—757{6

m—1

Define x € W by * = x on [O,Tfrf] and staying inside the tunnel on [757‘5 1]. It

m )

follows from the induction hypothesis (2) that

ORI oes (0= el @ =0
0,1

m

Moreover, in this case we know that (zo, -, 2/ 1) # (20, , 2m_1). Therefore, by

induction hypothesis (3) we have

6’6 oo 6’5 e & J T -
0] @) = (e e | @ =0
Consequently (3) follows. For the case 2/, # z,, and there exists some ¢ < m+ 1 with
zi1 = 2, (otherw1se it is trivial), we know that ¢ must be strictly less than m — 1.

. ,(bz}é} (x) as a sum of the form (4.4.2), the result (3) follows
mlo1

ZO’..

By writing [
easily from the induction hypothesis (2) by a similar argument.

Now the proof is complete. n

Define a map M®° : W — Z, by sending a path z € W to

sup{m}O: Jw = (20,21, 2m) € Wi st [¢5°,62°, -+, iﬁ]OI(x);«éO}.

Note that by Lemma 4.4.1, M%° < N for P-almost surely. Moreover, we are able

to prove the following recovery result.

Proposition 4.4.1. For each x € W outside a P-null set, there exists a unique word

w = (20, ; Zreo(z)) € Wz such that
€,0
050 ], @ £
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This word is exactly given by M=°(z) = N*°(x), and

2 = 'mf"s(a:), 1=0,--- ,ME"S(J:).

7

Proof. Let N¥° be the set

G U U U ({fGW: /12 cbif(d:cu):o}ﬂAj;ﬁj),

m=0 w=(20, ,2m)EWpn, =0 0<r1<ra<1
r1,r2€Q

where AZ29 is the set defined in (4.2.1) associated with the cube H2 and the differ-
ential one form ¢Z°. It follows from Assumption (C) that N is a P-null set.

For any x € (N®)¢, let w = (20, , zm) be the word in W, with m = N*° and
2 :mf’é, fori=0,...,m, sox € E°.

By (4.4.1) in Lemma 4.4.1, if [¢5°, - 57‘5]01 (x) = 0, then there exists some

207

£,0
1=1,---,m+1 such that f:;(; % (dwy) = 0. By the definition of Tk’ and continuity,
1—1

Zi1
we can find some rational numbers r, < 70% and 1o < 7°° (if m = 0 take r; = 0 and
ro = 1; otherwise if i = 1, take r; = 0 and if i = m + 1, take ro = 1) such that there

exists some u € (ry,72) with z, € HZ and

£,

[ estam = [ et (e o

1

This implies that € A®°, which is a contradiction. Therefore, we have

[ 2)57' ) i;i}o’l (I) 7& 0.

By the second and third part of Lemma 4.4.1, we know that M*°(z) = m and
w is the unique word in W,, such that the corresponding extended signature of x is

Nnonzero. L

Together with the result in Section 4.3, proposition 4.4.1 tells us that outside a
P-null set, given the signature of a path x we can recover the sequence of open cubes

HZ° which z has visited in order.

4.4.2 An Approximation Result

Now we construct a polygonal approximation of a path based on the ordered se-

quence of open cubes visited by the path and the corresponding visit times. With
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emi's
JH ems®
(_3_/
13 o e [ - ¢5
Eayl
il o ems*
[ &8 e
em; <_, emg wy’\ l
L A li
A (‘J
Y
y’ 7]
ﬂnza émg

Figure 4.4.1: This figure illustrates the corresponding approximation scheme. The
dotted lines represent the degenerate tunnels. According to Assumption (B) on the
process, the probability that a path stays in these tunnels for a positive time period
is zero, a crucial fact used in the proof of Proposition 4.4.2.

probability one, such polygonal approximations converge to the original path un-
der the uniform topology. This result is crucial for the recovery of a path up to
reparametrization from its signature.

Let # € W and define the word w = (29, ,2n) € Wy by m = N and
z; = mf’(s for i = 0,--- ,m. Construct a polygonal path 259 as follows. If m = 0, let
25° =0 for t € [0,1]; otherwise for 1 < k < m, define

€,0 €,0
es T —t t =10 €0 &0
T T = €2p_1 + o5 s €z, tE€ T, Ty | s
Tk, Tk—1 Tk Th—1

and

50 = ez, t € [7’7‘;’5, 1].

The approximation scheme is illustrated by Figure 4.4.1.

Now we have the following approximation result.

Proposition 4.4.2. For eachn > 1 and €, = 1/n, there exists 6, > 0, such that for

P-almost surely,

: 5
lim sup |27 — 2y

n—oo 0<t<1

= 0. (4.4.3)

Proof. For each ¢, 6, let
{T@ﬁ ::HQd\ L-J }Jjﬁ

2€74
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be the set of closed tunnels, and define
={zeW: Is;t] Ca ' (T), |z, —as| > €}.

We first show that for any fixed ¢ > 0,

2k —1

ﬂAa"SC{xEW: Hléigd,kEZ,qum(O,l) s.t.xz:

6>0

s} (4.4.4)

Let © € 520 A% and J,, be a sequence such that &, | 0. Then for each n > 1
there exists 0 < s, < t, < 1 such that [s,,t,] C 27! (T8 ‘5") and |x;, — x| = €

By compactness we can ﬁnd a subsequence (Sy,,t,,) of (s,,t,) such that (snl,tnl)

Y

converges to some (s,t). The condition ’xtnl - xsnl| > ¢ then implies that s < t.
Therefore, for fixed u,v with s < u < v < t, there exists some N € N such that

[u,v] C ﬂl)N[snz’tm]? and hence

ﬂ T~ TE énl

I>N

R {Qk_l }de—i>.

In particular, this implies (4.4.4) and by Assumption (B) we have P (., A%°) = 0.

Now we show that for each ¢, 6,

{x eW: sup ‘m — xu} > 11@6} C A%, (4.4.5)

o<u<l

To see this, first notice that if  belongs to the left hand side of (4.4.5), then either

(1) there exists some u € [7‘2 61, T } for some 1 < k < N9, such that |x2’5 — xu‘ >

11\/—5' or

(2) there exists some u € [ fvf& ] , such that

11\/35

In the first case, we know that x does not visit any cube other than H:;;E s during
k—1

(5%, 75°). If the distance between the cubes H =0 and H =0 is at least 3v/de, by

k k 1

—€m

Nsé

continuity there exist kal <s<t< Tk , such that

\/38 = 2\/c_le€,

Tg _ZCTsts

— X &4
k—1 Th—1

and [s,t] C 27! (TE"S) . Moreover, by the triangle inequality we have |z, — x5| >
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e. Therefore, z € A%9. If the distance between H s and H® 55 is strictly less

than 3v/de, we know that

75 — Emiél‘ < 4de for all u € (T,fal,ﬁjé). Since

SUPg<u<1 |fo’5 — Iu’ > 11V/de, there exists u € (Tk LTe ) such that

£,0
T, —em;”

J > 7V de.

T, — emy

It follows again from continuity that there exist T,ffl <s<t< T]i’a such that

—em;” 1‘—5\/_5

zy —emy’ 1‘ = 6Vde,

and [s,t] C 27! (T%°) . Therefore, |z, — ;| > £ and we have z € A’

In the second case, there exist T;’i(; < s <t <1 such that

£,0
Ty —EM s

= \/35, = 2\/35

Ty — 5mN55

and [s,t] C 27 1(T*°). Again we have |z; — z,| > € and hence x € A%9.

Now for ¢, = 1/n, if we choose ¢,, small enough such that P (A‘f”"s") < &2, we

have

0<u<gl

ZP ({x cW: sup |25 — x| > 11\/8571}) < ZP (Afnﬁ(fn))
n=1 n=1

< 09,

It follows from the Borel-Cantelli lemma that

P (hmsup {x eW: sup |25 — x| > 11\/3871}) =0,

n—00 0<u<l
and hence the uniform convergence (4.4.3) holds P-almost surely. ]

Remark 4.4.2. From the previous proof, it is not hard to see that the result of Propo-
sition 4.4.2 holds for all continuous stochastic processes starting at the origin whose

law satisfies Assumption (B).

From now on, we always assume that ¢, = 1/n, and take ¢, as in the previous

proof.

4.4.3 A Variant of the Fréchet Distance on Path Space

Now we are coming to the last step of the proof of Theorem 4.2.1.
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Under Assumption (A), (B), (C), what we have obtained so far is that there
exists some P-null set N, such that for any path = € N°, the signature S(z)o; is
well-defined, and for each n > 1, we can recover the ordered sequence of open cubes
H:nn visited by x from its signature. Moreover, the polygonal approximation x=m%"
constructed before converges to x uniformly.

By possibly enlarging the P-null set A/ (still a P-null set), we show that for any
two paths x, 2’ € N if S(x)o1 = S(2)o1, then x and 2’ differ by a reparametrization
o0 € R in the sense of Definition 1.2.9.

Now we introduce an equivalence relation “~” on W by
/ o /
v~ = (0o = (xa(t))ogtg , for some o € R.

Let W/ .. be the quotient space consisting of ~-equivalence classes. For any [z], [2'] €
W/, define
d([z],[2']) = inf sup |z, — x;(t)‘ . (4.4.6)

7€R te0,1]

If we only assume that o is non-decreasing, the function d(-,-) is usually know as
the Fréchet distance. It was originally introduced by Fréchet to study the shape of
geometric spaces. Here we emphasize that o is strictly increasing.

It is easy to see that d(-,-) does not depend on the choice of representatives
in the corresponding equivalence classes, and d(-,-) is non-negative and symmetric.
Moreover, d(-,-) satisfies the triangle inequality. In fact, for any x,2’,2” € W and
0,0 € R, we have

sup |z — 2| < sup |z — xp| + sup |wh) — 2,
te(0,1] te[0,1] te(0,1]

It follows that

d([x],[z"]) = inf sup |x; — 2
([], [="]) UeRtE[O’”} ¢ = T

< sup ‘xt — xg(t)| + ;272 sup {fle(t) - xg(t)
te[0,1] t€[0,1]

= sup |z — wpe | +d (2], [2"]).
te(0,1]

By taking infimum over 6 € R, we obtain the triangle inequality.

It should be pointed out that unlike the Fréchet distance, d(-, ) is not a metric on
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W/ .. For example, consider the one dimensional case. Let z; = ¢, t € [0,1], and

Then it is easy to see that d ([z], [2']) = 0, but obviously a’ is not a reparametrization
of x in the sense of Definition 1.2.9. However, we are going to show that, if we
exclude paths with certain degeneracy, then on the corresponding quotient space
d(-,-) is indeed a metric.

Let D be the set of paths x € W such that there exist some 0 < s <t < 1 with

T, = Ts, Yu € [s,1].

We first make an important remark that under Assumption (C), D is a P-null set.
To see this, let {H,,},>1 be a covering of R? consisting of open cubes, and for each n
let ¢,, be the differential one form associated with H,, according to Assumption (C).
It follows that

pc |J U({xEW /d)ndwu}ﬂAmQ}.

r1,r2€Q[0,1] n>1

Therefore, by Assumption (C) we know that P(D) = 0.

Now we have the following result.

Proposition 4.4.3. Define the equivalence relation “~” on Wy = D C W as before,
and let Wy /.. be the corresponding quotient space. Then d(-,-), defined in the same
way as in (4.4.6), is a metric on W/ .

Proof. It suffices to show that, for any x, 2’ € Wy, if

inf sup |z; — =0, 4.4.7
JeRte[m]\ = To)] (4.4.7)

then
Ty =2, Ve 0,1], (4.4.8)

for some o € R.
In fact, by (4.4.7), for any n > 1, there exists o,, € R, such that

1
|z — 2, | < — Vte [0,1]. (4.4.9)
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It follows from compactness, denseness, and a standard diagonal selection argument

that we can find a subsequence {0, } such that for any » € Q([0, 1],

lim g, (r) = 3(1)

exists.
Now define o : [0,1] — [0, 1] by

inf{o(r): r>t,reQN0,1]}, 0<t<1;
1, t=1.

We want to show that o € R, and it satisfies (4.4.8).
(1) It is easy to see that o is increasing. Let 0 < ¢ < 1. For any ¢ > 0, there exists
some r > t,r € Q[[0, 1], such that

o(t)<o(r)<o(t)+e.
Therefore, for any t' € (¢,r), if we take some r' € Q([0, 1] with ¢ <7’ < r, then
ot) <o) <o(r)<a(r) <o(t) +e.

It follows that o is right continuous.

(2) o is also left continuous.

In fact, assume on the contrary that for some 0 < ¢t < 1, o(t—) # o(t). Fix
any o(t—) < s < o(t), and define for k > 1, t,, = 0,/'(s). It follows that for any
r>t,reQ]o,1],

s<o(t) <a(r).
Since limy_o 0y, (1) = (1), we know that when k is large enough, s < o, (r), which
is equivalent to t,, < r for k large enough. Therefore, we have limsup,_, t,, <.
But this is true for all r > ¢, € Q([0, 1], which implies that lim sup,_, . t,, < ¢. On

the other hand, for any r < ¢, € Q([0, 1], we have

A similar argument yields that liminf,_, t,, > t. Therefore, limy_, t,, exists and
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is equal to ¢t. Now from (4.4.9) we know that

‘[Etnk —$;‘ < nik’ Vk > 1,

and hence z; = z/. But this is true for all o(t—) < s < o(t), which contradicts the
fact that x’ € Wy. Therefore, o is left continuous. A similar argument also shows that
a(0) = 0.

(3) For any » € Q[0, 1], o(r) = a(r).

In fact, it is obvious that o(r) > &(r). On the other hand, for any ¢ < r we have
o(t) < a(r), and by the left continuity of o we have o(r) < o(r).

(4) o is strictly increasing.

In fact, if for some 0 < s <t < 1, o(s) = o(t), then o remains constant over [s, t].

In particular, for any r € Q([s, t], from (4.4.9) and the previous step we have
/ / /
Tr = T50) = Lo(r) = Lols)

which implies that x is constant over [s,t], contradicting the fact that = € Wj.
Now it is obvious that 0 € R, and (4.4.8) follows. O

From now on, we include D in the P-null set V.

Now we are in a position to complete the proof of Theorem 4.2.1.

Assume that z,2’ € N¢ and S(2)o1 = S(2')o1. For n > 1, let (¢, -+ ¢5mon)
(< igﬁn, e ,gbit‘m’f"), respectively) be the unique maximal sequence of differential

one forms along which the extended signature of = (z’, respectively) is nonzero. It
follows from Theorem 4.3.1 that m = m/ and z; = 2} for i = 0, ..., m. Moreover, by

Proposition 4.4.1 we know that
Nemdn(g) = N (2)) = m,

and

mén,an (:U) — m;n,én (:L’/) =2, Vi=0,---,m.

It follows that in the quotient space W/., [xE""S"} = [(m’ )5”75"], where 257 and
(2)e"%" are the polygonal approximation of x and 2’ respectively. On the other

hand, by Proposition 4.4.2 we know that

0 5 g, (x/)€”’5" — 2,
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under the uniform topology as n — oo. Therefore, by the triangle inequality of
the distance function d(-,-) we have d([z],[z']) = 0. Since D C N, it follows from
Proposition 4.4.3 that there exists o € R, such that (4.4.8) holds.

Now the proof of Theorem 4.2.1 is complete.

4.5 A Fundamental Example: Gaussian Processes

As we have remarked before, Assumption (A) and (B) are natural for a large class
of stochastic processes. However, Assumption (C) is in general difficult to verify. In
this section, as a fundamental example of Theorem 4.2.1, we show that Assumption
(A), (B), (C) hold for a class of Gaussian processes including fractional Brownian
motion with Hurst parameter H > 1/4, the Ornstein-Uhlenbeck process and the
Brownian bridge. The main idea of verifying Assumption (C) for Gaussian processes is
to apply local regularity results for Gaussian functionals from the Malliavin calculus,
based on pathwise integration by parts which is possible due to the regularity of
sample paths and Cameron-Martin paths.

The class of Gaussian processes we study in this section is specified in the following.

Let IP be the law of a centered, non-degenerate, continuous Gaussian process over
[0, 1] starting at the origin with i.i.d components. We assume that P satisfies the
following conditions: there exists H € (}L, 1) such that

(G1) for all p € (55 V 1,2], the p-variation of the covariance function (see [26],
Definition 5.50) of each component of X is controlled by a 2-dimensional Holder-
dominated control (see [26], Definition 5.51);

(G2) there exists 0 > 0 and ¢s > 0, such that for all 0 < s < ¢ < 1 with |t — s| < 4,
we have

E [(X: — X,)?] = es(t — s)*;

(G3) the Cameron-Martin space H associated with [P satisfies the property that

1 -1
Co ™ ([0,1;RY) € H < CF™ ([0, 1;RY), Vg > (H + 5) ,

where C37# ([0, 1]; R?) is the space of differentiable paths in W with Hélder contin-
uous derivatives of any order smaller than H, and CZ """ ([0, 1];RY) is the space of
paths in W with finite total g-variation.

Now we prove our second main result, namely Theorem 4.2.2. Note that in this

case the verification of Assumption (A) is a standard result for Gaussian rough paths
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according to (G1) (see [26], Theorem 15.33), and Assumption (B) is trivial. The main
difficulty is the verification of Assumption (C).

For any open cube H,,, with center zg = (z{, -+ ,z8) € R? and edges of length
2n, we construct a differential one form ¢ supported on the closure of H,, ,, such that

for any 0 < s <t <1,

P ({x ew: /:¢(d:cu) = 0} ﬂAffO‘”) — 0, (4.5.1)

where Aff " is the set defined by (4.2.1). In other words, Assumption (C) holds.
Let h(t) € C(R') be a function such that

and h'(t) is everywhere nonzero in (—1, 1) except at t = 0. For example, the standard

mollifier function

h(t) =

satisfies the properties.

Define a differential one form ¢(z) = 3¢, ¢s(x)da’ on R? by

1.1 d_ ..d 2 .2
) = () (R e (1 () ) e

¢; = 0, foralli=2,--- d. (4.5.2)

It is easy to see that the support of ¢ is exactly the boundary of the H, ,,. Moreover,

elo%) 1 (xi—xé) , (xz—x(%)
-1 = = h h

() (o (257).

which is everywhere nonzero in H,, , except on the slice {x € H,, , : 2* = 23}.

we have

To verify Assumption (C) for such a differential one form ¢, we need the following

Lemma.

Lemma 4.5.1. Fiz 0 < s < t < 1. Let f be a smooth function on R? with com-
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pact support. Then there exists a P-null set N1 such that for any v € (N7)°, if
[ f(x,)day =0 for all u,v with [u,v] C [s,t], then f(z,) =0 for all u € [s,1].

Proof. Fix 577 < p < 3. According to (G1) and [26], Theorem 15.33, outside some
P-null set ./\fé, a sample path z admits a canonical lifting to a geometric 2p-rough
path X as well as a G?°)(R%)-valued %p—Hb'lder continuous path (G (R?) is the free
nilpotent group of step N over R% see [26], Theorem 7. 30). Since the path integral
[ f(x,)dz; can be regarded as the projection of the solution to the rough differential

equation
(
dr! = dzl,
< )
dz? = dz?,
Lt = (ot
over [u,v] with initial condition (z,--- ¢ x4*t1) = (zL ... 2 0), according to [26],
Corollary 10.15, we know that pathwisely
d d
9% f g
x,) dx — f(xy) X1 ! X2Z1 _ L) X3l
/ / P = (%U@:UJ( ) Wy
200 0
< Cl ‘X p —Hol;[u,v] |U U| ’

where # > 1 and (' is some positive constant depending only on p, § and the uniform
bounds on the derivatives of f. If [ f(z,)dz} = 0, then we have

[f (@) (2, = )]

<01‘X

0
ii}m;[u,v] u = 0|” + | Df]loo [72(Xuo)| + | D* Flloo |m3(Xuw)]  (4.5.3)

On the other hand, according to (G1) and [26], Proposition 15.19, Corollary 15.21
and Theorem 15.33, we know that

E|m; (Xuo)” < Colu—ovf’” (4.5.4)

for each level j, where (5 is some positive constant depending only on p. Now we
choose a,y such that H < a <y < %. According to (G2) and (4.5.4), it follows from
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the Borel-Cantelli lemma that

1
N(u) = {mEW: :L‘qlﬁ_i—l‘i <2T for infinitely many n}
W X > ! for infinitel
U YIS : 7r2< “v“+2%)‘/27n’ or 1nfinitely many n

U{xGW: ‘71'3 (X%uﬂ%

1
‘ > — o for infinitely many n}

is a P-null set.
Let x € (WJUN(w))°. Then there exists some N > 1, such that

1 1 1
> ﬁ’ )7T2 (qu-i-?n)‘ < ﬁ’ T3 <qu+2nk>‘ < W’

for all n > N. Therefore, by (4.5.3) with v = u + 1/2", for any n > N we have

|f ()]
1

S o a1

1
2p0 2
X BN R Rl o) (IDflloe + 1D* flloc) -

By taking n — oo, we have f (x,) = 0.

Now the result follows easily if we take

N=n U N

ueQ[st]

[]

Remark 4.5.1. By the denseness argument, it is easy to see that the P-null set N can

be taken uniformly in s, t.

Now we complete the proof of Theorem 4.2.2.

In what follows, for simplicity we use Einstein’s summation convention: repeated
indices of superscript and subscript are automatically summed over from 1 to d.

Let F(x) = f é(dx,) = f éi(x,)dz!,. Tt follows that F is smooth in the sense of
Malliavin (see for example [7], and Y. Inahama [38]). Since F' is a random variable
on the abstract Wiener space (W, H,P), it suffices to show that outside a P-null
set, for any = € Aff " the Malliavin derivative DF(z) is a nonzero element in the
Cameron-Martin space H. It then follows from standard local regularity results from

the Malliavin calculus (see for example the monograph by D. Nualart [51|, Theorem
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2.1.1 and the following remark on p. 93) that the measure
AB) =P ({F € B} ﬂAff“’") . BeB(R'),

is absolutely continuous with respect to the Lebesgue measure in R!. In particular,
(4.5.1) holds.

Let NV; be the null set in Lemma 4.5.1. We know that P-almost surely sample paths
can be lifted as geometric p-rough paths for 1 < p < 4 with Hp > 1, and according
to (G3) we have H C CZ"([0,1];R?) for any ¢ > (H +1/2)". Obviously we can
choose such p, ¢ so that 1/p + 1/q > 1. Therefore, in the sense of Young’s integrals

we know that for any x € Agfo’” ANE¢ and h € H,

d
(DF(@), b = 5 lemoF (2 +2h)

d ¢ ‘ .

- 4 / 65w + cha)d(x. + i)

t 9 N |
_ / afj(xu)hidszr / Si(x)dh |

where the interchange of differentiation and integration can be verified easily by the
geometric rough path nature of x and the continuity of the integration map.
Integration by parts shows that

t . A . t 9 ,
[ iwaddn, = ontehi - ante i~ [ 15 ),

Therefore,

(DF (@), = (ot = axtei) + [ (5% = 52 ) (e,

Y09 09, ; .
Y, = 999 ) (,)dx, ], =1, .,d. 45.
w=[ (52 - 52) st e, 5 i (455)

It follows from integration by parts again that

(DF(@).hyn = (éu(w)hi — dula,)hi) + / KLY,

= (¢i(ze) + Yii)hy — (dilzs) + Yei)hl — / Y, idh',.
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Now we define h = (h',--- , hd) by
h, = / (Gize) + Yy — You)dv, w € [0,1], i=1,--- d, (4.5.6)

then Al = 0 for i = 1,...,d. Technically if s > 0 we modify A" smoothly on [0, %)
so that h) = 0 for all 7. Note that the modification does not change the value of
(DF(x), h)y as it depends only on the value of h on [s,t]. By the regularity of sample
paths, it is easy to see that h € C;™ ([0, 1]; R?), which is also in H according to

(G3). Therefore,

(DF@). )= Y [ (0ntan) + Vi = YaiPdu

If DF(xz) = 0, then (DF(z),h); = 0, which implies that for all i = 1,---  d, and
u € [s,t], ¢i(x¢) + Yy — Yy = 0. It follows from taking ¢ = 2 and our construction of
¢ that

/v Oé1 (z,)dz) =0, V[u,v] C [s,1].

0x? "

Therefore, by Lemma 4.5.1 we have for all u € [s,t], 2% (x,) = 0.

) 312
On the other hand, since x € Aff 0" there exists some u € (s,t) such that
Ty € Hy, . From the construction of ¢ we have already seen that g% is everywhere

nonzero in H,, , except on the “slice”
_ S22
Loy = {2 € Hyppy: 2° =1}

Therefore, by continuity there exists some open interval (u,v) C [s,t], such that
T, € Ly, for all 7 € (w,v). But this implies that there exists some r € Q[ (s, 1)
such that z? = 2. Since for any r € (0,1), the law of z, is absolutely continuous with

respect to the Lebesgue measure, we know that

Ny = U {22 = a3}
)

reQ (0,1

is a P-null set. By further removing N, we arrive at a contradiction. Therefore, for
any © € A, YNF (N5, DF(z) is a nonzero element in H.

Now the proof of Theorem 4.2.2 is complete.

In the rest of this chapter we consider three specific examples of Gaussian processes

which all verify conditions (G1), (G2) and (G3): fractional Brownian motion with
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Hurst parameter H > 1/4, the Ornstein-Uhlenbeck process and the Brownian bridge.

4.5.1 Fractional Brownian Motion with Hurst Parameter H >
1/4
Let X be the d-dimensional fractional Brownian motion with Hurst parameter H

for H > 1/4. In other words, X is a Gaussian process starting at the origin with i.i.d.

components, and the covariance function of X' is given by

RY(s,t) = = (s + 2" — [t = s") | s,t €[0,1].

N

In this case the parameter H in the conditions (G1), (G2) and (G3) is just the
Hurst parameter. The verification of Condition (G1) is the content of [26], Proposition
15.5if H € (1/4,1/2] (the case when H > 1/2 is trivial in the rough path setting),
and (G2) follows from direct calculation. The verification of (G3) is contained in the
following two lemmas.

Let H" be the Cameron-Martin space associated with X.
Lemma 4.5.2. H? contains CS([0,1];R?) for all « > H +1/2.

Proof. We assume H # 1/2, as the result is well-known for Brownian motion. Ac-
cording to L. Decreusefond and A. Ustunel [18|, Theorem 2.1, we have

H+3

HT =1,,7% (L*[0,1]),

where

2. (f) (2) = / ) (@ -0t

is the fractional integral operator.

If 0 < H < 1/2, from fractional calculus (see the monograph by S. Samko, A.
Kilbas and O. Marichev [59], p. 233) we know that Iéf% (L?]0,1]) contains all a-
Holder continuous functions whenever o > H +1/2. If H > 1/2, by the fundamental
theorem of calculus we know that h € Iéf:r% (L?[0,1]) if and only if h is differentiable
with derivative in I(i_% (L?[0,1]). Therefore, in both cases we have H¥ containing

Cg ([0,1];R?) for all v > H + 1/2. O

Lemma 4.5.3. (1) (see [18], Theorem 2.1, Theorem 3.3 and [59], Theorem 3.6) If
H >1/2, we have
H" c Cff (0,1 RY). (4.5.7)
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(2) (see [24], Corollary 1) If 0 < H < 1/2, then for any q > (H + 1/2)_1, we
have
HT c cg7v ([0,1];RY).

Remark 4.5.2. From the proof of Theorem 4.2.2 we can see that the embedding
HT C CI"([0,1]; R?) is only used for making sense of path integrals in the sense of
L.C. Young. Therefore, when H > 1/2, (4.5.7) is obviously sufficient for us to carry

out all the calculations before as we are also in the setting of Young’s integrals.

4.5.2 The Ornstein-Uhlenbeck Process

Let .
th/ e =9dB,, t €[0,1],
0

be the standard Ornstein-Uhlenbeck process in R? starting at the origin, where B is
the standard d-dimensional Brownian motion.

We take H = 1/2. The verification of Condition (G1) is contained in [26], p. 405
and (G2) follows by direct calculation. (G3) is a consequence of the fact that the
Cameron-Martin space HOU associated with X is the same as the one for Brown-
ian motion with a different but equivalent inner product (see the monograph by D.
Stroock [61], Theorem 8.5.4).

Remark 4.5.3. The uniqueness of signature for the Ornstein-Uhlenbeck process is the
direct consequence of the general result in 28], as it is the solution to a (hypo)elliptic

stochastic differential equation (which we write as SDE hereafter).

4.5.3 The Brownian Bridge

Finally we consider the d-dimensional Brownian bridge
Xt — Bt - tBl, t € [O, 1]

In this case we also take H = 1/2. Similar to the case of the Ornstein-Uhlenbeck
process, (G1) and (G2) follows quite easily by direct calculations. However, (G3) is
not satisfied as the Cameron-Martin space HP"9e° associated with X is the one for
Brownian motion with vanishing terminal condition: hy = 0 (see [61], pp. 334-335).
Of course the embedding HBridse ¢ C97vor(]0, 1]; R?) still holds for any ¢ > 1.

The main problem in the verification of Assumption (C) is that in the explicit

construction of our Cameron-Martin path, the h given by (4.5.6) may not satisfy
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h1 = 0. However, it is just a technical issue to overcome such a difficulty.

Recall that we want to show DF(z) # 0 for z € Agfo‘", where F' = fstgb(dxu)
and ¢ is the differential one form given by (4.5.2). From our proof before it is easy
to see that everything follows in the same way if ¢ < 1, since we can always modify
h' on ((t +1)/2,1] so that h} = 0 and the value of (DF(z),h) does not change as it
depends only on the value of h on [s,t]. Therefore, we only need to consider the case
when ¢t = 1.

On the path space W let = € Aftjé and take € > 0 such that x| C HE® (this
is possible since z; = 0). Define ¢ by (4.5.2) for the open cube HZ°, and define Y, ;
by (4.5.5). Now we need to consider two cases.

(1) If z # 0, then

Gi(r1) + Y1, —Y,; =0, Vo e[l —e¢,1],

since ¢ is supported on the closure of H?. Therefore, for any h € H,

(DF(2), ) = / T (Gun) + Yia — Vo) i,

To apply our previous argument, we just define h by (4.5.6) but modified on (1 — /2, 1]
so that hi = 0, and the resulting A is an element in AP By making use of Remark
4.5.1, the proof follows easily in the same way.

(2) If z = 0, based on our argument before, for any ¢ € C([1 —&,1]) (i =
L,---,d) with

1—e
Y, =C; = / (¢i(w1) + Y1 — Yy ;) dv

and ¢! = 0, the function

fsu (pi(z1) + Y1, —Y,i)dv, we[0,1—c¢];
: ue [l —egl,

u?

hi = (4.5.8)

defines an element h € HPBrdee Tt follows that
d 1—¢
DF@0) = 3 [ (@) + Vi - Vo) do
i1 7s

d 1 .
o3[ ot v v
i=1 7 17¢
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Now we take 9" of the form

"%:Cz— gidv7 uE[l—e,l],

l—e

where £ € C([1 — ¢, 1]) with f11—5 Edv = C;. If (DF(z),h) = 0, then we have

d 1—e d 1
> [ G vV a0 [ @) + Y- Ve o =0
i=1"* i=1 7 1-¢

It follows that for any ¢* € C([1 — ¢, 1]) with fll—e Cidv = 0, we have

d 1
> [ @+ Y- Vo) o =0,
i=1 1—e
which by an elementary argument implies that
di(x1) + Y1, —Y,; =const., Yo € [l —¢,1] and 1 < i < d.

It follows from taking ¢ = 2 that

° 0¢y

@(xr)dwl =0, Y[u,v] C [1 —¢,1].

T
u

Now the proof follows again by making use of Remark 4.5.1 and the fact that x| 1 C
3.

Remark 4.5.4. By the same argument with a technical modification of v so that the
h defined by (4.5.8) is regular enough to lie in the Cameron-Martin space, the result

holds for general Gaussian bridge processes
Xt - Gt - tGl, t S [0, 1],

as long as the underlying Gaussian process G itself satisfies conditions (G1), (G2)
and (G3).
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Chapter 5

GG-Brownian Motion as Rough Paths
and Differential Equations Driven by

(G-Brownian Motion

5.1 Introduction

The classical Feynman-Kac formula (see for example M. Kac [39] or the mono-
graph by .A. Karatzas and S.E. Shreve [40]) provides us with a way to represent the
solution to a linear parabolic partial differential equation (PDE hereafter) in terms
of the conditional expectation of a certain functional of a diffusion process. However,
it works only for the linear case, mainly due to the linear nature of diffusion pro-
cesses. To understand nonlinear parabolic PDEs from a probabilistic point of view,
S. Peng and E. Pardoux initiated the study of backward stochastic differential equa-
tions (BSDEs hereafter) in a series of important works [52], [53|, [54]. In particular,
they showed that the solutions to a certain type of quasilinear parabolic PDE can
be expressed in terms of the solutions to BSDEs. This result suggests that BSDEs
reveal a certain type of nonlinear dynamics, and this was made explicit by S. Peng
[55]. More precisely, S. Peng introduced a notion of nonlinear expectation called the
g-expectation in terms of the solutions to BSDEs which is filtration consistent. How-
ever, it was developed under the framework of the classical It6 calculus and did not
investigate the fully nonlinear situation.

Motivated by the study of fully nonlinear dynamics, S. Peng [56] introduced the
notion of G-expectation in an intrinsic way which does not rely on any particular

probability space. It reveals the probability distribution uncertainty in a fundamen-
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tal way which is useful in many practical situations. The underlying mechanism
corresponding to this type of uncertainty is a fully nonlinear parabolic PDE. In [56],
[57], he also introduced the concept of G-Brownian motion which is generated by the
so-called nonlinear GG-heat equation, and related stochastic calculus such as G-It6’s
integrals, G-Itd’s formula, SDEs driven by G-Brownian motion. One of the major
contributions of this theory is the corresponding nonlinear Feynman-Kac formula
proved by S. Peng [58], which gives us a way to represent the solution to a fully
nonlinear parabolic PDE in terms of the solution to a forward-backward SDE under
the framework of G-expectation.

The case of classical Brownian motion is special, since we have a complete SDE
theory in the L?-sense, as well as the notion of Stratonovich type integrals and dif-
ferential equations. The fundamental relation between the two types of stochastic

differentials (one-dimensional case) can be expressed by
1
XodY:XdY+§dX-dY

It is proved in rough path theory (see [26], [47], and also [37], [66] from the view of the
Wong-Zakai type approximation) that the Stratonovich type integrals and differential
equations are equivalent to path integrals and RDEs in the sense of rough paths. In
other words, the following two types of differential equation driven by Brownian

motion

d
dX; = ) Vo(Xy)dW +0b(X)dt, (Ito type SDE)

a=1

a=1 a=1

v, = S Va(v)dwe + (bm)—zém (¥:) - Va m)) dt. (RDE)

which are both well-defined under some regularity assumptions on the generating
vector fields, are equivalent in the sense that if their solutions X; and Y; satisfy
Xo =Y), then X =Y almost surely.

Under the framework of G-expectation, SDEs driven by G-Brownian motion in-
troduced by S. Peng, can be regarded as nonlinear diffusion processes in Euclidean
space. The idea of constructing G-Ito’s integrals and SDEs driven by G-Brownian
motion is similar to the classical Itd calculus, which is also an L2-theory but under the
G-expectation instead of a probability measure. What is missing is the notion of the
Stratonovich type integral, mainly due to the reason that the theory of G-martingales

is still not well understood. In particular, we don’t have the corresponding nonlinear
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Doob-Meyer type decomposition theorem and the notion of quadratic variation pro-
cesses for G-martingales. However, by the key observation in the classical case that
the Stratonovich type integrals and rough path integrals are essentially equivalent in
the sense of rough paths, we can start with the study of sample path regularity of
G-Brownian motion from the view of rough path theory. In particular, it may lead
us to a complete pathwise theory of SDEs driven by GG-Brownian motion in the sense
of rough paths (namely RDEs). The basic language for describing path structure
under G-expectation is quasi sure analysis and related capacity theory, which was
developed by L. Denis, M. Hu and S. Peng [20]. In particular, they generalized the
Kolmogorov continuity theorem and studied sample path properties of G-Brownian
motion. They also studied the relation between G-expectation and upper expectation
associated to a family of probability measures which defines a Choquet capacity and
the relation between the corresponding two types of LP-spaces. The pathwise prop-
erties and homeomorphic flows for SDEs driven by G-Brownian motion in the quasi
sure setting were then studied by F. Gao [27].

The main motivation of this chapter is to study nonlinear diffusions and their
associated intrinsic “distributions” on manifolds from the view of rough paths. In
particular, as the ultimate goal we are interested in constructing G-Brownian motion
on a Riemannian manifold and establishing its generating nonlinear heat flow.

This chapter is organized in the following way. Section 5.2 is a brief review on
G-expectation and related stochastic calculus. In Section 5.3 we develop the Euler-
Maruyama scheme for SDEs driven by G-Brownian motion. In Section 5.4, by using
techniques in rough path theory, we show that quasi surely the sample paths of
G-Brownian motion can be lifted to the second level in a canonical way so that
they become geometric p-rough paths for 2 < p < 3. In Section 5.5 we establish
the fundamental relation between SDEs and RDEs driven by G-Brownian motion
by using the rough Taylor expansion. In Section 5.6 we introduce the notion of
SDEs on a differentiable manifold driven by G-Brownian motion from the RDE point
of view by using a pathwise localization technique. In Section 5.7, we study the
infinitesimal diffusive nature and the generating PDE for nonlinear diffusion processes
in a (Riemannian) geometric setting. In particular, from the view of J. Eells, K.D.
Elworthy and P. Malliavin, it leads us to the construction of G-Brownian motion on
a compact Riemannian manifold and the generating nonlinear heat flow for a wide
and interesting class of G-functions whose invariant group (to be introduced in that
section) is the orthogonal group. As a consequence we also construct the canonical

G-expectation on the path space over the manifold.
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Throughout the rest of this chapter, for simplicity we again use the Einstein

convention of summation.

5.2 Preliminaries on G-expectation and Related Stochas-

tic Calculus

In this section we recall the basic notions of G-expectation and related stochastic
calculus. The contents of this section are based on the monograph by S. Peng [58|.
Let €2 be a non-empty set, and H be a vector space of functionals on €2 such that H

contains all constant functionals and for any Xy, --- , X, € H and any ¢ € Cj 1,;,(R"),
(X, -, Xn) EH,
where Cj 1;,(R™) denotes the space of functions ¢ on R™ satisfying
[p(z) = (y)] < CA+ [2|™ + [y[")(lz — y]), Yo,y € R,

for some constant C' > 0 and m € N depending on ¢. H can be regarded as the space

of random variables.

Definition 5.2.1. A sublinear expectation E on (Q,H) is a functional E : H — R
such that

(1) if X <Y, then E[X] < E[Y];

(2) for any constant ¢, E[c] = ¢;

(3) for any X,Y € H, E[X + Y] < E[X]+ E[Y];

(4) for any A > 0 and X € H, E[AX] = AE[X].

The triple (Q,H,E) is called a sublinear expectation space.
The relation between sublinear expectations and linear expectations, which was

proved by S. Peng [58], is contained in the following representation theorem.

Theorem 5.2.1. Let (2, H,E) be a sublinear expectation space. Then there exists a
family of linear expectations (linear functionals) {Eq : 0 € O} on H, such that

E[X] = supEy[X], VX € H.
e

Under the framework of a sublinear expectation space, we also have the notion of

independence and distribution (law).
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Definition 5.2.2. (1) A random vector Y € H" is said to be independent from
another random vector X € H™ under the sublinear expectation E, if for any ¢ €
Crrip(R™ x R™),

Elp(X,Y)] = E[Elp(z,Y)]s=x] -

(2) Given a random vector X € H", the distribution (or the law) of X is defined
as the functional Fx : Cj 1;, (R™) — R given by

Fx[p] = E[p(X)], » € Crip(R").

This is a sublinear expectation on (R", Cj 1;,(R")). By saying that two random vec-
tors X, Y (possibly defined on different sublinear expectation spaces) are identically

distributed, we mean that their distributions are the same.

Now we introduce the notion of G-distribution, which is the generalization of
degenerate distributions and normal distributions. It captures the uncertainty of
probability distributions and plays a fundamental role in the theory of sublinear
expectation.

Let S(d) be the space of d x d symmetric matrices, and let G : R? x S(d) — R
be a continuous and sublinear function monotonic in S(d) in the sense that:

(1) Glp+p,A+A) <G(p,A) +G(p,A), Vp,p € R4, A A € S(d);

(2) G(Ap, A\A) = AG(p, A), YA = 0;

(3) G(p, A) < G(p, A), VAL A

Definition 5.2.3. Let X,n € H? be two random vectors. (X,n) is called G-
distributed if for any ¢ € Cj ;,(R? x R?), the function

ult,,y) = Elp(z + VEX,y + )], (t,2,y) € [0,00) x R x RY,
is a viscosity solution to the following parabolic PDE (called a G-heat equation):
ou—G (Dyu, Diu) =0, (5.2.1)

with Cauchy condition u|—¢ = ¢.

Remark 5.2.1. From the general theory of viscosity solutions (see for example M.G.
Crandall, H. Ishii and P.L. Lions [15] or [58]), the G-heat equation (5.2.1) has a unique
viscosity solution. By solving the G-heat equation (5.2.1) (in some special cases, it

is explicitly solvable), we can compute the sublinear expectation of some functionals
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of a G-distributed random vector. The case of convex functionals, for instance, the

power function |x|¥, is quite interesting.

It can be proved (see [58]) that for such a function G, there exists a bounded, closed

and convex subset I' € R? x R¥*¢ such that G has the following representation:

1
G(p,A) = sup {gtr(AQQT) + (p, Q>} , V(p, A) € R x S(d).
(q,Q)el’
The set I" captures the uncertainty of probability distribution (mean uncertainty and
variance uncertainty) of a G-distributed random vector.
In particular, if G only depends on p € R?, then there exists some bounded, closed

and convex subset A C R?, such that

G(p) = Sg(p, q)-

In this case a G-distributed random vector 7 is called mazimal distributed and is
denoted by n ~ N(A,{0}). Similarly, if G only depends on A € S(d), then there
exists some bounded, closed and convex subset ¥ C S, (d) (the space of symmetric

and non-negative definite matrices) such that

1
G(A) = —suptr(AB), YA € S(d). (5.2.2)
2 Bex
A (G-distributed random vector X for such G is called G-normal distributed and is
denoted by X ~ N({0}, ).

Now we introduce the concept of G-Brownian motion and related stochastic cal-
culus.

From now on, let G : S(d) — R be a function given by (5.2.2).

Definition 5.2.4. A d-dimensional process B; is called a G-Brownian motion if

(1) By(w) =0, Yw € Q;

(2) foreach s, t > 0, Byys—B; ~ N({0}, sX) and is independent from (B, -+ , By,)
foranyn>land 0<t; <--- <t, <t

Similar to the classical situation, a G-Brownian motion can be constructed ex-
plicitly on the canonical path space by using independent G-normal random vectors.
Here we omit the details and refer the reader to [58] for the construction.

In summary, let Q = Cy([0,00); R?) be the space of Ré-valued continuous paths

starting at the origin, and let By(w) := w; be the coordinate process. For any T' > 0,
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define
LiP(QT) = {@(Btlv e 7Btn) - n 2 17t1> e 7tn € [O,T], ® c Cleip(Rdxn)} ,

and

Lip<Q) = U Lip(Qn)-

Then on (2, L;,(2)) we can define the canonical sublinear expectation E such that
the coordinate process B; becomes a G-Brownian motion, which is usually called
the G-expectation and denoted by E¢. (Q, L;,(Q),E) is also called the canonical G-
expectation space. Throughout the rest of this chapter, we restrict ourselves to the
canonical G-expectation space and its completion (to be defined later on).

Now we introduce the notion of conditional G-expectation and related properties.

For

X =¢(By,,B, — By, -+ , By, — B, ,) € Li,(2),

where 0 <ty <ty <--- <1y, the G-conditional expectation of X given €}, is defined
by
]EG[X’Qtj] = w(BtU Btz - Bt17 e 7Btj - Btjfl)a

where
¢(x17"' 7'IJ) = EG[‘P<1T1"" 7xjaBtj+1 - Btja"' 7Btn _Btn,l)L Ly, Ty € Rd'

The conditional G-expectation EC[-|€};] has the following basic properties: for any
X, Y € Lijy(Q),

(1) if X <Y, then E¢[X|Q] < E9[Y|Q];

(2) EY[X + Y| < EC[X Q] + EC[Y|Q];

(3) for any n € L;,(£2),

EG[TNQt] = n
E°nXIQ) = 7 EC[X|Q] +n E[-X |,

where 7,7~ denote the positive and negative parts of 1 respectively;

(4) E9[EC[X Q]| = EY[X|Qns]. In particular, EY[EC[X|Q]] = EC[X].

For any p > 1, let LY, (respectively, L7,(€2))) be the completion of L;,(2) (re-
spectively, L;,(€%)) under the semi-norm | X||, := (E¢ [|X|p])% Then E¢ can be

continuously extended to a sublinear expectation on L%,(Q) (respectively, L, (%)),
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which is still denoted by E©.
For t < T < oo, the conditional G-expectation E¥[-|C%] : L;,(Qr) — Lip(€) is a

continuous map under || - ||; and can be uniquely extended to a continuous map
EC[1] © La(Qr) = Lo(Q),

which can still be interpreted as the conditional G-expectation. It is easy to show that
the properties (1) to (4) for the conditional G-expectation still hold true on L{(Q7)
as long as it is well-defined.

Now we introduce the related stochastic calculus for G-Brownian motion.

First of all, similar to the idea in the classical case, we still have the notion of
[to’s integrals against a 1-dimensional G-Brownian motion. More precisely, in the
one dimensional case we can first define [td’s integrals of simple processes and then
pass to the limit under the G-expectation E¢ in some suitable functional spaces. Let

MPZ°(0,T) be the space of simple processes 7,(w) on [0, T] of the form

N
Ul (w) = Z 516*1 (w)]‘[tkflytk) (t)’
k=1

where ¥ := {to,t1,- -+ ,tn} is a partition of [0,7] and & € L% (€, ), and introduce

1
T D
19llagz 02y = (EG [ [ e dt])
0

on M%°(0,T). Let MZ(0,T) be the completion of ME°(0,T) under || - a2 0. 16

is straight forward to define It6’s integrals fOT n:dB,; of simple processes. Moreover,

the semi-norm

such an integral operator is linear and continuous under || - [[5so.r) and hence can be

extended to a bounded linear operator
T: MZ0,T) — LE(0,T).
The operator 7 is called the Itd’s integral operator against a G-Brownian motion. For

0<s<t<T,define
t T
/ UudBu = / 1[s,t] (u)nudBu
S 0

We list some important properties of G-1td’s integrals in the following.

Proposition 5.2.1. Let n,0 € MZ(0,T) and let 0 < s <r <t < T. Then
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(1)

t r t

(2) if « is bounded in L5 (), then

t t t
/ (an, +6,)dB, = a/ Nud By, —|—/ 0.,dBy;

(3) for any X € L, (Q),

T
E¢ lXJr / Nud B

T T
e[ ] e )
0 0

where 7° := EY[B?] and o? := —E“[—B?].

Q] — ECX]0];

T
< 7°EC [/ ntzdt] ,
0

Secondly, we have the notion of quadratic variation process of G-Brownian motion.

(4)

2

In the case of 1-dimensional G-Brownian motion, the quadratic variation process (B),

is defined as .
(B, = B —2 / B.dB.,
0

2
which can be regarded as the LZ-limit of the sum Z?ﬁ ) (Bt;y — Btj&) as p (m¥) —

0, where 7" := {tI¥ }?Zo is any finite partition of [0,¢] and
,u(ﬂfv) = max{tjv—tj\il =12 ,l{;N}.

It follows that (B); is an increasing process with (B)y = 0.

Similar to the definition of G-It6’s integrals, we can define the integration against
(B); where By is a 1-dimensional G-Brownian motion. We refer the reader to [5§]
for a precise definition but we remark that the integral operator against (B); is a

continuous linear map

QO,T : Mé(O,T) — Lé‘(QT)

The following identity can be regarded as the G-Itd isometry.

108



DIFFERENTIAL EQUATIONS DRIVEN BY G-BROWNIAN MOTION

Proposition 5.2.2. Let n € MA(0,T), then

< /O ' ntdBt) =E“ { /0 ' nfd(B>t] :

Now we consider the multi-dimensional case. Let B; be a d-dimensional G-

2

EG

Brownian motion, and for any v € R?, denote
BZ} = <U, Bt>,

where (-,-) is the Euclidean inner product. Then for a,a € R, the cross variation
process (B*, B*), is defined as

_ 1 _ _ _ _
<Ba7Ba>t — Z<<Ba+a’ Ba-‘,—a)t _ <Ba—a’ Ba—a>t).

In the same way as the case of the quadratic variation process, we have

kn

(BB = (L)l 32 (B - By ) (B5 - By )

u(m) =0
— BB / BYdB® — / BB
0 0

Note that unlike the classical case, the cross variation process is not determinis-
tic. The following result characterizes the distribution of the matrix-valued process
(B) == ((B*, B”))% 4_,, where By is a d-dimensional G-Brownian motion and By* is
the a-th component of B;. We refer the reader to [58] for the proof. Recall that the
function G has the representation (5.2.2).

Proposition 5.2.3. (B); ~ N(tX,{0}).

As in the classical case, we also have the important G-1t6 formula under G-
expectation, which takes a similar form to the classical one. The main difference
is that dB¢ - dB) should be d(B®, B®), instead of d,5dt. We are not going to state
the full result of G-1td’s formula here. See [58] for a detailed discussion.

Now we introduce the notion of SDEs driven by G-Brownian motion.

For p > 1, let M(0,T;R"™) be the completion of MZ"(0,T;R™) under the norm

1
T »
- ( [ e dt)
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It is casy to see that Mp(0, T;R™) C M%(0,T;R™).
Consider the following N-dimensional SDE driven by G-Brownian motion over
0, T7:
dX; = b(t, X;)dt + hap(t, X;)d(B*, B”), + V,(t, X;)dB? (5.2.3)

with initial condition ¢ € RY. Here we assume that the coefficients b’ hl, 5, Vi are
Lipschitz functions in the space variable, uniformly in time. A solution to (5.2.3) is
a process in MQG(O, T; RY) satisfying the equation (5.2.3) in its integral form.

The existence and uniqueness of solutions to the SDE (5.2.3) is contained in the

following result. We refer the reader to [58| for the proof.

Theorem 5.2.2. There exists a unique solution X € HZ(O,T; RN) to the SDE
(5.2.3).

Finally, we introduce the notion of quasi sure analysis for G-expectation. It plays
an important role in studying pathwise properties of stochastic processes under the
framework of G-expectation.

First of all, on the canonical sublinear expectation space (Q, Ly(€2), EG) , We can
prove a refinement of Theorem 5.2.1: there exists a weakly compact family P of
probability measures on (€2, B(€2)), such that for any X € L;,(2) and P € P, Ep|[X]
is well-defined and

Iyl — .
E¥[X] = I}IDIGB%CEP[X], VX € L;(Q),

where “max” means that the supremum is attainable (for each X). Moreover, there
is an explicit characterization of the family P. Let G be represented in the following
way:

G(A) = %Sup tr (AQQT) ,

Qer

for some bounded, closed and convex subset I' C R%*? and let Ar be the collection
of all T-valued and {F}" : ¢ > 0}-adapted processes on [0, 00), where {F¥ : t > 0}
is the natural filtration of the coordinate process on 2. Let Py be the collection of
probability laws of the following classical [t6 integral processes with respect to the

standard Wiener measure:
t
Bg:/ ’}/SdWS, t >0, ’YGAF.
0

Then P = Py. We refer the reader to [20] for the proof of this result.
For any B(2)-measurable random variable X such that Ep[X] is well-defined for
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all P € P, define the upper expectation

E[X] = sup Ep[X].
€

Then we can prove that for any 0 < 7' < oo and X € L5 (Qr),
E¢[X] = B[X].

See again [20] for a detailed discussion and other related properties.

For this particular family P, define the set function ¢ by

c(A) = sup P(A), A € B(Q).

PeP

Then we have the following result.

Proposition 5.2.4. The set function c is a Choquet capacity (for an introduction of
capacity theory, see G. Choquet [12], C. Dellacherie [19]). In other words,

(1) for any A € B(2), 0 < ¢(A) <

(2) if A C B, then c¢(A) < ¢(B);

(3) if A, is a sequence in B(Q), then ¢ (U, An) < ), c(An);

(4) if A, is increasing in B(S2), then c (U, An) = lim,, o c(4,).

Definition 5.2.5. A property depending on w € € is said to hold quasi surely, if it

holds outside a B(f2)-measurable subset of zero capacity.

We end this section by stating the following Markov inequality and Borel-Cantelli
lemma under the capacity ¢, which are both crucial for our study. We refer the reader
to [58] for the proof.

Theorem 5.2.3. (1) For any X € L%,(2) and X\ > 0, we have

B9 X ]

(X >3 < —

(2) Let A, be a sequence in B(S)) such that Y~ ¢(A,) < co. Then

c(limsup 4,)) = 0.
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5.3 The Euler-Maruyama Approximation for SDEs

Driven by G-Brownian Motion

In this section, we develop the Euler-Maruyama approximation scheme for SDEs
driven by G-Brownian motion.

This result can be used to establish the Wong-Zakai type approximation which
reveals the relationship between SDEs (in the sense of LZ(Q;RY) by S. Peng) and
RDEs driven by G-Brownian motion. In Section 5.5, the study of this relationship is
our main focus. However, based on the result in the next section which reveals the
rough path nature of G-Brownian motion, we use the rough Taylor expansion in the
theory of RDEs instead of developing the Wong-Zakai type approximation to show
that the solution to an SDE solves some associated RDE with a correction term in
terms of the cross variation process of multidimensional G-Brownian motion. Such
an approach reveals the natural of G-Brownian motion and differential equations in
the sense of rough paths in a more essential way.

We also believe that there are other interesting applications of the Euler-Maruyama
approximation, such as in numerical analysis under G-expectation, and in practical
models under probability distribution uncertainty.

Consider the following N-dimensional SDE driven by the canonical d-dimensional
G-Brownian motion over [0,1] on the sublinear expectation space (2, L%(Q),EY)

which is the LZ-completion of the canonical path space (€, L;, (), E©):
dX, = b(X,)dt + hag(X:)d(B*, B%), + V,(X,)dBy, (5.3.1)

with initial condition Xy, = ¢ € RY, where the coefficients b’ hgﬁ, V% are bounded
and uniformly Lipschitz. From Theorem 5.2.2 we know that the SDE has a unique
solution.

The Euler-Maruyama approximation of the solution X; to (5.3.1) is defined as
follows. The underlying idea is similar to the classical situation.

For n > 1, consider the dyadic partition of the time interval [0, 1], i.e.

k

ty=—, k=0,1,--- 2"
k on ) [} )
Define X[ to be the approximation of X; in the following inductive way:

Xg = &
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and for ¢t € [t}_,,t}],
(X7 = (X" + Va(XE ) ARB® + b (X )AL + hi (X3 )AR(B, BY),

where

n o ._ wvn npa . pa ey
kal T Xt’,ng? AkB T Bt}z - Bt’,ng?

n 1 n/pa et @
At = . AN(B°.BY) = (B, B')y — (B, B}y

In this section, we prove that X' converges to the solution X; to (5.3.1) in

—1°

LZ%(;RY) with convergence rate 1/2, which coincides with the classical case when
B, reduces to the classical Brownian motion.

First of all, we need the following lemma.

Lemma 5.3.1. Let 1; be a bounded process in MZ(0,1). Then for any v € R% 0 <

s<t<1, )
( / t nud<B”>u) ] < 7%t — )EC [ / t nzd<Bv>u] |

where o2 := 2G (v - vT) and BY := (v, B), in which {-,-) denotes the Euclidean inner

product of R%.

EG

Proof. By approximation, it suffices to consider

k
nu = Z ijll[uj_huj):
j=1

where s = up < u; < --- <wu, =t and (; € L;j(€y,,) are bounded. In this case, by

definition

[ B = 30 6B, — (B )

and

[ B =3 (B~ (B,

which are both defined in the pathwise sense for step functions. Since (B") is increas-

ing, the Cauchy-Schwarz inequality yields that

2

([ nam.) < - ) [ .
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Since the (; are bounded, if we use M to denote an upper bound of 7?2, it follows that
2

vl

/mM%Q2

<Mwm—wm—w—wwwm—ww+m—@/%Mﬂw

for any ¢ > @

Let o(z) = (z — ¢(t — s))Tx. Since (BY); — (BY), is N((t — s)[c?,5%] x {0})-
distributed, it follows that

E° [p((B"). — (B"),)] = sup o(a(t—s))
oi<a<Ty
= (t—s)* sup (v—c)'x
a2<a<Ty
= 0.

Therefore, by the sub-linearity of GG, we have

(/: nud<Bv)u)2] < et — s)EC [/t n3d<B”>u} s

Now the proof is complete. O]

EG

Now we are in position to state and prove our main result of this section.

Theorem 5.3.1. We have the following error estimate for the Euler-Maruyama ap-

proximation:

sup E [| X} — Xt|2] < CAt™,
te(0,1]

where C' is some positive constant only depending on d, N,G and the coefficients of
(5.3.1). In particular,
lim sup EY [|X]" — Xtﬂ = 0.

N0 ¢c(0,1]

Proof. For t € [t}_,,t}], by construction we have

X — (XM =L+ J + K+ I+ J: + Kb,
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where
' k—1 tn _ ) t , ;
I = Z/ (v;(xs)_v;(xg))d33+/ (Va(X,) = Va(XT)) dBy,
=1 (74 Uy q
, L . b .
Ji = Z/ (b(X,) — (X)) ds+/ (0'(X,) = b'(XY)) ds,
1=1 Yty fe
, Bl 4
KL= [ (a0 i) (557,
=1 -1
t
[ (i)~ R (XD) (57 B,
k—1
, Bl ‘ Lo :
S / (VA(X™) = VA(XP)) dB° + / (VI(X.) = Vi(XP)) dBS,
=t
. k=1 g ' t ) )
Ji = Z/ (bH(X™) = b (X)) ds—i—/t (0'(X,) = V(X)) ds,
=1 L2481 b1
' k—1 tn ‘ ‘
K = 30 [ (X = (X)) (87 BY),
=1 -1

n / (hip(X.) — Biy(XT)) d (B, B

n
k—1

It follows that
(X = (X)) <6 (1) + () + (K1) + (L) + (3)° + (K3)) . (5:32)

Throughout the rest of this section, we always use the same notation C' to denote
constants only depending on d, N, G and the coefficients of (5.3.1), although they may
be different from line to line.

The following estimates are important for further development.

(1) From the G-It6 isometry, the distribution of (B*) and the Lipschitz property,

we have,

2
B (/ <v;<xs>—v;<xs>>d33> <c [ EO[IX. - XIP)ds, Vue (i8]
t

n n
-1 L8}
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(2) Similarly, by the Cauchy-Schwarz inequality, we have

E ( JARGESER) ds)

n
-1

< C(u— t?_l)/ EC [| X, — X7*] ds,

n
tl*l

for all u € [t |, t?]. By the definition of (B%, B”) and Lemma 5.3.1, we also have

E° ( [ (0 — ) s Bm)

n
tlfl

< Clu— t?_l)/ EC [|1X, — X7*] ds,
)

for all w € [t} 4, t]].

(3) By construction and similar arguments to (1), (2), we have

n

-1

2
EC (/ (Vo) = VAT )BE | | < Clu—tia)
t

E¢ (/u (b'(X7) = ' (X[y)) ds < Clu—t1y)%

n
-1

2
E® </ (hes(XE) = hos(XD)) d{B*, B%), < Clu—t,)?,
4
for all uw € [t} 4, t}'].
(4) By conditioning and from the properties of Ito’s integrals against G-Brownian

motion, we know that the G-expectation of each “cross term” in (I{)? and in (I%)? is
Zero.

Combining (1) to (4) and applying the following elementary inequality to (J{)?,
(3)%, (K7)* and (K3)*:

(a1 + - +ap)? <m(af +---+ay,),
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it is not hard to obtain that
E[|1X, — X7|I°] < (J/t EC [|| X, — X2[*] ds + C(A™), Vt € [0,1].
0
By using Gronwall’s inequality, we arrive at
EY [I1X, - X7[] < C(ar),

which completes the proof of the theorem. n

5.4 (G-Brownian Motion as Rough Paths and RDEs

Driven by G-Brownian Motion

In this section, we study the geometric rough path nature for sample paths of G-
Brownian motion. More precisely, we show that: on the canonical path space, outside
a Borel-measurable set of capacity zero, the sample paths of G-Brownian motion can
be lifted canonically as geometric p-rough paths for 2 < p < 3. As pointed out before,
such a result enables us to make sense of RDEs driven by G-Brownian motion in the
pathwise sense.

Recall that (€, L;,(€2), EY) is the canonical path space associated with the function

G, on which the coordinate process
Bi(w) :=wy, t €10,1],

is a d-dimensional GG-Brownian motion with continuous sample paths.

By the following moment inequality for B;:
EC[|B, — B[] < Cy(t —5)?, YO< s <t <1, ¢>1, (5.4.1)

and the generalized Kolmogorov criterion (see [58] for details), we know that quasi-
surely, the sample paths of B; are a-Hélder continuous for any « € (0, %) Therefore, if
the sample paths of B; can be regarded as geometric rough paths, the exact roughness
should be 2 < p < 3. The situation here is the same as the classical Brownian
motion, and the fundamental reason lies in the distribution of B; (or more precisely,
the moment inequality (5.4.1)), which yields the same kind of Hélder continuity for
sample paths of B, as the classical case.

From now on, we assume that p € (2, 3) is some fixed constant.
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As in the last section, for n > 1, &k = 0,1,---,2", let t} = % be the dyadic
partition of [0,1], and let Bj* be the piecewise linear interpolation of B; over the
partition points {tg, ¢}, - ,t5.}. Since the sample paths of B} have bounded total
variation, B}’ has a unique lifting

B!, = (1,B},B), 0<s<t<1,
to the space GQ,(R?) of geometric p-rough paths (in fact, for any p > 1) determined
by iterated path integrals.

Our goal is to show that quasi-surely, B" is a Cauchy sequence under the p-
variation metric d,. It follows that quasi-surely, the sample paths of B, can be lifted
as geometric p-rough paths, which are defined as limits of B" under d,,. Such a lifting
via dyadic piecewise linear interpolation can be regarded as a canonical lifting.

Throughout the rest of this section, we use || - ||, to denote the L%-norm under the
G-expectation E¢. Moreover, we use the same notation C' to denote constants only
depending on d, G, p, although they may be different from line to line.

The following estimates are crucial for the proof of the main result of this section.

Lemma 5.4.1. Letm,n>1, and k =1,2,--- ,2". Then

(1)

where 7 =1, 2.
(2)
gmtll _ pml 0, n<m;
vty TR 2%

p 02—n, n>m,
< .
pmtL2 _ pm2 < 2F.5 TS

th_1tk tivti||lp om

2 CQQ—n, n>m.

Here ||-||, denotes the Li-norm under the G-expectation B¢, and C' is some positive

constant not depending on m,n, k.

Proof. (1) The first level.
If n < m, then
B;Z’I tn = Bt;g — Byr

k—1'"Yk k—1"
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It follows from the moment inequality (5.4.1) that

p 1
E HBZle n :| < CTp)
1’ k 27
and thus
%

Also it is trivial to see that

Byt = By = (By = By, ) — (By - By, ) =0.

k:lk:

If n > m, then by construction we know that

2m
m,1
Btn = (Bt - Btﬁ1> )

k—1"k 2n

where [ is the unique integer such that [t}_,, 7] C [t]*;,1]"]. Therefore,

m 232
m,1 -
H g, = o By — By, S Cor
On the other hand, if [t7_,,#}] C [tht),t5 1], then
2m+1 om
m—+1, 1 m,1 o
Byl =Bty = 5 Byt~ Bu) - 5 (B — B
2m
= S (B, — Bas ) = (B, — Basy ).
271 omT1 omT1 om—+1 om—+1
It follows that m
ity on
Similarly, if [t7 |, 3] C [th'], tm+1] we obtain the same estimate.

(2) The second level.
Since & < 2, by monotonicity it suffices to establish the desired estimates under
the L%-norm.

1,2 2
First consider the term Ber i — B .
D
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If n < m, by the construction of B;nf, we have

e m,1;8
UdB’U

—1»

t”L
k
m,2;a m
Btn’ ’t;LB — Btn
k—1"k k
t’l’L
k—1

27’7L—nk

AMBE (T o=ty N
pr— Z Atm /m Atm Bt;fn, + Atm Btﬁl - Btg—l dv
1=2(m=n) (k—1)+1 (Zis]

2k Bg. + Bg.
— > =T _B% | A"BA
2 k—1
1=2(m=n)(k—1)+1

Therefore,

m+1,2;« m,2;a
BtLEel _ pm.2ief
k—1"k k—1"k

2m+1_nk Btam+1 + Btam+1
= ) BBy | APBY
k—1
[=2(m+1=n)(k—1)4+1
2k B, + B
. jg: 2 i
2

[=2(m=n) (k—1)+1

2 Bipsy + By o
— — @ m
- ¥ ; - B | AptiB

1=2(m=n)(k—1)+1

B%llt% i B%}-H a m+1 R
+ 2 - Btz71 A2l B

B%leir; * B%Yl”rl a m+1 nA m+1 g
- 5 — Bp» | (A5 B” + Ay BY)
1 am—ng

=5 > (ARNBCARTBT - AGHBUARTBT).

1=2m—n(k—1)+1

— Bf]ﬁ:l) A"B’

By using the notation of tensor products, we have

2m—nk
m+1,2 m,2 _ 1 m+1 m+1 m+1 m+1
Btgfl,tg - Btgfl,t;; D) E (A21—1B QAT B-AyTB® A21—1B) :
[=2m—7n(k—1)+1
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It follows that

N

N

N

a m+1,2 m,2
E UB B2 .

|

oty T P
1 2m771k 2
ECY (ARtBeARtB - ARt B AL )
l=2m="(k—1)+1
2
C > EY|D (AR B ARTBY — Ayt BALTB)
a#p l
a,B=1,-.d
CY Y EC[(AyH B AR BY — Ayt B*AL T B)
a#B 1l

A(ARHBCART B — AP B AL B

CY ) (B [ARH B AR B AR B AL BY
a#B lr

+EC [AGT BYART BY AT B AL BY]

+EC [-ALT B AL B AR BP AT B

B [-ApH BT AR B AR BIAR T BY))

where the summation over [ and r is taken from 2™ "(k — 1) 4+ 1 to 2™ "k. Here we

have used the sub-linearity of E. Now we study every term separately. If [ < r, by

the properties of conditional G-expectation and the distribution of B;, we have

EC [A5H B AL BPALT B* ALt BY]
= EC[EC [ At BeAy T B AR B AL B Q||
— E° |[p'EC | AL B Q| 40 E [—ALT B Q||
= ()’

where n = AP BCAD BAATT] B, Similarly, we can prove that for any [ # r,

EY [A5H B AT BPART B A BY]

= EC[(AFT AT BT AR BPALT, BY)
= E¢[(—A3* B*ALT B*AGT BPALT BY)]
= O [(-aptiBeay B ARt BIALT BY)]
= 0.
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On the other hand, if [ = r, it is straight forward that

EC [ (AgtBe) (At BY)’] < %(EG [(aptiBE)'] + B (agt %))
1
< 22_m’

and similarly,

“(—ARH B*AR T B AL B AL BP)
S i (B [(agime)'] + B9 [ (antB)]
+2 [(agm) ] B (o 2)'))
1

922m ’

Combining all the estimates above, we arrive at

k -1 k

) gm—nf 1 1
} < C’Z Z 22_m<CW’

a#B 1=2m—"(k—1)+

and hence ]
Byt — Bi? wll < Comes
H fe—tilly = 7 2% 9%
If n > m, by construction we have
ppte = | A(B™)d(B")]
U <u<v<iy

1
oL
_ / By (")
t

n
-1

AP'BOAMBP [ n
= l (Atm;Q —/ ('U — tk*l)dv
t’l’l

k—1

1
= 22" IATBYATBY,
2

where [ is the unique integer such that [t}_,,¢}] C [t]*,,t]"]. In other words, we have
m,2 1 2(m—mn)( AM R\®2
Btgfl,tg - 52 (A"B)
It follows that

Bm+1 2

tr_vtk

= B? = P AR B)eR — mn L (A )2
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if [ty 6] C [t575, 157, and
m—+1,2 m,2 m—n m m—n)— m
B k+17t” . Btg_ytz _ 22( Jrl(A +1B) 22( ) 1(Al B)®2

if [t7 |, 7] C [tht],tht!. By using the Minkowski inequality, the Cauchy-Schwarz

inequality and the sub-linearity of [E, it is easy to obtain that

m

C—.

m+1, 2 m,2
Byt — Bt
k—1Vk 22n

Now consider the term Bjp” .
k—1"k
If n > m, by using
B, = 22m =L (Am B2,

k—1"k

we can proceed in the same way as before to obtain that

m
Bm 2 2
tp_q1ot 22n'
If n < m, then
m
[ — 1,2 11,2 n,2
Bt = 2. (szflvt};‘ - Bt’z;tyti?) + By -
l=n+1

It follows that

m
m,2 12 pl-12 n,2
HBtrs al, < 2 HBtz,ytz By 2+HBt;;71,t;; )
=n+1
I «— 1 1
<o ¥ Lo
22 l=n+1 22 an
1
Now the proof is complete. O

In order to study the convergence of B™ in the space G€,(R?), we need to control

the p-variation metric d, in a proper way. For X, X e GQ(RY), define

S

0= (S0l Tl ) amre Gy
n=1

where v > p — 1 is some fixed universal constant. The functional p; was initially
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introduced by B.M. Hambly and T. Lyons [33] to construct the stochastic area process
associated with the Brownian motion on the Sierpinski gasket. We use p;(X) to denote
p; (X, X) with X = (1,0,0).

The following estimate for the p-variation metric is crucial for us. We refer the

reader to [47| for the proof.

Proposition 5.4.1. There exists some positive constant R = R(p,~), such that for
any X, X € GQ(RY),

0(X, X) < R max{py (X, X), 1 (X, X) (02 (X) + pa(X)), po(X, X}
Now let
1(X, %) = max{py (X, X), (X, X) (01 (X) + 00(X) (X, X)), (543)
and observe that

{w: B™ is not Cauchy under d,}

c { S, (B, B - oo}

m=1

C lim sup {w . d, (B™,B™) > i}

m—00 2mb
1
Climsup{w: I(B™,B™!) > — 1. (5.4.4)
m—00 2mp

where [ is some positive constant to be chosen. Notice that the R.H.S. of (5.4.4)
is B(£2)-measurable so its capacity is well-defined. Therefore, in order to prove that
quasi-surely, B™ is a Cauchy sequence under d,, it suffices to show that the R.H.S.
of (5.4.4) has capacity zero. This can be shown by using the Borel-Cantelli lemma.

According to (5.4.3), we may first need to establish estimates for
C (p] (Bm’Berl) > >\) ) j = 1727

and

C(pl (Bm> > )‘> )
where m > 1 and A > 0. They are contained in the following lemma.

Lemma 5.4.2. Form > 1, A > 0, we have the following estimates.

124



DIFFERENTIAL EQUATIONS DRIVEN BY G-BROWNIAN MOTION

(1)
c(pr (B™) > \) < CAP,

(2) Let 6 € (0,5 — 1) be some constant such that

. on(p—1)
n < CW7 Vn > 1.
Then we have
(o, (B"B™) > <on i o1
2m(§—0—1)

Proof. First consider

c(pr(B™) > A) =c¢ (Z ”VZ ‘Bzﬁ,tz
n=1

p
>)\p>.

> /\p} € B(Q),

Define

n

N »
1
Ay =L w: E n’ g ‘Blg’l,t;;

2

and

27l
¥ m1 | p
{ S Z‘Btn ] > A } € B().
n=1
It is obvious that Ay T A. By the properties of the capacity ¢, we have

c(A) = lim c(Ay).

N—o0

On the other hand, by the sub-linearity of E“, the Chebyshev inequality for the

capacity ¢ and Lemma 5.4.1, we have

c(Ay) < )\pZnVZEHB

il

< CA\P Znﬁ" oy + Z ]
n=m++1
= C\P Zm = Z o ]
2 n=m+1
< C)\_p.
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It follows that
c(p1(B™) > \) =c(A) < CAP.

Now consider

p
>)\p>.

l

00 AL
c(p (B™,B™) >\) =c¢ (Z n”’; ‘Bglg — Bg,ﬁ

n=1

For similar reasons we have

') AL
c(pr (BB >0) < ATy W SR ||Byt - B,
k=1

n=1
< ON7P N 72"2%
< >, W2
n=m-+1
— O\PF i nv;
on(p—1)°
n=m-+1
Since ¢ € (0,5 — 1) satisfies
il on(p—1)
n < CW, Vn 2 1,

we arrive at .

m m+1 —
C(Pl(B , B +)>)‘)<C)\ pm~

Finally, consider the second level part. For similar reasons, we have

c (p2 (Bm, Bm+1) > )\)

I N | e . 1
< C\ 2 ;TLA/Q W+22 n_zm;H’rﬂ2 %]
L1 & By | ome 1
— Yon v
SCRIE ST R o
L n=1 n=m-+1
_Pr 1 +1om(1-2 mp 1
< Ch 2 2%Tn’y 2( 4)+22W
< CA‘§;
= 2m(g—9—1)'

Now we are in position to prove the main result of this section.
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Theorem 5.4.1. Outside a B(Q2)-measurable set of capacity zero, B™ is a Cauchy
sequence under the p-variation metric dy,. In particular, quasi-surely, the sample paths

of B, can be lifted as geometric p-rough paths
B,;=(1,B!,,B2,), 0<s<t<1,

which are defined as the limit of sample (geometric p-rough) paths of B™ in GS, (Rd)

under the p-variation metric d,.

Proof. By Lemma 5.4.2, we have

m m 1
c(I(B ,B™) >275)
2

1
< ZC (pj (Bm7Bm+1) > ﬁ)

=1

+c (,01 (Bm, Bm+1> (,01 (Bm) + o1 (Bm+1)) > 2%,8)

gzc(pl (B",B +1)>22mﬁ>+c(p2(3 B “)>275)
mp3

+e (m (B™) > 27) te (m (B) > ?)

<C 1 N 1 n 1
= ompp 2m(g—9—2ﬁp—1) Qm(g—e—%—l)’

where 6 € (0,’5J — 1) is some fixed constant.
If we choose (3 such that

— 20 — 2
0<B<p—,
dp
then
. 1
m m+1
ZIC([(B , B +)>27ﬁ)<00.

By the Borel-Cantelli lemma, we have

. S 1
c(hmsup{w: I(B™,B™") > 276}) =0,

m—0o0

and the result follows from the inclusion (5.4.4). O

With the help of Theorem 5.4.1 and the regularity of <B”‘, B? > . (by definition the
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sample paths of <B°‘, B? > , have bounded total variation), we are able to apply the
universal limit theorem in rough path theory to define RDEs driven by G-Brownian
motion in the pathwise sense. More precisely, consider the following /N-dimensional

RDE in the sense of rough paths:

dY, = b(Y,)dt + has(Ys)d (B*, B®), + Vo (Y;)dBY, (5.4.5)

with initial condition Yy = z, where Z, %ag,Va are CP-vector fields on RY. Then
outside a B(2)-measurable set of capacity zero, (5.4.5) has a unique solution Y in
GQ,(RY). Y is constructed as the limit of the lifting of ¥;" in G, (R") under the
p-variation metric, where Y,” is the unique classical solution to the following ordinary

differential equation:
Y = D(Y7)dt + hap(Y)")d (B, B), + Va(Y)d(BY),  (5.4.6)

with Y = z, in which B} is the dyadic piecewise linear interpolation of B;.

In practice, we usually only consider the first level Y := 2 4 71(Y) of the solution
instead of the full geometric rough path Y. Therefore, without ambiguity we simply
regard Y as the solution to the RDE (5.4.5). It is easy to see that quasi-surely, Y is
the uniform limit of the solution to (5.4.6) with initial condition Y7* = z.

To end this section, we give an explicit description of the second level Bit of B;
defined in Theorem 5.4.1 which reveals the nature of Bit. Such a result is crucial to

understand the relationship between SDEs and RDEs driven by G-Brownian motion.

Lemma 5.4.3. Assume that X,, converges to X in L%(Q) and converges to' Y quasi-

surely. Then X =Y quasi-surely.

Proof. By the Chebyshev inequality for the capacity, we have
1
c(|Xn, — X|>¢) < EEG [ X, — X|*], Ve > 0.

Since
X, — X in L2G(Q),

we can extract a subsequence X, , such that for any k > 1,

1
E° [|1X,., — X|*] < e
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It follows that ) .

and
0

1
Zc(|Xnk—X| >%) < 00.

k=1
By the Borel-Cantelli lemma for the capacity, we conclude that X, converges to X

quasi-surely. By assumption it follows that X =Y quasi-surely. O]

The following result shows the nature of the second level of B;. In the case when
B, reduces to the classical Brownian motion, it is essentially the relation between

Stratonovich’s and 1td’s integrals.

Proposition 5.4.2. Let B;; = (1, B! Bit) be the quasi-surely defined lifting of By

s,t)

in Theorem 5.4.1. Then for any 0 < s <t < 1, we have

t
& « 1 (03
B — / BLdB] + 5 (B, B%),, (5.4.7)

quasi-surely, where the integral on the R.H.S. of (5.4.7) is Ito’s integral.

Proof. We know from Theorem 5.4.1 that

lim d,(B",B) =0

n—o0

quasi-surely. From the definition of d,, it is straight forward that B:f converges

uniformly to B7, quasi-surely.
Without loss of generality, we assume that s,t are both dyadic points in [0, 1]. Tt

follows that when n is large enough,
et = [ amaen;
s<u<v<t
t
= [ B

ARBS [T v —tp t— v
= By +-t—DBy - B*)d
2. Am /t ( N NTR S R

n
kfty_ 1 tp]1Cls ] k—

By By
= Z <le+’f _ B?) AP

k7 tp]C]st]

1
- > (Br,-BY)ABY+ 5 > ARB*ARB.
k

kfty_ 1 tp]1Clst]
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From properties of It6 integrals and the cross-variation <Ba, BA > .» we know that the
R.H.S. of the above equality converges to fst B, dBS + 1 (B*, B)  in L%(Q).
Consequently, by Lemma 5.4.3 BZ, must coincide with fst B2, dBY + 3 (B, Bﬁ>8 .

quasi surely. O

5.5 The Relationship between SDEs and RDEs Driven
by G-Brownian Motion

So far we have seen that there are two types of well-defined differential equations
driven by G-Brownian motion: SDEs which are defined in the LZ-sense under the
G-expectation EY, and RDEs which are quasi surely defined in the pathwise sense.
This section is devoted to the study of the fundamental relationship between these
two types of differential equation.

Consider the following N-dimensional SDE driven by G-Brownian motion on
(Q, L2(Q), E)

dX; = b(Xy)dt + has(X,)d (B*, BY), + Va(X,)dBy, (5.5.1)

with initial condition Xy = z € R”". Here we assume that b, hag, Vo are C3-vector
fields on RY.

Our aim is to find the correct RDE of the form (5.4.5) whose solution coincides
with X; quasi surely in the pathwise sense.

Let us first illustrate the idea informally. We use the rough Taylor expansion for
RDEs and Proposition 5.4.2 to seek the correct form of the RDE for X,.

Consider the following general RDE:

dY, = b(Y,)dt + has(Y:)d (B*, B®), + V,(Y;)dBY, (5.5.2)

with initial condition Yy = x, where E, Eaﬁ, ‘7& are Cp-vector fields on RY. By the
regularity of the cross variation process (B, B?) and the roughness of B, studied in
the last section, we know from the rough Taylor expansion theorem that quasi-surely,
for some control w(s,t), the solution Y; to (5.5.2) satisfies, when w(s,t) < 1, that

Vi = b(V)(t = 5) = has(V2) (B, BY) |, = Va(Yo) BIY = DVs(Y,) - Va (Vo) BL™

st

< Cuw(s,t)?, (5.5.3)
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where C' and # > 1 are two constants not depending on s,t. Note that inequality
(5.5.3) reveals the local behavior of the solution Y;. It follows from Proposition 5.4.2
that

Ys,t - ]s,t < CW(S,t)e
quasi-surely, where
~ ~ ~ 1~ ~ N
T = B = 8)+ (Ras(Y) + 5 DV(Ys) - Val¥a))d (B2, BY),
t
VAV)BLE + DY) Vol [ B2, (5.5.4)

Now if we consider the global behavior of Y;, we may sum up inequality (5.5.4) over
dyadic intervals [t7_,,¢?] and then take the limit (in LZ%(£2;R")) to obtain that

Y

:/stE(Yu) du+/st (ﬁaﬁ (Yu)+%D175 (Vo) - Vi (Yu)) d<B“,Bﬁ>u+/: Vo (V) dBy

~ ~ ty

2 : a B

+ (LG—) nanOlo Z DV, <Y;tg_l> Vs <Yt’,;_1> /n Btg_l,udBua (5.5.5)
kit 0] C s, ] te1

quasi-surely, where the integrals against B, are interpreted as [t6’s integrals. On the

other hand, by the distribution of B; and properties of G-1t6’s integrals, it is not hard

to prove that the LZ-limit in the last term of the above identity is zero. Therefore,

we know that Y; solves the SDE
- . 1~ - -
dX; = b(X,)dt + (haﬁ(Xt) + EDV[g(Xt) . Va(Xt)) d<Ba, B5>t + Vo (Xt )d By

In other words, if X is the solution to the SDE (5.5.1), it is natural to expect that
quasi-surely, X; is the solution to the following RDE:

0¥ = 00)at + (aa(¥5) = FDVAY) Va(3i) ) d (B B°) + ValYdBE, (55

with the same initial condition.

Now we prove this assertion rigorously.

From now on, assume that X; is the solution to the SDE (5.5.1) and Y; is the
solution to the RDE (5.5.6) with the same initial condition z € R, where the

coefficients b, hag, Vs, are Ci-vector fields on RY. For simplicity we also use the same
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notation to denote constants only depending on d, N,G,p and the coefficients of
(5.5.1), although they may be different from line to line.

The following lemma enables us to show that the L4-limit in the last term of the
identity (5.5.5) is zero.

Lemma 5.5.1. Let f € Cy(RY), and s < t be two dyadic points in [0,1] (i.e. s =17
and t =t for some m and k <1). Then for any o, f =1,2,--- ,d,

2

ty
e (50 p(ve) [ B ) | <o

ke[ty 1 Cst] b1

Proof. From direct calculation, we have

2

i
G a B
E S (nﬁl) /t By dB]

k:(ty_ 1 tp1Cst] k—1

2
t
2 G a B
< e Y E ( / Btz_pudBu>
K[ty 7] s8] b1
tk
G a B
+2 Z [E f(Y;Zfl> </n BtﬁpudB">
k—1
[t;_l,t;;],[t?_ LEPCls,t]
¢
T ) ([ B b
) g,
< CIfFI DS @Ay
k7, tR]C]st]
G tZ ’
+2 > B ( (Vi) / B 4B} ) f (Yy,)
k<l thi—1
[t;cl—l’tz]v[t?—l’t?]c[svt]
¢
-1 -1
A
tn B
2B (50 ) ([ By am) £ (v
g,
¢
ES | — / B2 . dB’ |0
gy o
< Cllfl5Arr,
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and the result follows easily. O]
Now we are in a position to prove the main result of this section.

Theorem 5.5.1. Quasi-surely, we have
X, =Y, Vte|0,1].

Proof. Since the coefficients of the RDE (5.5.6) are in C3(RY), quasi-surely we can

define the following pathwise control

w(s,t) = (IVIeel Bl 5. 5) + Ibll (2= 9)

1
+Hh—§DV-V

(B, B) |y 1

1,00

for (s,t) € A, where || - ||, denotes the maximum of uniform norms of derivatives up
to order m. It follows from the rough Taylor expansion (see [26], Corollary 12.8) that
quasi-surely, there exists some positive constant # > 1, such that for 0 < s <t < 1,
when w(s,t) < 1, we have

Yar — L] < Cuo(s, 1),

Is,t = b (Y;’) (t - 5) + (haﬁ (YS) - %DVB <Ys) ’ Va (Ys)) <Ba’ Bﬁ>s,t + VC“ (Y;’) B;jta

+DVj (Y;) - Vi (V:) BE
By Proposition 5.4.2, we have quasi-surely,
Yor = b(Ya) (t = 8) = has (Ys) (B*, BY) , = Va (Y2) BJf

t
~DV, (V) Vo (¥) [ BBl < Culs.t)557)

Now consider fixed s < ¢ being two dyadic points in [0, 1]. When n is large enough,
by applying inequality (5.5.7) on each small dyadic interval [} ;7] C [s,?] and

summing up through the triangle inequality, we obtain that

Y= I < CY w(tp )’
< Cuw(s,t) max {w ( Z_l,tZ)efl [yt C [s,t]},
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quasi-surely, where
e = 20 ) A s (V) AL (BB + 0 (v, ) A
t
Sou (v ) i (v ) [ B ane
tn

k—1

and each sum is over all k such that [t}_,,t}] C [s,¢]. It follows that quasi-surely,
Iy — Yy, n— o0,
On the other hand, the following convergence in L% (Q; RY ) holds:
¢
>oo (V) A - / b(Y,)du
¢
> has (Yo, ) AL (B BY) / hag (Ya) d (B*, B%)_,
S Ve (V) A — / ) dBe,
as n — 00.

The reason is the following. For simplicity we only consider the third one, as the

first two are similar (and in fact easier). It is straight forward that
1
JaL
0
[
<oy /

CZ HYH i A"

C Y|P A"
(;n (Ao )

2
< CA) 7 Y00

2
dt

277,
-3V (Y ) i)
2
- Ve (¥,

dt
2

dt

— Y |

where C' depends only on V,. Therefore, it suffices to show that ||Y||,—var0,1] €
L%(9), as it implies the G-It6 integrability of V,, (Y;) and the desired convergence in
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L% (Q; RN ) holds. For simplicity we assume that Y; is the solution to the following
RDE
ay, =V, (Y})dBy

with Yy = ¢ (there is no substantial difference because dt and d <B°‘, Bf > , are more
regular than dB;), then by [|26], Theorem 10. 14, we know that

Y ]l po.1) < C Bl g0y vV IBII

p;[0,1] *

Therefore, we only need to show that ||B|” 01 € L%(Q). For this purpose, we use
Proposition 5.4.1 to control the p-variation norm by the functions p;, po defined in
(5.4.2). It follows that

IBll, < C(1+ p1(B)? + p2(B)).

Therefore, it remains to show that p; (B)?, po(B)P € L5 (). First consider level one.
By the distribution of B;, we have

Zn”Z‘B o
n=1

<SSl
Zm (A

<oo

and we know that p;(B)* € L5(€Q). Now consider level two. By Proposition 5.4.2
and the distribution of B; and (B, B);, we have

SIS

o] 2m tn

2 k 1
ST IL I ) S ol A APETENS LR
o 9 n=1 k=1 |/t 2
o 2 ||| X
< > / By yu®dBu+ 5(B, Bhy_, 4
n=1 k=1 ||/t 2
< Oy (At
n=1
< 0oQ.

It follows that py(B)? € L& (). Therefore, the desired LZ-convergence holds.
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In addition, by Lemma 5.5.1 we also have the following L%-convergence:

i
S Dy (Yt2 ) Vi (Ytg )/ BS dBP =0, n— co.
- - n k—1>

Consequently, in LZ (Q; RN ) ,

t t t
I;ft—>/ b(Yu)dqu/ has (Yu)d<Ba,Bﬁ>u+/ V, (Y,) dBS,

as n — 0.

From Lemma 5.4.3, we conclude that

t t t
y&t:/ b(Yu)dqu/ R (Yu)d<Ba,Bﬁ>u+/ Va, (V) dB2

quasi-surely. Since X; and Y; are both quasi-surely continuous, it follows that X

coincides with Y quasi-surely. O

Remark 5.5.1. As we have mentioned at the beginning of Section 5.3, it is possible
to prove Theorem 5.5.1 by establishing the Wong-Zakai type approximation. More
precisely, if we let X/ to be the Euler-Maruyama approximation of the SDE (5.5.1)
and let Y," to be the unique classical solution to the following ODE:

! .
Ay =b (V") dt + (haﬂ (V") = 5DVs (V") - Va <Yﬁ>) d(B*, B%), + Va (Y) d(B"),

with X§ =Y)' = &, where B} is the dyadic piecewise linear interpolation of B;, then
by using our main result in Section 5.3 and establishing related LZ-estimates, we can

prove that
sup B [| X7 — V)] < CV/1+ € (A

te(0,1]

In other words, Y, converges to the solution X; to the SDE (5.5.1) in the LZ-sense.
However, we know that Y;” converges uniformly to the solution Y; to the RDE (5.5.6)
quasi-surely. Again by Lemma 5.4.3 and continuity, we conclude that X coincides
with Y quasi-surely.

From the above discussion, if we forget the RDE (5.5.6) and only consider the L2 -
limit of Y}, it seems that there is nothing to do with rough paths at all as everything
is well-defined in the classical sense. However, the crucial point of understanding the
convergence of Y;" in the pathwise sense lies in the fact that B, can be regarded as

a geometric rough path (i.e. the lifting defined in Section 5.4) with approximating
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sequence in G§2, (Rd) being the lifting of the natural dyadic piecewise linear interpo-

lation Bj'. This is exactly what the universal limit theorem tells us.

Remark 5.5.2. From the RDE point of view, it is possible to reduce the regularity
assumptions on the coefficients. In particular, since the regularity of ¢ and (B®, B?),
are both “better” than B;, the regularity assumptions on the coefficients of dt and
d <Ba, BA > , can be weaker than the one imposed on the coefficient of dB;. However,
we are not going to present the results in such generality. We refer the reader to [26]

for general existence and uniqueness results for RDEs.

5.6 SDEs on a Differentiable Manifold Driven by G-

Brownian Motion

Our main result in Section 5.5 can be used to construct SDEs on a differentiable
manifold driven by G-Brownian motion, which is the main focus of this section. Our
development is based on the idea in the classical case, for which the reader may refer
to the monographs by K.D. Elworthy [22]|, E.P. Hsu [36], N. Ikeda and S.Watanabe
[37]. This part is the foundation of constructing G-Brownian motion on a Riemannian
manifold in the next section.

In classical stochastic analysis, SDEs on a manifold are constructed using the
Stratonovich type formulation, which can be regarded as a pathwise approach. The
reason for using the Stratonovich type formulation instead of the Itd type one is the
following. First of all, the notion of SDE can be introduced by using test functions
on the manifold from an intrinsic point of view, which is consistent with ordinary dif-
ferential calculus and invariant under diffeomorphisms. Moreover, when we construct
solutions extrinsically, we can prove that almost-surely, the solutions to the extended
SDEs which start on the manifold always live on it. This reveals the intrinsic nature
of ordinary differential equations.

In the setting of G-expectations, we adopt the same idea for the development.
However, there is a major difficulty in this situation. The method of constructing
solutions in the classical case from the extrinsic point of view depends heavily on
the localization technique, which is not available in the setting of G-expectations,
mainly due to the reason that concepts of information flow and stopping times are
not well understood. To get around this difficulty, we use our main result in Section
5.5 to obtain a pathwise construction. The advantage of such an approach is that we

can still use localization arguments but do not need to care about measurability and
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integrability issues under G-expectation.

Now assume that M is a differentiable manifold. For technical reasons we fur-
ther assume that M is compact (it is not necessary if we impose restrictive geomet-
ric conditions on the manifold and the generating vector fields). Let {b, hog, Vy :
a,B =1,---,d} be a family of C3-vector fields on M, and let B; be the canonical
d-dimensional G-Brownian motion on the path space (Q, L%(),EY), where G is a
function given by (5.2.2).

Consider the following symbolic Stratonovich type SDE over [0, 1]:

dX; = b(X;)dt+ has (X:) d(B* B®), + Va(X;) 0 dBY,
XO = g S M?

(5.6.1)

on M.

Definition 5.6.1. A solution X; to the SDE (5.6.1) is an M-valued continuous
stochastic process such that for any f € C*°(M) and o, = 1,--+ ,d,

{hasf(X:) 1t € [0,1]} € Mg(0,1), {Vaf(Xe) € [0,1]} € ME(0,1),

and the following equality holds on [0, 1] :

f(Xy) = f(§)+/0tbf(X5)ds+/Ot hagf(Xs)d<Ba,Bﬁ>S+/0t Vof(X,)odBY, (5.6.2)

where the last term is defined as

/ Vaf(X.) 0 dB® = / Vaf(X)dBe + L / ViV (X.)d (B, B,
0 0 2 Jo s

Remark 5.6.1. Definition 5.6.1 is intrinsic. It is easy to see that Definition 5.6.1 is

consistent with the Euclidean case.

Now we construct the solution to (5.6.1) from the extrinsic point of view.

According to the Whitney embedding theorem (see the monograph by G. de Rham
[17]), M can be embedded into some ambient Euclidean space R as a submanifold
such that the image i(M) of M is closed in RY. We simply regard M as a subset of
RV,

Let F',--- | F'N € C°°(M) be the coordinate functions on M. The following result

is easy to prove. It is similar to the classical case.
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Proposition 5.6.1. X, is a solution to (5.6.1) if and only if for any i =1,--- | N,
a7ﬁ:17"' 7d7

{hasF'(X;) 1 t € [0,1]} € M&(0,1), {VoF'(X,) :t€0,1]} € MZ(0,1),

and for any t € [0, 1],

t t t
F'(X;) = F'(€) +/ bE'(X,)ds +/ hasF'(X,)d (B*, B”). +/ Vo F{(X,)odB.
0 0 0
(5.6.3)
Proof. Necessity is obvious since F* € C*(M) for any i = 1,2,--- , N.

Now consider sufficiency. Let f € C*°(M), and choose a C*°-extension f of f with

compact support in R (it is possible since M is compact). Then for any x € M,

f(l’):f(Fl(l’), 7FN(‘7:))7

and thus

F(Xo) = f(FU(X), - FY (X)), vt e [0,1].

Since M is compact and fvis smooth with compact support, it follows from the G-1t6
formula that for ¢ € [0, 1],

J?(F1<Xt)v ’ N ) FN(Xf))
= fO)+ /0 g_gi (bF*(X,)ds + hosF'(X,)d (B*, B%)_
+V,F'(X;) 0 dBY)

= f(&+ /Ot (bf (X)ds + hasf(X)d(B*, B”) + Vo f(X,)odBY),

where we have used the simple fact that for any C'-vector field V on M,

N
Vi=Y O v i,
=1

oy
By Definition 5.6.1, we know that X, is a solution to the SDE (5.6.1). O

Now we prove the existence and uniqueness of (5.6.1) by using the main result of
Section 5.5, namely, a pathwise approach based on the associated RDE.
Let b, Eag, V, be Cp-extensions (not unique) of the vector fields b, h,g, V,,. Consider
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the following Stratonovich type SDE in the ambient space RY :
dX; = b(X,)dt + hap(X,)d (B*, B?), + V.(X,) 0 dBy (5.6.4)
with Xy = 2z € R", which is interpreted as the following It6 type SDE:
T T 1= 1/ o4 17 et
dX; = b(Xy)dt + (hag(Xt) + §DVQ(Xt) . Vg(Xt)) d<B ,Bﬁ>t + Vo (Xy)dBy.

According to Section 5.5, we can alternatively interpret (5.6.4) as an RDE which is
defined pathwisely. Both the SDE and the RDE have unique solutions, and according
to Theorem 5.5.1 they coincide quasi-surely. Our aim is to show that quasi-surely,
the solution X; to (5.6.4) never leaves M and it is the unique solution to (5.6.1).

The following result is important to prove the existence and uniqueness of the
SDE (5.6.1) on the manifold M.

Proposition 5.6.2. Let z; be a continuous path with bounded total variation in RY,
and let Wy, -+, Wy be a family of C*-vector fields on M and Wl, e ,Wd be their
C}-extensions to RY. Consider the following ODE in the ambient space RN over
0,1] :

dy, = Wa(ye)dz (5.6.5)
with yo = x € M. Then the solution y, € M for all t € [0,1]. Moreover, y; does not

depend on extensions of the vector fields.

Proof. Let F(x) := d(z, M)? be the squared distance function to the submanifold
M. Tt follows that F' is smooth in an open neighborhood of M. By using the cut-off
function we may assume that F' € Cp°(M). Now we are able to choose an open
neighborhood U of M, such that for any x € U, F(z) = 0 if and only if x € M.
Moreover, since Wa (o =1,2,--+ ,d) are tangent vector fields of M when restricted
to M, U can be chosen such that for any r € U and « = 1,2, -+ ,d,

"WQF(@’ < CF(x), (5.6.6)

for some positive constant C' depending on U. The function F'(x) was used in [36] to
construct SDEs on M driven by classical Brownian motion.

Since z; is a path with bounded total variation and yy = £ € M, by the change of
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variables formula in ordinary calculus, we have

t/—\./
Fly,) = / W P (y.)da®, Vit € [0,1].
0

Define 7 :=inf {t € [0,1] : y; ¢ U}. It follows from (5.6.6) that

t
Fly) < C / Flys)dlzls, vt € [0,7],
0

where |x|; is the total variation of the path x;.

By iteration and Fubini’s theorem, on [0, 7] we have

Fuy < o [ t ([ Fwaiel.) al

Syor / (Il — [l.) F(ys)dlal..

By induction, it is easy to see that for any k > 1,

el — J))"

(k— 1)

Py <ot [ ! Flys)dlal., t € [0.7]

Since F' is bounded, we obtain further that for any k£ > 1,

C¥ (|l — |=]o)"
k!

F(y) < |[Fll , Vi€ [0,7].

By letting k — oo, it follows that F'(y;) = 0 on [0, 7|, which implies that y, € M for
any t € [0, 7]. Since y; is continuous, the only possibility is that y; never leaves M on
[0, 1].

If we rewrite the ODE (5.6.5) in its integral form:

Y =¢§ +/0 W (ys)dz®, t € [0,1], (5.6.7)

we know from the previous discussion that equation (5.6.7) depends only on the
values of W, on M, that is, of W, (a« = 1,2,--- ,d). In other words, if W, is another
extension of W, and %; is the solution to the corresponding ODE with the same initial
condition, y; is also a solution to (5.6.5). By uniqueness, we have y = y. Therefore,

y; does not depend on the extensions of the vector fields. O

With the help of Proposition 5.6.2, we can prove the following existence and
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uniqueness result.

Theorem 5.6.1. Let b, hop, V, be C3-vector fields on M. Then the Stratonovich type
SDE (5.6.1) has a solution X; which is unique quasi surely.

Proof. Fix Cp-extensions g, Eag, Va of b, hag, Vo, and let X; be the solution to the
Stratonovich type SDE (5.6.4) in RY over [0, 1]. By Theorem 5.5.1, quasi-surely X,
coincides with the solution to (5.6.4) when it is interpreted as an RDE. Since M
is closed in RY, it follows from Proposition 5.6.2 and Theorem 1.2.2 (the universal
limit theorem) that quasi-surely, X; never leaves M over [0,1]. In this case, (5.6.4)
is equivalent to (5.6.3), which implies from Proposition 5.6.1 that X, is a solution to
(5.6.1). On the other hand, if Y; is another solution to (5.6.1), then it is a solution
to (5.6.4) (interpreted as an SDE or an RDE). By the uniqueness of RDEs, we know
that X =Y quasi-surely. O]

Remark 5.6.2. Tt is possible to formulate uniqueness in the LZ-sense when M is
regarded as a closed submanifold of RY. However, we use the quasi sure formulation
because the notion itself is intrinsic although the proof is developed from the extrinsic

point of view.

5.7 G-Brownian Motion on a Compact Riemannian
Manifold and the Generating Nonlinear Heat
Flow

In this section, we construct G-Brownian motion on a compact Riemannian man-
ifold for a wide and interesting class of G-functions, based on J. Eells, K.D. Elworthy
and P. Malliavin’s horizontal lifting construction (see [22], [36], [37] for the construc-
tion of Brownian motion on a Riemannian manifold and related topics). Roughly
speaking, we “roll” an Euclidean G-Brownian motion up to the Riemannian manifold
“without slipping” via a proper frame bundle (for the class of G-functions we are
interested in, such a bundle is the orthonormal frame bundle).

It should be pointed out that, unlike the classical case, the non-compact situation
becomes much more complicated as we may encounter issues of integrability and local-
ization under G-expectation when explosion is taken into account. In particular, the
notion of localization and random times is not well understood under G-expectation.
Here we only consider the compact case and leave the study of explosion in the non-

compact case for future research.
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In the classical case, we know that the law of a d-dimensional Brownian motion B;
is invariant under orthogonal transformations on R?. This is a crucial point to obtain
a linear parabolic PDE (the standard heat equation associated with the Bochner hor-
izontal Laplacian Ap(r)) on the orthonormal frame bundle O(M) over a Riemannian
manifold M governing the law of the horizontal lifting & of B, to O(M), which is
invariant under orthogonal transformations along fibers. It is such an invariance that
enables us to “project” the PDE down to the base manifold M and obtain the stan-
dard heat equation associated with the Laplace-Beltrami operator Ay, on M. This
heat equation governs the law of the development X; = 7(&;) of B; to the Riemannian
manifold M via the horizontal lifting &;. As a stochastic process on M, although X,
depends on the initial orthonormal frame £ at x as well as the initial position z € M,
the law of X; depends only on the initial position x, and it is characterized by the
Laplace-Beltrami operator Ay, via the heat equation. Equivalently, it can be shown
that the law of X, is the unique solution to the martingale problem on M associated
with A, starting at . X, is called the Brownian motion on M starting at = in the
sense of Eells, Elworthy and Malliavin.

It is quite natural to expect that the Brownian sample paths X; on M depend
on the initial orthonormal frame £ at x if we look back into the Euclidean case, in
which we actually fix the standard orthonormal basis in advance and define Brownian
motion in the corresponding coordinate system. If we use another orthonormal basis,
we obtain a process (still a Brownian motion) which is an orthogonal transformation
of the original Brownian motion. Therefore, it is the law, which is characterized by
the Laplace operator on R?, rather than the sample paths that captures the intrinsic
nature of the Brownian motion, and this idea can be developed in a Riemannian
geometric setting.

It should be remarked that in a pathwise manner, we can lift B; horizontally to
the total frame bundle F (M) instead of O(M) by solving the same SDE generated
by the horizontal vector fields but using a general frame instead of an orthonormal
one as initial condition. Moreover, we can write down the generating heat equation
on F(M) which takes the same form as the one on O(M). The key difference here is
that although the horizontal lifting of B; can be projected onto M, the heat equation
on F(M) cannot. In other words, the heat equation is not invariant under non-
degenerate linear transformations along fibers. This becomes less interesting to us,
as we are not able to obtain an intrinsic law of the development of B; on M which
is independent of initial frames. The fundamental reason for using the orthonormal

frame bundle is that the Laplace operator on R? is invariant exactly under orthogonal
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transformations.

The case of G-Brownian motion can be studied in a similar manner. From the
last section we are able to solve SDEs on a differentiable manifold (in particular, on
F(M)) driven by an Euclidean G-Brownian motion B;. By projection we obtain the
development X; of B; to M. As we have pointed out before, such a development is not
interesting unless we are able to prove that the law of X; depends only on the initial
position x rather than the initial frame. In fact, if the law of X; depends on the initial
frame, we might not be able to write down the generating PDE of X, intrinsically on
M although it is possible on F(M). Therefore, for a given G-function, it is crucial
to identify a proper frame bundle over M with a specific structure group such that
parallel transport preserves fibers and the generating PDE of the horizontal lifting &,
of B, to such a frame bundle is invariant under actions by the structure group along
fibers. It follows that the law of X, is independent of initial frames in the fiber over
x (x is the starting point of X;) and we should be able to obtain the generating PDE
of X, which is associated with G and intrinsically defined on M.

As we will see, such an idea depends on a crucial algebraic quantity associated
with the G-function called the invariant group I(G) of G, which will be defined later
on. In this section, we are mainly interested in the case when I(G) is the orthogonal
group. We will see that it includes a wide class of G-functions. In particular, one
example is the generalization of the one-dimensional Barenblatt equation to higher
dimensions.

The concept of the invariant group of G is motivated from the study of the in-
finitesimal diffusive nature of SDEs driven by G-Brownian motion and their generat-
ing PDEs, which is discussed below.

We first consider the Euclidean case.

From now on, we always assume that G : S(d) — R is a given continuous,
sublinear and monotonic function. Equivalently, from Section 5.2 we know that G is
represented by

G(A) = %Sup tr(AB), VA € S(d), (5.7.1)

Bes
where ¥ is some bounded, closed and convex subset of S (d). Let B; be the standard

d-dimensional G-Brownian motion on the path space.
Assume that Vi, -+ V; are CF -vector fields on RY. Consider the following N-
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dimensional Stratonovich type SDE over [0, 1]:

dX, = Vo(Xiz) 0 dBY, (5.7.2)

XO,:E =7,
which is either interpreted as an RDE or the associated 1t6 type SDE

dXi, = Vo(Xi2)dBY + %DVQ(Xt@)Vg(th) <B°‘, B'B>t ,
Xt,x =z,

according to the main result of Section 5.5.
The following result characterizes the generator of the SDE (5.7.2) in terms of G.
It describes the infinitesimal diffusive nature of (5.7.2). One might compare it with

the case of linear diffusion processes.

Proposition 5.7.1. For any p € RN, A € S(N),

1 1
lim SEG |:<p7 X(S,a: - Qf) + 5 <A (X(S,:c - J:) 7X§,J: - $>:|

§—0t

=G ((% (p, DV () V() + DVs(2) Vi (2)) + (AVa (), vﬁ(g;») ) . (5.7.3)
I<a,B<d

Proof. From the distribution of B; we know that

G(A) = %EG [(AB,, By)]

1
— %EG [(AB;, B;)], Vt > 0.

Therefore, the R.H.S. of (5.7.3) is equal to

Iy = 5B [({p. DVa(a)Va(a)) + (AVa(a), Vi) BS B

for any 6 > 0.

Since

s s
1
Xsg— T = / Vo(Xs2)dBS + 5/ DV, (Xs.2)Vs(Xs.2)d <B°‘, Bﬁ>S ,
0 0
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by the properties of E¢ and the distribution of B;, we have

1 1
’gEG {(p, Xsz—x) + §<A(X6,m —x), X5z — xﬁ — s

1

1)
< %EG |i/ <p7DVa(Xs,a:) : VB(XS,I>> d<BO<’Bﬁ>S
0

) 1
+ <A/ Va(Xs,aﬁ)nga/ Vﬁ(Xs,$)dB§>:|
0 0

_2_15EG [(p, DVal) - V(@) (B, B), + ( AVa () B, vﬁ(x>Bg>] ‘ O 4O

1

’ 6
< g5 (0 [ Vo e —oPlas 0 B [ el s

d
+05%\// EC [|X,, — 2] ds | +Co% + C§,
0

where we have also used the fact that G-Ito integrals and B¢BS — (B*, Bf)s do not
have mean uncertainty. Here C always denotes positive constants independent of 4.

Now the result follows easily from the fact that
EC[| X, — z*] < Ct, Vt € [0,1].

]

The infinitesimal diffusive nature of (5.7.2) characterized by Proposition 5.7.1
enables us to establish the generating PDE of (5.7.2) in terms of viscosity solutions.
The understanding of this PDE, especially its intrinsic nature, is essential for the

development in a geometric setting.

Theorem 5.7.1. Let p € C;° (RY), and define
u(t, r) = B[p(Xpa)], (t,2) €[0,1] x RV,

Then u(t, x) is the unique viscosity solution to the following nonlinear parabolic PDE:

@_ — _
-6 (W) ) =0 -
u(0, ) = o(z),

where m denotes the symmetrization of the second order differential operator Vo, Vs,
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that is,
— 1
Van = i(VaVB -+ nga).

Proof. The continuity of w in ¢ and x can be shown in a standard way by using the
Lipschitz continuity of ¢ (in fact, w is Lipchitz in = and 1/2-Ho6lder continuous in ).
Here the proof is omitted.

Fix (to,z0) € (0,1) x RN. Let v(t,z) € C7° ([0,1] x RY) be a test function such
that

u(to, xo) = v(to, o)
and
u(t,r) <wv(t,z), Y(t,r) €[0,1] x RY,

For 0 < 0 < tg, by the uniqueness of the SDE (5.7.2) and the fact that B, and

(B®, B?), have independent and identically distributed increments, we know that

to
ES [p(Xy00)|0] = EC P(X(sm / Vi (X, ) dB°

1 [t
+5 / DV (Xsz) + Vi (Xo o) d (B, Bﬁ>s)‘ Qg}
)

= ]EG [90 (Xto—5,y>]

y:X(S,zO :

Therefore,

o(t,20) = E[p (Xigm)]
= E%[E [p (Xip,00)| ]
= E%[u(to— 0, Xs.,)]

< E%w(tg — 6, Xs.40)] -

Q

It follows that
0 < EG [U (to — 5, X(S,xo) — ’U(to, .CE())]
= ]EG [U (tO - 57 X&,xo) —v <t07 X&,xo) +v (t07 X(S,:Eo) - U(to, xO)]

1

0

= B0 [0 [ 5t (1 )8 Xow) da -+ (Toltn, 20, Xsy — 0
0

1 1
+/ / (V0(to, zo + af (Xszy — T0)) (X529 — T0) s Xo.20 — To) adad
o Jo
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0
< = 652 (t0,70) + B [(Vu(to, 0), X0 — 0)

1
+§ <V2’U<t0, x0> (X(;,mo — xo) ,X(;’IO — £L‘0>:| —+ EG HL;H -+ EG “J(;H s

where

L7 o ov
_[5 = —5/0 (g(to - (]— - a)57 X(S,CC()) - E(tm l’o)) dOZ7

1 p1
J(S — / / <(V2U(t0, Zo + Oéﬁ(X(;JO — 370))
0o Jo
—V20(to, 20)) (X520 — T0), Xszo — :v0> adadf.

By a standard argument one can easily show that
E°[| 1) + E°[1J5]] < C&2,

where C is a positive constant independent of 4. On the other hand, the R.H.S. of
(5.7.3) applying to
p = Vu(ty, 29), A= V3u(ty, o),

is exactly the same as G ((@v(to, x0)>

we arrive at

) . Therefore, by Proposition 5.7.1,

1<a,f<d

%(to,xo) e ((@v(to, x0>>1<a,g<d) <0.
Consequently, u(t, z) is a viscosity sub-solution to (5.7.4).

Similarly, one can show that wu(t,z) is a viscosity supersolution to (5.7.4). There-
fore, u(t, z) is a viscosity solution to (5.7.4).

The reason for uniqueness is the following. Define a function F : RY x RV x
S(N) — R by the R.H.S. of (5.7.3), that is,

F(x,p, A)

e ((%(I% DV, (z) - Va(x) + DVs(z) - Vo () + (AV, (), Vﬁ(x») ) ,
1<a,B<d

for (x,p, A) € RY x RY x S(N). It is easy to prove that F' is sublinear in (p, A) and
monotonically increasing in S(V), due to the same properties held by G. Moreover,

F satisfies the continuity condition (Assumption (G) in [58]|, Appendix C) for the
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uniqueness of the associated nonlinear PDE, due to the regularity of the given vector
fields V,,. In other words, all properties of G to ensure uniqueness are preserved in F,
and the space dependence of F' are uniformly controlled. Therefore, according to the
uniqueness results (see [15], [58]), the parabolic PDE has a unique viscosity solution,

which is given by u(t, x). O

Example 5.7.1. An example which motivates the study of G-Brownian motion on
a Riemannian manifold is the following.

Let @ € GL(d,R), where GL(d,R) is the group of d x d real invertible matrices.
Define BY = QB,, and for ¢ € C°(RY), define

ult, ) = EC [gp (q,- + B,?)} , (t,2) €[0,1] x RY.
Then u(t, z) is the unique viscosity solution to the PDE:

G (QT V- Q) =0,
u(0,2) = p(x).

In fact, it follows directly from Theorem 5.7.1 if we regard = + BtQ as the solution to
the SDE over [0, 1]:

dXt7$ = Qa o dBtaa (5 - 5)

XO,m =T,
where Q = (Q1,--+ ,Qq), and each @, is a constant vector field on R? (so the SDE
(5.7.5) coincides exactly with the It6 type one).

The result of Theorem 5.7.4 is similar to the discussion of the nonlinear Feynman-
Kac formula in [58|, in which the solution to a forward-backward SDE is used to
represent the viscosity solution to an associated nonlinear backward parabolic PDE.
Here the intrinsic nature of (5.7.4) is essential and should be emphasized below.

It is not hard to see that the nonlinear second order differential operator

¢ (7))

is intrinsically defined on RY, since V;,---,V; are vector fields independent of co-
ordinates. Moreover, in local coordinates it preserves the same properties of the
G-function which is defined under the standard coordinate system of R?. In particu-

lar, it shares the same ellipticity as G. Therefore, from our results in Section 5.6, we
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should be able to establish the generating PDE of a nonlinear diffusion process on a
differentiable manifold.

Assume that M is a compact manifold, and Vi, - - - , V; are C®-vector fields on M.
According to Section 5.6, the Stratonovich type SDE over [0, 1]

dX, = Vo(Xiy) 0 dBY,
XO,:B =Ic M)

(5.7.6)

has a unique solution. The following result is immediate from Theorem 5.7.1.

Theorem 5.7.2. Let ¢ € C*(M), and define
u(t,z) = ECp(Xo)], (t,2) € [0,1] x M,

then u(t,x) is the unique viscosity solution to the following nonlinear parabolic PDE

on M:
(V. —0
o A U)Ka,ﬁsd ’ (5.7.7)
u(0,z) = (),

where m 15 the symmetrization of V, Vg, defined in the same way as in Theorem
5.7.1. Here the notion of viscosity solutions to the PDE (5.7.7) can be defined in the
same way as in the Fuclidean case by using test functions (see D. Azagra, J. Ferrera
and B. Sanz [1]).

Proof. The result follows easily from an extrinsic point of view.
In fact, assume that M is embedded into an ambient Euclidean space RY as a
closed submanifold, and take a C3-extension V, of V, with compact support. Consider

the following Stratonovich type SDE over [0, 1]:

dX, 0 = Vo(Xy ) 0 dB,
XO@ =€ RN‘

Let ¢ be a C*-extension of ¢ with compact support, and define
u(t,z) = E°[@(X,,)], (t,2) €[0,1] x RY.

It follows from Theorem 5.7.1 that w(¢,z) is the unique viscosity solution to the

nonlinear parabolic PDE generated by the vector fields \N/a.
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According to Section 5.6, if x € M, X, , never leaves M quasi-surely. Therefore,
when restricted to M, uw = wu. In particular, we know that u is continuous. To see
that u is a viscosity sub-solution to (5.7.7), let (to,z9) € (0,1) x M, and v(t,z) €
C?*3([0,1] x M) be a test function such that

’U(to, .CC()) = U(to, .CCO)
and
u(t,z) < o(t,z), Y(t,x) € [0,1] x M.

Take an C’f “_extension ¥ of v such that
u(t,z) <o(t,r), ¥(t,z) €[0,1] x RY.
It follows from previous discussion that

o = <= _
E(fo, (L’()> -G ((VQVBU(to, I0)> > < 0.
1<a,B<d

Since

‘704|M = Vom a|M =,
from the intrinsic nature of the generating PDE, we know that

v 0
6’_11:@0’ xg) = a—j(toy )

and

¢ ( (Vv =G ( (VaVautr -
<< 50( 07550))1@76@) (< av( 0’x0)>1<a,ﬁ<d)

It follows that 9
) —
—(tg, 0) — G (VaVvt,a:> <0.
5; (o %0) ( 5v(to, o) 1<a,[3<d>
Therefore, u(t, x) is a viscosity sub-solution to (5.7.7). Similarly we can show that it
is a viscosity supersolution as well, and thus a viscosity solution.

The uniqueness of (5.7.7) follows from the same reason as in the proof of Theorem
5.7.1 once we notice that the second order differential operator GG ((m) )
1<a,B<d

on M shares exactly the same properties as G (in particular, the same ellipticity),
which can be seen either in an extrinsic way or via local computation. Another way

to see the uniqueness is to use the results in [1] as long as we assign a complete
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Riemannian metric on M, which is always possible according to K. Nomizu and H.

Ozeki [50] even in the non-compact situation. In this case

—_— 1
G ((VQV6U>1<a,B<d) =G ((5 (Vu, Vi, Vs + Vv, Vo) + Hessu(Va, Vﬂ)) 1<a B<d> 7

where V is the Levi-Civita connection corresponding to the Riemannian metric. The
uniqueness of (5.7.7) follows from [1|, Theorem 5.1 directly, as the assumptions in
the theorem are verified by the properties of G. Note that we do not need the Ricci

curvature condition in [1] due to the compactness of M and uniform continuity of

G <<m> 1<a,5<d) ) -

Remark 5.7.1. The study of the SDE (5.7.6) as a nonlinear diffusion process on M is
independent of the geometry of M. The fundamental reason is that (5.7.6) is defined
in the pathwise sense as an RDE generated by the vector fields V, on M. Such
an RDE depends only on the differential structure of M. The infinitesimal diffusive

nature of (5.7.6) can be studied by local computation.

Now we turn to the study of G-Brownian motion on a compact Riemannian man-
ifold. The Riemannian structure (the Levi-Civita connection) is used to “roll” the
Euclidean G-Brownian motion up to the manifold “without slipping” by solving an
SDE generated by the fundamental horizontal vector fields on a proper frame bundle
(usually known as horizontal lifting). This is the fundamental idea of Eells, Elworthy
and Malliavin on the construction of Brownian motion on a Riemannian manifold.

As is pointed out at the beginning of this section, the essential point of this
development is the invariance of the generating PDE on the frame bundle under
actions by the structure group along fibers. The key to capturing such invariance is

Theorem 5.7.4 and Example 5.7.1, which leads to the following important concept.

Definition 5.7.1. The invariant group I(G) of G is defined by
I(G) = {Q € GL(d,R) : VA € S(d), G (QTAQ) = G(A)} .

It is easy to check the I(G) is a group, and hence a subgroup of GL(d,R).
By using the representation (5.7.1) of G, we have the following equivalent charac-

terization of the invariant group I(G).
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Proposition 5.7.2. Let G be represented by

G(A) = %Sup tr(AB), YA € S(d),

BeX¥

where Y is some bounded, closed and convex subset of Si(d). Then ¥ is uniquely

determined by G and the invariant group I(G) of G is given by
I[(G)={Q € GL(d,R): QEQ" =X} . (5.7.8)

Proof. 1t suffices to show the uniqueness of ¥, and (5.7.8) follows immediately from
the commutativity of the trace operator and the uniqueness of 3. Note that for any
Q € GL(d,R), Q¥QT is also a bounded, closed and convex subset of S, (d).
Introduce a symmetric bilinear form (-, -){; on the finite dimensional vector space
S(d) by
(A1, Ao)iy = tr(A1As), Ay, Ay € S(d).

It is easy to check that (-, )¢y is indeed an inner product, thus (S(d), (-, -)ty) is a finite
dimensional Hilbert space. The norm || - ||, induced by (-, )ty is equivalent to any
other matrix norm on S(d) since S(d) is finite dimensional.

Let 1,5 be two bounded, closed and convex subsets of S, (d), such that

sup tr(AB) = sup tr(AB), VA € S(d).

BeX BeXa

If 3 # Xo, without loss of generality assume that By € 35\Y;. According to the
Mazur separation theorem in functional analysis (see the monograph by K. Yosida
[68]), there exists a bounded linear functional f € S(d)* and some « € R, such that

f(B) <a< f(By), VB € ¥.
By the Riesz representation theorem, there exists a unique A* € S(d), such that
f(B) = (A", B)ty =tr(A"B), VB € S(d).
It follows that

sup tr(A*B) < a < tr(A*By) < sup tr(A*B),
Bex, Bex,

which is a contradiction. Therefore, 3; = . O

We now give some examples for the invariant groups I(G) of different G-functions.
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Example 5.7.2. If ¥ = {0}, then it is obvious that /(G) = GL(d,R), which is a

non-compact group.

Example 5.7.3. It is possible that I(G) is a finite group.

Consider ¥ to be the set of diagonal matrices
A= diag(/\lv U a)‘d)

such that each A, € [0,1], then ¥ is a bounded, closed and convex subset of S (d).
We claim that

I(G) = {(£es(1), -+ ,€o(q) : 0 is a permutation of order d}, (5.7.9)

where {ey,--- ,eq} is the standard orthonormal basis of R%, each e; being regarded
as a column vector.
In fact, if @ € GL(d,R) has the form (5.7.9), by direct computation one can show
easily that
QIR =% (5.7.10)

Conversely, if ) satisfies (5.7.10), by choosing
A= dlag(laoa U 70)7

we know that

(QAQT); = Q1 Q.
Therefore, if QAQT € ¥, the first column of ) must contain at most one nonzero
element ¢; such that ¢ < 1. Similarly for other columns of Q. Moreover, the

corresponding nonzero elements in any two different columns of () must be in different

rows, otherwise ) is degenerate. Consequently, () has the form

Q = (q1€s1)s* + Ga€o(d))

with ¢ < 1 (: = 1,2,--- ,d). On the other hand, for the identity matrix I, there
exists A € X, such that

QAQT = 1,.

By taking determinants on both sides, we have
a1+ ggdet(A) =1,
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which implies that ¢, = +1 (o« = 1,2,--- ,d). Therefore, @ has the form of (5.7.9).
Note that in this case I(G) is a finite subgroup of the orthogonal group O(d) with

order 2%d!. Moreover, G is given by

GA) = %Z(Ag)t VA € 5(d).

a=1

Example 5.7.4. Now we give some examples of G such that [(G) = O(d). This case

is our main interest in this section.

(1) ¥ = {la}.
Obviously (5.7.10) is equivalent to @ € O(d).

This corresponds to the case of classical Brownian motion, in which

G(A) = %tr(A)

and the generator is %A.
(2) X is given by the segment joining A\l; and ply, where 0 < A\ < p.
If @ € GL(d,R) such that (5.7.10) holds, then

pQQ" = ty,
for some ¢ € [\, pu]. On the other hand, there exists some ¢ € [\, ] such that
1QQ" = ula.

The only possibility is that QQT = I, which means Q € O(d). The converse is trivial.

In this case, G is given by

G(A) = = (u(trA)™ — A(trA)7) .

N —

The corresponding G-heat equation can be regarded as the generalization of the one-
dimensional Barenblatt equation to higher dimensions.

(3) X is given by the subset of matrices B € S, (d) such that the eigenvalues of B
lie in the bounded interval [\, ], where 0 < A < p. Equivalently,

Y={BeSi(d): N<a"Bx < p, Vo € R? with |z| =1} .

It follows that ¥ is a bounded, closed and convex subset of S, (d).
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Since X is characterized by eigenvalues, and the eigenvalues of a symmetric matrix
are preserved under change of orthonormal basis, it follows that for any @ € O(d),
(5.7.10) holds. Conversely, let Q € GL(d,R) with (5.7.10). Then there exists By, By €
>, such that

MQQT = By, QBzQT = plg.

It follows that all eigenvalues of QQ7 lie in [ﬁ, 1} , and

det (QQ") det(B,) = .

Therefore, the only possibility is that all eigenvalues of QQ7 are equal to 1, which
implies that () is an orthogonal matrix.

In this case GG can be expressed by

1
G(A) = 521£tr(AB)

1
= — sup sup  tr (APTdiag(cl, e ,cd)P)
2 PeO(d) A<c1, ,cq<p

1
= — sup sup  tr (PAPTdiag(cl, e ,cd))
2 peo(d) A<er, ca<p
1 d
= — sup sup ca (PAPT)"
2 peo(a) A<c1,~-~,cd<u; ( )a

= 5 s > (n((PAPT)])" = A((PAPT))").

Similar to Example 5.7.4, for those >’s characterized by eigenvalues, we can con-
struct a large class of G with I(G) = O(d).

Remark 5.7.2. If ¥ has at least one non-degenerate element, that is, if there exists
some positive definite matrix By € ¥, then I(G) is a compact group. In fact, if we

introduce a matrix norm || - || g, on the space Mat(d, R) of real d x d matrices by

1Al 5, = V't (ABoAT), A € Mat(d,R),

it follows that

sup [|Qllg, = sup /tr (QBoQ") < sup v/tr(B) < oo,
QeI(G) QeI(G) Bex

since ¥ is bounded. It is obvious that I(G) is closed. Therefore, it is compact.
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Now suppose that (M, g) is a d-dimensional compact Riemannian manifold.

We first recall some basic notions on frame bundles, which is the central concept
in the horizontal lifting construction. We refer the reader to the monograph [10], and
also the one by S. Kobayashi and K. Nomizu [41] for a systematic introduction.

Let F(M) be the total frame bundle over M defined by

F(M) = | Fo(M),
zeM
where the fibre F, (M) is the set of all frames (bases of the tangent space T, (M))

at x. A frame £ = (&, -+ ,&) € Fo(M) can be equivalently regarded as a linear
isomorphism from R? to T, M (also denoted by &) if we let

§(€a):§a, O[:1,2,"' 7d7

and extend linearly to RY, where we always fix {e;, - ,e4} to be the standard or-
thonormal basis of R%. F(M) is a principal bundle with structure group GL(d,R)
acting along fibers from the right.

Fix a frame { € F,(M). A vector X € T¢F(M) is called vertical if it is tangent
to the fibre F,(M). The space of vertical vectors at ¢ is called the vertical subspace,
and it is denoted by Ve F(M). VeF(M) is a d*-dimensional vector space, which is
independent of the Riemannian structure.

A smooth curve & = ({14, &ar) € F(M) is called horizontal if &, is a parallel
vector field along the projection curve x; = w(&) for each a = 1,2,--- ,d. Given a
smooth curve x; € M and a frame & = (&1, - ,&q) € Fuo(M), by solving a first
order linear ODE, we can determine a unique parallel vector field &, along z; with

a0 = &, for each o = 1,2, -+ d. The smooth curve

gt = (gl,ta"' 7£d,t> S f(M>

is then the unique horizontal curve with x; = 7(&;) and initial position &y. & is called
the horizontal lifting of x, from &. A vector X € T F (M) is called horizontal if it is
tangent to a horizontal curve through £. The space of horizontal vectors at ¢ is called
the horizontal subspace, and it is denoted by HF(M). It is a d-dimensional vector
space characterized by the Levi-Civita connection V.

As ¢ varies, Ve F(M) (respectively, HeF(M)) determines a vertical (respectively,
horizontal) subspace field on M. The following result reveals the fundamental struc-
ture of F(M). We refer the reader to [41] for the proof.
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Theorem 5.7.3. The horizontal subspace field HF (M), which is determined by V,
has the following properties.
(1) For each & € F,(M), the tangent space TeF (M) has the decomposition

TeF(M)=HF(M) @ VeF(M).

Moreover, He F (M) is isomorphic to T, M under the canonical projectionm : F (M) —
M.

(2) HF (M) is invariant under actions by the structure group GL(d,R). More
precisely, for any & € F(M), Q € GL(d,R),

Qu(HeF(M)) = HegF (M).

It should be pointed out the Riemannian structure is not essential for the existence
of the above horizontal-vertical decomposition; it is the affine connection (the Levi-
Civita connection) V that plays the key role. Moreover, on the contrary it can be
proved (see[41]) that given any horizontal subspace field HF (M) satisfying the two
properties in Theorem 5.7.3, there exists an affine connection V# such that HF (M)
is the horizontal subspace field determined by V.

On F(M) there is a canonical way to define a frame field globally, which is not
always possible on a general Riemannian manifold. This makes F (M) simpler than
the base space M to some extent. Fix w € R% For any £ € F,(M) regarded as a
linear isomorphism ¢ : R — T, M, we know that &(w) is a tangent vector in T, M. By
Theorem 5.7.3 (1), {(w) corresponds to a unique vector H,(§) € HeF(M). It follows
that H, is a globally defined horizontal vector field on F(M). If we take w = ¢, (a0 =
1,2,---,d), then we obtain a family of horizontal vector fields {H,,, -, H.,} as a
basis of the horizontal subspace H F (M) at each frame § € F(M). {H,,,--- , H,,} are
called the fundamental horizontal fields of F(M), simply denoted by {Hy,--- , Hq}.

Now we introduce the concept of development and anti-development based on
[36], which is crucial in the construction of G-Brownian motion on M. Assume that
xy € M is a smooth curve and & is the horizontal lifting of z; from &,. Then we can

determine a smooth curve

t
wy = / 58_1:1'550[3 e R?
0

starting at 0 (w; is regarded as a column vector in R?). w; is called the anti-
development of z; in R? with respect to &. If & and 7, are two horizontal liftings of z;

with & = 1o@ for some Q € GL(d,R), then the two corresponding anti-developments
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are related by

w) = Qut.

The key relation between the anti-development w; of x; and the horizontal lifting &,
is the following ODE on F(M) :

¢, = Ho(&)duw?. (5.7.11)

Conversely, given a smooth curve w; € R? starting at 0, by solving the ODE (5.7.11)
on F(M) with initial frame &y, we obtain a horizontal curve & € F(M). The pro-
jection z; = (&) is called the development of w, in M with respect to &,. If we use
another initial frame 7y = &@ ! and the driven process v; = Quw; € R?, by solving
(5.7.11) from 7y and projection onto M we obtain the same curve ;. In this way, we
obtain a one-to-one correspondence between the Euclidean curve w; and the manifold
curve z; via the horizontal curve & in F (M), which depends on the initial frame &.
The procedure of getting x; from w; is usually known as “rolling without slipping”.

A crucial point here is that such a procedure is carried out by solving the ODE
(5.7.11) in the pathwise sense, which fits well in the context of rough paths if the
Euclidean curve w; is interpreted as a rough path. In this case, (5.7.11) should be
interpreted as an RDE. This is an important reason why we need to develop the
notion of Stratonovich type SDEs on a differentiable manifold.

For a general Euclidean G-Brownian motion By, from Section 5.6 we are able to
solve (5.7.11) pathwisely if the driving curve dwy is replaced by dB; in the Stratonovich
sense (or in the RDE sense). By projecting the solution & € F (M) to the manifold M,
we obtain a process X; € M pathwisely which depends on the initial position xg and
the initial frame &, € F,,(M). A disadvantage of using the total frame bundle F (M)
is that in this way it is not possible to write down the generating PDE governing the
law of X, intrinsically on M, which does not depend on the initial frame &;. Note
that the generating PDE of &, is well-defined on F(M) according to Theorem 5.7.2,
which takes the form

ou —
5 G <<HaHﬁu>Kaﬁ<d) ~0. (5.7.12)

The main reason for this disadvantage is that the PDE (5.7.12) is not invariant under
actions by GL(d,R) along fibers, since the G-function does not have this kind of
invariance.

To fix this issue, a possible way is to use the invariant group I(G) of G as the
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structure group, so that the generating PDE is invariant under actions by /(G) along
fibers due to the form (5.7.12) takes. Therefore, we need to use a proper frame bundle
(a submanifold of F (M) which is a principal bundle over M with structure group I(G)
and fibers being a suitable class of frames) instead of F(M). The fibers of such frame
bundle should be preserved by parallel transport so the fundamental horizontal fields

can be restricted to it and we are able to solve the RDE
dgt - Ha(§t> © dBta

on the frame bundle. It then turns out that we are able to establish the generating
PDE of the projection process X; = 7(&;) intrinsically on M, which does not depend
on the initial frame. Therefore, although as a process the sample paths of X; depend
on the initial frame (this is not surprising since in the Euclidean case we also don’t
have a canonical Brownian motion if we do not fix the frame {e;,--- ,e4} in advance),
the law of X, does not. In this way we obtain a canonical PDE on M associated with
the original G-function, which can be regarded as the generating PDE governing the
law of X;. The process X; can be defined as a G-Brownian motion on M and the
solution to the generating PDE plays the role of the canonical Wiener measure (the
solution of the martingale problem for the operator %AM) on M in the nonlinear
setting.

The construction of such a frame bundle for a G-function with an arbitrary in-
variant group I(G) is not clear to us at the moment. However, in the case when
I(G) is the orthogonal group O(d), which contains a wide and interesting class of
G-functions, there is a very natural frame bundle serving us well for this purpose: the
orthonormal frame bundle O(M).

From now on, let G be given by (5.7.1) with I(G) = O(d).

The orthonormal frame bundle O(M) over M is defined by

oM) = | J 0.(M),
zeM
where the fibre O, (M) is the set of orthonormal bases of T, M. Since M is compact,
O(M) is a compact submanifold of F(M). Moreover, since the Levi-Civita connection
is compatible with the Riemannian metric g, parallel transport preserves the fibers
of O(M). Therefore, statements about F (M) before on the horizontal aspect can
be carried through in the case of O(M) directly. In particular, the fundamental
horizontal fields H, can be restricted to O(M). The only difference is in the vertical
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direction: the fibre becomes orthonormal frames, and the structure group which acts
on fibers becomes the orthogonal group; the dimension in the vertical direction is
reduced to d(d —1)/2.

For £ € O,(M), according to Section 5.6, let Uy ¢ € O(M) be the unique solution
to the following RDE over [0, 1]:

AUt = Ha(Ure) o dBY,
Upe = €.

(5.7.13)

Let X;¢ = m(Ute) be the projection of U ¢ onto M.

Definition 5.7.2. X, is called a G-Brownian motion on M with respect to the
initial orthonormal frame £ € O,(M), and Uy¢ is called a horizontal G-Brownian
motion in O(M) starting at &.

For any ¢ € Cp;,(M) (under the Riemannian distance), define

u(t,€) = E [p(Xee)], (t,€) € [0,1] x O(M).

Let ¢ = ¢ om be the lifting of ¢ to O(M). It is obvious that

u(t,§) = E° [p(Ure)] -

By Theorem 5.7.2; we know that u(¢, £) is the unique viscosity solution to the following

nonlinear parabolic PDE:

ou 7 7. =
5;"6’(<fﬂ»Hb“>lgaﬁ<d> =0 (5.7.14)

on O(M).
The following result tells us that the law of X, ¢ depends only on the initial position

x.

Proposition 5.7.3. If{,n € O.(M), then

u(t, &) = u(t,n).

Proof. For any fixed orthogonal matrix Q € O(d), let B, = @By, which is an or-
thogonal transformation of the original G-Brownian motion By, and let W, be the

pathwise solution to the following RDE over [0, 1]:
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WO,C — C € O(M),

(5.7.15)

on O(M). If we regard B, as the solution to the SDE
dB, = Q.dBY
starting at 0 with constant coefficients, then the RDE (5.7.15) is equivalent to

AWy = HB(W“)QQ odBy,
WO,C = Ca

in which the generating vector fields are HzQ%. Since the invariant group I(G) of G
is the orthogonal group, by Theorem 5.7.2 we know that the function

u(t,¢) =E [p(Wio)], (£,¢) € [0,1] x O(M)
is the unique viscosity solution to the same PDE (5.7.14) on O(M). Therefore,
u(t, ¢) = v(t,¢), V(t,¢) € [0,1] x O(M).

Now since &, € O,(M), there exists some @ € O(d) such that £ = n@Q. Define
Wi as before. By the previous discussion on the relation between different anti-

developments, we know that
Xt,{ = W(Ut7£) = W(Wt,n)a YVt € [0, 1}

Therefore,

[]

From Proposition 5.7.3, we know that u(t, ) is invariant along each fibre. There-
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fore, the law of X ¢ depends only on the initial position x € M and not on the initial
frame &. We use u(t, x) to denote u(t, &), where x is the base point of £. In this situ-
ation it is possible to establish the PDE for u(¢, z) intrinsically on M by “projecting
down” (5.7.14), which should become the generating PDE governing the law of X .

For any uw € C*°(M), take an orthonormal frame £ = (&1,---,&;) € O.(M), and

consider the quantity
G((Hessu(8a, &p))1<a,5<d)-

Since I(G) = O(d), it is easy to see that the above quantity is independent of the
orthonormal frame ¢ € O,(M). In other words, G can be regarded as a functional
of the Hessian, and the nonlinear second order differential operator G(Hess(+)) is
globally well-defined on M.

Now we have the following result.

Theorem 5.7.4. u(t,z) is the unique viscosity solution to the following nonlinear

heat equation on M :

u _ G (Hessu) = 0, (5.7.16)

u(0,x) = ¢(x).

Proof. Tt suffices to show that: if f € C®(M), and f = f ox is the lifting of f to
O(M), then for any £ = (&1, -+, &a) € Oz(M),

Hessf (&4, &5)(x) = HaHBJE(g)-

Note that uniqueness follows for the same reason as pointed out in the proof of
Theorem 5.7.2 by using results in [1].

In fact, for any & = (&1, , &) € O(M), let & be a horizontal curve through
¢ such that Hp(&) is tangent to & at ¢t = 0, and let x; be its projection onto M. It
follows that the tangent vector of z; at ¢ = 0 is {3, and

Hpf(§) = o |t=0
_ df(mt) | 0
dt "=

= <£Ba Vf<x>>9

Therefore, if we now assume that & is a horizontal curve through ¢ with tangent
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vector H, (&) at € and still z, = m(&;), then

Ho Hgf(€) = Hul&s, V(m(E))),
= %h:o (€., V(xe))g

_ <D§f’t - ,Vf<x>> T {65, VeV £ (1)),

= Hessf(&a,85) (),

where we have used the fact that &g, is parallel along x;. O

Since X is the projection of Uy and Ut is the solution to the RDE (5.7.13)
which is equivalent to an 1t6 type SDE from an extrinsic point of view, by Theorem
5.7.4 we can see that as a process on M the law of the G-Brownian motion X is
characterized by the nonlinear parabolic PDE (5.7.16).

Example 5.7.5. When G is given by a functional of the trace, as in Example 5.7.4
(1), (2), the generating PDE (5.7.16) takes a more explicit form in terms of the
Laplace-Beltrami operator Ay; on M. This is due to the fact that

Ay = tr(Hess).

For instance, if G(A) = 3tr(A), then (5.7.16) becomes the classical heat equation on
M:

% — %A mu =0,
which governs the law of classical Brownian motion on M (see [36], [37]). If G is
given by
G(4) = § (u(trd)* = AirA))

where 0 < A < p, then (5.7.16) becomes

% B % (u(Apu)t = MApyu)™) = 0.

It is a generalization of the one-dimensional Barenblatt equation to higher dimensions

in a Riemannian geometric setting.

As pointed out before, as a process the G-Brownian motion X;. on M depends
on the initial orthonormal frame ¢ and hence there is not a canonical choice of a
particular one. However, if we consider the path space W (M) = C([0, 1]; M), then
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for each x € M, it is possible to define a canonical sublinear expectation [E, on the
space H(M) of functionals on W (M) of the form

f($t1’ o 7xtn)7

where 0 < t; < --- <t, < 1and f € CpLj(M), such that under E, the law of the
coordinate process is characterized by the PDE (5.7.16) with E,[¢(x¢)] = ¢(z) for

any ¢ € CpLi,(M).

To see this, we define E, explicitly. We use wu,(t,z) to denote the solution to
(5.7.16), emphasizing the dependence on ¢. For a functional of the form f(x;), we
simply define

E,[f(x:)] = uy(t, )

For a functional of the form f(x, x;), E, f (25, z;) should be defined by E¢[f (X, ¢, X;¢)],
where X; ¢ is a G-Brownian motion on M with respect to an initial orthonormal frame
€ € O, (M). Similar to the proof of Theorem 5.7.1 we know that

EC[f(Xoe Xig)] = EE[ES [f(Xog, Xeo)| O4]]
= E¢ [EG (f(m(Usg), m(Use))| QsH
= E¢ [EG f(m(n), Xe—sy)] |n=Us,s} :

But since the law of X;_;, does not depend on the initial orthonormal frame 7, we
obtain that

E¢ [f(ﬂ'(n)a Xt—sm)] |"7:Us,£ = Uf(Xs,g,-)(t -5, X&&)-

Therefore, we define

E, [f(xs; th)] = E© [f(Xs,§7 Xt,{)] = u9(87 :)3),

where

9(y) == g, (t —s,y), y € M.

Inductively, assume that

u;n)(tla o ,tn,l’) - Ex[f(‘rtl? e 7xtn)]

is already defined. For a functional of the form f(z;, -+, 2, ), define

E, [f<xt17'” 7xtn+1)] - ug(thx)?
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where

9(y) == U;Té;)(tz =t s tap — L Y), y € M.
Then E, is the desired sublinear expectation on H(M).

Remark 5.7.3. As we have pointed out before, for non-compact Riemannian mani-
folds, the RDE (5.7.13) may possibly explode at some finite time and so may the
corresponding G-Brownian motion as well. An interesting question is the study of ge-
ometric conditions for explosion from both the deterministic and PDE point of view.
It possibly relates to the curvature and topology of the Riemannian manifold.

On the other hand, for those G-functions with the same invariant group, they may
have some important features in common; while for those with different invariant
groups, their structures should be very different. The study of classification of G-
functions in terms of the invariant group is interesting, and it might give us some
hints on generalizing our results to the case when I(G) # O(d). We believe that in
some cases it is still possible to construct a proper frame bundle (or more generally a
principal bundle) with structure group I(G) on which we can apply similar technique
as before. But in some extreme cases, for instance when I(G) is a finite group as
in Example 5.7.3, it seems difficult to proceed along this approach unless we have a
globally defined frame field over the Riemannian manifold M, which is usually not

true. We should explore different ideas for those extreme cases.
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