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Abstract

We establish a general framework for a class of multidimensional stochas-
tic processes over [0,1] under which with probability one, the signature
(the collection of iterated path integrals in the sense of rough paths)
is well-defined and determines the sample paths of the process up to
reparametrization. In particular, by using the Malliavin calculus we show
that our method applies to a class of Gaussian processes including frac-
tional Brownian motion with Hurst parameter H > 1/4, the Ornstein-
Uhlenbeck process and the Brownian bridge.

1 Introduction

The set of continuous paths forms a semigroup with involution, with the group
operation and involution given by the concatenation and reversal of paths. In as
early as 1954 K.T. Chen [5] observed that the map sending a bounded variation
path z : [0,1] — R? to the formal series

1 ) 1 prss . .
0 0 0

where X; (i = 1,---,d) are indeterminates and z* denote the i-th coordinate
component of z, is a homomorphism from the semigroup of paths to the alge-
bra of non-commutative formal power series. Unfortunately, this map is not
injective. The homomorphism property of the map implies that any path con-
catenated with its reversal will be mapped to the trivial formal series. It seems
however that the map is essentially injective if we restrict our attention to paths
that “do not track back along itself”. Indeed, Chen himself [6] proved that the
map is injective on the space of regular, irreducible paths. In [16], B. Hambly
and T. Lyons extended Chen’s result to the space of paths with bounded vari-
ation and introduced the notion of tree-like paths to describe paths that track
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back along itself. In particular, they proved that the formal series corresponding
to a path, which they called the signature of a path, is trivial if and only if the
path is tree-like.

Aside from its interesting algebraic properties, the map also gains attention
through the fundamental role it plays in rough path theory. In [26], L.C. Young
defined the Stieltjes type integral fol yrdxs in terms of a Riemann sum when z.
and y. have finite p and g-variation respectively, where % + % > 1. In particular,

it allows us to define, for a Lipschitz one form ¢, the integral fol ¢ (x¢) dry when
x is a multidimensional path with finite p-variation for p < 2. In the same paper,
Young gave an example where the integral fol ¢ (z¢) dxy defined using Riemann
sum would diverge when x has only finite 2-variation. In other words, the
Stieltjes integration map x — fol ¢ (1) dxy does not have a closable graph with
respect to p-variation if p > 2. The seemingly insurmountable p = 2 barrier,
at least in the deterministic setting, is to remain for another sixty years. In
[19], T. Lyons showed that the Stieltjes integration map would have a closable
graph with respect to the p-variation metric if the path = takes value in a step-
|p| nilpotent Lie group. He called these paths weakly geometric p-rough paths.
The first step in the construction of such integral is to define the signature for
weakly geometric p-rough paths. The integration of one forms against such
paths is then defined via polynomial approximations. There has been excellent
progress in extending the rough path theory to even more general paths in, for
example, the work of M. Gubinelli [14], M. Hairer and D. Kelly [15], etc.

From a theoretical standpoint, once Lyons defined the signature for weakly
geometric rough paths, it is natural to ask if the signature of a weakly geometric
rough path determines the path uniquely up to tree-like equivalence as in the
bounded variation case. From a practical point of view, there has also been
works done in, for example, D. Levin, T. Lyons and H. Ni [18] on analyzing
time series data using the signature map. The justification of their method
implicitly used the fact that the map from a path to its signature is injective
in some sense. The solution of this long standing open problem in rough path
theory is contained in the very recent work by H. Boedihardjo, X. Geng, T.
Lyons and D. Yang [3].

There has also been exciting progress of the problem in the probabilistic
setting. In [17], Y. Le Jan and Z. Qian proved that with probability one, the
Stratonovich signatures of Brownian motion determine the Brownian sample
paths. Their strategy, in particular the approximation scheme constructed in the
proof, was originated from the study of cyclic cohomology in algebraic topology.
The proof relies on the strong Markov property and the potential theory for
the Laplace operator in an essential way. This result was then extended to
hypoelliptic diffusions by X. Geng and Z. Qian [13]. Similar results were also
established for Chordal SLE, curves with x < 4 by H. Boedihardjo, H. Ni and
Z. Qian [4].

It should be pointed out that in the probabilistic setting, the result of Le
Jan and Qian is stronger than the general deterministic result in [3] from a
theoretical point of view, as it not only gives the injectivity but also yields an



explicit way of how a sample path can be reconstructed from its signature outside
a null set in the path space. In the deterministic setting, such reconstruction was
studied by T. Lyons and W. Xu [22] for C''-paths via symmetrization, and by H.
Boedihardjo and X. Geng [2] for planar Jordan curves with finite p-variation for
1 < p < 2 via Fourier transform. A general inversion scheme for the signature
of a weakly geometric rough path remains a significant open problem in rough
path theory.

The main purpose of the present paper is to strengthen the technique of Le
Jan and Qian to include a class of non-Markov processes. In particular, we shall
establish the almost-sure uniqueness of signature (up to reparametrization) for
a class of Gaussian processes including fractional Brownian motion with Hurst
parameter H > 1/4, the Ornstein-Uhlenbeck process and the Brownian bridge.
More importantly, our technique also yields an explicit inversion scheme for the
signature of sample paths. The fundamental difficulty in exploiting the idea of
Le Jan and Qian lies in the unavailability of those probabilistic and analytic tools
arising from the strong Markov property and the potential theory which were
used in their proof and also in [13]. The key of getting around this difficulty is
to develop methods which enable us to investigate the problem essentially from
a pathwise point of view.

The well-definedness of signature when the sample paths of the process have
finite p-variation for p > 1 are well studied in probability literatures. For in-
stance, it was shown by L. Coutin and Z. Qian [7] that with probability one,
the sample paths of fractional Brownian motion with Hurst parameter H > %
can be lifted canonically as geometric rough paths. Moreover, it is believed that
no such canonical lift exists for H < i. There are similar results for lots of in-
teresting stochastic processes, such as martingales, Markov processes, Gaussian
processes, solutions to Gaussian rough differential equations, SLE, curves with
k < 4 etc., under certain regularity conditions. See for example [12].

In establishing our main result, we shall state explicitly under what condi-
tions on the law of the process would the almost-sure uniqueness of the signature
hold. We hope that this provides a general framework for solving the almost-
sure uniqueness of signature problem for other interesting processes. Note that
our result is not a direct corollary of the result in [3], since it is highly nontrivial
to prove the existence of a null set outside which no two paths can be tree-like
deformation of each other.

2 Preliminaries on Rough Path Theory

We first recall some basic notions from rough path theory, which we will use
throughout the rest of the present paper.
Let T ((Rd)) denote the infinite dimensional tensor algebra over R?. Let

7, denote the projection map from T ((Rd)) to (Rd)@)k and 7% denote the
projection map from T ((Rd)) to the truncated k-th tensor algebra

T (RY) 2= g (R



Here we shall equip (]Rd)®k with the Euclidean norm by identifying it with R
Let A :={(s,t) : 0 < s <t < 1} be the standard 2-simplex.

Definition 2.1. A multiplicative functional of degree N € Nisamap X : A —
™ (]Rd) satisfying the following so-called Chen’s identity:

Xs,u®Xu,t :Xs,t7 VO<s<u<t<l

Let X,Y be two multiplicative functionals of degree N. For p > 1, define

%
dp (X,Y) = max sup <Z ’71'1; (th—lytl — Ytz1,tz)|€> ,
!

1SN p

where the supremum is taken over all possible finite partitions of [0,1]. d, is
called the p-variation metric. If d,, (X,1) < oo where 1 = (1,0,--- ,0), we then
say that X has finite p-variation. A multiplicative functional of degree |p| with
finite p-variation is called a p-rough path.

The following so-called Lyons’ extension theorem (see [19]) says that the
signature of a p-rough path is well defined.

Theorem 2.1. Forp > 1, let X be a p-rough path. Then there exists a unique
multiplicative functional S (X) : & — T ((R%)) such that ™) (S (X)) has finite
p-variation for each N € N and

7P (5(X)) = X.

Definition 2.2. §(X),, €T ((R?)) is called the signature of the p-rough path
X.

If z: [0,1] — R? is a path with finite p-variation for some 1 < p < 2, then as
a p-rough path no higher levels of x are needed and we can express the signature
of x explicitly as

S(x)0,1_<1,/ d:z:sl,...,/ d:csl®...®d:csn,...),
0<s1<1 0<s1<- <8, <1

where the iterated integrals are defined in the sense of Young.

A fundamental result in rough path theory, proved by Lyons [19], is the
continuity of rough path integrals and the solution map for rough differential
equations with respect to the driving path under the p-variation metric.

There is a special class of rough paths called geometric rough paths. They
are the simplest and very natural examples of rough paths with which we can
define path integrals against one forms.

Definition 2.3. Given p > 1. Let G(), (Rd) denote the completion of the set
{Sm (z) := 7P (S(z)) : 2 has bounded total variation}

with respect to the p-variation metric d,. G€,(R?) is called the space of geo-
metric p-rough paths.



In [7], Coutin and Qian showed that under certain conditions on the decor-
relation of the increment of a Gaussian process, with probability one the lifting
of the dyadic piecewise linear interpolation of the Gaussian sample paths in
GQ, (Rd) is a Cauchy sequence under the p-variation metric. In [12], P. Friz
and N. Victoir extended this result to a larger class of Gaussian processes un-
der certain regularity condition on the covariance function. Moreover, they
showed that the lifting of any sequence of piecewise linear interpolation of the
Gaussian sample paths in G, converges to the same limit. From here on-
wards, this limit will be known as the canonical lifting of the Gaussian process
in GQ, (Rd). A fundamental example of these results is fractional Brownian
motion with Hurst parameter H > 1/4. It follows from Theorem 2.1 that the
signature S(z)o.1 € T(R?) of fractional Brownian motion with H > 1/4 is well-
defined for almost surely through the canonical lifting.

A detailed study on the geometric rough path nature of many interesting
and important stochastic processes can be found in [12].

3 Main Results

In this section we are going to state main results of the present paper and
illustrate the idea of proofs.

Let X = {X;: t €[0,1]} be a d-dimensional continuous stochastic process
starting at the origin, where d > 2. We will always assume that X is realized
on the path space (W, B(W),P),where W is the space of R%-valued continuous
paths over [0,1] starting at the origin, B(W) is the completion of the Borel
o-algebra over W with respect to the law P of X.

In the rest of the present paper, we will make the following assumptions on
the law P.

Assumption (A): There exists a P-null set Ny and a map S : W\Ny —
C (LT ((R7))), such that for each 2 € W\Nj and (s,t) € A, m (S (x)&t) =
x¢—xs and S (x) is the multiplicative extension of some geometric rough path X
(see Theorem 2.1). We will call such a map S a P-almost sure lifting. The inte-
grals with respect to x will then be defined as integrating against the geometric
rough path X.

Assumption (B): For any 0 < t < 1, the law of x; is absolutely continuous
with respect to the Lebesgue measure.

Assumption (C): For any open cube H C RY, there exists a differential

one form ¢ = Zle ¢;dx’ supported on the closure of H, such that for any
0<s<t<l,if welet

Agt = {x € W : there exists some u € (s,t) such that z, € H}, (3.1)

]P’({a:eW: /:qzﬁ(dxu):o}ﬂAft) =0.

then



Here fst o(dz,) = S0, fst ¢i(x,)dat is defined in the sense of rough paths
according to Assumption (A).

Remark 3.1. As we have mentioned before, Assumption (A) is quite natural for
a large class of stochastic processes. Assumption (B) is also verified for most
of these processes, e.g., hypoelliptic diffusions, Gaussian processes, solutions
to hypoelliptic rough differential equations driven by Gaussian processes, etc.
These examples are well studied in [12]. Assumption (C) suggests certain kind of
nondegeneracy for sample paths of the process, which is essential for the recovery
of a path from its signature in our setting. By a closer look at Assumption (C), it
actually excludes the possibility of the sample paths being tree-like. Therefore,
with probability one the sample paths are already “reduced” paths in the tree-
like equivalence classes and it is natural to expect an inversion scheme for the
signature in our setting (see [3], [16] for the notion of tree-like paths). This is
the main goal of the present paper.

In the last section, as a fundamental example we will show that these as-
sumptions are all verified for a class of Gaussian processes including fractional
Brownian motion with Hurst parameter H > 1/4, the Ornstein-Uhlenbeck pro-
cess and the Brownian bridge.

Since we aim at recovering a path up to reparametrization from its signature,
we first give the definition of reparametrization.

Definition 3.1. A reparametrization is a continuous, strictly increasing map
o: [0,1] = [0,1] with o(0) = 0 and o(1) = 1. The group of reparametrizations
is denoted by R.

Now we are in a position to state our main results.

Theorem 3.1. Assume that the law P of the stochastic process satisfies As-
sumption (A), (B) and (C). Let S be the P-almost sure lifting as in Assump-
tion (A). Then there exists a P-null set N, such that for any z,2’ € N°, if
S(x)o,1 = S(2)o,1, then there exists some o € R, such that

Ty = l'/o_(t), Vit € [O, 1]

As a fundamental example, we will prove the following result for a class
of Gaussian processes satisfying conditions to be specified later on in the final
section.

Theorem 3.2. Let P be the law of a Gaussian process satisfying conditions
specified in Section 6. Then P satisfies Assumption (A), (B), (C). In particular,
the result holds for fractional Brownian motion with Hurst parameter H > 1/4,
the Ornstein-Uhlenbeck process and the Brownian bridge.

Before going into the mathematical proofs, we first describe the strategy
informally. The approximation scheme we are going to use is an adaptation
from the work of Le Jan and Qian [17]. However, the main difficulties are in the
development of each step in the non-Markov setting, which will become clear in
the detailed proofs.



Step One. Prove that if two paths have the same signature, then the iterated
integrals of the paths along any finite sequence of smooth one forms are the same.
Following [17], these iterated integrals along one forms will be called extended
signatures.

Step Two. Decompose the Euclidean space R? into disjoint identical open
cubes with small tunnels between them. For each such cube, we define a differ-
ential one form supported on the closure of the cube according to Assumption
(©).
Step Three. Show that, for each path x outside a P-null set, the ordered
sequence of cubes visited by x corresponds to the unique maximal sequence of
differential one forms along which the extended signature of = is nonzero. This
together with step one allows us to recover the ordered sequence of cubes visited
by « from its signature.

Step Four. Construct a polygonal approximation of x by joining the centers
of cubes visited by x in order. This polygonal path will be parametrized so that
it is at the center of the cube at the time when the cube is first visited by z.
Show that with probability one, as the size of cubes tends to zero, the polygonal
path converges to the original path z under the uniform topology.

Step Five. Since the signature is invariant under the reparametrization of the
path, it is not possible to recover the exact visit times of the cubes. If two paths
have the same signature, then the corresponding polygonal paths constructed in
(3) are only equal up to a reparametrization. Therefore, we need to introduce
a variant of the FrA©chet distance on W measuring the distance of two paths
modulo parametrization. We should also prove that outside a P-null set this is
indeed a metric. It will then follow from step four that if two paths x and z’
have the same signature, their corresponding approximation paths converge to
the same limit under this metric, which will imply that z and 2’ are equal up
to a reparametrization.

For the Gaussian case, Assumption (A) is verified from [12] and Assumption
(B) is trivial by definition. By using the Malliavin calculus, for each open cube
H we will explicitly construct a differential one form ¢ supported on H such
that the functional x — fst ¢(dz,) has a density conditioned on the set Agt.
This certainly verifies Assumption (C).

4 Signature Determines Extended Signatures

Starting from this section, we are going to develop the detailed proofs of our
main results.

As the first step, here we will prove that if two sample paths as geomet-
ric rough paths have the same signatures, then they have the same extended
signatures. Note that the signatures and extended signatures are well-defined
for P-almost surely according to Assumption (A). For the general theory of
integration along one forms against rough paths, see for example [12], [21].

From now on, for a geometric rough path X and a finite sequence (¢, - - - , ¢")
of differential one forms ¢*, ..., ¢", we will use [¢!, -+, ¢"] 0 (x) to denote the



first level of the iterated rough path integral fot e 082 o' (dXg,) - o™ (dXs,),
where z. := m1(S(X)o,.) is the first level path of X. A simple way of under-
standing this integral is through

/Ot ) ../032 o' (dX,,)... 0" (dX,,) = hm / / oL dx(k) (/)"(dmg’z)),

where by the definition of geometric rough paths z(*) is a sequence of paths
with bounded total variation whose lifting converges to X under the p-variation
metric. An alternative and equivalent way of defining this integral is through
the following rough differential equation:

daci:dmi, 1< <d,
dyl =yl 7' YLy Ol(wdai, 1< <n, (4.1)
To = 07 Yo = 0)
where y; ! = 1.
Sometimes we will also use the notation fg 7 ot (da,) 9™ (dag,) to
denote the path integral. Note that the ordering of (¢!,--- ,¢") is noncommu-

tative in this notation.
Now we have the following result.

Proposition 4.1. Givenp > 1, let X, X' € GQ,, (Rd) be two geometric p-rough
paths. Suppose that ¢',...,¢" are n compactly supported C>®-one forms. If
S (X)O’1 =5 (X’)O’l, then

[¢1u A (bn}()’l ('T> = [¢17 A ¢n:|071 (xl) ’
where x and x' are the first level paths of X and X' respectively.

To prove Proposition 4.1, first notice that the case of polynomial one forms
follows immediately from integration by parts and the shuffle product formula
for the signature (see [17], p.4 and [20], Theorem 2.15).

Lemma 4.1. Let ¢1,...,¢, be n polynomial one forms. Let x be a continu-
ous path with bounded total variation with xy = 0. Then there exists a linear
functional f on T (Rd) such that

[Qsla ) d)n} 0,1 (I) = f (S (33)071) .
Proposition 4.1 then follows from polynomial approximations.

Proof of Proposition 4.1. We write ¢ as ¢ = Z?:l ¢% (x)dx’. Let K be a
compact neighborhood of x([0, 1]) U 2/([0,1]). According to [1], Theorem 1, for
each a > 0 and each j, there exists a polynomial sequence qS;(m) such that

sup ‘Da (0 - 0i™) ’ =0
K



as m — oo. Let ¢'(™) (z) = 2?21 qbé-(m) (z)da?. As X € GQ, (RY), by defi-
nition there exists a sequence z(¥) of paths with bounded total variation, such
that d, (Sm (x(k)) ,X) — 0 as k — oo. Since the integration map (¢, X) —

fol ¢(dX;) is jointly continuous under the Lip(«) and p-variation norms when-
ever o > p+ 1 (see [12], Theorem 10.47), we have

(0100, m] (2)) < 600, (@),

0,1
as m, k — oco. Now the result follows from Lemma 4.1. O

To end this section, we present a lemma on extended signatures which is
used in the next section. The intuition behind this result is easy and clear.

Lemma 4.2. Let X be a geometric p-rough path, and let (¢*,---,¢") be a
sequence of compactly supported C*°-one forms. Assume that for some 1 <
jo < n, the first level path x of X does not visit the interior of the support of
¢Jo. Then

[¢1a e ad)n]o,t(x) = 07 vt € [07 1}

Proof. For 1 < j < n, define
yi = [¢1a e ’(bj]O,t(‘r)a te [07 1]'

It follows that the path z = (24,97 )1<j<n € R? @ R" solves the rough differ-
ential equation (4.1).

According to the Euler estimates for rough differential equations projected
onto the jo-th component (see [12], Corollary 10.15), we have

2% = &) (260 8131 (X)) | < CIXN oy VO <5 <L,

where 53“}) (255 |7 (X)s,t) is the jo-th component of the Euler scheme (see [12],
Definition 10.1) for the generating vector fields V' of (4.1), v > p is some fixed
constant, and C is a constant depending only on p,~ and the one forms. By
writing out the vector fields V explicitly, it is not hard to see that the jo-th
component of the Euler scheme is a sum in which every term contains ¢/ or
its higher order derivatives evaluated at zs. Since the path x does not visit the
interior of the support of ¢/°, we conclude that

EN) (25,517 (X)st) =0, VO < s << L. (4.2)
Therefore, for any partition {tx} of [s,t], we have

i) < CIX[]

p—var;[ty_1,tk]"



It follows that

‘ yg?t

g Z |yg271,tk|
k

< C <mkax ||X| ;‘Z:an[tk—lytk]) Z HXHZ*"an[tk—latk]
k

< C (m’?'x ||X||;€ar;[tk—1,tk]) ”XHgf\’ar%[S,t]'

By taking maxy (ty —tx—1) — 0 we obtain that yg"t = 0. Since yg(’ =0, it follows
that 3/° = 0 for all t € [0,1].

Now the result follows from inductively projecting the Euler estimate ([12],
Corollary 10.15) onto components jo < j < n. In this case by induction we
conclude that (4.2) holds for each component jo < j < n , and thus the same

argument as before yields that

y? = [¢17"' 1¢n}0,t($) =0

for all ¢ € [0,1]. Alternatively we can use the fact

d t ] )
[(bl’ e 7¢j]07t(x) = ZA [¢1’ o a(bj_l]oﬁ(m)(ég (l‘s)d.ﬁé, jO < .] <,
=1

to reach the same conclusion.
O

5 The Strengthened Le Jan-Qian Approximation
Scheme and the Uniqueness of Signature
Now fix €,0 > 0 with § << e.

For any integer point z = (2!,22,...,2%) € Z% let HS be the open cube
centered at £z with edges of length £ — §. In other words,

Geometrically, the space R? is divided into disjoint identical open cubes and
small closed tunnels.
For any x € W and k > 1, define recursively

0 —inf{te [T,ffl,l] Dy € U HE® 3
z;émi'fl

10



and mi’é to be the integer point z € Z? such that

5
mTZ,é € H; y
where 7’0 =0, m =0¢eZ% Let

N&° :sup{kZ 1: 7'2’5 < 1},

where sup ) := 0. The sequence {TZ’g} records the successive visit times of the

open cubes by the path, the sequence {mi"s} records the cubes visited in order,

and N records the total number of cubes visited. Note that revisit of the same
cube after visiting some other cubes counts, but revisit before visiting any other
cube does not count. By continuity and compactness, it is easy to see that for
anyxEI/V,O<N5’5<oo.

Here and thereafter, for notation simplicity we drop the dependence on x
for these random variables on W.

Remark 5.1. Tt is important to use the open cubes instead of the closed ones,
as we are only interested in the case when a path x travels through the interior
of a cube. Hence these 7, 0 are not stopping times with respect to the natural
filtration.

For each cube HS?, let ¢° be the differential one form given in Assumption
(C). In particular, ¢S is supported on the closure of HS%, and ¢5% = 0 on OH.

5.1 Recovery of Cubes Visited in Order by Using the Ex-
tended Signature

Let W,,, (m > 0) be the set of words (29 = 0,21, - - , 2m) With z; # 2,11, 2; € Z4,
and let W = ,,5o W Elements of W are called admissible words.
For w = (29,21, ,2m) € W, define

Eséi{xEW: N =m, mg?® = z, k:(),"',m}.

w

It follows that W can be written as the disjoint union W = J, oy E5°.
Now we have the following result.

Lemma 5.1. For anym > 0, if w = (20 = 0,-+ ,zmm) € Wy, and z € Ef;;‘s,
then

(1)

m—+1

[ 20 " >¢zm H/ zl 1 dxt)’ (5'1>

where Tfrﬁ_l =1 by definition since x € EZ°.
(2) For any w' = (20,2}, -+ ,2,) € Wy wzthn>m

(050,077 @ =0,

0,1

11



(8) For any w' = (29,21, ,2h,) with w' # w,

Zm

[0 03] @) =0

Proof. We prove this result by induction on m.

If m = 0, assume that = € E(sz"j). Then (1) and (3) are trivial. To see (2),
let w' = (20,21, -+ ,2,) € W, with n > 0. Since w’ is an admissible word,
the path = does not visit the open cube H 9, According to Lemma 4.2, we
know that the corresponding extended blgnature is zero. If m = 1, assume that
w = (20,21) € Wy and z € E5°. Then (3) follows by the same argument as

before. To see (1), first we have
[65), i’1]0,1 (z) = /0 [ Z)]O,t ()92 (day)
1
/5,5 [ﬁbiéﬂ 0,t (5'3)¢§’15(d$t)7
1

since ¢%’ 5 is supported in Hjl"s. Moreover, if 7'15’5 <t <1, then

[djiéd]o, ( ) [¢ ]OT1 ( )7

since qbi(’f is supported in H 2555. Therefore,

(657, 2’15]0,1 (x) = </07f’6 O (day ) (/ ¢ (dxy )

and (1) follows. If w' = (20, 2}, -+ ,2},) € W, with n > 1, there are two cases.
The first case is that there is some 0 < k < n such that z}, is different from z
and z;. In this case (2) follows again from Lemma 4.2. The second case is

/ !
w = (ZO7Z1a20721a"' 7Zn)a

where n > 1 and 2/, is either zg or z1. If 2/, = 29, then

£,6

o] 0= [ [t it ), et

But during [0, T ’6} the path x never visits the interior of H 51’5, so the integral

on the R.H.S. is zero and hence the extended signature corresponding to w’ is
zero. If 2, = z1,

ot o] @= [ [0 L) @

n
1

12



For 7'5‘S <t <1, we have

¥ 0 1
ottt ),
_ 1
_ 5 £,0 8 €,0 0
= io y ’¢z; 1570 28 (x) + [re,é { io T ’¢z;_2:zl}0’u (CC) i0 (dm“)
1
[ e,6 0 1
= i() y oo ’¢z;’71220 07_55 (x).
- 1

But during [0, T ’6] the path = does not visit the interior of H} 5’5 and the last

term contains the one form d)il‘s, thus it is zero and { FAPERE o } . () =0.
Therefore (2) again follows.

Now assume that the claim is true for all non negative integer less than m,
we are going to show that it is true for m. Let w = (20, -+, 2m) € W, and
x € E59.

We first show (1). In fact,

TTrL
0 4 4 4 4
o8 0slou @ = [ et 0tt ] @it

+/ [¢ o } ()% (dar)

€,8

:/0 [d’ O } ()¢5 (day)

1
0 0 )
ot @) [ ositam),
b m Tm
where the last equality comes from the fact that
0 0 _ [0 6 5
g8l ] @)= [of 0t ] @, e ),

since z,,—1 # 2zm and hence during [ £,0 1] the path does not visit the inte-
rior of HS? . Now we want to use the mduction hypothesis (1) on the term

[ AT i;i‘l}o .5 (). To this end, let Z be a path in W such that & = z
on [O,Tfn’é] and T stays inside the tunnel on [Tfn"s, 1]. It follows that = € E;%"S
where w = (20, , Zm—1) € Win—1, and
s ) _ [.e0 ) ~
o5 es] @ = (e e] @,

Therefore, by the induction hypothesis (1) and the definition of Z we have

o020 ] @) H / 65 @ [, o @)

nLl

£,6

H / 0 () ;’:lqsi;i_l(dxt)).
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Consequently (1) will follow once we show that

e,6

T'"L
|7 e e, @) —o
0 0,t

s

But this is an easy consequence of the fact that

£,6

TTTL
[ ot o], st = 658 028,, @)

and the induction hypothesis (2).

Now we show (2). Let w’ = (z0,21,---,2,) € W, with n > m. As before,
the case when there exists some 0 < k < n such that 2, & {20, , 2 } is trivial.

Otherwise, write

£,8
e 0 Z Col e, 8 8
[ 2’06,"' ,d);’:|01(1') = /55 |: zo(sa”' ’¢2L—1:|0t(x)¢§;" (d‘rt)a (52)
’ 3 Til1 ’

where the sum is over those i < m + 1 such that z;_1 = 2],. Since z,,_; # z),,
for each such i we have

n—1

/ i 0, @9 o)

i

T.E‘é

’ £,0

o5 d)z% (dxt)
slhi—1 T 1

i—

5
=[ozd 0] L @)
0,7

n—1

Define a new path z € W such that £ = = on [0,7’5;51:| and T stays inside

the tunnel on [Tffsl, 1] . Then 7 € E;"; with @ = (20, -+ ,2i_2). Since during

{Tf_’él, 1} the path = does not visit the interior of Hz,’é, we have

1) ,0 ,0 0
|:¢§(’,77¢z/ 5(z):|:¢§o,"'7¢i/

n—1:|077—:il n—1

}0,1 (2).

Now observe that i —2 < m < n — 1, and so by the induction hypothesis (2) we
know that
z)=0.
Jo @

Therefore, each term in the R.H.S. is zero and (2) follows.
Finally we show (3). Let w' = (z0,2},---,2),) € Wy, with v’ # w. If
Zm, then

5
(62807 ] @

)

8 ,0
|:¢§0 P 7¢z/

n—1

o
m =

¥4

,0 )0 ) K
:[ b 7(&1]0 y (:c)+[ IR }
Tm

sTm
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Define z € W by z = x on [077;’;;;6} and staying inside the tunnel on [Tf;;‘;, 1].
It follows from the induction hypothesis (2) that

60| @ =est 0] @ =

0,7m 0,1

Moreover, in this case we know that (zq, -+ ,2,,_1) # (20, ,2m—1). There-
fore, by induction hypothesis (3) we have

o0 | @ =0 | @ =0

Zm—1 0,1

Consequently (3) follows. For the case z/,, # z,, and there exists some i < m+1
with z;_1 = 2/, (otherwise it is trivial), we know that ¢ must be strictly less than

— 1. By writing [ AR ,gzi,é] (x) as a sum of the form (5.2), the result
0,1

(3) will follow easily from the induction hypothesis (2) by a similar argument.
Now the proof is complete. O

Define a map M : W — Z, by sending a path x € W to
sup {m >0 3w = (20,21, ,2m) € Wi st [657,050,+ 050, | (@) #0}

Note that by Lemma 5.1, M9 < N5 P-almost surely. Moreover, we are able
to prove the following recovery result.

Proposition 5.1. For each x € W outside a P-null set, there exists a unique

word w = (20, , Zp=5(z)) € Wage.s(z) such that
£,0
(505l ], @ 20

This word is exactly given by M°(x) = N=%(x), and
zi=m; 6(30), i=0,---, M (z).

Proof. Let N5 be the set

[e'e] m T2
U U U U ({rews [Te@m-ojnazs).
m=0 w=(z0," ,2m)EWp, 1=0 0<r1 <r2<1 ™
r1,m2€Q

where AZi::9 is the set defined in (3.1) associated with the cube HE? and the
differential one form ¢<:°. It follows from Assumption (C) that N is a P-null
set.

For any z 6 (N=9)e let w = (20, , m) be the word in W, with m = N9
andzl—m yfori=0,...,m, soeri;‘S.

By (5.1) in Lemma 5. 1 1f [ 7¢§ﬂ0 , (z) = 0, then there exists some

207

i=1,---,m+1 such that f fa ¢zl (dz;) = 0. By the definition of 7{° and

15



continuity, we can find some rational numbers r; < Tffsl and ro < 7, o (ifm=0
take 71 = 0 and ro = 1; otherwise if ¢ = 1, take vy = 0 and if i = m + 1, take
ro = 1) such that there exists some u € (ry,r2) with z,, € HS®  and

£,8

T2 Ti
[ et e = [ 62 (e =0,
T1 T,

1

This implies that z € N®° which is a contradiction. Therefore, we have
[ 266’ S if]og (z) # 0.

By the second and third part of Lemma 5.1, we know that M®°(z) = m and
w is the unique word in W,, such that the corresponding extended signature of
x is nonzero. U

Together with the result in Section 4, proposition 5.1 tells us that outside a
P-null set, given the signature of a path = we can recover the sequence of open
cubes HS? which z has visited in order.

5.2 An Approximation Result

Now we are going to construct a polygonal approximation of a path based on the
ordered sequence of open cubes visited by the path and the corresponding visit
times. With probability one, such polygonal approximation converges to the
original path under the uniform topology. This result is crucial for the recovery
of a path up to reparametrization from its signature.

Let z € W and define the word w = (20, - , Zm) € Wy, by m = N=° and
zi = mf"s for i = 0,--- ,m. Construct a polygonal path z5° as follows. If
m =0, let 25° =0 for ¢ € [0, 1]; otherwise for 1 < k < m, define

£,0 £,
e,0 T — t + t— Ti—1 te £,0 £,0
T = o6 o8 G o5 o5 Rk e TR |
Tk Tk—1 k Tk—1

and
250 =z, t € [75:0,1] .
The approximation scheme is illustrated by Figure 1.
Now we have the following approximation result.
Proposition 5.2. For each n > 1 and €, = 1/n, there exists 6, > 0, such that
for P-almost surely,

lim sup
n—oo O<t<1

Proof. For each €, 4, let

s xt’ —0. (5.3)

e,0 __ €,0
7% =R | J H:
z€Z3

be the set of closed tunnels, and define

A€’5 = {Qj‘ eW: El[s,t} C 1'71 (T€15)7|mt _x8| = E}'
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Figure 1: This figure illustrates the corresponding approximation scheme. The
dotted lines represent the degenerate tunnels. According to Assumption (B) on
the process, the probability that a path stays in these degenerate tunnels for a
positive time period is zero, a crucial fact used in the proof of Proposition 5.2.

We first show that for any fixed ¢ > 0,

. 2k —1
mAE7§C{m€W:Ellgigd,keZ,qEQﬂ(O,l)s.t.xf]: 3 5}.
>0

(5.4)

Let 2 € (55 A9 and 6, be a sequence such that d,, | 0. Then for each n > 1
there exists 0 < s, < t, < 1 such that [s,,t,] C 27! (T%%) and |2, — 25, | >
€. By compactness we can find a subsequence (snl, tn,) of (sn,tn) such that

(Snystn,) converges to some (s,t). The condition ‘xtnl — &5, | = € then implies

ny

that s < t. Therefore, for fixed u,v with s < u < v < t, there exists some
N € N such that [u,v] C (5 y[Sn,:tn,]; and hence

[u,v] C ﬂ T€5"l
I>N

U U B {%2_15} X R

keZ 1<i<d
In particular, this implies (5.4) and by Assumption (B) we have P (5., A%°) =

0.
Now we are going to show that for each ¢, 6,

{x eW: sup ‘xi —xu] 11\[&} C A9, (5.5)

ougl
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To see this, first notice that if « belongs to the left hand side of (5.5), then
either
(1) there exists some u € [r£,75°] for some 1 < k < N=, such that

|xs*5 — zu| > 11Vde; or
(2) there exists some u € | Nf(;, 1], such that |z, — EmNE 5| = 11Vde.

In the first case, we know that x does not visit any cube other than H;i‘é
k—1

during (75 51,7'; %). If the distance between the cubes Hfr’bi,g and Hi’l‘iﬁ is at
k k—1

least 3v/de, by continuity there exist T’ifl <s<t< T;:’ls, such that

= \/&5, = 2\/&6,

‘xsfx Ty — T e

k—1 Th—1

and [s,t] C 2! (T= 5) Moreover, by the triangle inequality we have |z; — x| >
. Therefore, z € A=°. If the distance between H®’ ‘i s and H® i s is strictly

mye_q

less than 3\/> , 4\/36 for all u € (Tli 51,7_; 6).

—Emk 1

Since supg<,<1 ’xfl‘s — x| > 11\/;138 there exists u € (Tk TR 6) such that

w— Emi’é‘ > 7V de.

—smk 1

It follows again from continuity that there exist TZfl <s<t< 7';’6 such that

—em;”’ 1’ = 5Vde,

T 7€mk 1‘ - 6\/&5,

and [s,t] C =1 (T?) . Therefore, |z, — 24| > € and we have z € A%,
In the second case, there exist 7']8\;375 < s <t <1 such that

\fa —2\/(35

Ts —Em

Ns 8 Tt — EmNs 8
and [s,t] C 27 1(T%?). Again we have |z; — 4| > ¢ and hence x € A%,

Now for &, = 1/n, if we choose §,, small enough such that P (AE" ") <&,
we have

iﬂ” ({x eW: sup |z500 —x,| > 11\/;i€n}> < iﬁ” (Aam‘s(an))
n=1 =

n=1
< oo,

0<ugl

It follows from the Borel-Cantelli lemma that

P (limsup {:Z: e W: sup \mE"’ — @y = 11\/&571}> =0,

n— 00 ougl

and hence the uniform convergence (5.3) holds P-almost surely. O
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Remark 5.2. From the previous proof, it is not hard to see that the result
of Proposition 5.2 holds for all continuous stochastic processes starting at the
origin whose law satisfies Assumption (B).

From now on, we will always assume that &, = 1/n, and take ¢,, as in the
previous proof.

5.3 A Variant of the FrA©chet Distance on Path Space

Now we are coming to the last step of the proof of Theorem 3.1.

Under Assumption (A), (B), (C), what we have obtained so far is that there
exists some P-null set AV, such that for any path € N, the signature S(x)¢ 1
is well-defined, and for each n > 1, we can recover the ordered sequence of
open cubes H:nn visited by x from its signature. Moreover, the polygonal
approximation 2°7°» constructed before converges to 2 uniformly.

By possibly enlarging the P-null set A (still a P-null set), we are going to
show that for any two paths z,2’ € N€, if S(x)o1 = S(2')o,1, then = and 2’
defer by a reparametrization o € R in the sense of Definition 3.1.

Now we introduce an equivalence relation “~” on W by

/ _ /
z~a = (T)ogq = (I"(t)>0<t<1 , for some 0 € R.
XV

Let W/, be the quotient space consisting of ~-equivalence classes. For any
[z], [z'] € W/, define

d([x],[x']) = inf sup
() ) = inf, sup

Ty — I;(t)’ . (5.6)

If we only assume that o is non-decreasing, the function d(-,-) is usually known
as the FrA©chet distance. It was originally introduced by Fréchet to study the
shape of geometric spaces. Here we emphasize that o is strictly increasing.

It is easy to see that d(-, -) does not depend on the choice of representatives in
the corresponding equivalence classes, and d(-, -) is nonnegative and symmetric.
Moreover, d(-,-) satisfies the triangle inequality. In fact, for any z,2’, 2" € W
and 0,0 € R, we have

sup ‘xt — xg(t)‘ < sup} ‘xt — Tpy| + sup ‘x'e(t) — xg(t)‘ .

teo,1] te[0,1 te[0,1]
It follows that
d(la[2") = it sup |w - al|
9€R tc0,1]
< sup |z — xh | + inf sup }x’ —
t€(0,1] ! o(t) oeRte[o,l] o) ©

= sup ‘th—x/e(t)‘ +d([x,],[x//])
te[0,1]
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By taking infimum over § € R, we obtain the triangle inequality.
It should be pointed out that unlike the FrA©chet distance, d(-,-) is not a
metric on W/ ... For example, consider the case of d = 1. Let x; = ¢, t € [0,1],

and
2t, te€|0,5];
o = 1% €0, 3]
1, tels,1].

Then it is easy to see that d ([z], [2']) = 0, but obviously #’ is not a reparametriza-
tion of z in the sense of Definition 3.1. However, if we exclude paths with certain
degeneracy, then on the corresponding quotient space d(-,-) is indeed a metric.

Let D be the set of paths x € W such that there exist some 0 < s <t <1
with

1
2
1

)

=

Ty = Xs, YU € [s,1].

We first make an important remark that under Assumption (C), D is a P-null
set. To see this, let {H,},>1 be a covering of R? consisting of open cubes, and
for each n let ¢,, be the differential one form associated with H,, according to
Assumption (C). It follows that

T2
pe U y(frem [Tom-snia)
r1,72€QN[0,1] n>1 1

Therefore, by Assumption (C) we know that P(D) = 0.
Now we have the following result.

Proposition 5.3. Define the equivalence relation “~” on Wy = D¢ C W as
before, and let Wy/~. be the corresponding quotient space. Then d(-,-), defined
in the same way as in (5.6), is a metric on Wy /.

Proof. 1t suffices to show that, for any z, 2’ € Wy, if

inf sup ’x -zl ‘20, 5.7
o€R 0,1 ! ®) (5.7)

then
Ty = .’E/o_(t), VYt € [0, 1]7 (58)

for some o € R.
In fact, by (5.7), for any n > 1, there exists o,, € R, such that

1
<= vee o) (5.9)

/
Ty — .’Egn (t)

It follows from compactness, denseness, and a standard diagonal selection argu-
ment that we can find a subsequence {c,, } such that for any » € Q([0, 1],

lim oy, (r) =:o(r)

k—o0

exists.
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Now define o : [0,1] — [0, 1] by

inf{o(r): r>t,r € QN[0,1]}, 0<t<1;
“W=1; t=1.

We want to show that ¢ € R and that it satisfies (5.8).
(1) Tt is easy to see that o is increasing. Let 0 < ¢ < 1. For any ¢ > 0, there
exists some r > t,r € Q([0, 1], such that

o(t)<ao(r) <o(t)+e.

Therefore, for any t' € (t,r), if we take some ' € Q([0,1] with ¢ < 7’ < r,
then
o(t) <o) <a(r') <ao(r) <olt) +e.

It follows that o is right continuous.

(2) o is also left continuous.

In fact, assume on the contrary that for some 0 < t < 1, o(t—) # o(¢). Fix
any o(t—) < s < o(t), and define for k > 1, t,,, = 0, 1(s). It follows that for
any r > t,r € Q[0,1],

s<o(t)<a(r).

Since limy_s00 0, (r) = o(r), we know that when k is large enough, s <
On,, (), which is equivalent to t,, < r for k large enough. Therefore, we have
limsup;,_, o tn, < 7. But this is true for all » > ¢, € Q([0, 1], which implies
that limsupy,_, ., tn, < t. On the other hand, for any » < ¢,r € Q[0, 1], we
have

o(r)y<o(r) <o(t—) <s,

A similar argument yields that lim infy_, ¢, > t. Therefore, limy_, t,, exists
and is equal to ¢. Now from (5.9) we know that

and hence z; = z/,. But this is true for all o(t—) < s < o(t), which contradicts
the fact that a’ € Wy. Therefore, o is left continuous. A similar argument also
shows that ¢(0) = 0.

(3) For any r € Q[0,1], o(r) = o (r).

In fact, it is obvious that o(r) > &(r). On the other hand, for any ¢ < r we
have o(t) < o(r), and by the left continuity of o we have o(r) < (r).

(4) o is strictly increasing.

In fact, if for some 0 < s <t < 1, o(s) = o(t), then o remains constant over
[s,t]. In particular, for any r € Q[[s,t], from (5.9) and the previous step we
have

W o 0
Tr = T5r) = To@r) = Lo(s)s
which implies that x is constant over [s, t], contradicting the fact that x € Wj.
Now it is obvious that ¢ € R, and (5.8) follows. O

21



From now on, we shall include D to the P-null set N.
Now we are in a position to complete the proof of Theorem 3.1.
Assume that z,2’ € N¢ and S(z)o,1 = S(2')o,1. For each n > 1, let

( Endn ... Emén) (( ;(7]17671.7 e ,gbz? ’/5"), respectively) be the unique maximal

20 ) s Pzm
sequence of differential one forms along which the extended signature of x (2,
respectively) is nonzero. It follows from Proposition 4.1 that m = m/ and z; = 2|
for i = 0,...,m. Moreover, by Proposition 5.1 we know that

N€m5n (CE) _ Nen,én (ﬂf/) =m,

and
m;‘mén(x) _ m?n;én(x/) =z, Vi=0,--,m.

It follows that in the quotient space W/, [z57%] = [(z)**°], where z°»°n

and (2/)°"%" are the polygonal approximations of x and z’ respectively. On the
other hand, by Proposition 5.2 we know that

mgvuén — T, (:L-/)Eny(sn — :I:l7

under the uniform topology as n — oco. Therefore, by the triangle inequality
of the distance function d(-,-) we have d([z], [z]) = 0. Since D C N, it follows
from Proposition 5.3 that there exists o € R, such that (5.8) holds.

Now the proof of Theorem 3.1 is complete.

6 A Fundamental Example: Gaussian Processes

As we remarked before, Assumption (A) and (B) are natural for a large class of
stochastic processes. However, Assumption (C) is in general difficult to verify. In
this section, as a fundamental example of Theorem 3.1, we are going to show that
Assumption (A), (B), (C) hold for a class of Gaussian processes including frac-
tional Brownian motion with Hurst parameter H > 1/4, the Ornstein-Uhlenbeck
process and the Brownian bridge. The main idea of verifying Assumption (C)
for Gaussian processes is to apply local regularity results for Gaussian function-
als from the Malliavin calculus, based on pathwise integration by parts which
is possible due to the regularity of sample paths and Cameron-Martin paths.

The class of Gaussian processes we shall study in this section is specified in
the following.

Let P be the law of a centered, nondegenerate, continuous Gaussian process
over [0, 1] starting at the origin with independent components. We assume that
P satisfies the following conditions: there exists H € (i, 1) such that:

(G1) for all p € [55 V 1,2), the p-variation of the covariance function (see
[12], Definition 5.50) for each component of X is controlled by a 2D HA9lder-
dominated control (see [12], Definition 5.51);

(G2) there exists ¢ and ¢s > 0, such that for all [t —s] < § and 1 < i < d,
we have

E[(X{ = X))?] = es(t — 5)*™;
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(G3) the Cameron-Martin space H associated with P satisfies the property
that

_ 1 —1
CIHH™([0,1;RY) € H € CI"" ([0, 1] RY), Vg > (H n 2) ,

where C;™H ([0, 1]; R?) is the space of differentiable paths in W with HAqlder
continuous derivatives of any order smaller than H, and Cg~"*"([0, 1]; R?) is the
space of paths in W with finite total ¢g-variation.

Now we are going to prove our second main result, namely Theorem 3.2.
Note that in this case the verification of Assumption (A) is a standard result
for Gaussian rough paths according to (G1) (see [12], Theorem 15.33), and
Assumption (B) is trivial. The main difficulty is the verification of Assumption
(©).

For any open cube H,, , with center zg = (z8, -+ ,2d) € R? and edges of
length 2, we are going to construct a differential one form ¢ supported on the
closure of Hy, ,, such that for any 0 < s <t <1,

P({xe W /: o(dxy) :0}0Af;0*"> =0, (6.1)
H.

where A ;" is the set defined by (3.1). In other words, Assumption (C) holds.
Let h(t) € C°(R!) be a function such that

and h'(t) is everywhere nonzero in (—1,1) except at ¢ = 0. For example, the
standard mollifier function

will satisfy the properties.
Define a differential one form ¢(z) = 24:1 ¢i(x)dz’ on RY by

1_ .1 d_ ..d 2 .2
bi(z) = h<x xo)...h<w%)exp<hz<fw(>>),NRCQ
n n n

¢o; = 0, foralli=2--- d. (6.2)

It is easy to see that the support of ¢ is exactly the closure of the Hy, ;.
Moreover, we have

de 1 i i ) 2 .2
fae = (I (5572) ) (552

1\ i U U

(5 (o2 (59)).




which is everywhere nonzero in Hy, , except on the slice {x € Hypppt 2% = x%}
To verify Assumption (C) for such differential one form ¢, we need the
following Lemma.

Lemma 6.1. Fix 0 < s <t < 1. Let f be a smooth function on RY with compact
support. Then there exists a P-null set N1 such that for any x € (N1)°, if
[ f(ap)dzl =0 for all u,v with [u,v] C [s,t], then f(z,) =0 for all u € [s,].

Proof. Fix 77 < p < . According to (G1) and [12], Theorem 15.33, outside
some P-null set AV}, a sample path = admits a canonical lifting to a geometric
2p-rough path X as well as a GL2J (R%)-valued ——HAﬂHder continuous path
(GN(R?) is the free nilpotent group of step N over ]Rd see [12], Theorem 7.30).
Since the path integral f: f(z,;)dz! can be regarded as the projection of the
solution to the rough differential equation

drl = dr}l,
dzd = dz¢,
dx;i--H = f(x717 T ’xvd)dx}
over [u,v] with initial condition (z,---,z%, 29*1) = (2L, ,2%,0), according
to [12], Corollary 10.15, we know that pathwisely
d
Y . of o0 f oy
, d 1 _ u Xl,l o X211 u X3,z,]71
| el = pa)xi ) ()X

1,j=1
2p0 0
ClHX” r —Hbl;[u, U]|u | )

where 6 > 1 and C] is some positive constant depending only on p, 0 and the
uniform bounds on the derivatives of f. If f: f(x,)dxl =0, then we have

/(@) (20 — @)
ClIIXIIM Hotuog /4 V1 F 1D Flloo 12 (X o) + 1D? £lloo 73 (Xu0)| - (6.3)

On the other hand, according to (G1) and [12], Proposition 15.19, Corollary
15.21 and Theorem 15.33, we know that

E |7Tj (Xu,v)|2 < Oy |u - Ulj/p (64)

for each level j, where (5 is some positive constant depending only on p. Now

we choose «,v such that H < a < v < %. According to (G2) and (6.4), it

follows from Borel-Cantelli’s lemma that

1
N(u) = {x eWw: ‘:z:llﬁ%n - 2— for infinitely many n}
U {x eW: ’7‘(2 ( ” u+2n)’ , for infinitely many n}
U {x eWw: ’71‘3 ( ot g )) , for infinitely many n}
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is a P-null set.
Let x € (NJUN(u))°. Then there exists some N > 1, such that

1 1
% (Kaweie)| < 5 [0 (Koo )| < 55

for all n > N. Therefore, by (6.3) with v = u + 5, for any n > N we have

1 1
u

>

2an ’

on
| f (7))
1 200 1 9
< WGIIXII#HM;M * (IDflloe + 1D? flloo) -

By taking n — oo, we have f (z,) = 0.
Now the result follows easily if we take

Mm=N U Nw.

ueQ[s,t]
O

Remark 6.1. By the denseness argument, it is easy to see that the P-null set N}
can be taken uniformly in s, ¢.

Now we are going to complete the proof of Theorem 3.2.

In what follows, for simplicity we will use Einstein’s summation convention:
repeated indices of superscript and subscript are automatically summed over
from 1 to d.

Let F(z) = [!¢(dry) = [ ¢i(z,)dal. It follows that F € D> in the
sense of Malliavin. Since F' is a random variable on the abstract Wiener space
(W, H,P), it suffices to show that outside a P-null set, for any = € Ai’fo’” the
Malliavin derivative DF(x) is a nonzero element in the Cameron-Martin space
H. It will then follow from standard local regularity results from the Malliavin
calculus (see for example [23], Theorem 2.1.1 and the remark on p.93) that the
measure

A(B) =P ({F € B} N AHt) , B e B(RY),

is absolutely continuous with respect to the Lebesgue measure in R'. In partic-
ular, (6.1) holds.

Let N7 be the null set in Lemma 6.1. We know that for P-almost surely
sample paths can be lifted as geometric p-rough paths for 1 < p < 4 with Hp >
1, and according to (G3) we have H C Cg~"*"([0,1]; R?) for any ¢ > (H + %)_1.
Obviously we can choose such p, ¢ so that % + % > 1. Therefore, in the sense of

Young’s integrals we know that for any = € Agfo’" NNF and h € H,

(DF(z),h)n = d%l,g:oF(x—i-ah)

d t ) )
= —|€:0/ @i (X + ehy)d(zt, + €hl)
de s

t o i ) ) t )
8:; ($u)h{Ld$L+/ ¢i(xy)dhy,,

S
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where the interchange of differentiation and integration can be verified easily
by the geometric rough path nature of x and the continuity of the integration
map.

Integration by parts shows that

(zy)dz? .

t t )
[ outeaas, = outenn — oitemt — [ 5

YOI

Therefore,

) ) L (Ob; O o
(DF(x), h)gon = (di(we)hi — dil,)hl) + / (85; aﬁi)(xu)h{ldmz.

Let

(Y (0% 09 i .
Y. 7/5 (8xj axi> (xp)dxl, wel0,1], j=1,--,d. (6.5)

It follows from integration by parts again that

(@uai — oty + [ v,
= (¢i(we) + Yea)hy — (i) + Vs i)l — /: Y, idh,.
Now we define h = (h',--- , h4) by
hi = /u(@(xt) +Yii— Yyi)dv, ue (0,1, i=1,---,d, (6.6)

then hi = 0 for i = 1,...,d. Technically if s > 0 we modify h* smoothly on
[0, £) so that h§ = 0 for all i. Note that the modification does not change the
value of (DF(x),h)yn as it depends only on the value of h on [s,t]. By the

regularity of sample paths, it is easy to see that h € C&*‘Hﬁ ([0, 1]; R?), which is
also in H according to (G3). Therefore,

d t
<DF($), h>’H = Z/ (¢z('13t) + Y;,i — Yuyi)Qdu.
i=1"vS

If DF(z) = 0, then (DF(x),h)3 = 0, which implies that for all i = 1,--- ,d,
and u € [s,t], ¢i(xe) + Vi — Yy = 0. It follows from taking ¢ = 2 and our
construction of ¢ that

/v 0L (1 V! = 0, V]u,v] C [s,4].

0x2

Therefore, by Lemma 6.1 we have for all u € [s,t], %(:ﬁu) =0.
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. H, .
On the other hand, since € A ;*", there exists some u € (s,t) such

that z, € Hg, . From the construction of ¢ we have already seen that %1 g

¢
. . oz
everywhere nonzero in H,, , except on the “slice”
D22
Loy ={2 € Hyyp: 27 = ag}.

Therefore, by continuity there exists some open interval (u,v) C [s, t], such that
&y € Ly, o for all 7 € (u,v). But this implies that there exists some r € Q[ (s, t)
such that 22 = 3. Since for any r € (0, 1), the law of z,. is absolutely continuous
with respect to the Lebesgue measure, we know that

Noi= |J {2 =13}
reQ(0,1)

is a P-null set. By further removing N>, we will arrive at a contradiction.
Therefore, for any = € A?, NN N§, DF(x) a nonzero element in .

Now the proof of Theorem 3.2 is complete.

In the rest of present paper we will consider three specific examples of Gaus-
sian processes which all verify conditions (G1), (G2) and (G3): fractional Brow-
nian motion with Hurst parameter H > 1/4, the Ornstein-Uhlenbeck process
and the Brownian bridge.

6.1 Fractional Brownian Motion with Hurst Parameter
H>1/4

Let X be the d-dimensional fractional Brownian motion with Hurst parameter
H for H > i. In other words, X is a Gaussian process starting at the origin
with i.i.d. components, and the covariance function of X" is given by

RY(s,t) = = (s*" + 27 — |t — s]*M) | s,t €[0,1].

N

In this case the parameter H in the conditions (G1), (G2) and (G3) is just
the Hurst parameter. The verification of Condition (G1) is the content of [12],

Proposition 15.5 if H € (i, %] (the case when H > 1/2 is trivial in the rough
path setting), and (G2) follows from direct calculation. The verification of (G3)
is contained in the following two lemmas.

Let HH be the Cameron-Martin space associated with X.
Lemma 6.2. "7 contains C§([0,1];R?) for all « > H + 1.

Proof. We will assume H # %, as the result is well-known for Brownian motion.
According to [9], Theorem 2.1, we have H = I(f:r% (L2 [0, 1]), where

72, (f) () = / " F) @ — 0 e

is the fractional integral operator.
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If 0 < H < 1, from fractional calculus (see [24], p.233) we know that
I(f:r% (L2 [0, 1]) contains all a-HA9lder continuous functions whenever a >
H + % IfH > %, by the fundamental theorem of calculus we know that h €
7877 (12[0,1]) if and only if b is differentiable with derivative in Zo. * (L2 10, 1]).
Ehj—relfore, in both cases we have H! containing C§ ([O7 1] ;Rd) for all « E

5

Lemma 6.3. (1) (see [9], Theorem 2.1, Theorem 3.3 and [24], Theorem 5.6)
If H > %, we have

HP < ¢l (j0,1];RY). (6.7)

(2) (see [10], Corollary 1) If 0 < H < %, then for any q > (HJr %)71, we
have
HT < 7" ([0,1); RY).

Remark 6.2. From the proof of Theorem 3.2 we can see that the embedding
HE c Cg7(0,1];R?) is only used for making sense of path integrals in the
sense of Young. Therefore, when H > %, (6.7) will obviously be sufficient for us
to carry out all the calculations before as we are also in the setting of Young’s
integrals.

6.2 The Ornstein-Uhlenbeck Process
Let .
Xt:/ e~ )dB,, t €[0,1],
0

be the standard Ornstein-Uhlenbeck process in R? starting at the origin, where
B is the standard d-dimensional Brownian motion.

We take H = 1. The verification of Condition (G1) is contained in [12],
p-405 and (G2) follows direct calculation. (G3) is a consequence of the fact
that the Cameron-Martin space HOU associated with X is the same as the
one of Brownian motion with a different but equivalent inner product (see [25],

Theorem 8.5.4).

Remark 6.3. The uniqueness of signature for the Ornstein-Uhlenbeck process
is the direct consequence of the general result in [13], as it is the solution of a
(hypo)elliptic SDE.

6.3 The Brownian Bridge
Finally we consider the Brownian bridge
X; =B, —tB;, t€][0,1].

In this case we also take H = % Similar to the case of the Ornstein-
Uhlenbeck process, (G1) and (G2) follows quite easily by direct calculations.

However, (G3) is not satisfied as the Cameron-Martin space HE48¢ associated
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with X is the one for Brownian motion with vanishing terminal condition: h; =
0 (see [25], p.334-335). Of course the embedding HBrdee c Ca—var([0, 1]; RY)
still holds for any g > 1.

The main trouble in the verification of Assumption (C) is that in the explicit
construction of our Cameron-Martin path, the h given by (6.6) may not satisfy
hy1 = 0. However, it is just a technical issue to overcome such difficulty.

Recall that we want to show DF (z) # 0 for x € Ag,fo”’, where F' = f: o(dxy,)
and ¢ is the differential one form given by (6.2). From our proof before it is
easy to see that everything follows in the same way if ¢ < 1, since we can always
modify i’ on (51, 1] so that ~{ = 0 and the value of (DF(z), h) will not change
as it depends only on the value of h on [s, t]. Therefore, we only need to consider
the case when ¢ = 1. s

On the path space W let z € Aggv and take & > 0 such that x| _ 1] C HS"S
(this is possible since z; = 0). Define ¢ by (6.2) for the open cube H:, and
define Y, ; by (6.5). Now we need to consider two cases.

(1) If 2z # 0, then

¢i(r1)+Y1,-Y,; =0, Voe[l—g1],

since ¢ is supported on the closure of HS?. Therefore, for any h € H,

@ﬂ%@Z/ﬁnwmﬂﬂh—%ﬂMQ

To apply our previous argument, we just define h by (6.6) but modified on
(1 — £,1] so that h% =0, and the resulting h will be an element in HBr4s°. By
making use of Remark 6.1, the proof follows easily in the same way.

(2) If 2z = 0, based on our argument before, for any ¢ € C1([1 — ¢,1])
(i=1,--,d) with

1—e
U=Cim [ (@) +Yia - Yo do
S
and ¢! = 0, the function

hi, =

u

fsu (¢Z($1) + Yl,i — Yv,i) dU7 u e [07 1-— 5];
i u€ll—eg1],

defines an element h € HEr4ge Tt follows that

d 1-¢
(DF(x),h) = Z/ (¢i(x1) + Y1, — Yv,i)2 dv

d 1 .
o3 [ G v v
i=17-7¢
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Now we take 9" of the form

d)'f;.:CZ_ gfjdvv (NS [1_6v1]7

l1—e

where & € C([1 — ,1]) with [ _€ldv = C;. If (DF(x),h) = 0, then we have

d 1—¢ d 1
Z/ (¢i(x1) + Yii — Vo) do — Z/ (pi(x1) + Y1, — Y, ;) &dv=0.
i=1"°% i=1 l—e

It follows that for any ¢* € C([1 — €], 1) with fll_g ¢idv = 0, we have

d 1 A
Z/ (ps(x1) + Y1, — Y, ;) (pdv =0,
i=171-¢

which by an elementary argument implies that
¢i(x1) + Y1, — Yy = const., Yo € [1 —¢,1] and 1 <i < d.
It follows from taking ¢ = 2 that
Y 0¢y

@(wr)dxl =0, V[u,v] C [1 —¢,1].

T

Now the proot; follows again by making use of Remark 6.1 and the fact that
$|[1,5,1] C HS’ .

Remark 6.4. By the same argument with a technical modification of 1 so that
the h defined by (6.8) is regular enough to lie in the Cameron-Martin space, the
result holds for general Gaussian bridge processes

Xt = Gt - tGh te [0, 1],
as long as the underlying Gaussian process G itself satisfies conditions (G1),

(G2) and (G3).
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