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THE TAIL ASYMPTOTICS OF THE BROWNIAN SIGNATURE

HORATIO BOEDIHARDJO AND XI GENG

ABsSTRACT. We prove that the order-k multiple Stratonovitch integrals of
Brownian motion, suitably normalised, converge to a deterministic limit as k
tends to infinity. The proof relies on the hyperbolic development of Brownian
sample paths as well as some new results on multiple integrals of rough paths.
We discuss a number of open problems in relation to the limiting behaviour of
multiple integrals.

1. INTRODUCTION

In this article, we aim to prove the following limit theorem for multiple Stratonovitch

integrals:

Theorem 1. Let (W'(w),...,W™(w)) be a standard Brownian motion on R™
equipped with the Euclidean metric. Let || - || be the projective tensor norm over
tensor products of R™. Let o denote Stratonovitch integration. Then there exists a
deterministic constant C' such that

and almost surely

2
k

lim sup ((E)|||/ odWs, ®...®odWSk||) = C.
2 0<s1<...<sp <1

k—o00
Our motivation comes from studying the relationship between a path X : [0,1] —
R™ and its formal series of iterated integrals

1 1 s2 1 s3 S2
S(X) = (1,/ dXSl,/ / dX,, ®dX52,/ / / dX,, ® dX,, ® dX,,,...).
0 0 0 0 0 0

The formal series of iterated integrals was first systematically studied by K. T.
Chen [3]. The formal series is interesting partly because it is a homomorphism
with respect to concatenation, or more specificly that

S(Xis,u) @ S(Xlju,g) = S(Xis,1),

a identity now sometimes known as Chen’s identity. The more recent interests in
the formal series comes from its role in rough path theory, where the formal series
is commonly known as signature. In the rough path context, Hambly and Lyons [7]
took Chen’s work much further and fully characterised all the bounded variation
paths whose signature is the identity sequence

(1,0,0...)
1
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and showed that there is a unique shortest path with a given signature. These
results have natural generalisation in the context of rough paths [2]. Hambly-
Lyons’ results were in fact quantitative and in particular gives a natural formula
for recovering the length of a C® path from its signature. More precise, let

Ak((),t):{(sl,...,sk):O<51<...<sk<t}.

Hambly-Lyons showed that if X is a C3 path with respect to the unit speed
parametrisation, then

(1.1) Length(X) = lim sup ||l<:!/ dX,, ®...®dX,, ||,
n—o0 Ay (0,t)
where || - || will denote the projective tensor norm (defined below in section 2). The

key technique Hambly-Lyons used is to develop the path X onto a hyperbolic space
and uses the negative curvature. This approach is natural partly because the set
of all signatures has a natural hyperbolic structure [2]. The result was extended
by Lyons and Xu in [I2] to C' paths under the unit speed parametrisation, also
using the development of the path to the hyperbolic space. Since both sides of the
equation (ITJ)) makes sense for bounded variation paths, it is natural to to ask if
(1) holds for bounded variation path. However, this has been a surprisingly chal-
lenging problem, partly because once the derivative of a path is discontinuous, the
hyperbolic development techniques require major modification. This article studies
an analogue of (LLT) for the sample paths of Brownian motion, where the integration
is defined in the sense of Stratonovitch (or equivalently as geometric rough paths).
More precisely, we would like to study for a multidimensional Brownian motion W,
the limit

(1.2) lim sup H(E)!/ 0dW,, ® ... ® odW,, ||*.
n—00 Ak(O,t)
The different (%)' normalisation is necessary to ensure we have a non-trivial limit.
Indeed, Lyons [10] showed that for all p > 2, we have almost surely
k

(1.3) || odWWyy @ ... @ odiW,, || < S

AR(0,6) (k/p)!
and this motivates our (%)normalisation factor.

Given Hambly-Lyons’ result (II]), one might expect that the limit (I2)) to be a
random variable. It is apriori unclear whether the limit (I.2)) is even finite, as Lyons’
estimate (I.2) holds only for p > 2 while Brownian sample paths have infinite 2-
variation almost surely. However, we are able to show that almost surely the limit
exists and is deterministic. Moreover, the deterministic limit has non-trivial upper
and lower bound in terms of the quadratic variation of Brownian motion. In one
dimension, our main result Theorem [ is trivially true since in this case

(Wy — Wo)*

/ AW, ®...0dW,, = :
AR(0,8) k!

and hence the limit (L2)) will be trivially zero.

We use hyperbolic development, similar to that in [I2] and [7]. However, our
calculation diverges early on from the previous work, which reflects the use of
martingales instead of deterministic classical calculus computations. The upper
bound is much easier and is a simple manipulation of an L? estimate of multiple



THE TAIL ASYMPTOTICS OF THE BROWNIAN SIGNATURE 3

Stratonovitch integrals of Brownian motion due to G. Ben-Arous [I]. We will also
use, at key places, some new facts about rough paths that we shall also prove.
Theorem [ give rise to many interesting questions:

(1)

(4)

What is the exact value of C'? This problem is equivalent to computing
exactly the expectation

B[ oaW, ... @ oW, |F)
AN (0,t)

Does Theorem [T hold for other processes? It seems that our proof should
carry forward to Lévy processes. The more interesting question is whether
Theorem [ holds for Markov processes and Gaussian processes, such as the
fractional Brownian motion? This is less clear. This will depend on general
type of 0-1 laws available to those processes.

Does Theorem [I] hold deterministically for rough paths? If so what would
C be? It is known that for C' paths parametrised under unit speed, C is
the length of the path. However, even for general bounded variation path,
this is not a mathematically known fact.

Is it possible to derive the rate of convergence in the lim sup in Theorem
[II? Are there central-limit type theorems or law of iterated logarithms? At
the moment it is unclear even what would the statement be like.

We would like to also mention that there are major recent progress on recovering
not just the length but the entire path in [13] and [6].

The plan for the rest of the paper is as follows. In section 2, we recalled basic
properties of signature that we shall use. In section 3, we prove the lower bound
in our main result. In section 4, we prove the upper bound in our main result. In
section 5, we prove that the limit is deterministic. In section 6, we proved new basic
proerties about the limit of signature towards answer some of the open problems
stated above.

Let

2. BASICS OF SIGNATURE

THOERY =1®R" & ... ® (R")®F,

Let T((R™)) be the set of all formal sequences of tensors

(ao,al,ag...),

with a; € (R")®?. We will equip the space R"™ with the Euclidean 2-norm and the
tensor power (R")®* with the projective tensor norm || - || defined by

M M
il = it o) o) v = o 0. @0 o) € R Vi, 5}
j=1 j=1

Let A

= {(s,t) : 0 < s <t <1}. Let p > 1. Let |p] denote the biggest

integer j such that j < p. Define the p-variation metric between two functions
X,V : A — TUPD(R") so that if

Xs,t = (laXl aXsL,Z;J)

s,t»

}/s,t = (Lifsl,tvvifst,fJ)’
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then
r—1 &
_ k k 2y g
dp(X, Y) B Sl;p lﬁnklg)L(PJ (ZO HXti’t”l o Ytixti+1 ” F ) "
where the supremum is taken over all partitions (tgp < t; < ... < t;). For each

smooth path X, define
X];t:/ dX,, ®...®dX,,.

The closure of the space
{(1,X1,,... ,Xﬁj) : X is a smooth path}

under the p-variation metric d, is called the space of geometric rough paths. For
example (c.f. [I4]), if W is a multidimensional Brownian motion and o denote the
Stratonovitch integral, then

t t
(s,t) — (1,/ odWSl,/ odWy, ® odWy,)

can be defined almost surely and is a geometric rough path. Therefore, all the
results below on geometric rough paths would apply to Stratonovitch integration.
For geometric rough paths, there is a canonical way of defining the iterated integrals
of the geometric rough paths of all orders, through the following Lyons’ extension
Theorem [10]. We state a weaker form of the theorem that we need.

Theorem 2. Let (s,t) — X,; € TPD(R™) be a p-geometric rough path. Then
there exists a unique extension of X to T((R™)), denoted as (s,t) = S(X)s+ so that
1. Forall s <u<t,

S(X)s,u ® S(X)u,t = S(X)s,t;

2. If S(X)s = (1,XL,,X2,..), then for all j,

s,tr 4> sty
r—1
j 4
P =0

where the supremum is taken over all partitions P = (to < ... <t.) or [0,1].

Remark 3. For a geometric rough path X, we will define the iterated integrals
/ dX;, ® ... ®@dX,,
Ak(O,t)
to be the tensor X’&t that appeared in the extension Theorem

3. LOWER BOUND

Let o be Stratonovitch and e be It6 integration. Let W; be a n-dimensional
standard Brownian motion and let

AX} = A edwi, X =1
=1
(3.1) AV = AX}odW), Yi=0.
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ot

For z,y € R™ and

we have
n
(w,y) = 'y’
i=1

Lemma 4. (Eaxplicit representation) Let X* and ((Y")*)"_, be defined as in [(51).
For allt >0,

oo

X)) = Z A2k / (0dW,,,0dWs,) ... (odWy,,_,,odWs,, )
k=0 AQ}C (O,t)

YtA — Z A2k +1 / (odWs,,od Wy, ) ... <odVVS%71 , odW52k> odWi,, .-
k=0 A2k+1(0,t)

Proof. We first prove that

ap = Z )\%/ (odWys,,0dWs,) ... (0dWsy,, _,,odW,,, )
k=0 AQ}C (O,t)

B = Z Pelas / (0dWs,,0dWs,) ... (odWy,,_,,0dWy,, ) o AW, .,
k=0 Aakt1(0,t)

is a solution to the system of differential equations BI). As the system (B.)) is
linear, any solution must be unique (see [10]).
Note that

oo

dat = Z )\2k / <OdW51 y OdWSs> ...0 dW52k71 5 Oth
k=1 Azkfl(o,t)

= >\2k+2< /A o (odWSl,odWSs>...odWS%H,oth>
2k+1 )

k=0
= A(Bi,odW;) .

Also,

o0

g, = 3 A / (0dW,,,0dWy.) ... (odWy,, ,,0dWy,, ) o AW,
k=0 A2k(0,t)

= AO&t e} th
Therefore, a; = X} and 3; = Y. O

Lemma 5. (Hyperbolic length and signature) Let X* and Y be defined as in (31)).
Then let || - || denote the projective tensor norm. Let

i, = limsupH(%)!/ odW,, ® ... % od W, |3.
J A;(0,t)

Then for any sequence \,, — 00,

1 -
lim sup Z logXt)‘m < L;.

m—00 \ip
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Proof. We will use the following property of the projective norm || - || (see (2.3) in
[9]): for any 2I-linear functional B such that for all vy ..., vy € R,
(32) ‘B(Ul,...,vgl)‘ S H’U1||...||’U2[||

, we have that for all v € (R")®%
[BMV)| < |Iv]-

This follows directly from the definition of projective tensor product described in
section 2. In particular, as the functional

B(Ul R...Q ’1}21) = <’U1, ’U2> L. <U21_1,’U21>
does satisfy ([3.2)), and hence we have that

B(/ dW,, @ ... @ dW,,,) < || AWy, @ ... ® dWs,,||.
Azl(o t) Azl(o,t)
Let l
_ 2
L(5)e = sup((H)!] dWe, @ ... @ dWy )7,
1>2j £20(0,8)

Using the explicit representation for Xt)"", we have

XM < Z A2 / (0dWay,odW,.) .. (odWay, ,,0d Wiy, )|
Azk 0 t
< oA AW, @ ... © AW, |
k=0 AQk(O t)
00 2k L k
(3.3) < Z A2k / @AW, |+ M
Agk 0, t k=j
(3.4) = exp(N2L(j)) + Z MEay,
with ~
L(j)k
ar = | AW, ® ... @ dW,,, || — (];7')t
A2k(0,t) :

Note that for any sequence A, such that X\, — oo, since L(j); > 0, we have

1 .
Jim 5 log kZOA2 ar, + exp(X5, L()1)) = L(j)s-

Therefore, from (B3] we have

10g(XM) < L(j)r.

lim sup

A2,
As this holds for all j, we may take j — oo to obtain

1
limsup)\—210g(Xt’\m) < lim L(j),

‘]*}OO

= L.
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Lemma 6. Let X* and Y be defined as in (31]). Then for all t,
(X7 = (YY) =1
Proof. Note that
X} odX) =\ zn: XMYHN o dW}
and -
(V) o d(¥Y) = AX (Y)Y o AW

Therefore,

X odX) = () 0 d(¥) o
i=1
Integrating gives
Looxe  Loa o
5 (X7) —§<Yt YY) =C
for some constant C independent of ¢. Putting t = 0 and substituting in the initial
conditions for X;' and Y}, we have

(Xg\)2 - <th>\7Y;>\> =L

Corollary 7. For all A\, X} > 1.

Proof. Lemma [f] gives in particular that
(P> S (Vi +1.
i=1

This implies that |X| > 1 and that X;* # 0 for all ¢. Since Xg =1 > 0 and X} is
continuous, X # 0 implies that X} > 0 for all t. Therefore, X} = |[X}}| >1. O

Lemma 8. Let X* and Y be defined as in ([31)), then for all u >0,
_ A2t
B(() ) < o (~ 21— ).

Proof. By Ito-Stratonovitch conversion,

Ax? =AY (V) edWi+ A5 Y d (V)N W]
i=1 i=1

n . . A2 n
. E T\ 1 E A
= A (}/t) .dLLt +7i:1 Xt dt

=1

- P\ i /\2 A
= A () redwi+ SonXpdt.
=1

As X} > 1 for all t, (X;')™* is well defined. Moreover, by Itd’s formula,
el Y
AN ™ = AT DD) e AWy 4 Snxdi]
i=1
plp+1)

3

N(XP) TR (YL, Ve dt



THE TAIL ASYMPTOTICS OF THE BROWNIAN SIGNATURE 8

By Lemma [6]
(Y, Yi) = X7 -1
and taking expectation,

E(X;\)fu — l—w/tE(Xg)“du
0
_M(M;‘ 1))\2/0 E[(Xi\)—u—ﬂ du.

The interchange of expectation and integral is permitted as (X)) ™# < 1. Therefore,
E(X})~# is differentiable and

d 2 —-1-
SExM) < _ME(XS)*#'
dt 2
Gronwall’s Lemma gives that
2
t
E(X) ™ < exp[— 22 (0 — 1 ).

O

Lemma 9. Let n > 2 and s > t. For all p > 0, for almost all w, there exists a
M (w, i) > 0 such that for all m > M(w, p),

m?2s
X" z exp(——(n—1—p)).

Proof. For any K > 0, by Chebyshev’s inequality

P(X{ <K) = P((X})™">K™")
2
t
< Krep(- 2 m—1- ).
Let s < t. Taking K = exp(%(n — 1 —p)). Then we see that
A2s A2(t — s)

PO} < exp(S52(n—1— ) < exp(~ (n—1-p)).

By Borel-Cantelli Lemma

m2s
(=2

P(X]" < exp (n—1—p)) for infinitely many m € N) =0

Therefore, for almost all w, there exists M (w) such that for all m > M(w),

m2s
Xt = GXP(T(” —1-p).

Corollary 10. For almost all w,
~ t
Lt Z 5(’”, — 1)
Proof. If n =1, then the Corollary is trivial. By Lemma [0 for almost all w,
~ 1
Ly > limsup — log X|™.
m m
Hence by Lemma [3] for almost all w,

(3.5) Li>Sn—1-p).
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As this holds for all rational number s < t and p > 0, we can let s tends to ¢
and p tends to 0 by enlarging the null set to become another null set so that the
inequality (3] holds with s = ¢ and u = 0. O

4. UPPER BOUND

Lemma 11. Let W be n-dimensional standard Brownian motion and
W’gt:/ dW,, ®...® dWs,.
' AR(0,8)

Then almot surely,

k 2
lim sup ((5)'||W§t||) F< TPt
k

25
8
Proof. Let W' denote the i;-th component of W and define
W™ = / AW/ AW,
’ Aw(0,t)
If {ey,...en} is the standard basis for R,

WG = 1 D Wi ™e, ®...® el

.....

A
(]
=

Therefore,

=
e

A
N
&=
2

Ty nyike

IN
g
=
E

; oy2k 1
UL yeeey T\ 2 e - k
B(wg; ) < ()™ Lo
Therefore,
5 1 &
E(|Wg ) < nk(§)k m“

Let s > t, then

k
5 1 & t\ 2
P>t G sty < (4

Therefore for almost all w, there exists M (w) such that for all &k > M (w),

VA
[MEa

9., 1
kol < pk(2yk
W75, < n )"

Using the Stirling’s approximation, we have

: (k/2)!\ 2
hmksup( E )

IN

1
5"
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We therefore have

2 2
limszp ((g)'HVW&tH)E < 2—857125 xlimsgp ((%y%)%
< §n25.
- 8
As this holds for all ration s > t, we may let s tends to t by enlarging the null set.
The result now follows. O

5. THE LIMSUP IS DETERMINISTIC

We first need a lemma on the behaviour for the factorial.

Lemma 12. Let o be such that 0 < o < N. There exists a M and a constant Cy
independent of N such that for all N > M,

(N/p)! a
(O —ayfpy = Y

Proof. By Stirling’s formula, we have that there exists C1,Cs > 0 such that for all
sufficiently large N,

and hence there exists C3 such that for sufficiently large IV,

(N/p)!
(N —a)jp) =

@wﬂ%(

C,N%.

IN

Lemma 13. (Addivity lemma) Let X be a geometric rough path and
X’;t:/ dX,, ®...®dX,,.

Letp>1. If

P
N
9

~ N
Lgs =lim sup [[(=)!XY,
PR

N —o00
then for all s < wu <,
z/s,t S -i/s,u + z/u,t-
Proof. We will assume that there exists k1, ko > 0 such that
Xk, # 0 and X2, # 0.
Otherwise, then we have by Chen’s identity that either
XY, =XV, or XY, =XV, for all N

s,u?
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in which case the present Lemma is trivially true. Let o > 1.Assume that N > 2a.
Note that by Chen’s identity,

a—1 N
XA < D OIXYEMXE N+ D IXYENXE
k=0 k=N-—-a+1

N—o
+ ) IXNEIIXE -
k=a

Let

P

k
LO‘ = sup
1= ||(p)

Note that as we assumed that there exists ki,ks > 0 such that X’“}u # 0 and
X’”t # 0, we may use Corollary 20 in the Appendix to conclude that

Le,>0, L2, >0

Then
~ ka k ~ N—-k . k
(L) - (L) N~ (L8) 7 (L6,)”
=< S T 3 I S
k=0 k=N—a+1 k= p \p/*

By the neoclassical inequality [8], which states that for all a,b > 0 and p > 1,

N o Lilpp(N=i)/p (a+b)r
- - ~p .
— (i/p)'((N —i)/p)! (N/p)!
Therefore,
_ N ~ ~ N
;k 1 k (Lgu+Lg )p
I < ¢ Z IXE s > XIS ) P +p—t

k=0 ( P )! k=N—a+1 (p )!
By Lemma [12] on the behaviour of the factorial function,
N

a E
Wil FCaNE Y IXERI(Lg )
k=N-—-a+1

o )'IIX < GiNw Z

+p(L(sl,u + Lg,t)?
Note that if c >a >0, ¢ > b > 0, and k£ > 0 independent of N, then
(C’4NkaN + CyN*pN + C5CN)% —c
as N — oo. Therefore,

lim sup (< MXNINY < Lg, + Lo,

N—o00

We now take limit as o« — oo, we have
fls,t S f/s,u + flu,t-
(I

Remark 14. A similar additive lower bound would require that the path is reduced
(see [2]). For this upper bound, there is no assumption that the path is reduced.
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Corollary 15. Let B be a Brownian motion and
BY, = / odB,, ®...® odBy,,
' An(sit)
where o denote the Stratonovitch integration. Then for each s and t, almost surely
N
lim sup ||()BL, 1%
N—00 2 ’

is deterministic.

Proof. By our apriori lower bound, Lemma [T0, for each s and ¢, almost surely

~ N
Lo =lim sup |(5)BY, |¥ > 0.

N—o0

Therefore, by the additivity Lemma [[3] if t7* = s + 5% (t — ),

2m 1
Lo < ) Lipay,
1=0
1 2m—1 _
(5.1) = o > @™ L)
=0

Note first that by Brownian scaling,

2mLtm tm . =D Ls t.
i olitl )

Therefore, each random variable 2ml~/t;n,t;1 . Is almost surely bounded above by

(2)n?(t — s). Moreover,

- gm
(Lem e, )izo
are independent.
By the weak law of large numbers, we have the convergence
2m 1

1 . _
o O (@"Lip ) = E(Lsy)
=0

in probability. This allows us to take a subsequence my, so that almost surely,

2™Mk —1

1 - -
o EO (2katznk7tZ"+k1) — E(Lsﬂg)

Therefore by (G.1I), we have almost surely,
fls,t < Edjs,t)
However, any random variable X that satisfies
X <E(X)
must satisfy almost surely that
X =E(X).

Therefore, Es,t is deterministic. O
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Corollary 16. For each s <t, almost surely,
Ly =E(Loa)(t — s).
In particular, for each s < u < t, we have almost surely
fls,u + Eu,t = st,t-
Proof. Since for each s < t almost surely
fzs,t = E(Es,t)a

we have by Brownian scaling that

Lsﬂg = (t — S)E(ixo)l).

The second statement of the Corollary follows directly from the first statement.

6. APPENDIX: SOME USEFUL PROPERTIES ON SIGNATURE

We define the set Sh(myq,...,m) as the set of all permutations o on
{1,...,m1+...+my}
such that

o M) <o 2) < ... <o (my);
ot my+1) <o Hmy+2) < ... <o H(m);

k—1 k
O'_l(z m;+1)<...< J_l(Zmi).
i=1 i=1

13

For each permutation o, we will define a linear map on (R")®* by extending linearly

the map
U(’Ul ®...®’U;€) =Up(1) @ ... @ Ug(k)-

Note that the projective tensor norm has the symmetric property [I1] that for any

permutation o and any v € (R")®F
lov]l = [Iv].
We will use the following property of iterated integral.

Lemma 17. Let X be a bounded variation path and let
X’gvt:/ dX,, ®...®dX,,.
(

Then for all mq,...,mg,

(6.1) XPio...eXp= S oTiXptet

c€Sh(my,...,mg)
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Proof. Note that
Xo't ® ... @ Xg't

_ / dX,, ®...®dX,, ©...
0<s1 <. <8mq <t

dX ®dX

Smy+...dmy_q+1 Q... Smy+...4my "

®/
O<57n1+.,.+mk71+1<~~~<57n1+.,.+7nk <t

/ dX51 ® .o ® dXSm1+.,.+mk’
A

where
A = (51, s Smaitdme) t 0< 81 <o <8y <t
oo 0 < Simytodmp 141 < oo < Smydbo.dmp<t <t}
We may rewrite A as the disjoint union
A =Useshimy,omi) (5155 Smytotmi) 00 < So1) < oo < So(my+.gmy) < L
Therefore, by the additivity of integral,
Xot ® ... @ Xg'f

>

oc€Sh(my...,,my)

- ¥

oc€Sh(my...,,my)

_ —lymit...+my
= E o XO,t .

ceSh(ma,...,m)

dX,, ®...®dX

/ Smy ... 4my
0<ST(1)<"'<ST(m1+.,.+7TLk)<t

dX ®...®dX

Se=1(1) S(r*l(ml+.,.+mk)

/0\<51<»»»<Sm1+,“+mk<t

Corollary 18. FEquation (6.11) holds even when X is a geometric rough path.

Proof. This follows directly from Lemma [[7 (6.1I), that geometric rough paths can
be approximated by bounded variations paths in p-variation metric and that the
iterated integrals are continuous with respect to the p-variation metric [11]. O

Remark 19. In the case of Brownian motion, one can simply prove equation (G.I)
by replacing the Lebesgue-Stieltjes integral with Stratonovitch integral line by line
in the proof of Lemma [I7

Corollary 20. Let X be a geometric rough path. Let Xf)t be its k-order iterated
integral (defined in Theorem[2). If there exists k > 0 such that

(6.2) Xk, £0,

then ([62) hold for infinitely many k.

Proof. Assume for contradiction that there exists K > 0 such that XX, # 0 and
XF, =0

for all £ > K. Then
X5 oXE #0.
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However, as X¥ , = 0 for all k > K,

Z ailng =0

oceSh(K,...,K)
This contradicts Lemma [I7] O

An interesting corollary of Lemma[I7is that the terms in signature are increasing
when the N-th term is normalised by N!.

Lemma 21. Let X be any geometric rough path and let
Xg‘t:/ dXs, ®...®dX;,,
’ A (0,8)

Then if || - || is the projective norm, we have
. j 1 . i L
(FNXG)7 < (GR)IEDI) T
for all j,k € N.
Proof. Note that by Lemma 17,

4 ik
(Xg),t)(@k = Z o 1X]0,t'
o ESh(---,5)
Therefore, using the property of projective norm that ||o~!v|| = ||v|| (see [L1]),
j ik
IXp.)%* < DR > |

o=1€Sh(j,....J)

_ GK!
= (j)kll bl

Therefore, by using the multiplicative property of projective norm, that |ja ® b|| =
llallllo],

153, 1% < E] )) el

Rearranging gives,
1

UKD )™ < (GR)IEE) T

Corollary 22. (limsup is sup) For any bounded variation path,

3~

a1 1
lim sup (m!HXQ?tH) ™ = sup (m'||X6nt||) "
m m

Proof. One side of the inequality, namely that

i

lim sup (m![|X¢" ||) <sup(m'||X )™

follows directly from the definition of limsup and sup. For the other direction, note
that for any 7,

1 L
limsup (m!|[Xg4))™ > hmsup (GRS T
and by Corollary 211 for all &,

(GRS > (U

1
J
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Therefore,
1
3

N ied
timsup ((R)!1X030) = (741%,1)
The Corollary now follows from taking supremum over j on both sides. O

Remark 23. Corollary does not hold for Brownian motion. Note that if W™
now denotes the m-th term in the iterated integrals of Brownian motion, then

m m o2 1 1
sup[()! W 1] > (1)W1 117 >[5 Wi — Wol .

Since |Wr — Wy| can be arbitrarily large with positive probability, so is the supre-
mum

m m o2
supl (S IWg %),
On the other hand, by our main result Theorem [I] the lim sup is bounded above.
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