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ABSTRACT. The solutions to linear differential equations driven by a path can be expressed
in terms of iterated integrals of the path. While upper bounds for the iterated integrals
are well-known, it is known only relatively recently that some asymptotics of the order-n
iterated integrals of path, as n tends to infinity, is related to the length of the path for C*
paths travelling at unit speed. We provide an upper and lower bound for the corresponding
asymptotics for rough paths whose signature (sequence of iterated integrals) is the expo-
nential of a degree four Lie polynomial generated by two letters. The methodology, which
we believe is new for this problem, involves using the eigenvalues for certain Lie-algebraic
development of the signature as a lower bound for the aforementioned asymptotics.

1. INTRODUCTION

Controlled differential equation of the form

d
dY, = > " Vi(Y))dX;, (1.1)
=0
where Y : [0,1] — R", V; : R® — R" and X : [0,1] — R? frequently appears in stochastic
analysis. The example when X is a Brownian motion is perhaps the most well-known. Rough
path theory, initiated by Lyons’ [I0], identified a wide class of “rough paths” X for which the
equation is well-defined. The theory motivates a study of the properties of driven
by general rough paths. One particularly tractable class of examples is when the functions
{V;}4_, are linear. In this case, Y can be represented explicitly as

Z Z YO)/ dx;r...dXx;. (1.2)
0<t1<...<tp <t

n=0 i1,...,in=1

In this particular case, the solution Y depends on driving path X through the collection of

iterated integrals
{ / dX;t.dX Y
0<t1< .. <ty <t

This article is motivated by the study of the properties of these iterated integrals. For
algebraic reasons, it is useful to think of this collection as an element of the tensor algebra,
called the signature of X and denoted as S(X)o1. Let {e1,...,eq} be the standard basis of
R?. For a bounded variation path X, the signature of X is defined to be

1+Z Z / dX[1 .. dXre, @... @6,

0<t1<...<tn<t
1
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or more succinctly as

o

S(X)0,1:Z/ dXy, ®...®dX,,,
0 J0<ti<..<tn<t

where we use the convention that the 0-th order iterated integral is equal to zero. An
interesting question about the signature is how does

I dXy, ® ... @dX,, |

0<t1<...<tp<t
with a suitably defined tensor norm || - || decay as n — oo. This affects, in particular, the
convergence of , and is also related to the problem of reconstructing a path X from its
signature ([B], [13]), because the algebraic properties of signature guarrantees that all the
information about the signature is stored at its tail. Lyons [I0] showed that the following
uniform upper bound, for rough paths with finite p-variation,

X5 var
|| AXy, @ ... ® dX,, || < gt (13)
0<t) <...<tn<t (5)-

where (%)! is defined using the gamma function, and ¢, depends only on p (but not X).
More recently, Hambly and Lyons [6] , and subsequently Lyons and Xu [12], showed that it is
possible to obtain the exact asymptotics for || fi_, . _, _, dX;,®...®@dX,, [l asn — co. They
showed, in particular, that if X is a C''-path with respect to the unit speed parametrisation,
then

lim sup Hn!/ AX, @ ... @ dX, |7 = | X|1—ver- (1.4)
n—r00 0<t1<...<tp <t
Recall here that
n—1
X1 var = 1i X, =X,
H ||1 max; Itig?—tiﬁoiz:; | t1yq t;

where the limit max; [t;1; — ¢;] — 0 is taken as the maximum gap between the partition
points (0 =1ty < ... <t, = 1) tend to zero.

In the more general setting of rough paths, where the iterated integrals may be defined in
the sense of Lyons [I0], the upper bound suggests that the normalisation for p-rough

path would be % I. Tt is however difficult to see what the analogous limit

lim sup || (ﬁ> !/ dX, @...@dX,, |~ (1.5)
p 0<t1<...<tn<t

n—o0

It certainly is not the p-variation norm, since implies that the limit is zero for any
C' unit speed path. It is useful therefore to explore the limit in some special cases.
When X is Brownian motion, and the differential d X is defined in terms of the Stratonovich
integral, the following limiting asymptotics is available [2]
lim sup | (ﬁ)!/ dX, @ ... dX, |} = Ct, (1.6)
n—o00 2 0<t1<...<tp <t

where C' is a positive and finite deterministic constant. Since the exact value of C' is not
known, it is unclear how to use (|1.6]) to make general guess about the limit ((1.5). For instance
the constant C't can be interpreted as a constant multiple of the quadratic variation
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Y

[X, X]t = lim |—>O; ‘th+i - Xy, ?

max; |tiy1—t;
which is exactly equal to t for the sample paths of Brownian motion; the constant C't could
also depend on the Levy area of Brownian motion. To get a clearer idea of what the limit
(1.5) would be, we investigate in this article, a different class of rough paths. The signature
S(X)o1 of a rough path X can be informally interpreted as the formal series of iterated

1 1 rta
S(X)(),l - 1 +/ dth +/ / dth ® dXt2 +
0 0 JO

The signature of a p weakly geometric rough path is equal to either the exponential of a

integrals

Lie series, or equal to the exponential of a degree p polynomial P = " | P;, where P, is a
homogeneous Lie polynomial of degree ¢ and P, # 0. We investigate the latter case. In the
appendix, we showed that certain variational norm of X is equal to ||P,||. Our main result
is that for some values of p, the asymptotic is also equal to || 5, ||.

Theorem 1.1. Let X be a rough path over R? whose signature S(X)o1 can be expressed as
S(X)o1 = exp(P), (1.7)

for some P = Y * | P,, P is a homogeneous Lie polynomial of degree i. Then for any
admissible norms || - || (see Section (2.9 for the definition of admissible norms)
. n P
imsup | (%), (SCOLIF < 15
n—00 D

Moreover when d = 2, p < 3 and || - ||pro; s the projective norm induced by the Euclidean
norm on R?, then

n—oo

. n P
limsup | (E)!msw)o,num 12, .

and when d =2 and p = 4,

-||p4|| < timsup | (5 )1ma(S(X)oa)

n—o0

P
proj < I Pullpros-

In the appendix, we details which paths satisfy the relation , as well as other properties
of such a path.

Our proof of Theorem considers a finite dimensional projection of the signature
S(X)o, in the following way: We start with a map & : R? — M (R); then extend @
naturally to a map ® on the tensor algebra of R and consider ®(S(X)g1), which can be
thought of as the finite dimensional projection of the signature S(X ). A specific choice of
® was used in the work of Hambly-Lyons [6] to prove the C! unit speed case ; and other
choices of ® were used by Chevyrev and Lyons [3] and Lyons and Sidorova [II] to prove
other properties of the signature. The main new ingredients in this article is that we make a
more quantitative use of the development ®; namely to prove the limiting asymptotics
through computing the eigenvalues of ®(S(X)g,).

The rest of the article is organised in the following way: In Section 2, we recall some
essential preliminaries and notations, and formulate our problem in precise terms. In Section
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3, we prove the first part of our main result, namely an upper bound on the tail asymptotics
for pure rough paths. In Section 4, we prove some general results relating the tail asymptotics
of the signature S(X)o; to the eigenvalues of its projection ®(S(X)o1). In Section 5, we
prove the lower bounds for tail asymptotics. Finally, in the appendix, we prove some results
about the pure rough paths and their signatures, which provides the motivation for our
study.

2. PRELIMINARIES AND NOTATION

2.1. Tensor algebra. Let V' be a finite dimensional, real vector space and let T'((V')) be
the tensor algebra of V over R, that is

T(V)=RxVaVE x o x V¥ x oo = 12,V
where V' = V®---®@V and V& = R. The tensor product between two elements in
—_————

i—times
V' can be extended to a product ® on 7'((V')), making (7'((V')),®) an associative algebra.
Subsequently, the bracket operation [, | in T'((V)), with [z,y] =2 ®y —y ® z, for z,y €
T((V)), induces a Lie algebra structure in 7'((V')). We denote by L((V)) C T'((V')) the space

of Lie formal series over V, that is

L(V))=V x[V,V] ><---xl---[[[MVLV],...,le---:H,fill---[[[MVl;V],...,Vl.

An element in @, [---[[[V.V],V],...,V] is called a Lie polynomial of degree n, while an

TV
7 times

element in [--- [[[V, V], V],..., V] is called a homogeneous Lie polynomial.

2.2. Admissible norms on the tensor algebra. A family of norms || - ||, in V&' n =
1,2,..., is called admissible if it satisfies the following properties:

(i) || o5, vi@u,®- v, = || Sk, VUl 1y OV ()@ QUL [l for any k€ Ny vy, vy, €V
and for any permutation o of the set {1,2,...,n}.

(i) [[v ® wlntm < Vllnllw]lm, for any v € V", w e V.

For simplicity, we will omit the subscript n, and thus write || - ||, instead of || - ||,,, whenever
the value of n is clear from the context. We will consider the following two families of
admissible norms.

Definition 2.1. Fix a norm |- | on V. The projective norm on V" is defined by

n

[0llpros = mELY  0i] -+ Jojl o =) vi @ @}, (2.1)
=1

i=1
To define the next family of admissible norms, we let {ey,...,es} be an orthonormal basis
of V. Then the set {e;, ® ---®e;, :i1,...,0x = 1,...,d} is a basis for Vet
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o . k .
Definition 2.2. The ly-norm on V®" is defined by

d d

1
I Z Uiy, i€y @ @ eyl = ( Z ) (2.2)

By considering orthogonal transformations of V' and extending them to V" we deduce
that the [>-norm is independent of the orthonormal basis of V.

2.3. Formulation of the conjecture. For n € N, let 7, : T((V)) — V®" be the linear
projection. Denote by exp : T'((V)) — T'((V')) the exponential map given by

exp(v) = Z %, where v e T((V)).
i=0

Assume that || - || is a family of admissible norms on V", n € N. We state the following
conjecture.

Conjecture 2.1. Let P = P, +---+ P, € L((V)) be a Lie polynomial of degree p, where
P, i=1,...,p, is the homogeneous component of P with degree v . Then

3

Ly = timsup () lma(exp P))* = 15| (23)

n—oo
2.4. Relation of the conjecture to the length of a rough path. For n € N, denote by
T (V) the truncated tensor algebra of V', that is the space T((V))/I,, where I, is the ideal

I, ={(ap,a1,...,an,...) €T((V)):ap =a1 =--- = a, = 0}.

Then the product in 7'((V)) induces naturally a product in 7 (V). Recall that a p-
rough path is a multiplicative functional X : Ay — TP/(V) with finite p-variation, where
A1 = {(s,t) € [0,1] x [0,1] : 0 < s <t < 1} is the 2-simplex. The signature functional
of a p-rough path X is the unique extension S(X) : Apq — T'((V)) of X, such that S(X)
is multiplicative and of finite p-variation. The signature of X is the tensor S(X)o;. The
signature is the exponential of a Lie series, i.e. there exists a Lie polynomial P € L((V))
such that

S(X)o1 =expP = eXp(Z P), (2.4)

where each P; is a homogeneous Lie polynomial of degree i. It can be proved that either
Y2, P, is a Lie polynomial of degree [p] or at most finitely many terms of > .;° P, are zero.
This motivates the following definition.

Definition 2.3. A pure p-rough path is a p-rough path X whose signature has the form
S(X)oa = exp(L1, P).

For example, any linear path is a pure 1-rough path. Let X : Ay — TP(V) be a pure
p-rough path. Consider a family of admissible norms || - || on V®" n € N. We set
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p/n

L, = timsup ((n/p)lmnS(X0a )" = timsup | (n/p)malexp(d PO (25)

n—oo n—oQ

Then Conjecture can be reformulated as follows in terms of pure rough paths.

Conjecture 2.2. Let X : Apy — TW(V) be a pure p-rough path and let S(X)o; =
exp(zgﬂl P;) be the signature of X. Then L, = || Py||.

3. UPPER BOUND OF L,

In this section we will show that one side of the equality in Conjecture is true.

Proposition 3.1. Let Zp and Py be as defined in Definition and . Then for any

admissible norm || - ||,
L, < 1Pyl (3:1)

To prove this, we first need a lemma.

Lemma 3.1. Let 0 < a < B8 <1 and let a,b > 0. Then

&J@b (k=) 1

lim sup 'Z )H <b.
' <
= Ja)!
Proof. Let € > 0. It follows from Stirling’s approximation that for 0 < v <1,
: IV .
Gt~ )27,

and that for § > «, there exists J such that for all j > J,

«
Eﬁﬁi =
Therefore,
i a]“bk Je
Z; —j)o)!
L giept—a b (eVag)iaph—ia

= GAN(— D)l 2 Ga)l((k— Do)l

We may apply the neoclassical inequality below (See Theorem 1.2 in [7])

<.

- an aj, a(n—j) < an 3.2
o> (e < o 32)
7=0
to conclude that
i Jab(k Ja
— —Jj)a)!
J-1 ajab(k—j)oz <€1/o¢a+b)ka

<.
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We observe that

J-1 ot (k—i)a (ka)!J(av1)7oplk—T)e . .
aiopk=3) - = , b <1;
BNk = F)e)t — (

(ka)!J av1)J%‘m .
W’ lf b > 1
Noting that once again by Stirling’s approximation,
(ka)!

((k = j)a)!

where C' is a constant depending only on j and a. Then

S C«k,Ja

ajo‘b (k=7)a

J—1
k? ! < C«kJocbka
a) Z Ja)l —

k}

where C depends on J, a,b and a. Therefore,

k ; .
ajab(k:—j)a » (gl/aa 4 b)ka
| E : < Jaypko
(k) GAN—fay = F0 a

We then take limsup in k to obtain,
k Jab(k Jex 1
lim Sup k:a ! ke
Jz: (78N )04)!}

(51/aa—|—b)ka]%
«

< limsup [C’k‘]abka +
k
= a4+ b,

We then let ¢ — 0 to obtain

Jocb(k Ja 1

k
hmsup k:a ! E ]’m < b.
|
p= (IO (kE — 7a)!

We now prove our main proposition, Proposition [3.1]

Proof. Note that

Imu(exp(3 F)

> I (Zm AT

Z Z 1P, |- | Piy
N!

N=041+..+in=k

- ¥ [P || Byl

IN

IN
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If we substitute n; = in;, we have

5 IRl 1B

Py .|| B,||/
s 1Al 5| -

et (/)

Note first that we may use neoclassical inequality (the multi-factor version, see Lemma 1 in
[4]) to bound

3 [P .|| Pyey || o/ ®=0)
S0l i=k—, (na)!- . (7p-1/(p — 1))!

D S Ll e 1 ST
S (M /(p = D)o (-1 /(p — 1))!
i=1 Mi=R—="p
(p— 1P~ ﬁ:& HpiH(p—l)/z‘)(k—ﬁp)/(p—l)

: (k- )/ (p — 1)

IN

We now let )
o

—1)/i\»/(p=1)

a = (|| B e e,
i=0

Then by continuing the calculation from (3.4)),

k

Im(exp(d- PO < (0= 177 Y

P =T

a(kfﬁp)/pprHﬁp/p

We now apply Lemma [3.1] to see that

: k - »
fim sup II(E)!M(GXP(Z E)* < 15

i=1

OJ
Therefore, proving Conjecture boils down to establishing the matching lower bound.

4. ESTIMATES FOR THE LOWER BOUND OF L,

The main result of this section is an estimate for a lower bound of Zp, in terms of eigen-
values of special matrix representations of the Lie polynomial P.
Let (A,+,-) be an associative algebra over R. Then A, endowed with the Lie bracket
(X, Y] =XY —-YX, XY € A becomes a Lie algebra. We consider the space L(V,.A) of
linear maps from V to A. Let & € L(V,.A). From the universal property of T'((V)) we
obtain a unique algebra homomorphism @ : T((V)) — A, extending ®.
Our main example for A will be the algebra M, ,C, of n x n matrices with complex valued
entries.
We proceed to define a norm for the space L(V, M,,«,C). We fix norms |-| on V and || - || on
C", and we consider the operator norm || - ||,, on M,,C, with respect to || - ||. We define a
norm || - ||z, on L(V, M,,C) by
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1|z, := sup [[|2(v)]lop-

v[=1

We will show that the limit Zp can be bounded below, independently of the lower order

terms of the Lie polynomial P = >  P,. The Euclidean norm || - || on C" is defined by
(21, ., 20)l = /|21 + - + |2a]2. We state the main result of the section.
Proposition 4.1. Choose a norm |-| on'V and let || - || be the Euclidean norm on C". Let

P =37, b€ L(V) be a Lie polynomial, let ® € L(V, Mx,C) and denote by d:T((V)) —

M, C the unique extension of ®. Then for any eigenvalue v of ®(P,) it is

=~ i n _ Re(v
L, = limsup ((n/p)!||n exp(P)Hpmj)p/ > ( )
n—00 || | Ln
where || - ||proj is the projective norm on V" induced from |- |, and ||®||1, is defined by

Equation .

In order to prove Proposition , for A € Rand P =" | P, € L(V), we consider the
dilated polynomial §,P = >"7 | X'P,. We firstly prove the following.

Lemma 4.1. Let P =" | P, € L(V) be a Lie polynomial and let ® € L(V, M,«,C). Then

- ' 1og || exp(®(x(P)) lop
L,>1
Pt Vel

where the exponential on the right-hand side is the matriz exponential in M, «,C.

(4.1)

Before proving Lemma [4] we need a few intermediate lemmas.
The estimate below is well-known:

Lemma 4.2. Let v € V€P. Then

12(@)llop < 17, I10llpros-

Proof. Note that if v =" v} ®...® v}, then

||(I) MNlop =1l Z(D vp) )HOP

Z WDllop - - - 12 (v llop

—|r<1>||LnZ||v1|| el
Taking infinum over all possible representations Y ;" vi ® ... ® v’ of v, we obtain

12 (0)lop < IRIIE, [[V]lpros-
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Lemma 4.3. Let p be a natural number. Define f, : [0,00) — R by

33

X
|

(3

M8

fo(z) =

~—

3
Il
o

Then for all x € [0, 000),

—_

&< h) <

r

e,

SR

Il
o

Proof. Note that for each n € N, we may find ¢ € NU {0} and r < p such that

n=qp+r.
Then for x > 0,
fo(x) = xr
LAY

r=0 q=0 (q + P)
p—1 L g

DR
r=0 q=0
p—1

&
S8
)
8

<

r=

o

At the same time, we have by considering only terms in y_ ~ % which are divisible by p,
]

fp(x) > €.

Proof of Lemmal[j. Note that

| exp(@(62(P)))lop
:”(i) [exp(x(P))] l[op

Using Lemma 4.2]

<D NI, 1 (ex0(P)) [lpros-

n=0
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Let m € N. Then

| exp(@(5x(P)))lop
< N@NE N (€xD(P)) llpros

n=0

n=m+1

+ ) NRIE, I (exp(P)) [lpros

= A®|7, [l (exp(P)) [lpres
n=0

x 1) (exp(P)) [50s]
©3 wef | ’ |

n=m+1 (%)l
Define
L 2;1}7)1”(]))'77'71 (exp( )) Hpmj
Then

1 exp(D(6(P)))llop
<D AN, I (€xD(P)) llpros

n=0

+ Z A @iz,

n=m+1 <%>
Therefore,

HeXP(&)(&\(P)))HOp
<Y N@IE, N0 (exp(P)) [lprog

n=0
=~ n n l,:"?’b
= > Aol 75
=G
2 . L
+ > ()F(llE,)?

n=0 (% .
We define the degree polynomial in A

3=z

N——

n n IA”%
P(X) =D X®]2, ([0 (exp(P)) llproj —
n=0

11
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and recall the definition of f, from Lemma Then
1 exp(D (53 (P)))lop
<Pu(N) + fo(VII2IG, Ln).
Taking limit as A — oo,
log || exp(P(8r(P)))llop

)
el VIR,

1B [P + £V, L) ,

= V@I, )

Note that by Lemma [4.3]
log [P(A) + SN[ L)

> (el zm)f’] |]
r=0

<log | Pm(A) +
p—1 . r
> (Apucbuian)p”

<log | P (A)eVIPIL, Em o

+ N[ @7, Lon-

r=0

Notice that
Pr(A)e 191

pfl r
> (il L) ]
r=0

grows at most polynomially fast in A as A\ — co. Therefore, using the property that for any
polynomial @ in A,

) 1
Jim +log|Q(A)] =0,
we have
o log [Pl + AOVIRIE, L)
P DI

<L,,.

Therefore, returning to (4.2), we have

. log || exp(®(6x(P)))]|op
1
el N[ D7

<L
This holds for all m, and therefore taking m — oo yields

. log || exp(®(6x(P)))]lop
1
P No|[@]7

<L,.
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Proof of Proposition . For a matrix MM, ., C, we denote by Spec(M) its spectrum. By
using Lemma [4] we have

log || exp(®(6,(P)))| log(max{[v]| : v € Spec(exp($(6,P)))}

®P L, > Ii > i
I@llz, Ly = lim sup Y: > lim sup Y
— limsup log(max{|e”| : v € Spec(®(6,P))}
A—00 )\p
Re(v) &
— limsup log(max{e v € Spec(P(5\P))}
A—00 AP
— limsup max{Re(v) : v € Spec(®(J\P))}
A—00 AP
: P
= limsup max{Re(v) : v € Spec(®(——))}
A—00 AP

ZP 1/\1

= liirisupmax{Re( v) 1 v € Spec(P(=E=L 4 P
= liiris;}p max{Re(v) : v € Spec(ZIv)(O(:;p)) +B(P,)}. (4.3)

We consider the one-parameter family of operators A : R — M,,,C given by A(\) =
o(%2)) + ®(P,)). Then

lim A(\) = d(P,). (4.4)

Moreover, Theorem 5.2. in [9] asserts that there exist n continuous functions v;(\), i =
1,...,n, the values of which constitute the n-tuple Spec(A()\)) for any A € R. The continuity
of v; as well as Equation imply that Spec(N(P ) = {limy 0 v1(A), ..., limy 00 vn(N) ],
thus the limit limy_,o max{Re(v) : v € Spec(A(}))} exists and is equal to maX{Re( ):iv €
Spec(®(P,))}. Therefore, if v is an eigenvalue of ®(P,), then inequality (4.3) yields

~ 1 ~
L,> T max{Re(v) : v € Spec(®(F5,))}.
Ly
Therefore,
~ Re(v)
L, > ;
T,
for any eigenvalue v of &D(Pp). O

By virtue of Proposition 1} and upon taking into account the upper bound of Zp, we
deduce the following.

Corollary 4.1. Choose a norm | -| on V and endow C with the Euclidean norm. Let
P =>%" P e L(V) and assume that there exists an n € N and a map ® € L(V, M,,+,,C)
with the following properties:
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1) @[z, =1 and
2) ®(P,) has an eigenvalue v such that Re(v) > || Pyl proj-

Then Zp > || Pyllproj, that is Conjecture is true for the polynomial P.

5. A DIAGONAL REPRESENTATION FOR ®(P,)

In this section we prove that for any p € N, there exists a subspace s of M,,,C such that
for any ® € L(V,s) the matrix ®(P,) is diagonal.
Denote by sl,C the algebra of traceless matrices in M,,,C. For any 7,7 = 1,...,p, denote
by E;; € sl,C the matrix whose (i, j) entry is 1, and all the other entries are zero. Denote by
H;j the matrix E;; —E;;, 1 <i<j<p. Thentheset B={E;;, Hy:i#j=1,...,p, 1<
k <1 <p} is a basis of s[,C. Moreover, the following relations are valid.

[Eij, En] = 0Eu — 0aEy;, (5.1)

We consider the spaces

gij: = (CEij7 1<i<j<p,
h: = spanc{Hp:1<k<l<p} (5.2)
The space b coincides with the algebra of diagonal matrices in s[,C. We have the decom-
position
sL,C=ha Zgij. (5.3)
i#]

Relation ([5.3)) coincides with the root decomposition of s[,C (see [§]). Equation ({5.1)
implies the following.

g, if j=k and i#I,
h, if 7=k and =1,
g, if j#£k and i=I,
{0}, otherwise.

9, 6" C (5.4)

The main result of the section is the following.

Lemma 5.1. For any integer p > 2, let 5 be the subspace of sl,C defined by

p—1

Z gl Z+1 + gpl (55)

=1

Then any matriz in [- - - [[[s, ] s|,...,s] is diagonal.

p tlmes
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Remark 5.1. In matrix form, the space s, defined by Equation ([5.5)), is given by

0O » 0 0 --- 0
0 0 2z 0 --- 0
s={| + + i : t21,...,2p € Ch (5.6)
000 0 0 - 24
z 0 0 0 -+ 0

Proof of Lemma[5.1] It suffices to prove that s satisfies the relation

\["'[[[5?5]7"'75]75]/gb7 (57)

Vv
p times

where b is the algebra of diagonal matrices, given by relation (5.2)). By taking into account
relation ([5.4)), we obtain

[s,5] C (g% +g* 4 +g® ) 4 (g7 + g,
[s,5],5] C (g™ + g%+ +gP3P) 4 (g% + g D2 4 g-21),
[' o [[[575]7 s 75]75]1 - (gl(k+1) + g2(k+2) + 4 g(p—k)p) + (gpk + g(p—l)(k—l) 4.+ g(}?—k-l-l)l)
k a;es
\[' o [[[575]7 s 75]751 C <glp) + (gp(pfl) + g(pfl)(pf2) +ot 921)' (58)
(p—1) times

Moreover, relation ({5.4)) implies that

g7, ¢”"] Cb. (5.9)

Taking into account relation ({5.9)), relation (5.8]) along with the definition (5.5)) of s yield

[lllssls) 5] 0
p t?;les

Corollary 5.1. Letp € N withp > 2, and let P = Py+---+P, € L((V)) be a Lie polynomial
of degree p. Then there exists a subspace s of My,y,C such that, for any ® € L(V,s),
the matriz ®(P,) is diagonal, where ® : T((V)) — M,,C is the unique homomorphism
extending .

Proof. Let s be the space given in Lemma[5.1] Let V = spang{es, ..., eq}, and write

Pp = Z ail...ip[' o H[ez‘p, €ip,1]7 €z‘p,2]a e ,en}-

Then
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(B) = > ai gl [[®(e,), ®les, )] Bles, o)), Dles)] € [ [[ls, 5], 8], -],
i1yeensip=1,...,d » t;;nes
which, by virtue of Lemma [5.1] is diagonal. 0

6. CONJECTURE [2.1] FOR LIE POLYNOMIALS OF DEGREE p < 3

In this section, we prove Conjecture in the case where V = R? and P € L((V)) is
any Lie polynomial of degree p < 3. We endow V' with the Euclidean norm || - ||;,. We also
consider the projective norm || + |0 on V", n=1,2,..., induced by the norm || - ||,,. We
have the following result.

Theorem 6.1. Let V be a two dimensional vector space and let P € L((V)) be a Lie
polynomial of degree p < 3. Then

~ . n n
Lp = thllp ((5)!||7Tn(eXpP)||pT0j)n = ||Pp||proj’

n—o0

where || - ||roj s the projective norm induced from the Euclidean norm on V. In other words,
Congecture |2.1] is true for P.

Proof. Since Zp < ||Py|lproj for any p € N, it suffices to show that

Lp > HPp“pTOj? b= 172>3~ (61)

If p =1, then P = P, € V and inequality holds trivially. Let {ej,es} be an
orthonormal basis of V. Assume that p = 2, that is P = P, + P, with P, € [V, V]. The space
[V, V] is one-dimensional, and is generated by the vector [e1, e5]. Therefore Py = c[eq, es].
From the definition of the projective norm we have

1P2llproj < lel(llevllisllezlli, + llezllillexlli.) = 2lel. (6.2)

We will verify Corollary for P. We choose ® € L(V, M3+>C) by

Bley) = (? é) and  B(ey) — (2 é) (6.3)

We have
[®]|, = sup [[®()[lo, = sup  [[®(v)z]. (6.4)
llvlli,=1 lvlli,=1,]l2]|=1

We set v = aey+bey with Va2 + 02 = ||v]|;, < 1and 2z = (21, 22) € C? with \/[|z1]|2 + ||22]]2 =
|z|l < 1. By taking into account equations ({6.3) and (6.4]), we obtain
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1)z, = sup 1((a + ib)z2, (ia + b)z1) |
a? 402 <1 |21 ]2+ |22 [P <1
= sup V(@ +ib)z|? + [|(ia + b)z |12
a? 462 <1 |21 ]2+ |22 [P <1
= sup V(@ +b)|2ll22]1 + [[(ia + 0)[[2[| 1]
a? 462 <1 |21 ]2+ |22 [P <1
= sup V(@ +0?)([l22]? + [z ]?) = 1. (6.5)

a?+b2<1,[|z1 [+ ]|22 (2 <1

Moreover,

B(r) = loen ol = (5, ).

hence 5(P2) has the eigenvalue 2|c|, which, by virtue of relation (6.2) is greater than or equal
t0 || Py ||proj. Taking into account Equation (6.5]), Corollary implies that Conjecture
is true for P.

Finally, assume that p = 3, that is P = P, + P» + P3, with P3 € [V, [V, V]]. We claim the
following.

Claim 6.1. There exists an orthonormal basis {vi,va} of V' such that

P3 = clvy, [v1, v9]]. (6.6)

Proof of Claim[6.1, A basis for the space [V, [V, V]] is {[e1, [e1, e2]], [e2, [e1, €a]]}. Therefore

Py = cileq, [e1, ea]] + ealea, [er, ea]], 1,0 €R. (6.7)
If ¢ = 0 the proof is concluded. If ¢y # 0, we consider the clockwise rotation Ay by
0 := arctan ﬁ, (6.8)
Co
and we set vy := Ages, vy := Age;. Then {vy, 19} is an orthonormal basis of V. Moreover,

e1 = (cosf)vy + (sinf)vy and ey = —(sinf)vy + (cos@)v;. By substituting the last equations
into Equation and by taking into account Equation , we obtain

P3 = (Cl sin 6 -+ C9 COS 9)[1)1, [Ul, Ug]].

O
By taking into account Equation as well as the definition ([2.1)) of the projective norm
we obtain

1Psllpros < lel (lvllea lonlles 2]l + 2llvallis o2l llvs 1, + [lvallie loallis o1 ll,) < 4lel. (6.9)

We define & € L(V, M3,3C by
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010 0 —2 0
Pley)=1| 0 0 and  P(eg)=| 0 0 -1 ], if ¢>0,
100 - 0 0
010 0 ¢ 0
Pley)=1|( 0 0 and  P(eg)=|( 0 0 1 |, if ¢<O.
1 00 ¢ 0 0

With similar calculations as in the case p = 2 and by taking into account relation ,

we can verify that 1) ||®||., = 1 and 2) ®(P3) has an eigenvalue which is greater that or
equal to || Ps||proj. Therefore, by virtue of Corollary 4.1 Conjecture [2.1]is true for P. O

7. A WEAKER VERSION OF CONJECTURE [2.1] FOR LIE POLYNOMIALS OF DEGREE FOUR
Let V = R% We prove the following result for Lie polynomials of degree four in L((V)).

Proposition 7.1. Let || |[proj : VE" — R, n=1,2,... denote the family of projective norms
induced from the Euclidean norm ||-||;, on' V. Then for any Lie polynomial P = P, +- -+ P,
of degree four in L(V), it is

1 ~
N Pallroj < Ly < [ Pallpros-
We will firstly prove the following lemma.

Lemma 7.1. For any homogeneous Lie polynomial Py of degree four in L(V') there exists
an orthonormal basis {vi,va} of V' such that

Py = dy[vy, [v1, [v1, v2]] + dalvg, [v2, [U1,02]]],  di,d2 € R. (7.1)

Proof. We fix the standard basis {ej,es} on V. A basis for the space [V,[V,[V,V]], of
homogeneous Lie polynomials of degree four, is the set
{[617 [ela [617 62]]]7 [617 [627 [617 62]]]7 [627 [627 [617 62]]]} Therefore, P4 has the form

Py = cile, [er, [e1, ea]] + calen, ez, [e1, ea]]] + c3lea, [ea, [e1, €2]]],  c1,¢2,c3 € R, (7.2)
If ¢; = 0 then the proof is concluded. Assume that ¢, # 0. We set
c1+c3

1
[ R — t )
5 arcco — (7 3)

and we rotate the basis {e1, ea} by 6, thus obtaining an orthonormal basis {v, vy} satisfying
the equations

e; = (cosO)vy + (sinf)vy and ey = —(sinB)vy + (cos )vs. (7.4)

By substituting Equations ([7.4]) into Equation (7)) and after straightforward calculations,
we obtain

Py = dieq, [e1, [e1, ea]] + dalea, [e2, [e1, ea]]] + dsleq, [e2, [e1, €2]]],
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where
ds = 2c;cosfsinb + cy(cos® § — sin? ) + 2c3 cos Osin f
= (c1 4 ¢3)sin (26) + e cos (20) = 0,
the last equality following from Equation (7.3]). O

By expressing explicitly the Lie brackets in Equation (7.1]), by using the fact that {vy, vo}
is an orthonormal basis as well as the definition (2.1)) of the projective norm, we obtain

[ Pallproj < 8(lds| + |da]). (7.5)
We proceed to prove Proposition [7.1]

Proof of Proposition m It suffices to prove that L, > | Pallproj- Let {v1,v2} be the basis of
V constructed in Lemma . We consider the following two cases for Py: (a) di,dy > 0 and
(b) d; > 0, dy < 0. The other two cases are similar.

For Case (a) we define ® € L(V, My>C) by

B(vy) = ( 60 é) and  ®(vy) ( GOT é) (7.6)

We will prove that 1) ||®]|;, = 1 and 2) ® Py) has an eigenvalue equal to 8(d; +ds), which,
in view of Proposition and relation 1} will imply that L, > 1| Pallproj for Case (a).
For the first fact, we endow C? with the Euclidean norm || - ||, and we have

[®llL, = sup  [[®(v)z]]. (7.7)

llvlliy=1,llz[[=1

Setting v = av; + bvy and z = (21, 23) € C?, equations (7.6 and . 7.7) yield

2
[Pz, = sup <(a+bz’)22,£((a+b) (a—0b)i )H
a24+b2<1, |21 |24 22 |2 <1 2
. 1 ,
=l 2 b + (0 bi)a?
a24b2< 1|z |2+ | z2][2 <1 2
. 1 ,
= sup \/||a+ln||2||22||2+§||(a+b)+(a—b)ll|2||zl||2
a24b2 <1,z || 24| 22 |2 <1
= sup V(@ +02)([|z]]2 + [|z1]]2) = 1

a?+b2<1, |21+ |22 2 <1

The second fact is straightforward to verify, therefore the proof of Proposition is

concluded for Case (a).
) and P(vy) = ( B ) : (7.8)

For Case (b) we set

P(v) = <

o8k
o3k

S o
s ©
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By using similar calculations as in Case (a), we deduce that ||®||z, = 1. Moreover, after
some straightforward calculations, it can be shown that ZI;(PZL) has an eigenvalue v such that
Re(v) = 2(d; — dp). By virtue of relation (7.5), we have Re(v) > X||Py[|. Since [|®|., = 1,
Proposition implies that L, > }L||P4||, which concludes the proof of Proposition n for
Case (b). O

8. APPENDIX: SOME PROPERTIES OF PURE ROUGH PATHS
This article focuses on studying rough paths X whose signature can be expressed as
S(X)o, = exp(P), (8.1)

where P = Y% | P, P, is a Lie polynomial of degree i and P, # 0.

In the first subsection, we will characterise all the rough paths for which holds. In
the second subsection, we will show that certain variational norms of X is exactly equal to
|P,||. Since the quantity | P,|| appears in our main result Theorem [1.1] the result of the
second subsection provides a geometric intuition for the limit studied in Theorem in
terms of the path X.

8.1. Paths whose signatures are the exponential of Lie polynomials. Given a Lie
polynomial P of degree p, we claim that the function X : Ay — T¥/(V) defined by

X : (s,t) = exp((t — s)P)

is the only rough paths whose signature is exp(P). This consists of three claims:
(a) The function X defines a rough path, and hence its signature is well-defined;
(b) The signature of X is exp(P);
(c) The path X is the only reduced rough path with exp(P) as its signature.
We start with showing (a). A rough path must satisfy two conditions:
(i) The function X must be multiplicative, in the sense that for any 0 < s < u <,

Xs,u X Xu,t = Xs,t-
Note that (t—u)P and (u—s)P is commutative with respect to the tensor product. Therefore,
Xs,u X Xu,t
—exp((u — 5)P) @ exp((t — u)P)
exp((u —s)P + (t —u)P)
=exp((t — s)P).
:X&t.

(ii) The function X must have finite p-variation, which is shown in the lemma below:

Lemma 8.1. Let P =" | P,, P; is a homogeneous Lie polynomial of degree i. For every
n, the function

X : (s,t) = mu(exp((t — s)P))

s finite p-variation.
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Proof. Let 0 =ty <t; <... <ty =1 be a partition.

Z e
=0

2

P,®...QP,  »
=>_l Z (g1 — 1) = ol ol i

1=0 t1+...+ig=n

Note that for each term inside the sum Zil—l-...—f—ik:n’ since ¢; < p for all j, we have that
k> %. This together with ¢;1, —t; < 1 implies that (t;1 — ;)% < (i1 — ti)%.

N-1
P

D (X1

=0

N-1

P®..QF »

<) (tiy1 —t)]l Z - A =

=0 i1+...Fig=n

P,®...QP, »

11+...+ig=n

Since the quantity || >, , ., _ 5Py ®...® Py |7 is independent of the partition (0 < t; <
LIy = 1),

sup Z 170 (Xt ti0)

0<t1<..<ty=1

<| > %Pil@...

t1+...+ig=n

il 7

Therefore, X has finite p-variation. Since X is by definition expressed as the exponential of

Lie polynomial, X is a p weakly geometric rough path. 0
We now show (b).

Lemma 8.2. The signature S(X)o1 of the p-rough path X is of the form
S<X>O,1 = eXp(P)
Proof. The signature functional

(s,t) = S(X)s+

is defined to be the unique function (s,t) — T'((R?)) such that
S(X)&u ® S(X)u,t = S(X)S,t
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for all s <u <t (s,t) = m,(S(X)s,.) has finite p-variation; and
Wn(S(X)s,t) = Wn(Xs,t)
for all n < p (see Theorem 2.2.1 in [I0]). Define
S(X)es = exp((t — 5)P).
Note that S(X )st is an extension of X in the sense that

Wn(S(X)s,t) = Tn(Xst)
for all s < t.
Since (t — s)P and (u — s) P commutes with respect to the tensor product,
g(X)su ® S( )u7t
—exp((u — 5)P) @ exp((t — u)P)
=exp((t — s)P)
(X)S ty
and therefore S(X) is a multiplicative extension of X. By Lemma (s,t) = S(X)s, has
finite p-variation.
Therefore, by the uniqueness of multiplicative extension for rough paths, Theorem 2.2.1
n [10],
S(X)st =exp((t —s)P).
O
Finally, to show Claim (c) at the beginning of this subsection, we simply note that X is
the unique reduced path such that S(X)o; = exp(P). This is a direct consequence of the

uniqueness theorem (Lemma 4.6 in [I]): The signature of a reduced weakly geometric rough
path uniquely determines the path.

8.2. Interpretation of ||F,|| in terms of X.

Lemma 8.3. Let limyay, |1,,, 4|0 denote the limit as the mazimum gap, max; [t —t;| — 0,
between adjacent partition points of (to < t; < ... <t,) tends to zero. Let m,(Xy,4,,,) be the
projection onto the degree-n component of X. Then

R T
n isli41 - .

0, ifn < p.

max; \tz+1 —t; |—>0

Proof. Recall from the proof of Lemma [8.1] that

Z 17 (Xt 1)
=0
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Suppose that n < p. Note that as k > 1 and ¢;,7 — t; < 1,

P®..QQFP,  »
| Z (tisr — 1) ol

k!

1=0 i1+...+ig=n
N—
2 P,®...9PF, ¢
SZ(tz‘+1—tz’)”|| Z - =

k!
i=0 i1tetig=n

N-1

(]

—_

Asn <p,
N-1

. y
lim E (tiy1 —t;)» = 0.
max; |ti+1—ti‘—>0 —0
1=

Therefore if n < p, then
N-1
lim (X0 )| = 0.
e 0 2 CX)
Now suppose that n = p. Since the only term in

Z (tign —t;)" 18 By

k!
i1+...+ig=n
such that k = 1 is P,. Therefore, we have
P,®...QPF
Z (i1 — t;)F = 287

k!
11+...Fig=n
=(tis1 — i) Py + (tig1 — )R,

where

LP®...QPF
R = § : (tz’—i—l . ti)k 211 5 k.
i1+t =n,k>2

Note that R can be bounded so that it is independent of the partition points, through

k—QPil®"'®Pik|’

IRl Y (a—t) -

P14 Fip=n,k>2

P ®...QF

i1+...+ik:n,k22

1P ® ... ® Py
< Z I ,ast; < 1.

14t =n,k>2

Since (t;)N, are partition points of [0,1], SN ' (41 — t;) = 1. We have

N—-1
PL®...0PF
S Y (ti =) o =Bl
i=0  i14..+ip=n '
N— N-1

P ®...F
:ZH Z (tiyr — i) i kH—Z(tiH—ti)HPp”

i= i1+...Fig=n =0

[y

23
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Using the reverse triangle inequality,

N-1

PL®...0F
2{: | ZE: (tiga — )= 7l = (i — ) Bl

i=0 i1+t =n

—1
P®...QF
I > (tin — )k o == (i — t) B
1=0 i1+...+ig=n ’

N-1
=:§:\|z+1—t “R||.

1=

=2

| N

N-1

Since R can be bounded independent of the choice of partition (¢;);2,",

Zu i1 — )R] = 0.

max; |t1+1 t;|—0

Therefore,

max; |t1+1 ti ‘ —0
=

=[5l
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