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Abstract

The Brownian rough path is the canonical lifting of Brownian motion
to the free nilpotent Lie group of order 2. Equivalently it is a process
taking values in the algebra of Lie polynomials of degree 2, which is de-
scribed explicitly by the Brownian motion coupled with its area process.
The aim of this article is to compute the finite dimensional characteristic
functions of the Brownian rough path in R? and obtain an explicit formula
for d = 2.
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1 Introduction

The rough path theory, developed by T. Lyons in his seminal work [11] in 1998,
has led to significant applications in probability. In particular, it gives meaning
to differential equations driven by a large class of stochastic processes from a
pathwise point of view. The fundamental result in rough path theory, known as
the universal limit theorem, asserts that the solution is continuous with respect
to the driving process under the rough path topology. This result is particularly
useful in the study of various problems in stochastic analysis.

The bridge connecting rough path theory and probability is the understand-
ing of the rough path nature of various stochastic processes, and the fundamental
example is of course the Brownian motion. Since Brownian sample paths have
finite (2 4 €)-variation, the starting point is to prove the fact that Brownian
motion has a canonical lifting to the free nilpotent Lie group G? of order 2 as
geometric 2-rough paths. Such lifting, which was first studied by E. M. Sip-
ildinen [15] (see also [1], [12]), is now known as the Brownian rough path. The
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existence of the Brownian rough path enables us to establish a pathwise the-
ory of SDEs driven by Brownian motion as a direct consequence of rough path
theory.

A equivalent way of looking at the Brownian rough path is through its pull-
back to the Lie algebra g2 of G2 by the exponential diffeomorphism, which takes
a simpler and more familiar form. More precisely, the Brownian rough path in
g2 is just the original Brownian motion coupled with its area process.

Lévy’s stochastic area process

1 t
L= / Widw?2 — W2dW}
0

associated with a two dimensional Brownian motion W = {(W}!, W2) : t > 0}
was first introduced by P. Lévy [10] in 1940. By using stochastic Fourier expan-
sions, Lévy derived the conditional characteristic function of L; with respect to
W, for fixed ¢t > 0 as

: 2 x|? tA 2
E[exp(l)\Lt”Wt = .%'] = mexp (|2L ( — E coth 2)) .

It follows that the characteristic function of L, is given by

1

Elexp(iAL¢)] = m,

(1.1)

and the joint characteristic function of the coupled process {(Ws, Lt) : t > 0}
can be computed explicitly. The formula (1.1) is usually known as Lévy’s area
formula. After Lévy’s original work, this formula has been derived by using
different methods, see for instance [2], [4], [5] and [9].

The aim of the present article is to compute the finite dimensional charac-
teristic functions (i.e. sampling any finite collection of times) of the Brownian
rough path as a process in g? by further exploiting the idea of using Girsanov’s
transformation by K. Helmes and A. Schwane [4] for the one dimensional case.
It turns out that the problem reduces to the solution of a recursive system of
symmetric matrix Riccati equations and a system of independent first order
linear matrix ODEs. In particular, we obtain an explicit formula for the planar
Brownian rough path, extending the classical result (1.1) of Lévy for the one
dimensional case. We expect that the higher dimensional case can also be solved
explicitly by applying a standard matrix transformation so that it reduces to
the two dimensional case. However, for technical simplicity we are not going to
pursue this generality. From classical probability theory, the finite dimensional
characteristic functions determine the law of the Brownian rough path according
to Kolmogorov’s extension theorem.

It should be pointed out that although the Brownian rough path is a Markov
process, it is hard to study the finite dimensional case directly from the one
dimensional result and the Markov property. This is because an explicit formula
for the transition probability density is not available.



Before stating our main result in precise, it worths mentioning that the char-
acteristic function for general quadratic Wiener functions has been intensively
studied by the Japanese school from a functional analytic point of view. In
particular, T. Hida [5] related the problem to the computation of a regularized
Fredholm determinant

(det o(I — 2iAB))~Y/2,

where B is certain symmetric Hilbert-Schmidt operator associated with the
quadratic Wiener functional. Along this approach, a large amount of works
have been done to investigate the operator B and the regularized Fredholm
determinant. See for instance [3], [6] and [7]. However, we are not going to
adopt this general approach.

2 Main Results

In this section we present the main results of the present article.
Let T2 (RY) = RORID(RY)®2, and let G2(RY) C T?(RY) be the free nilpotent
Lie group of order 2 defined by

d d
G*(RY) =<1 —I—ijej + Z wike; @ ey alak = 297 4 2 for all jik 5,
j=1 jk=1

where {ej,--- ,eq} is the canonical basis of R%. The Lie algebra of G?(R?) is
denoted by g%(R?). Equivalently, g?(R9) is the free nilpotent Lie algebra of order
2 defined by

’(RY) =R (DR, R € T*(RY),

where [a,b] = a®b—b®a for a,b € T?*(RY). In particular, g?(R?) is a (d? +d)/2-
dimensional Lie algebra with basis {e;, [ex,e;] 1 1 <j<d, 1<k <I<d}.

Suppose that {W; : ¢ > 0} is a d-dimensional Brownian motion (d > 2). Tt
is a well-known result (see for instance [1], [12]) that W} has a canonical lifting
to a process W; on the group G?(R?) starting at the unit. This process is
known as the Brownian rough path. The existence of such canonical lifting is
the fundamental starting point to develop the pathwise stochastic calculus for
Brownian motion in the framework of rough path theory.

On the other hand, since the exponential map exp : g?(R%) — G2%(RY)
is a diffeomorphism, it is equivalent to regard the Brownian rough path as a
process w; = log W, in the Lie algebra g?(R?) starting at the origin. Here the
exponential and logarithm are defined in terms of formal Taylor expansions in
T2%(R%). By direct calculation it is easy to see that

d t
. 1 . .
wt:§:wgej+§ > (/ ngWf—Wjdwg> e}, ex].
j=1

1<<k<d O

The second term is just the area process, which we denote by L{k.



Our aim is to compute the finite dimensional characteristic functions of w;
as a (d? + d)/2-dimensional stochastic process in g2(R?). More precisely, we
want to compute the expectation

n

Elexp | Y ity We)+> > iy Ll ||, (2.1)
=1

=1 1<j<k<d

where n > 1,0 < t; < -+ < t, and 7 ERd,F{k e Rfor1 <1 < n,
1 < j < k < d. From classical probability theory, this collection of expectations
determines the finite dimensional distributions of the process wy, and hence
determines the law of w; according to Kolmogorov’s extension theorem.

We are going to formulate (2.1) in a slightly different but equivalent way
which is more convenient for us.

Given a d X d matrix A over R, define the generalized Lévy’s area process
LA with respect to A by

t
L} :/ (AW, dW,), t > 0.
0

The characteristic function of the coupled random vector (W;, L{}) for fixed
t > 0 was first computed in [4].

Now fix 0 < t; < --- < t, and d x d matrices A;,---, A, over R?. We are
going to compute the function

F("Ylv"' 7’711;/\17"' 7An) =E ; (22)

exp (Zi(*yl, Wy,) + ZiAlLflh>

=1 =1

where v, € R4 A; € R (1 <1< n). It is straight forward to see that (2.2) is
equivalent to (2.1) by setting A; = 1 and A; to be the skew-symmetric matrix
defined by (4;);5 = —T7" for 1 < j < k < d.

Our first main result is the following. A* denotes the transpose of a matrix
A, and Tr(A) denotes its trace. Note that we do not require A4y, -, A, to be
skew-symmetric matrices.

Theorem 2.1. The function F(vy1, - ,vn; A1, , Ay) is given by the following
formula:

n 1 tl
Py, miAr,e,An) = []exp (2/ Tr(Kin,,- i, (8))ds
=1 0

1 [t . )
_5/ ‘Hmlv‘“v“\n () Hin, it (tl)m‘

ti—1

Here {Kin,,... in, (t) © t €[0,%],1 <1 < n} is defined to be the solution to the



recursive system of n symmetric matriz Riccati equations (froml=mn tol=1):

p n
%K’U\l’.“ Jilg, (t) = CiAL,-~~ SNy, (t) - KiAla"' Jilkg, (t) ( Z KiAT’”. 1A (t)
r=l+1
+Z(iATAT)> - ( > Kin,oin, ()
r=l r=l+1

n
+ Z(ZATAj)> KiAl7"' Jilp, (t) - 1'2AL,~~ Vil (t)’ te [O7tl]v
r=lI
with K;p, ... in, (t1) = 0, where

Cingoin, (t) = AZATA; — il (( > Kinan, )+ > (z‘ATA:)> A

r=I[+1 r=Il+1

+4; < Y Kinina )+ D (z‘ATA,»)), te0,4).

r=Ii+1 r=Ii+1

Moreover, {Ha, ... in, (t) 1 t € [0,4],1 <1< n} is the solution to the system of
n independent linear matriz ODEs:

n

d - :
S Hin i, (1) = <§_:l Kin, o in, () + Z_:l(zArAr)> Hiny i, (£),1 € [0, 8],
with Hip, ... in, (0) =1d forl =1,--- ,n. Finally {g; : 1 <1 < n} is defined
recursively by f, = Vn,

= H it GO H e, ()i, L=n— 1, 1

Remark 2.1. From the general theory of matrix Riccati equations (see for in-
stance [8], [13], [14]), the Riccati system in Theorem 2.1 has a unique solution.
Moreover, although each A; can be absorbed into the matrix A;, we keep A; in
the function F for technical purpose as we first consider the case when A; are
small and then apply a standard extension argument in complex analysis.

Our second main result is to solve the differential equations in Theorem 2.1
explicitly in the two dimensional case.
Let {W, : t > 0} be a two dimensional Brownian motion, and recall that

t
L= / Whaw? —w2dw}l, t > o,
0

is the associated Lévy’s area process. Define w;, = (Wy, L;/2) to be the corre-
sponding g2(R?)-valued process (w; is also known as the Brownian motion on
the Heisenberg group). Then the finite dimensional characteristic functions of
w is explicitly given by the following result.



Theorem 2.2. Givenn 2 1 and t; < -+ < tp, let G(y1, -+ , 3 A1, -, Ap)
be the function defined by

G(’YD"' 7’7n;A17"' 7An) :]E

exp <ii(’yl, Wy, + iiAlLtl>1

=1 =1

forvi e R2 A € R (1 <1< n). Then we have
n

a
e Ay ALY =
Gl s mifay e An) 11;[1 (cl cosh(ci(t;—1 — ;) + sy sinh(cy(t;—1 — ;1))

1 [
- €xp (‘2/ |H; = (s) Hi (t2) pu 2d‘9>> :
ti—1

Here ¢; = Ef:l A 1 <1< n) {s1: 1<1 < n} is defined recursively by
S$p =10,

B ¢rsinh(c(ti—1 — t1)) + s; cosh(c(ti—1 — t1)) B
Sj—1 =0C T 7l_n7"',2'
cpcosh(cy(ti—1 — &) + si(8) sinh(c¢; (61 — t7))

{H(t): t€]0,4],1 <1< n} is defined by

Hy(t) = exp (( ”;lc(l’? ;ll(ctl)t )) te 0,4,

with a;(t) given by

¢ cosh(c(t —t1)) + s sinh(e(t — 1))
¢ cosh(cgty) — sy sinh(ety)

al(t)zln( ) te0,t).

Finally {p : 1 <1< n} is defined in the same way as in Theorem 2.1 in terms
of {m, Hi}.

3 Proof of Theorem 2.1

In this section, we develop the proof of Theorem 2.1. The main idea is to apply
change of measures and Girsanov’s theorem recursively.

We always fixn > 1,0 <t < -+ <tp, and Ay, -+, A, € Mat(d;R).

We first consider the real case (the moment generating function) and then
apply a standard complexification argument. Recall that L{ is the generalized
Lévy’s area process associated with a matrix A. The following integrability
result is a basic feature of quadratic Wiener functionals.

Lemma 3.1. There exists ¢ > 0, such that

sup {]E exp (Z AlLf?l)] s AN €E(—¢e),1<I< n} < o0.
=1




Proof. We only need to consider the case when n = 1. By Cauchy-Schwarz’s
inequality, we have

E [exp (\L}')] = ]E[exp <)\/Ot<AWS,dWS>>]
< EY? |:eXp (ZA/Ot<AWS,dWS> — (2;)2/; |AW3|2ds>}

t
EY/? [exp <2)\2/ |AWS|2ds>} .
0

From Novikov’s condition, it suffices to show that

¢
E [exp ()\2/ |AW9|2dS>:| < 00
0

when A is small. By Jensen’s inequality, it remains to see that

sup E [exp (A*[AW,]?)] < o0
s€[0,t]

when A is small, which is an obvious fact from direct computation. O

Now define

h(A,---,A\n) =E

exp (Z)‘lLél)] 5 )‘1,"' 7)‘71 S (_670)7
=1

where c¢ is defined in Lemma 3.1. The following result gives a formula for h.

Proposition 3.1. The function h(A1,--- , Ay) is given by

n 1 t
h(A1, -+, ) = Hexp (2/
=1 0
where Ky, ... x

A\, 15 defined as the solution to the Riccati system in Theorem 2.1
with the replacement \y = iy (1 <1< n).

l

Tr(Ky, .. A, (s))ds) ,

Proof. The proof is based on applying Girsanov’s theorem recursively.
Starting from the interval [0,¢,], by changing the original probability mea-
sure P, we have

E

h(Alv"' 7An)

n—1 t tn
exp (Z /\l/ (AW, dWV) +/\n/ (A, Wy, dW,)
=1 0 0

)\2 tn /\2 tn
7771 | A, W, |ds + 7”/ |A7,,W32ds)}
0 0

n—1 t 2 t
l )\ n
= E, lexp (Z /\l/ (AW, dWy) + 7”/ |AnWS|2ds>] )
=1 70 0



where E,, denotes the expectation under the probability measure

t‘n, A2 tn
dP,, = exp (An/ (AW, dW,) — 7”/ AnWs|2ds) dP.
0 0

Note that {W; : t € [0,¢,]} is not a Brownian motion under the probability
measure P,,. However, by Girsanov’s theorem, under P,, we know that the
process

t
W = w, — n/ A Wids, t € [0,tn],
0
is a Brownian motion, and the original process {W; : t € [0,t,]} satisfies the

following SDE:
AW, = M\ A Widt +dW,™ |t € [0,,].

In order to eliminate the Lebesgue integral over [0,t,], let C,,(t) = —A2 A% A,
(t € [0,t,]) and introduce the following matrix Riccati equation:

d

(1) = Ca() = A (K, () An + ALK, (D) = K3 (1), (3.1)

with K, (t,) = 0. By the symmetry of (3.1), we know that the solution { K, (¢) :
t € [0,t,]} is symmetric. Therefore, we have

h()\h T )\n)

exp (Z )\l/ (AW, dW,) —

A d -
A Sy ; S
exp <Z Al / W, dWy) — 3/, W d a, (8)Weds

tn

- ’ﬂ

wic, (s)Wsds> ]

0

- TL

1 t
D) W (KX, () (Andn) + A AL K, (s) Wids
0

I
—7/ |K)\”(S)WS|2CIS>:|
2 Jo

n—1
exp <Z /\l/ (AW, dWy) / (s)Weds
=1 0

/(:"<KM(S>WS,AnAnWs>d %/0 K, ()W ds)}

= E,




By change of measure again, we have

h()\h e a)‘n)

~ B n—1 t 1 tn d
= E,|exp (ZAI/O (AW, dWe) — 5 i WK, (5)Wsds
L =1

tn tn
- / (K, (s)We, A AWy )ds — / <KA”(S)WS,dWS<">>>}
0 0

[ (= 1 . d
= E, |ex A AW, dW,) — = Wi—K,, (s)Wsds
_p;z/om =3 | WL

_ /Ot" <KAW(S)WS,dWs>>} :

where IE" denotes the expectation under the probability measure

tn tn
dP,, = exp ( / (K, (8)W,,dW M) — % / |Kn(s)Ws|2ds> dP,,.
0 0

Again from Girsanov’s theorem, under ]I~Dn, the process
. t
W o / Ko, (s)Wads, t € [0,1,],
0

is a Brownian motion, and the original process {W; : t € [0,t,]} now satisfies
the following SDE:

AW, = (Kx, (t) + A An)Widt + dW | t € [0,t,).
It should be pointed out that under P,,, the semi-martingale {W; : t € [0,,]}

has the same quadratic variation process as that of the Brownian motion.
Now define a function

o(t,w) = w Ky, (t)w, t € [0,t,],w € R%

By applying Itd’s formula to the process {F(t,W;) : t € [0,,]}, we have

tn d tn tn
/ W;%K,\W(S)ngs + 2/ (K, (8)Ws, dW5) +/ Tr(K(s))ds = 0.
0 0 0

Therefore, we arrive at

h()‘la T 7)\77,)

~ exp (; /0 " Tr(K,\n(s))ds> B, lexp <§Al /O tl(AlWS,dWs>>].



Now we apply a similar argument over the interval [0,¢,_1]. Here the main
difference is that {W; : t € [0,¢,—-1]} is no longer a Brownian motion under the
probability measure IP,,. However, again by a change of measure, we have

_ n—2 t tn—1
=E, |exp (Z )\l/ (AW, dW,) + An,l/ <An1WS7dWS>>]
=1 70 0
" n—2 t
= En exp ( >\l/ <A5W5, dWs>
1=1 0

tn—1

+)\n—1/ <An—1W93 (K)\H(S) +)\nAn)Ws‘>d5
0
tn—1 __ )\2 tn—1

Fhucn [ A W ) - 2 [ A, s
0 0

AQ tn—1

st | An_lmﬁds)]

0

n—2 t
- K, , [exp (Z /\l/ (AW, dW.)
=1 0

tnfl
+ )\nfl / <An71st (K/\n (s) + )\nAn)Ws>ds
0

/\2 th—1
4 An / An_1Ws|2ds)] .
2 0

Here E,,_; is the expectation under the probability measure

tn—1 —~
dP,_1 = exp (/\n—l/ <An—1Ws,dWS(ﬂ)>
0

)\2 tr—1 .
—"?*1/ |An1W32ds> dP,,.
0

Moreover, under P,,_1, the process

t
wr D =W - A,H/O Ap_1Wds, t € [0,t,_1],

is a Brownian motion, and {W; : t € [0,t,,_1]} satisfies the following SDE:

AWy = (K, (t) + Adp + An_1An )Widt + dW, "V, ¢ €10,t,1].
Now let

Chr-1(1) 7A$L—1A:—1An_l = An—1 (K, (1) + A A7) An 1

+A;kL—1(K>\n (t) + /\TLA’VL)) ) te [O7tn—1]7

10



and introduce the following matrix Riccati equation:

d
— K, @) = Cnoa(t) — Ka,on, (8) (K, (8) + MAn + Am1An-1)

dt
- (KM (t) + /\nA;kl + A7L—1AZ—1) K>\n717/\n (t)
_Kin,l,/\n(t)v te [Oatn—l]a

with Ky, |z, (tn—1) = 0. It follows that

b e (— [ (G, ()05

n—2 t 1 trn_1
=E,_; [exp (Z /\l/ (AW, dWs) = 5 W;‘Cn_l(s)Wsds>]
=1 0 0
n—2 t 1 thn—1 d
=E,_1 |exp ;)\l/o <A1W57dWS>—§ i w; £K)\n7h>\n(s)Wsds

tn—1
B A (W (8, (9) 4 A+ A A ) W)
0

IR )
[ o empas)|
0

" n—2 t 1 trn_1 d
=E,_; leXP (Z /\l/O <AIW€7dW€> - 5 o Ws*%K)\n_l,An (S)Wsds
=1

tnfl
- / (K o (5)Was (K () + AnAy + A1 An 1) Wa)ds
0

tn—1
[ o awy )
0

" n—2 t; 1 tr—1 d
=E,_ AW, ) — = F—K .
n—1 |€XP ; /\1/(; < lWé,dWé> B o Wb ds An—1:An (S)Wéds

tn—1
-/ <Kxn_1,xn(s)m,dwg>>].
0
Here we have changed the probability measure from P,,_; to

~ tn—1
For = oo [ W)
0

1 tn—l
-3 / |K,\"1’,\7L(S)WS|2ds) dPr, 1.
0

Again by applying Itd’s formula to the process {W; K, , x, ()W, : t € [0, t,—1]}
and noting that the quadratic variation process of {W, : ¢ € [0,¢,_1]} under

11



]f”n,l is the same as that of the Brownian motion, we obtain

tn—1

d tn—1
W:d K)\n 1A ( )Wsds + 2/ <.K—,\n71’)\71 (S)WS,dW5>
0 0

tn—1
4 / Te(Ky, . (5))ds = 0.
0

Therefore, we arrive at
[
h(A1,- 5 An) exp (—2/ Tr(K,\n(s))ds>
0
1 tn—1 _ n—2 t
= exp (2/ TI'(K)WL)\"(S))CL?) ‘E,—1 |exp Z)\l/ (AW, dW5) | | .
0 1=1 0

Now the proof follows from a standard induction argument. O

Having understood the case when v = --- = v, = 0, we are now able to
compute the function

f(’ylv"' 7711;)\1;"' 7)\’n [exp (ZZ ’715th> +Z)\1L£l>
=1 =1

for v, -+, € Rand A, -+, Ay € (—¢,0).

Note from the proof of Proposition 3.1 that each time after a change of
measure, the distribution of W; is changed. To compute the function f, it is
necessary to keep track of the process W, under each transformation. Here main
difficulty is that if we transform over the interval [0, ¢x], the new distribution
of Wy over [tk,t,] is hard to compute. The key observation to get around this
issue is that under each new probability measure, the diffusion form (the SDE)
of W, is invariant.

Proposition 3.2. The function f(7y1, - ,Yn; A1, , An) @S given by

FOn A A ) Hexp(/ Te(Ky,. . ., (5))ds

I !
_5/ |HY, 2, (S HS (tl)m|2d3>a
ti—1
where Ky, ... x,, Hx, ... a,, u are defined in the same way as in Theorem 2.1

with the replacement )\l iN (11 n).

Proof. By using the same notation as in Proposition 3.1, we have

exp (ZZ ’YZ?th ) . n] 9
=1

f(’Yl;"'a’Y?L§>‘17"'7>\n E,

12



where

1 [t
An:exp<2/ (K, ( ds—i—Z)\l/ AIWS,dW>>
0

Under P,, the process {W, : t € [0,,]} is a diffusion of the form
AW, = (K, (t) + A An)Widt + dW™ | t € [0, ). (3.2)
Let {H), (t) : t € [0,%,]} be the solution to the following linear matrix ODE:

%HA (t) = (K, (t) + \MpAn)H)y, (8), t €]0,t,],

with Hy, (0) = Id. Note that H), (t) is invertible. By solving (3.2) explicitly,
we have

W, = Hy ( /H ($)dW ™| t € [0,8,].
Therefore,

f(lylv"' sy AL, a)\n)

= INE’n leXP (Z_: {1, W) + (v, Ha, (tn) )\,L ( )dW n)>> An]

=1 0

~ n—1 tn—1 .

=E, |f)Xp (Z i<’}/l, th> + ’i<’yn, H)\n (tn) / H;nl(s)dWS(n)>
1=1 0

tn

+i(yn, Hy, (tn) H;}(s)d%”b) A,

tn—1

Observe that the stochastic integral |, tt"_l H;nl(s)dws(") is independent of the
rest terms as the integrand is deterministic, we have

f('Yl,"' 7’}/1’7/;)\1"" 7)\11)

exp <i<7n7H)\n(tn) /t ’ HAnl(s)dWSW))}

exp (Z ’)’l,th +Z ITI-;'< 1( n— 1)H)\ ( )’yrlath_1>> An

n—2
€xp (Z i<’7l7 th> + <u‘n—1a th1>> : An] 5
=1

exp < (yn, Hx, ( / Hy dW(n)>>]

13

:]En

’I’L

where

R, =E,




and
Hn—1 = Tn—-1 + H;\krjl(tnfl)H;” (tn)’yn

Similarly, by applying the change of measures as in the proof of Proposition
3.1, we obtain that

f(’yh"' 7771;A17"' 7An)

n—2
= Rn n—1 [€XP <Z 1 ’Yl7 th /'l"rlfla th1>> : An,1 9
=1
where
1 tn—1 1 tn
A,_1 = exp (2/ Tr(Kx, oA, (S))d8+§/ Tr(Ky, (s))ds
0 0

n—2 t
+ZAZ/O <AIW€7dW€>> .
=1

Let {Hx, ,.a,(t):t€]0,t,—1]} be the solution to the equation

d
—Hy, (1) = (K, (1) + Ky

- () + AnAp + Aom1An_1)Ha, o, (8),
t 6 [Oatn—l])

n—1,A

with Hy, ,.x,(0) =Id, we then obtain that

f(,ylv"' 7/71’7/;)‘1’"' 7)‘71)

n
exp (
1
where

tn—1 o
Rpy=E, lexp <i<ﬂn1aH>\n_1,An(tnl)/ H nl 1,An ( )dW£n1)>>]

tn—2

3

= Rn ' Rnfl ' Enfl

b

Wy, Wey) + i tn—2, th2>> VAV

1

and
Hn—2 = Yn—2 + H;;_ll,)\n (t’ﬂfz)H}\

It follows from a simple induction argument that

An (tnfl),unfl-

n—1,

n t
f(’ylu e 77’1’7/;)\17 e 7>\n) = H (Rl - eXp <; o T‘I‘(K,\l’...’)\n(s))d8>> .

=1

Here for 1 <1 < n,

~ tl —~
R =E, [exp <i<m,Hxl,...,An(m / H;?...,An(smwg(”)] ,
ti—1
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and {Hy, ... »,(t) : t € [0,4]} is the solution to the equation

d

SN (1) = (Z Ko 2, (1) + Z(A1A1)> Hy, o, (1), t€10,4],
r=I r=I

with Hy, ... x, (0) = Id. Moreover, {y,} is defined recursively by p, = 7, and

pe=m+ H)\H-h 5 An (tl)H;l+1,"' JAn (tl+1)/~}'l+17 l=n-— 1, Tty 1.

Now it remains to compute R; explicitly. But this is easy since the random
variables involved are Gaussian under the corresponding probability measures.
More precisely, we have

t —
exp <Z<H§l>\ (tl)ﬂh/ HM?M’)\"(S)dWS(")>]
ti—1
1 —~
exp 2/ <H;l ! a, (8 $)H, ... a, (tl)m,dWS(")>
ti—1

| AL
= exp <_2/t [Hy L (8 HS, (tl)ﬂl|2d5>-
-1

Therefore, we arrive at

f(lea"’ 77n;)‘17"' a)‘n)

: Lo L - .
= Hexp (2/ Tr(Ky,,... a,(8))ds — 5/ |H)\l’1 A ,,L(S)HM,W,An,(tl)ﬂl|2d3> .
0 t1—1

R = E

= ]El

O

From the previous discussion, we can see that the computation of f reduces
to the solution of a recursive system of symmetric matrix Riccati equations and
the solution of a system of independent first order linear matrix ODEs. To com-
plete the proof of Theorem 2.1, it remains to apply a standard complexification
argument.

Lemma 3.2. Fiz vy, ---,7, € R. When c is small enough, the function

exp (i iy, We,) ZzlL )]

=1

¢(z1, -, 2n) =E

is holomorphic in the domain D. = {(z1,- -
I < n} of C*. Moreover, the function

n 1 t
vOn ) = TLew (5 [ T )
=1 0

,zn) € C" : Re(z) € (—¢,0),1 <

1 [ . .
*5/ |H,\,71 x, (8 )H,\l,...,,\n,(tl)NZQde)
ti—1
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defined on R™ can be extended holomorphically toC™. Such extension is unique,
and when restricted to D., we have

1/)(217"' 7271) = 45(217‘ o 7Zn)~

Proof. By Lemma 3.1, when ¢ is small, we know that ¢(z1, - - , 2z,,) is well defined
on D.. The continuity of ¢(z1,- - , z,) follows easily from uniform integrability.
Moreover, since the function

n

(21, ,2n) +> exp (Zi(m,th> + ZZngl>

=1 =1

is holomorphic on C™ for every w, by Fubini’s theorem and Morera’s theorem,
we conclude that ¢(z1,- -, 2,) is holomorphic on D..

On the other hand, it is apparent that the recursive system of matrix Riccati
equations and the system of independent matrix ODEs defined in Proposition
3.2 depend analytically on A1, --- ;A\, € R and extend naturally to the case when
A1, -+, A € C. Therefore, when (A1, -+, A\,) is replaced by (21, ,2,) € C™,
the two systems determine solutions depending holomorphically on z1,--- , z,.
In other words, ¥ (A1, -+, \,) possesses a holomorphic extension to C™. The
uniqueness of such extension is a direct consequence of the identity theorem.

Finally, from Proposition 3.2 we know that ¢ and v coincide on the set
{( A1, ,An) €R™: \; € (—¢,¢),1 <1 < n}. Therefore, again by the identity
theorem, they must coincide on D.. O

Now the result of Theorem 2.1 follows from the fact that

{(iA1, -+ ,iA,) : Ay e R, 1T < n} CD,.

4 The Two Dimensional Brownian Rough Path

In this section, we are going to solve the differential equations involved in The-

orem 2.1 explicitly for the two dimensional case. In particular this leads to an

explicit formula (Theorem 2.2) for the finite dimensional characteristic functions

of the planar Brownian rough path, extending the classical result (1.1) of Lévy.
Recall that

n

G(Wlf" aVn;Alf" 7An) =E lexp (Zi<7l7Wt1> —+ ZZAlLtl)] )

=1 =1

where W; is a two dimensional Brownian motion and L; is Lévy’s area process.
In terms of Theorem 2.1, in this case we have

0 -1
Al—"'—An—(1 0 >_.A.
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Now let {kia, ... ia, (t) : t € [0,%]} (1 <1 < n) be the solution to the system
of real scalar Riccati equations defined recursively from [ =n to [ =1 by

d n n
%kiAl,m,iAn = (AlQ +2Al Z Ar> -2 < Z kiAr,-n,iAn(t)> kiA,,,m,iAn(t)

r=Ii+1 r=I+1
—kip s in, (), € [0,8], (4.1)
with kia,.... ia, (1) = 0. By direct computation it is easy to see that
king,-- an 0
. . f— b b n < <
Kip o in, (1) ( 0 kin o, )7 L€ 0,t],1 <1< n,

solves the matrix Riccati system defined in Theorem 2.1 for this case. In other
words, by uniqueness the solution is given by real scalar functions times the
identity matrix.

To solve the system (4.1), we add the equations from r = n to r = [ to
obtain that

2 2
d n n n
T (Z kz‘AT,~~~,iAn(t)> = (Z&«) - (Z kiAT,-u,iAn) , t€0,t].
r=I r=l r=l
Let . .
c = ZAT’ si(t) = Zki/\m“',i/\n(t)’ te0,6],1<l<n.
r=I r=l1
Suppose that ¢; # 0 for every [. From explicit integration we obtain

si(t) =¢ cysinh(cy(t —t1)) + sy(t;) cosh(c(t — 1))

c COSh(Cl(t — tl)) + Sl(tl) sinh(cl(t — tl)) '
Since kia, ... in, (t1) = 0, we know that {s;(t;)} is defined recursively by s, (t,) =
0 and

(4.2)

lCl Sinh(Cl(tl,1 — tl)) + Sl(tl) COSh(Cl(tl,1 — tl))
crcosh(c(ti—1 — 1)) + si(t;) sinh(c; (-1 — 1))
forl =n,---,2. It follows from Theorem 2.1 that

n 1 t
=exp <§ 5/(; TI"(KiAh..‘ Vi, (S))dS)
=exp (l_zl/o kl(s)ds>
=ex - [ s (u)du)
(51
cl

- II;[1 C] COSh(Cl(tl,1 — tl)) + Sl(tl) sinh(cl (tl,1 — tl)) ’
(4.3)

si—1(ti-1) =c¢

n

exp (Z iAlLtl>
1

=

E
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If ¢; = 0 for some [, again by explicit integration we have

si(t) = si(th) _ si+1(t)
L+s(t)(t—t) 14+spa(t)t—1t)
It is easy to see that s;(t) is the limit of (4.2) when ¢; — 0. Moreover, the
resulting term in the product (4.3) becomes
1
L+ s(t) (i1 — 1)’

which is also the limit as ¢; — 0. Therefore (4.2) and (4.3) represent the general
case.

On the other hand, if we let {®;(¢) : t € [0,%;],1 < < n} be the coeflicient

matrices of the linear system for H;y, ... ;a, defined in Theorem 2.1, then from
the previous discussion we can see that

(bl(s)q)l(t) = @l(t)q)l(s), s,t € [O,tl].
Therefore, the linear system can be solved explicitly, and we obtain that

Hip, ... in, (£) = exp ( /0 (Z Kin, ... in, (u) + (Z iAr> A) du> , e 0,
r=I

r=l

From the previous discussion, we conclude that

Hin o in, (1) = exp (( a(?) ;l’(ctl)t )) t e [0,t],

iyt

where

al(t) = /0 (Z KiA,,,m,iAn(u)) du
r=l

= /Ot si(u)du

' <cl cosh(¢i(t — 7)) + si(t;) sinh(¢ (t — 7))
¢r cosh(ety) — si(t;) sinh(et;)

) te[0,¢]. (4.4)

Note that (4.4) works for the case ¢; = 0 as well.
Finally, according to Theorem 2.1, we arrive at

G(’Yl?"' 7’7n;A1,"' 7A7L)

n
C

11;!: (Cl COSh(Cl(tl_l — tl)) + Sl(tl) sinh(cl (tl—l — tl))

exXp (‘3 /tll1 |[Hy () HY (1) 2d8>> ,

where {y;} is defined in the same way as in Theorem 2.1. Now the proof of
Theorem 2.2 is complete.
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