LONG TIME ASYMPTOTICS OF HEAT KERNELS AND
BROWNIAN WINDING NUMBERS ON MANIFOLDS WITH
BOUNDARY

XI GENG! AND GAUTAM IYER?

ABSTRACT. Let M be a compact Riemannian manifold with smooth boundary.
We obtain the exact long time asymptotic behaviour of the heat kernel on
abelian coverings of M with mixed Dirichlet and Neumann boundary conditions.
As an application, we study the long time behaviour of winding numbers of
reflected Brownian motions in M. In particular, we prove a Gaussian type
central limit theorem showing that when rescaled appropriately, the fluctuation
of winding number is normally distributed with an explicit covariance matrix.

1. Introduction.

In the present paper, we investigate the following two questions in depth. Let M
be a compact Riemannian manifold with smooth boundary.

(1) What is the long time asymptotic behaviour of the heat kernel on abelian
covering spaces of M, under mixed Dirichlet and Neumann boundary condi-
tions?

(2) What is the long time behaviour of the winding of trajectories for a normally
reflected Brownian motion on M?

Our main results are Theorem 2.1 and Theorem 3.2, stated in Sections 2 and 3
respectively. In this section, we survey the literature and place our work in the
context of existing results.

1.1. Long Time Behaviour of Heat Kernels on Abelian Covers. The study
of heat kernels on manifolds is a fundamental topic in the interplay between analysis,
geometry and probability. Heat kernel estimates and the short time behaviour
of heat kernels have been extensively studied in literature and is relatively well
understood (see for instance [BGV92, Gri99] and the references therein). The exact
long time behaviour, on the other hand, is subtly related to global properties of the
manifold, and our understanding of it is far from being complete. There are several
scenarios in which the exact long time asymptotics can be determined precisely.
The simplest scenario is when the underlying manifold is compact, in which case the
long time asymptotics is governed by the bottom spectrum of the Laplace-Beltrami
operator. The problem becomes highly non-trivial for non-compact manifolds.
Li [Li86] determined the exact long time asymptotics on manifolds with nonnegative
Ricci curvature, under a polynomial volume growth assumption. Lott [Lot92] and
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Kotani-Sunada [KS00] determined the long time asymptotics on abelian covers of
closed manifolds. In a very recent paper, Ledrappier-Lim [LL15] established the
exact long time asymptotics of the heat kernel of the universal cover of a negatively
curved closed manifold, generalizing the situation for hyperbolic space with constant
curvature. We also mention that for non-compact Riemannian symmetric spaces,
Anker-Ji [AJO1] established matching upper and lower bounds on the long time
behaviour of the heat kernel.

Since the work by Lott [Lot92] and Kotani-Sunada [KS00] is closely related to
ours, we describe it briefly here. Let M be a closed Riemannian manifold (i.e. a
compact Riemannian manifold without boundary), and let M be an abelian cover
(i.e. a covering space whose deck transformation group is finitely generated abelian)
of M. The main idea in [Lot92,KS00] is based on an integral representation of the
heat kernel H (t,z,y) over M in terms of a compact family of heat kernels H, (¢, z,y)
over certain twisted line bundles over M:

H(t 2, y) = /g Hy(t 2, y) dx.

where the integral is taken over certain compact Lie group G. Since M is compact, H,
decays exponentially with rate A, o, the principal eigenvalue of the associated twisted
Laplacian A,,. Thus the long time behaviour of H can be studied from the behaviour
of this family of principal eigenvalues near its global minimum. Lott [Lot92] and
Kotani-Sunada [KS00] showed that the heat kernel decays polynomially fast with
rate t*/2, where k is the rank of the deck transformation group.

In the first part of the present paper, we study abelian covers of manifolds
with boundary, and impose (mixed) Dirichlet and Neumann boundary conditions.
Our main result in this part (Theorem 2.1 below) determines the exact long time
asymptotics of the heat kernel and the convergence is shown to be uniform. Our
technique is based on the strategy developed in [Lot92, KS00]. The main difficulty
arises when Dirichlet boundary condition is imposed. Unlike the case without
boundary, the principal eigenvalue of Laplacian on M in this case is strictly positive
and the heat kernel on the abelian cover is expected to decay exponentially fast.
One needs to develop finer spectral analysis for the aforementioned perturbation
analysis for principal eigenvalues of twisted Laplacians around its global minimum.

Under suitable transformation, the required eigenvalue minimization problem can
be described in the following self-contained manner without the need of introducing
any subtle geometric constructions. This is the key ingredient of our analysis and
has a strong PDE flavor. Let w be a harmonic 1-form on M with Neumann boundary
condition, and consider the associated eigenvalue problem

—A¢, — ATiw - Ve, + 47w [> P = pewPu

with mixed Dirichlet and Neumann boundary conditions. The key ingredient of the
proof of our main theorem in this part lies in showing that (i) the eigenvalue pu,,
above attains the global minimum if and only if the integral of w on closed loops
is integer-valued, and (ii) the minimum is non-degenerate of second order. These
properties are formulated and proved in Lemmas 4.4 and 4.5 respectively. Given
these lemmas, we show that

N Cl(x, d(z,y)?
H(t,$,y) ~ %QXP(—MM - M)

t
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as t — oo uniformly in z,y € M, where k is the rank of the deck transformation
group and C7%, d/ are explicitly defined functions.

1.2. The Abelianized Winding of Brownian Motion on Manifolds. The
second part of our paper turns to the study of windings of Brownian trajectories on
manifolds. This is indeed the original motivation of the present work.

The long time asymptotics of Brownian winding numbers is a classical topic
which has been investigated in depth. Winding number of Brownian motion or
random walks has a natural physical motivation in relation to the study of polymer
entanglements. The well known fundamental result along this direction is due to
Spitzer [Spi58]. To be precise, if §(¢) denotes the total winding angle of a planar
Brownian motion around the origin up to time ¢, then Spitzer showed that

20(t) Y

logt t—oo

where £ is the standard Cauchy distribution.

If one looks at exterior disk instead of the punctured plane, then Rudnick
and Hu [RH87] (see also Rogers and Williams [RW00]) showed that the limiting
distribution is of hyperbolic type instead of Cauchy. In planar domains with multiple
holes, understanding the winding of Brownian trajectories is complicated by the
fact that it is inherently non-abelian if one wants to keep track of the order of
winding around different holes. Abelianized versions of Brownian winding numbers
have been studied in [PY86,PY89, GK94, TW95], and various generalizations in
the context of positive recurrent diffusions, Riemann surfaces, as well as in higher
dimensions have been studied in [GK94, LM84, Wat00]. Among most of these works,
the techniques developed have a strong flavor of using the conformal invariance of
planar Brownian motion and are specific to two dimensions.

In the second part of our paper, we study the abelianized winding of trajectories
of normally reflected Brownian motions on compact Riemannian manifolds with
boundary. A basic example in which the intuition is mostly clear is the winding
of reflected Brownian motion in a bounded planar domain with multiple holes.
Unlike the usual approaches based on conformal invariance, we take a more general
geometric point of view which works in arbitrary dimensions. To be precise, we look
at Brownian windings on manifolds by lifting the trajectories to a covering space, and
then using the long time asymptotics of the heat kernel established in Theorem 2.1
to study the long time behaviour of Brownian winding numbers. In particular, we
measure the abelianized winding of Brownian trajectories as a ZF-valued process,
denoted by p = (p1,-- - , pr) (the j-th component counts the total winding around
the j-th "hole"), and we show (Theorem 3.2 below) that

L R N S N 0] ——= N(0,%),
t t—00 \/i t—o00
with some explicitly computable matrix 3. Here N(0,3) denotes a normally
distributed random variable with mean 0 and covariance matrix X. As a result, one
can for instance, determine the long time asymptotics of the abelianized winding of
Brownian trajectories around a knot in R?® (see Remark 3.4 for a discussion).

Plan of this paper. In Section 2 we state our main result concerning the long
time asymptotics of the heat kernel on abelian covers of M (Theorem 2.1). In
Section 3 we state our main result concerning the long time behaviour of winding of
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reflected Brownian motion on M (Theorem 3.2). We prove these results in Sections 4
and 5 respectively.

2. Long Time Behaviour of the Heat Kernel on Abelian Covers.

Let M be a compact Riemannian manifold with smooth boundary, and M be
a Riemannian cover of M with deck transformation group G and covering map 7.
We assume throughout this paper that G is a finitely generated abelian group with
rank k > 1, and M = M /G. Let G = tor(G) C G denote the torsion subgroup of

def

G, and let Gp = G/Gp. The order of Gr is denoted by |Gr|.

Let A and A denote the Laplace-Beltrami operator on M and M respectively.
Decompose OM, the boundary of M, into two pieces OyM and OpM, and let
H(t,p,q) be the heat kernel of A on M with Dirichlet boundary conditions on
dpM and Neumann boundary conditions on Oy M. Let OpM = =1 (0pM) and
1Oy M), and let f[(t, x,y) be heat kernel of A on M with Dirichlet boundary
conditions on (?DM , and Neumann boundary conditions on GNM .

Let A\g = 0 be the principal eigenvalue of —A with the above boundary conditions.
Since M is compact, the long time asymptotic behaviour of H can be obtained
explicitly using standard spectral theory. The main result of this paper obtains the
asymptotic long time behaviour of the heat kernel H on the non-compact covering
space M.

Theorem 2.1. There exist explicit functions Cz,dr: M x M — [0,00) (defined
in (2.7) and (2.9), below), such that

- Cr(z,y) 212d2(x,y)
. k/2 Aot _Lz@y (_ \%, Y )) _
(2.1) tll>rrolo (t e H(t,z,y) Tem exp ; 0,
uniformly for x,y € M. In particular, for every x,y € M, we have
CI(xay)

lim #F/2eMt f (¢ = Z= )
Jim #%/%e (t,z,y) Grl

The definition of the functions Cz7 and dz above requires the construction of
an inner product structure on a certain space of harmonic 1-forms over M. More
precisely, let

H' E{weT*M|do=0, dw=0, andw-v=0on M},

be the space of harmonic 1-forms on M that are tangential on M. Here v denotes
the outward pointing unit normal on M, and depending on the context x -y denotes
the dual pairing between co-tangent and tangent vectors, or the inner product given
by the Riemannian metric. By the Hodge theorem we know that H! is isomorphic
to the first de Rham co-homology group on M.

Now define H{, C H! by

(2.2) HE = {w cH! ’ j{ﬂ'*(w) = 0 for all closed loops 4 C M} .
¥

It is easy to see that ’Hé is naturally isomorphic’ to Hom(G,R), and hence
dim(H},) = k. Define an inner-product on H}, as follows. Let ¢ be the principal
eigenfunction of —A with boundary conditions ¢y = 0 on dpM and v - Vs =0

IThe isomorphism between ’HIG and Hom(G;R), the dual of the deck transformation group G,
can be described as follows. Given g € G, pick a base point pp € M, and a pre-image zo € w~*(po).
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on Oy M. Let )y be the associated principal eigenvalue, and normalize ¢g so that
$o > 0in M and |¢o||r2 = 1. Define the quadratic form Z: H, — R by

(2.3) T(w) = 872 /M|w\2¢(2) + 87 /M dow - Vg

where g, is a? solution to the equation

(2.4) — Agy, — 471w - Voo = Mg ,

with boundary conditions

(2.5) go=0 ondpM, and v-Vg,=0 ondyM.

In the course of the proof of Theorem 2.1, we will see that Z arises naturally as the
quadratic form induced by the Hessian of the principal eigenvalue of a family of
elliptic operators (see Lemma 4.5, below).

Using Z, define an inner-product on Hg, by

o) (Tt )~ Tw-7)), w7TeHy,
We will show (Lemma 4.5, below) that the function Z(w) is well-defined, and that
(-,-)7 is a positive definite inner-product on H¢,.

Under Neumann boundary conditions (i.e. if 9pM = (}), Ag = 0, ¢¢ is constant
and Ao = 0. In this case, (-,-)7 is simply the (normalized) L? inner-product (see
also Remark 2.2, below). The complication of Z arises when Dirichlet boundary
condition is presented.

Next, to define the distance function dz : M x M — R appearing in Theorem 2.1,

 def

we take z,y € M and define £, , € (H&)* = Hom(Hg;R) by
y
(2.6 Ea) [ 7).

where the integral is taken over any any smooth path in M joining z and y. By
definition of H},, the above integral is independent of the choice of path joining x

and y. We will show that the function dz : M x M — R is given by
(2.7) dz(z,y) = [€xyllz- = sup & ylw), foraz,ye M.
wE’HE,
llwllz=1

*

Here ||-[|z- denotes the norm on the dual space (H,)* obtained by dualising the

inner product (-, -)z.

Now define
9(z0)
vu(g) = / (W),
z0

where the integral is done over any path connecting zo and g(xzo). By definition of ch, the
above integral is independent of the chosen path. Moreover, since w*(w) is the pull-back of w
by the covering projection, it follows that ¢, (g) is independent of the choice of pg or zg. Thus
w — pw gives a canonical homomorphism between ’Hé and Hom(G,R). The fact that this is an
isomorphism follows from the transitivity of the action of G on fibers.

2 Note, since A9 manifestly belongs to the spectrum of —A, the function g, is not unique.
Moreover, one has to verify a solvability condition to ensure that solutions to equation (2.4) exist.
We do this in Lemma 4.5, which is proved in Section 4.4, below.
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Finally, to define C'z, we let

(2.8) HL = {w cHE ‘ %w € Z, for all closed loops v C M} .
¥
Clearly H2 is isomorphic to Z*, and hence we can find wy, ... ,wy € H}, which form

a basis of H}. We will show that Cz is given by

(29)  Cre.y) = @0 et (((@iw)2) )| olm(@)bo(m(w)).

Notice that the value of Cz(z,y) doe not depend on the choice of the basis
(w1, ...,w). Indeed, if (w],...,w}) is another such basis of the Z-module H3, since
the change-of-basis matrix belongs to GL(k,Z), it must have determinant +1.

Although the construction of Z, Cz,dz above seems to quite technical, it will
be clear that they all arise naturally in the computation developed in the proof of
Theorem 2.1.

We conclude this section by making a few remarks on simple and illustrative
special cases.

Remark 2.2 (Neumann boundary condition). If Neumann boundary conditions are
imposed on all of M (i.e. 9pM = (), then the definitions of C7 and dr simplify
considerably. First, as mentioned earlier, under Neumann boundary conditions we
have

Ao =0, and oo Evol(M)_l/Q,
and hence

(2.10) (w,7)7 = % /Mw T

is a multiple of the standard L? inner-product. Above w-7 denotes the inner-product
on 1-forms inherited from the metric on M. In this case

vol(M)\1/2 Yo
dZ(Ia y) = ( 87'('2 ) Selg)l /m ™ (W)7
loll 2 (agy=1

and ( )k/2 ,
2m —1/2
vol (M) [det (i) 1< i) |

is a constant independent of =,y € M.

Note that under Neumann boundary conditions the heat kernel H (t,z,y) on the
covering space M decays like t=%/2 as t — oco. In contrast, if Dirichlet boundary
conditions are imposed on part of the boundary (i.e. dpM # 0), then we know
Ao > 0 and ¢g is not constant. In this case, (-, )7 is not a constant multiple of the
standard L2 inner product, and ﬁ(t, x,y) decays with rate t=h/2e= ot

Cz(z,y) =

Remark 2.3 (Comparison with the Heat Kernel Decay on M). Let H is the heat
kernel of A on M. Since M is compact by assumption, the spectral decomposition
of —A shows that

H(t7p7 q) ~ e_)\Ot¢0(p)¢0(q) ) for p,q e Ma ast — 00.
Thus, using Theorem 2.1 we see

A xy) (2R ~1/2
tll>I£lo H(t,m(z),m(y)  |Grl ’det((<wi’wj>l)1@»j<k)‘ '
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Namely, the heat kernel H(t,z,y) decays faster than H(t,p,q) by exactly the
polynomial factor t—*/2.

Remark 2.4 (Computation of w; in planar domains). Suppose for now that M is
a bounded planar domain with k& holes excised, and rank(Gr) = k. In this case,
the basis {w1, - ,wg} can be constructed directly by solving some boundary value
problems. Indeed, choose (p;, ¢;) inside the 4 excised hole and define the harmonic
form 7; by

aer 1 ((p—pj)dg—(q—q;)dp
2.11 e J J .
@10 ! 27T( (»—pj)* +(a—q)? )
Define ¢;: M — R to be the solution of the PDE

{ —A¢j =0 in M,

Oy =TV on OM .
Then wj; is given by
Wj = Tj —+ d(,b] .
The situation is completely explicit in the case when M is a symmetric annulus (see
Remark 3.3).

3. The Abelianized Winding of Brownian Motion on Manifolds.

We now study the asymptotic behaviour of the (abelianized) winding of tra-
jectories of reflected Brownian motion on the manifold M using the heat kernel
asymptotics given by Theorem 2.1. Although we formulate our result in the geomet-
ric setting, the intuition is mostly clear when M is a bounded planar domain with
multiple punctured holes. Abelianized winding means we are counting the winding
number of the Brownian trajectory around each hole but do not keep track of the
order of winding around different holes.

The winding of trajectories can be naturally quantified by lifting them to the
universal cover. More precisely, let M be the universal cover of M, and recall
that the fundamental group (M) acts on M as deck transformations. Fix a
fundamental domain U C M, and for each g € m (M) define U, to be the image of
U under the action of g. Also, define g: M — 71 (M) by

g(z) =g, ifzel,,

to be the map recording which fundamental domain the current position belongs to.
Now given a reflected Brownian motion W in M with normal reflection at the
boundary, let W be the unique lift of W to M starting in U. Define p(t) = g(W;) €
m1(M). Note that p(t) measures the (non-abelian) winding of the trajectory of W
up to time t.
Our main result of Theorem 2.1 will enable us to study the asymptotic behaviour
of the projection of p to the abelianized fundamental group 71 (M )ap. We know that

G e 1 (M )ap / tor(m (M)ap)

is a finitely generated free abelian group, and we let k& = rank(G). Let ng: m (M) —
G be the projection of the fundamental group of M onto G. Fix a choice of loops
M,y ooy Yk € M (M) so that mq(y1), ..., m7a(yx) form a basis of G.
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Definition 3.1. The Z*-valued winding number of W, which is denoted as p(t), is
the Zg-valued coordinate process of m(p(t)) with respect to the basis ng(v1), .- .,

ma (k). Explicitly, p(t) = (p1(t), ..., pr(t)) where
k
Ta(p(t)) = Zpi(t)ﬂc(%) :

Note that the Z*-valued winding number defined above depends on the choice of
basis v1, ..., V. If M is a planar domain with k holes, we can choose ~; to be a
loop that only winds around the i*® hole once. In this case, p;(t) is the number of
times the trajectory of W winds around the i*" hole up to time ¢.

Our main result concerning the asymptotic long time behaviour of p can be stated
as follows.

Theorem 3.2. Let W be a normally reflected Brownian motion in M, and p be
its ZF valued winding number (as in Definition 3.1). Then, there exists a positive
definite, explicitly computable covariance matriz ¥ (defined in (3.3), below) such
that

(3.1) @—w and &)&N(QZ).

t Vi

Here N(0,%) denotes a normally distributed random variable with mean 0 and
covariance matriz 2.

S|

We now define the covariance matrix 3 above. Given w € H' define the map
¢, € Hom(m; (M), R) by
Pu(v) = / w.
¥

It is well known that the map w +— ¢, provides an isomorphism between H' and
Hom(m (M), R). Hence there exists a unique dual basis {wy, ..., wx} in H! such
that

(32) / wj; = 61‘,]‘ .
Vi

The covariance matrix 3 appearing in Theorem 3.2 is given

1
(3.3) & vol M Mw Wi

The proof of Theorem 3.2 follows quite easily from our heat kernel result of
Theorem 2.1, which will be given in Section 5 below. We remark, modulo certain
amount of technicalities, that Theorem 3.2 can also be proved by using a probabilistic
method. We sketch the argument in Section 5.3. To our best knowledge, even in
the Euclidean setting, such a result and its proof are not readily available in the
literature.

A basic example of Theorem 3.2 is the case when M is a bounded planar domain
with multiple holes. In this case, in the limiting Gaussian distribution described in
the proposition, the forms w; can be obtained quite explicitly following Remark 2.4.
The winding of Brownian motion in planar domains is a classical topic which has
been studied extensively as discussed in the introduction. In particular, Toby and
Werner [TW95] studied the long time asymptotics of the winding number of an
obliquely reflected Brownian motion in a bounded planar domain. Under normal
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reflection with windings around the punctured holes, their result becomes a law of
large numbers. In this case, our result of Theorem 3.2 is a refinement of Toby and
Werner’s result, since we are able to show that the long time average of the winding
number is 0 (see Proposition 5.3 below) and we prove a Gaussian type central limit
theorem for fluctuations around the mean. A more detailed discussion about the
relation with Toby and Werner’s work is given in Section 5.2 below.

Remark 3.3 (An explicit calculation in the annulus). When M C R? is an annulus
the covariance matrix ¥ can be computed explicitly. Explicitly, for 0 < r; < 9 and
let
AdZCf{peR2|r1 < |p| <7’2}

be the annulus with inner radius r; and outer radius r5. In this case, kK = 1 and
define p(t) is simply the integer-valued winding number of the reflected Brownian
motion in A with respect to the inner hole. Now k£ = 1 and the one form w; can be
obtained from Remark 2.2. Explicitly, we choose p; = g1 = 0, and define 71 by (2.11).
Now 11 - v =0 on OM, forcing ¢; = 0 and hence wy = 71. Thus Theorem 3.2 shows
that p(t)/vt — N(0,%) weakly as t — co. Moreover equation (3.3) and (2.10) show
that ¥ is the 1 x 1 matrix (0?) where

1 1 T2
3.4 2 _ - 2 _ - 1 (7) .
(3.4) 7 volA/A‘wl‘ 272(r2 —r?) 8 1
We remark, however, that in this case a finer asymptotic result is available.
Namely, Wen [Wen17] shows that for large time
2

1 o,/ T2 5,1 In(ra/71) 3 — 713 2, (T2
Var(p(t) & 15 (0°(2) = *(2)) + =) (=50 +rim())

where 1o = |Wy| is the radial coordinate of the starting point. Note Theorem 2.1
only shows Var p(t)/t — 02 as t — oo. Wen'’s result above goes further by providing
explicit limit for Var p(t) — ot as t — co.

Remark 3.4 (Winding in Knot Compliments). Another interesting example is the
winding of 3D Brownian motion around knots. Recall that a knot K is an embedding
of S into R3. A basic topological invariant of a knot K is the fundamental
group 71 (R?® — K) which is known as the knot group of K. The study of the
fundamental group m;(R® — K) is important for the classification of knots and
has significant applications in mathematical physics. It is well known that the
abelianized fundamental group of R3 — K is always cyclic.

Let K be a knot in R3. Consider the domain M = Q — Ng, where N is a small
tubular neighborhood of K and € is a large bounded domain (a ball for instance)
containing Nk . Let W (t) be a reflected Brownian motion in M, and define p(t) to
be the Z-valued winding number of W with respect to a fixed generator of w1 (M)ap.
Now p(t) contains information about the entanglement of W (t) with the knot K.
Theorem 3.2 applies in this context, and shows that the long time behaviour of p is
Gaussian with mean 0 and covariance given by (3.3).

In some cases, the generator of 71 (M), (which was used above in defining p) can
be written down explicitly. For instance, consider the (m, n)-torus knot, K = Ky, n,
defined by S* 3 2z — (2™,2") € St x S! where ged(m,n) = 1. Then m (M) is
isomorphic to the free group with two generators a and b, modulo the relation
a™ = b". Here a represents a meridional circle inside the open solid torus and b
represents a longitudinal circle winding around the torus in the exterior. In this case,
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a generator of w1 (M), is a™ b™' | where m/, n’ are integers such that mm’+nm’ = 1.
Now a™ b™ represents a unit winding around the knot K, and p(t) describes the
total number of windings around K.

4. Proof of the Heat Kernel Asymptotics (Theorem 2.1).

The main tool used in the proof of Theorem 2.1 is an integral representation due
to Lott [Lot92] and Kotani-Sunada [KS00]. Note that heat kernel H on M can be
easily computed in terms of the heat kernel H on the cover M using the identity

(41) H(t,p,q) = Z ﬁ(tax,y)a

yem—1(q)

for any # € w~1(p). Seminal work of Lott [Lot92] and Kotani-Sunada [KS00]
address an inverse representation where H (t,z,y) is expressed as the integral
of a compact family of heat kernels on twisted bundles over M. Since M is
compact, the long time behaviour of these twisted heat kernels is governed by the
principal eigenvalue of the associated twisted Laplacians. Thus, using the integral
representation in [Lot92, KS00], the long time behaviour of H can be deduced by
studying the behaviour of the above principal eigenvalues near the maximum.

In the case when only Neumann boundary conditions are imposed on M (i.e.
if O9pM = (), the arguments in [Lot92, KS00] can be adapted easily. The main
difficulty arises when Dirichlet boundary condition is presented in which case the
principal eigenvalue is strictly positive. In this case, it requires finer spectral analysis
of twisted Laplacians than what is available in [Lot92,KS00].

Plan of this section. In Section 4.1 we describe the Lott / Kotani-Sunada
representation of the lifted heat kernels. In Section 4.2 we use this representation
to prove Theorem 2.1, modulo two key lemmas (Lemmas 4.4 and 4.5, below)
concerning the behaviour of the principal eigenvalue of twisted Laplacians. Finally
in Sections 4.3 and 4.4 we prove Lemmas 4.4 and 4.5 respectively.

4.1. A Integral Representation of the Lifted Heat Kernel. We begin by
describing the Lott [Lot92] / Kotani-Sunada [KS00] representation of the heat kernel
H. Let St = {z € C||z| = 1} be the unit circle and let

G = Hom(G, 1),

be the space of one dimensional unitary representations of G. We know that G is
isomorphic to (S)*, and hence is a compact Lie group with a unique normalized
Haar measure.

For each given x € G, define an equivalence relation on M x C by

(2,¢) ~ (9(x), x(9)¢) forallge G,

and let F, be the quotient space M x C/~. Tt follows that E, is a complex line
bundle on M. E, carries a natural connection defined by usual differentiation, which
together with the Levi-Civita connection on M, induce an associated Laplacian A,
acting on the space C*°(E,) of sections of E,. If we impose Dirichlet boundary
conditions on dpM and Neumann boundary conditions on 8y M respectively, then
—A, is a self-adjoint and positive-definite elliptic differential operator on L?(E).
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The above constructions can be easily understood in the following way. First of
all, sections of E, can be identified with functions s: M — C satisfying the twisting
condition

(4.2) s(g(x)) = x(9)s(x), VeeM, geG.
Define the space
Dy = {s € C*°(M,C) | s satisfies (4.2), s =0 on dpM,

(4.3) N
andu-Vs:OonaNM}.

Then A, is simply the restriction of the usual Laplacian A on M , and the L?
inner-product is given by

(4.4) (81,82) 2 d:ef/M s1(zp) s2(xp) dp,

for s1,s2 € D,. Here for each p € M, x, is a any point in the fiber 7w~ 1(p) such
that the function p — x, is measurable. The twisting condition (4.2) ensures that
(4.4) is independent of the choice of ).

Remark 4.1. When x = 1 is the trivial representation, F, is exactly the trivial line
bundle M x C, sections of F, are just functions on M, and A, is the standard
Laplacian A on M.

Let H,(t,z,y) be the heat kernel of —A, on E, (see [BGV92] for the general
construction of heat kernels on vector bundles). We can view H, as a function on
(0,00) x M x M satisfying the twisting conditions

Hy(t,9(x),y) = x(9) Hy(t,x,y) and  H,(t,2,9(y)) = x(9) Hx(t, 2, y) .
The Lott [Lot92] and Kotani-Sunada [KS00] representation expresses H in terms of
H, , and allows us to use properties of H, to study H.

Lemma 4.2 (Lott, Kotani-Sunada). The heat kernel H on M satisfies the identity
(4.5 H(tay) = [ Hyltay) dy,

g
where the integral is performed with respect to the normalized Haar measure dx
on G.

Proof. Since a full proof can be found in [Lot92, Proposition 38], and [KS00, Lemma
3.1}, we only provide a short formal derivation. Suppose H is defined by (4. 5).
Clearly H satisfies the heat equation with Dirichlet boundary conditions on 8DM
and Neumann boundary conditions on 9y M ) For the initial condition, observe

«(0,2,9) =Y " X(g)

geG

where d4(,) denotes the Dirac delta function at g(x). Integrating over G and using

the orthogonality property
1 g=1Id
d =
/gx(g) X {0 0 £1d,

we see that H(0,z,y) = 6,(y), and hence H must be the heat kernel on M. O
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Remark 4.3. The integral representation (4.5) is similar to Fourier transform and
inversion. Indeed, for each x € G, it is easy to see that

w(twy) = x(9) H(t,2,9(y))-

geG

One can view G 3 x — H, as some sort of Fourier transform of H, and equation (4.5)
gives the Fourier inversion formula.

4.2. Proof of the Heat Kernel Asymptotics (Theorem 2.1). The represen-
tation (4.5) allows us to study the long time behaviour of H using the long time
behaviour of H,. Since M is compact, the long time behaviour of the heat kernels
H, can be studied by spectral theory. More precisely, the twisted Laplacian A,
admits a sequence of eigenvalues

Og)\x,l gAx,? < <Ax,j < TOO,
and a corresponding sequence of eigenfunctions {s,; | j > 0} C D, which forms an
orthonormal basis of LQ(EX). According to perturbation theory, A, ; is smooth in

X, and up to a normalization s, ; can be chosen to depend smoothly on x. The
heat kernel H, (¢, z,y) can now be written as

(4.6) x(tzy) Ze s (@) 8y, (y) -

Note that since M is compact, the above heat kernel expansion is uniform in
T,y € M provided the boundary is smooth. This can be seen from the fact that
the eigenfunction s, ; is uniformly bounded by a polynomial power of eigenvalue
Ay.j, together with Weyl’s law on the growth the eigenvalues. Combining (4.6) with
Lemma 4.2, we have

(47) ﬁ(t7 €z, y) = Z /Q 67>\X’jtSX7j (x)SXJ (y)dX .
7=0

From (4.7), it is natural to expect that the long time behaviour of H is controlled
by the initial term of the series expansion. In this respect, there are two key
ingredients for proving Theorem 2.1. The first key point, which is the content
of Lemma 4.4, will allow us to see that the integral fg e Mots o(x)sy,0(y)dx
concentrates at the trivial representation x = 1 when ¢ is large. Having such
concentration property, the second key point, which is the content of lemma 4.5,
will then allow us to determine the long time asymptotics of H precisely from the
rate at which A\, g = Ag as x =+ 1 € G. Note that when x = 1, the corresponding
eigenvalue A1 o is exactly Ao, the principal eigenvalue of —A on M.

Lemma 4.4 (Minimizing the principal eigenvalue). The function x — Ay o attains
a unique global minimum on G at the trivial representation xy = 1.

We prove Lemma 4.4 in Section 4.3 below. Note that when x = 1, A, is
simply the standard Laplacian A acting on functions on M. If Neumann boundary
conditions are imposed on all of OM (i.e. when dpM =), A1 o = 0. In this case,
the proof of Lemma 4.4 can be adapted from the arguments in [Sun89] (see also a
direct proof in Section 4.3 in the Neumann boundary case). If, however, Dirichlet
boundary conditions are imposed on a portion of OM (i.e. IpM # 0), then A1 9 >0
and the proof of Lemma 4.4 requires some work.
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In view of (4.7) and Lemma 4.4, to determine the long time behaviour of H we
also need to understand the rate at which A, ¢ approaches the global minimum as
X — 1. When G is torsion free, the problem can be reduced to the linear space H¢,.
To be precise, H{, can be identified as the Lie algebra of G in which the exponential
map is given by
g(zo)

(4.8) HE D we xulg) = exp(?m‘/ " (w) € Q) ,

o
where x( is some base point and the integral is taken over any smooth path in M
joining z¢ and g(xg).

Now the rate at which A\, o — Ao as x = 1 € G can be obtained from the rate at
which Ay, 0 = Ao asw — 0 € HE,. In fact, we claim that the quadratic form induced
by the Hessian of the map w — A o at w = 0 is precisely Z(w) defined by (2.3),
and this determines the rate at which A, o approaches the global minimum Aq.

Lemma 4.5 (Positivity of the Hessian). For any ¢ > 0, there exists 6 > 0 such
that if 0 < |w| < § we have

T(w
(19) T
where Z(w) is defined in (2.3). Moreover, the map w +— Z(w) is a well defined
quadratic form, and induces a positive definite inner product on Hg,.

We point out that the positivity of the quadratic form Z(w) is crucial. As
mentioned earlier (Remark 2.2), if only Neumann boundary condition is imposed on
OM, T(w) is simply a multiple of the standard L? inner product on 1-forms over M,
and the positivity is straight forward. The main difficulty again lies in the case of
Dirichlet boundary condition. We prove Lemma 4.5 in Section 4.4.

Assuming Lemma 4.4 and Lemma 4.5 for the moment, we can now prove The-
orem 2.1. We first consider the case when G is torsion free, and will later show
how this implies the general case. The main technical care is given to proving the
uniform convergence.

Proof of Theorem 2.1 when G is torsion free. Note first that Lemma 4.4 allows us
to localize the integral in (4.7) to an arbitrarily small neighborhood of the trivial
representation 1. More precisely, we claim that for any open neighborhood R of
1 € G, there exist constants C; > 0, such that

(4.10)  sup MUH (z,y,t) — / exp(—()\x,o - )\O)t> $x.0(7)5y 0(y) dx| < e
x,yEM R

This in particular implies that the long time behaviour of H(t,x,y) is determined
by the long time behaviour of the integral representation around an arbitrarily small
neighborhood of 1 € G.

To establish (4.10), recall that Rayleigh’s principle and the strong maximum
principle guarantee that A1 o is simple. Standard perturbation theory (c.f. [RS78],
Theorem XII.13) guarantees that when y is sufficiently close to 1, the eigenvalue
Ay,0 is also simple (i.e. Ay 0 < Ay,1). Now, by Lemma 4.4, we observe

N Emin{inf{\ 1 | x € G}, inf{A\0|x € G — R}} > Ao
Hence by choosing Cy € (0, N — X\g), we have
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o0

sup. ’2/ei(/\xyr)\o)tsx,j(x)sxu‘(y)dX‘
z,yeEM =1 g

+ ‘/ ef(AX’(’%“)tsx,O(iE)Sx,O(y)dXD <e Ot
G-R

for all ¢ sufficiently large. This immediately implies (4.10).

For any small neighborhood R of 1 as before, our next task is to convert the
integral over R in (4.10) to an integral over a neighborhood of 0 in H}, (the Lie
algebra of G) using the exponential map (4.8). To do this, recall {wy,...,w,} was
chosen to be a basis of H} C HE,. Identifying H}, with R using this basis, we let
dw denote the pullback of the Lebesgue measure on R* to H},. Equivalently, dw is
the Haar measure on H{, normalized so that the parallelogram with sides wy, ...,
wyi has measure 1. Clearly

(4.11) /Rexp(—()\x,o - )‘O)t)sx,o(f)sx,o(y) dy
= /Texp(—(ﬂw - )\o)t) Syo.0(2) 5y 0(y) dw ,

where i, £ Av.,0 and T is the inverse image of R under the map w — x,.

Recall that the eigenfunctions s, o appearing above are sections of the twisted
bundle E, . They can be converted to functions on M using some canonical section
o,. Explicitly, let zo € M be a fixed base point. For given w € M}, define
0w: M — C by

x

(4.12) 0, (z) = exp (27ri/ TI'*(W)) )

o
where 7 (w) is the pullback of w to M via the covering projection 7r, and the integral
is taken along any smooth path in M joining xg and z. Observe that for any g € G,
we have

(4.13) ou(g9(x)) = o, (x) exp(?m'/

x

9(x)

(@) = X (9)0w (@),

where x,, € G is defined in equation (4.8). Thus o, satisfies the twisting condi-
tion (4.2) and hence can be viewed as a section of E, . Now define

def
¢w = 0w Sx,,,0-

Then ¢, (g(x)) = ¢, (z) for all g € G, and thus ¢, can be viewed as a smooth
function on M.
We can now rewrite (4.11) as

(4.14) /Rexp(—()\%o — )\O)t) Sy,0(2)sy,0(y) dx

— [ exp(~(oa = o)t = 27, () (@) OaTu) o
T
where ¢, ,(w) is defined in (2.6). Thus, using (4.10), we have

(4.15) sup ’e)‘otﬁ(a:, y,t) — 11‘ <e 9t for t sufficiently large .
a:7y€M
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Here
I /T exp(— (ft — fi0)l — 2mits 3 () buo(2) B (3) oo

and C] is the constant appearing in (4.10), and depends on the neighborhood R.

By making the neighborhood R (and hence also T') small, we can ensure that ¢,
close to ¢g. Moreover, when w is close to 0, Lemma 4.5 implies p, — po ~ Z(w)/2.
We claim that for any 1 > 0, the neighborhood R 3 1 can be chosen such that

(4.16) limsup sup 21, — 1) <,

t—o0 xz,yeM
def
I & /
H

To avoid breaking continuity, we momentarily postpone the proof of (4.16). Now
we see that (4.15) and (4.16) combined imply

where

exp(~ 5T ()t — 2mita, () ) bo(x) o) do.

1
G

(4.17) lim (72N A1 (¢, 2,) — £/21) = 0

t—o0

Therefore, to complete the proof, we only need to evaluate I and express it in the
form in (2.1).
To do this, write w = Y ¢ wn, € HE and

k
I(w) = Z @ n CmC,

m,n=1

where am p et (Wi wn)z. Let A be the matrix (am,,r,), and a,_n{n be the (m,n) entry
of the matrix A~!. Then

I = ¢o(z) do(y)-
k k
/ eXp(— Z Gm,nCmCnt — 271 Z Cmfz,y(wm)) dey -+ - deg,
cERF

m,n=1 m=1
k
(2m)k/2 272 4
= ¢0(1') ¢0(y) th/2 det(amm)l/? exp(*T Z_l am,nfz,y(wm)@c,y(wn))
(2m)k/2 2

2
= 60(2) 90 (y exp (0.

~—

2
th/2 det(am, n)1/2 P) '

where the second equality follows from the formula for the Fourier transform of
Gaussian distribution. Note that ¢ is real, and therefore

2 292
Iy = 174205 (2, exp (- L)Y,

where C7 is defined by (2.9). Combined with (4.17), this finishes the proof of
Theorem 2.1 when G is torsion free.

It remains to prove (4.16). Since w +— ¢,, is continuous, there exists a neighbor-
hood T > 0 such that

(4.18) sup |¢(z) — ¢o(z)| <n forallweT.
IGM
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Now we know that (4.15) holds with some constant C; = C1(n) > 0 when ¢ is large.
Write
L~ L) = Jy+ T+ Js,

where

Ji = / (e memront — T2 exp (2 () (@) () dov
T

Jo Lot pk/2 /T exp(—%I(w)t — 27ri§z,y(w)) (¢w($)¢w(y) - ¢0(x)¢0(y)) dw,

and

Js & k/2 / exp(—%I(w)t - 2m'§z,y(o.))) Po(x)do(y) dw .
HL T

First, by Lemma 4.5, Z(w) is a positive definite quadratic form, and hence the
Gaussian tail estimate shows there exists Cy = C2(n) > 0, such that

|J3| < 6—02t

uniformly in z,y € M, when t is sufficiently large.
Next, by (4.18) and the positivity of the quadratic form Z(w), we have

|J2| S Cg?’]tk/2/

e TW/2 gy = an/ e T2 4y < Oy,
T

VT

uniformly in z,y € M.
Finally, to estimate .Jy, first choose K C H{, compact such that

J,

By using the same change of variables v = /tw, we write

Jy=J{+ Y,

exp(—iI(v)) dv <.

1
K

where
J = /K(eXp(— <Mv/t1./2 - MO)t) B eXp(_%I(U)))
-eXp(-%ggfxy(v))¢vﬁln($)$;;T;Z§jd“
and
7% [ o= o4
xp (=260 (1)) By () )

respectively. By Lemma 4.5, we know that

. 1
tli)rgo(u“'u/tl/? - HO)t = EI(’U) )

for every v € H{,. Therefore, by the dominated convergence theorem, we have

lim sup |Ji| =0.
t—o0 z,yEM
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To estimate J{', choose £ > 0 such that

1z( ) > ellwl|? for all w € H¢

1 w /€CL)L2(]\/[), T w G-

For this €, Lemma 4.5 allows us to further assume that 7T is small enough so that

1 1
WET = i pio > 5T() ~ ellfa > 77).
In particular, we have
1
NS \/Y?T =S 4 (,uv/tl/z — p,o)t > ZI(U)

It follows that

1
J! < Cs /\/{.TK (exp(—(uv/tm — po)t) + exp(—gI(v)» dv
1
< 20 —-T d
: /MK exp(~ 1 Z(v)) dv

1
<2C/ exp| —-Z(v) |dv
- p(-7Z(v))

< 20577 )

uniformly in z,y € M.
Combining the previous estimates, we conclude

Tlim  sup (tk/2(11 — Ig)) < (Cy+2C5)n,

t—o0 x,yeM

and n with n/(C4 + 2C5) yields (4.16) as claimed. O

When G is has a torsion subgroup, we prove Theorem 2.1 by factoring through
an intermediate finite cover.

Proof of Theorem 2.1 when G has a torsion subgroup. Since G can be (non-canoni-
cally) expressed as a direct sum Gr @ G, we define M; = M /Gp. This leads to
the covering factorization

NTE My NG
(419) T

™

M

)

where 7w and 7 have deck transformation groups G and G respectively, and
M, is compact.

Recall that \g is the principal eigenvalue of —A on M, and ¢ is the corresponding
L? normalized eigenfunction. Let Ag be the principal eigenvalue of —A; on M7, and
®() be the corresponding L? normalized eigenfunction. (Here A; is the Laplacian
on M;.)

Notice that 7}.¢g, the pull back of ¢¢ to M, is an eigenfunction of —A; and
|75 doll L2 (ar) = |G ['/?. Thus

_ 100
0 |GT|1/2'

(420) Ao = )\0 and
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Let Z;(w1) be the analogue of Z (defined in equation (2.3)) for the manifold M.
Explicitly,

T (wy) = 87r2/

|w1|2<I>(2)+87r/ Pywi - Vg,
My

My
where g; is a solution of

7Ag1 - 47‘(’(.4)1 . V<I>0 = AOgl 5

with Dirichlet boundary conditions on 7 1(dpM) and Neumann boundary con-
ditions on 7' (OnM). Note that given wy € HE(M;) we can find w € HE (M)
such that i (w) = wy. Indeed, since dim(HG(M)) = dim(HE(M;)) = k and
e He (M) — HE (M) is injective linear map, it must be an isomorphism.

Now using (4.20), we observe that up to an addition of a scalar multiple of ®,
we have

_ 719
g1 = ‘GT|1/27
where g = g, is defined in (2.4). Therefore,
2
Ty (w1) = 872G / w2¢0 + 87|G &w-v J
) =8mi0n| [ ol smiGal | e 9 (15 5)
(4.21) :87r2/ |w|2¢3+87r/ pow-Vg=T(w).
M M

Since the deck transformation group of M as a cover of M is torsion free, we
can apply Theorem 2.1 to M;. Thus, we have

2md3, (x,y) ))

: k/2 Aot 7 _ _
(4.22) tlggo (t e H(t, z,y) — Cr, (z,y) exp( .

uniformly on M. Now using (4.20) and (4.21), we see that

1
mcz(xa ),

and hence the proof is complete. ([

dr, =dz, Cz(z,y) =

The rest of this section is devoted to the proofs of Lemma 4.4 and Lemma 4.5.

4.3. Minimizing the Principal Eigenvalue (Proof of Lemma 4.4). Our aim
in this subsection is to prove Lemma 4.4, which asserts that the function x — Ay o
attains a unique global minimum at y = 1. The Neumann boundary case is
conceptually simpler and we first provide an independent proof for this case. The
full proof of Lemma 4.4 under mixed Dirichlet and Neumann boundary conditions
will be given later.

Proof of Lemma 4.4 under Neumann boundary conditions. In this case we know
that Ao = A1,0 = 0, and the corresponding eigenfunction sq ¢ is constant. Thus to
prove the lemma it suffices to show that A, o > 0 for all x # 1.

To see this given x € G let s = s, 9 € D, be the principal eigenfunction of
—A,, and A = A, o be the principal eigenvalue. We claim that for any fundamental
domain U C M , the eigenvalue \ satisfies

(4.23) )\/|s|2dx:/|Vs|2dm.
U U
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Once (4.23) is established, one can quickly see that A > 0 when y # 1. Indeed,
if x # 1, s(g(z)) = x(g)s(x) forces the function s to be non-constant, and now
equation (4.23) forces A > 0.

To prove (4.23) observe

(4.24) )\/|5|2:7/ §AXS:/\V.S|27/ 50,s.
U U U U

Here, 0,s = v - Vs is the outward pointing normal derivative on OU. We will show
that the twisting condition (4.2) ensures that the boundary integral above vanishes.
Decompose 9U as

def def

oUu = Fl @] ].—‘27 where Fl =0UnN 8M and FQ = oU — Fl

Note I'y is the portion of U contained in 8M, and I's is the portion of OU that
is common to neighboring fundamental domains. Clearly, the Neumann boundary

condition (4.25) implies
/ 50,5 =0.
|1

For the integral over I's, let (e1,...,ex) be a basis of G and note that I'y can be
expressed as the disjoint union

k
U (T3, UT5,),

where the TS ; are chosen so that F;j = ¢;j(I'y ;). Using the twisting condition (4.2)
and the fact that the action of e; reverses the dlrectlon of the unit normal on I'; ;,
we see

/+ @&,S(I) dx = —/7 s(ej(y)) 8ys(ej(y)) dy
r

2,5 2,5

_/7 x(e;)x(e;) s(y) (9us(y)) dy

2,3

—— [ St dy.

2,3

k
/Fzs&,s:jz_:l(/rg’j—k/%j)saus:&

and hence the boundary integral in (4.24) vanishes. Thus (4.23) holds, and the
proof is complete. U

Consequently,

In the general case when dpM # (), Ay o > 0 for every x € G, and all eigenfunc-
tions are non-constant. This causes the previous argument to break down and the
proof involves a different idea. Before beginning the proof, we first make use of a
canonical section to transfer the problem to the linear space Hg,.

Let Q be the space of C-valued smooth functions f: M — C such that f =0 on
OpM and (Vf,v) =0 on dyM. Let f = fom: M — C. Now given w € HE, let
0. (defined in (4.13)) be the canonical section and x,, € G be the exponential as
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defined in (4.8). Notice that the function o,,f € D, is a section on E, . Clearly
o,f=0o0n Op M. Moreover, since w - v = 0 on OM we have

(4.25) v-Vo,=0  ondM.

and hence v - V(o,f) = 0 on dyM. Thus o, f € D,.,, where D, is defined in

equation (4.3), and the map f — fo,, defines a unitary isomorphism between

Q C L*(M) and D, C L*(E,,,) respecting the imposed boundary conditions.
Now, since w and @ ' w o 7 are both harmonic, we compute

AXw (faw) = ((wa) © 77) Ow,
where H,, is the self-adjoint operator on Q C L?(M) defined by

(4.26) H,f = Af +4miw-Vf —4n2|w|?f .

Here we used the Riemannian metric to identify the 1-form w with a vector field.

The above shows that A, is unitarily equivalent to H,,. In particular, eigenvalues
of —H,,, denoted by ,, ; are exactly A, ;, the eigenvalues of —A, . Moreover, the
corresponding eigenfunctions, denoted by ¢, ;, are given by
(4.27) Gy = Xl >0,

Ow

Note that ¢, ; is a well-defined function on M that satisfies Dirichlet boundary
conditions on p M and Neumann boundary conditions on dy M.

We will now prove the general case of Lemma 4.4 by minimizing eigenvalues of
the operator —H,,.

Proof of Lemma 4.4. Let w € H{, and let x,, = exp(w) € G be the corresponding
representation defined by (4.8). Let py, = w0 = Ay, 0 and ¢, = ¢y, 0 Where @, o is
the principal eigenfunction of —H,, as defined in (4.27) above. Using (4.26) we see

(428) _A¢w —4miw - VQSW + 47T2|w|2¢w = Uw¢w )
(4.29) —Ado = podo,

with Dirichlet boundary conditions on dpM and Neumann boundary conditions on
Oy M. Here 1o and ¢g denote the principal eigenvalue and eigenfunction respectively
when w = 0. Note that when w € H}, the corresponding representation y,, is the
trivial representation 1. We will show that p, above achieves a global minimum
precisely when w € H3 and y, = 1.

Now let € > 0 and write

6w = (¢po+¢)f where f= ¢0¢i .

Multiplying both sides of (4.28) by ¢, = (¢ + ¢)f and integrating over M gives

- / (Adu)(do+e)f = / Vo (9o + VS + [Vo) + / By
M M oM

- / (60 +) Vo VI
M
- / 60 (VF-Voo+ fAd) + | B
M

oM

_ /M((qbo + )V, — Vo) - Vf
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+H0/Mf¢o¢w+/aMBz,

where B;: M — C are boundary functions that will be combined and written
explicitly below (equation (4.31)). (We clarify that even though the functions above
are C-valued, the notation V¢, -V f denotes >, 0;4.,0; f, and not the complex inner
product.)

Similarly, using the fact that w is harmonic, we have

e /M(¢o b o) fw- Voo
— _omi / (60 + ) [V - w
M

4 2mi /M 6o (b0 +)VF + fV0) -wt [ By

oM

— —omi / (6o +£)Vo — 6,V o) - (f)
M
+ 2mi /M(¢o+€)¢wvf'w+ /8 B,.

M
Combining the above, we have

(4.30)  pe — pio /M foode = /M((fbo + &)V, — ¢ Vo) - (Vf — 2mifw)

+/M(“SO+€>¢w(47r2lwl2f+2m‘Vf-w) +/a By,

M
where

(4.31) By = =0y + ¢ [Oud0 — 2mi(do + )P fw - 1/
The boundary conditions imposed ensure that By = 0 on both OpM and Oy M.
Since f = ¢ /(o + €), we have
(¢ + )V — 5V 0
(¢ + €)?
Substituting this into the right hand side of (4.30), we obtain a perfect square:

Z((¢O + €)v¢w - ¢wv¢0) 2
¢o+e '

Vf=

(432) o — o /M foode = /M\%mw -

In particular,

bo
M Po+e

Sending € — 0, we obtain j, > o, and so the function G > x — A, o attains global
minimum at y = 1.

Mw_MO/ f¢0¢w:,uw_,u0 |¢w|2>0
M

To see that x = 1 is the unique global minimum point, suppose that A, = Ag
for some x € G. Writing x = X, for some w € H{,, this means u, = po. Fatou’s
lemma and (4.32) imply

/M’% b z‘(%vm% 65V o) §
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< liminf
e—0

:Mw_N0:07

/M‘% g 100+ s>¢v0¢:€ 65V o) §

by assumption. Hence

_ Z<¢Ov¢w - ¢wv¢0)

(4.33) 2T P w ™

=0 inM.

Since ¢, = sy,0/0., we compute

0wV 5y ,0 — 20,5 0w

v¢w =

o
Substituting this into (4.33), we see
d’oVSX,o = Sx,0v¢07

v(%‘)) —0.

Therefore, sy,0 = c¢o for some non-zero constant c. However, the twisting condi-
tions (4.2) for ¢¢ and s o require

bo(g(w)) = ¢o(x) and  sy,0(9(2)) = x(9)sx,0(7),

for every g € G. This is only possible if x(g) = 1 for all g € G, showing x is the
trivial representation 1. ([l

which implies that

4.4. Positivity of the Hessian (Proof of Lemma 4.5). In this subsection we
prove Lemma 4.5. The main difficulty is proving positivity, which we postpone to
the end.

Proof of Lemma 4.5. Given w € H},, define

Ot = Prw and ht = piw

where ¢y, = ¢r 0 is the principal eigenfunction of —Hy, (equation (4.27)) and fig,
is the corresponding principal eigenvalue. We claim that

(4.34) hy =0, hj=Z(w) and Re(py) =0,

where b/, ¢’ denote the derivatives of h and ¢ respectively with respect to ¢. This
will immediately imply that at w = 0 the quadratic form induced by the Hessian of
the map w > p,, is precisely Z(w), hence proving (4.9) in the lemma.

To establish (4.34), we first note that (4.28) implies

(4.35) — Apy — 4Amitw - Vo + 47r2t2|w|2g0t = hypy -

Conjugating both sides of (4.35) gives

(4.36) — AP — 4mi(—t)w - V§z + 412 (—t)?|w|*P; = he Pz -

In other words, @5 is an eigenfunction of —H _;,, with eigenvalue hy. Since hy = g, is
the principal eigenvalue, this implies h_; < hy. By symmetry, we see that h_; = hy,
and hence hjy = 0.

To see that ¢} is purely imaginary, recall h; is a simple eigenvalue of —Hy,, when
t is small. Thus

(4.37) Pt = G-t
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for some S' valued function ¢;, defined for small . Changing ¢ to —t, we get
Pt =Ctpr = (4GP
Therefore, (_;(; = 1, which implies that (_; = (;. In particular, ¢} = 0. Differenti-
ating (4.37) and using the fact that {y = 1, we get
% = 7506 )
showing that ¢f is purely imaginary as claimed.
To compute h(, we differentiate (4.35) twice with respect to t. At ¢ = 0 this gives

(4.38) — Apy — 4miw - Voo = Aowh,
and
(4.39) — Ay — 8miw - Vpy + 872 |w|do = hido + Aoy ,
since ¢o = ¢o. Multiplying both sides of (4.39) by ¢ and integrating over M gives
(4.40) hy = / (872 |w[?pf — 8migow - Vigp) -
M

Recalling that ¢ is purely imaginary, we let g, be the real valued function
defined by g, = —ip(. Now equation (4.38) shows that g, satisfies (2.4). Moreover
since g = 0 on dp M and v-V¢y = 0 on Oy M, the function g,, satisfies the boundary
conditions (2.5). Therefore, (4.40) reduces to (2.3), showing that hj = Z(w) as
claimed.

Finally, we show that w — Z(w) defined by (2.3) is a well defined positive definite
quadratic form on H},. To see that Z is well defined, we first note that in order
for (2.4) to have a solution, we need to verify the solvability condition

/ ¢0(47rw V(b()) =0.
M

This is easily verified as

(4.41) /M¢0w~v¢0:%/Mw~V¢%:0.

Hence g, is uniquely defined up to the addition of a scalar multiple of ¢y (the kernel
of A+ X\o). Now, using (4.41) again, we see that replacing g, with g, + ady does
not change the value of Z(w). Thus, Z(w) is a well defined function. The fact that
T is a quadratic form (2.3) and the fact that

Ir+w = gr + Gu (mod ¢y) -

It remains to show that Z is positive definite. Note that, in view of Lemma 4.4,
we already know that Z induces a positive semi-definite quadratic form on Hg,.
For the convenience of notation, let g = g, = —igj, as above. As before we write

- h dot 9
g (¢0+5)f€7 where fs ¢0+E,
and will multiplying both sides of (2.4) by (¢ +¢) fc and integrating. In preparation
for this we compute

- [ wrerrdo= [ Vo (£.900+ (@0 +oVE)

M

0 [ onteg~ [ 98 Vourt [ (Gu+o)vS V.
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and

47T/M(q50 +e)few - V(go+¢)=2m /M few - V(o +¢)?

=27 Vfi-w.
. /M(¢o+€) V. w

We remark that when integrating by parts above, the boundary terms that arise
all vanish because of the boundary conditions imposed. Thus, multiplying (2.4) by
(¢o + €) f- and integrating gives

jo [ (1= 522) = [ oV Vo~ [ gvr Vo)

(4.42) + 277/ (o +€)°Vfe w.
M

Writing 7 £ 97w and adding the integral
1% [ @orar- Vo [ g Vote)+ [ @0+ ePirl
M M M

to both sides of (4.42), we obtain

(443) T + Ao /M 7 (1 - %‘ﬁi -

—/ g(st+T)'V(¢o+8)+/ (60 +)2(Vfetr) 7.
M M

)= /M(¢o +e)(Vfe+7)-Vyg

Now, since g = (¢o + ¢€) fe, we compute
Vg =fV(go +e)+ (¢o +e)Vfe.
Substituting this into (4.43) gives

(4.44) J- + Ao /M 92(1 - d)ji 8) = /M(¢o +e)? |V + 72> 0.

Using (2.3) we see
(4.45) T(w) = 872 / |lw|?pa + 47T/ ¢pow - Vg — 47r/ gw - Vo,
M M M

and hence it follows that )
;l_r&) Je. = 51 (w).

Also by the dominated convergence theorem, the second term on the left hand side
of (4.44) goes to zero as € — 0. This shows Z(w) > 0.

It remains to show Z(w) > 0 if w # 0. Note that if Z(w) = 0, then Fatou’s lemma
and (4.44) imply

2 2 < limi 2(1 _ Po _
/M¢0|Vf+r| \hgggf(JEHO/Mg (1 ¢O+E)) 0,
where f & g/do. Therefore Vf + 7 =0 in M and hence w = =V f/(27). Since
w € HE C H!, this forces
Af=0 inM, and v-Vf=0 ondM.

Consequently V f = 0, which in turn implies w = 0. This completes the proof of the
positivity of Z. O
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5. Proof of the Winding Number Asymptotics (Theorem 3.2).

In this section, we study the long time behaviour of the abelianized winding num-
ber of reflected Brownian motion on a manifold M. We begin by using Theorem 2.1
to prove Theorem 3.2 (Section 5.1). Next, in Section 5.2 we discuss the connection
of our results with the work by Toby and Werner [TW95]. Finally, in Section 5.3,
modulo certain amount of technicalities which need to be verified, we propose a
(sketched) independent probabilistic proof of Theorem 3.2.

5.1. Proof of Theorem 3.2. We obtain the long time behaviour of the abelianized
winding of reflected Brownian motion in M by applying Theorem 2.1 in this context.
Let M be a covering space of M with deck transformation group® 71 (M ).p. In view
of the covering factorization (4.19), we may, without loss of generality, assume that
tor(m1 (M )ab) = {0}. Note that since the deck transformation group G = m1(M)ap
by construction, we have Hg = H'. Given n € Z* (k = rank(G)), define g, € G by

k
In = ang(%), where n = (nq,...,ng) € zF,
i=1

where {mg(71), ..., 7 ()} is the basis of G chosen in Section 3. Clearly n +— g, is
an isomorphism between G and Z*.

Lemma 5.1. For any =,y € M and n € ZF we have
dz(z, gu(y))? = (A7) -0+ O(|n)),
where A is the matriz (a; ;) defined by
def 871—2
(51) Q5 = <UJ1',UJj>I = W /M Wi Wy .

Proof. Given w € H' we compute

(5.2) gwwmzéaﬂw+éwwfwx

where the integrals are taken along any smooth path in M connecting the endpoints.
Note that the integrals are well defined, and the second one is independent of y.
Therre, if for any g € G we define ¢,: H' — R by

%wzzm?mm

then (5.2) becomes
€290 () (W) = Eay (W) + Yy, (W) -
It follows that

k k
dz(,9n(y))* = dz(2,9)* + Y 1i(rg () o)z + Y maini(ma (1) 76 (43))z- -
1=1 i,j=1
Since {w1,...,wy} is the dual basis to {mg(71),...,7a(v;)}, we have

(ma (i), 76 (i) = (A" )iy -

3 The existence of such a cover is easily established by taking the quotient of the universal
cover M by the action of the commutator of 71 (M).
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Therefore, the result follows. Note that the second equality of (5.1) follows from
(2.10) under Neumann boundary condition. O

Now we prove Theorem 3.2.

Proof of Theorem 3.2. Recall in Section 3 we decomposed the universal cover M as
the disjoint union of fundamental domains U, indexed by g € 7;(M). Projecting
these domains to the cover M we write M as the disjoint union of fundamental
domains Ug indexed by g € G. Let W be the lift of the trajectory of W to M, and
observe that if W (t) € U, , then p(t) =

We use this to compute the characteristic function of p(t)/+v/t as follows. Since
the generator of W is %A, its transition density is given by H (t/2,-,-). Hence, for
any z € R* we have

E® [exp(izt.l%t))] = Z exp(zfl/;l)Piﬂ(W( ) e ﬁg")

= / exp(it1/2 )dy.

nezk

By Theorem 2.1 and Remark 2.2, this means that uniformly in x € M we have

Jim B [exn( 7))

: 22 47r2dz<x,gn<y))2 iz-m

= CItli)r& Z / tk/2 : + /2 )dy
_ 2k/2 72(A~n)-n  iz-n

= Oz Jim, 2 eXp<7 t T )

where the last equality followed from Lemma 5.1 above. Observe that the last term
is the Riemann sum of a standard Gaussian integral. Therefore,

b o ()] - ol
This shows that as t — oo, p(t)/v/t converges to a normally distributed random
variable with mean 0 and covariance matrix A/(87%). By (3.3) and (5.1) we see
that ¥ = A/(87?%), which completes the proof of the second assertion in (3.1) of
the theorem. The first assertion follows immediately from the second assertion and
Chebychev’s inequality. (I

5.2. Relation to the Work of Toby and Werner. Toby and Werner [TW95]
studied the long time behaviour of the winding of an obliquely reflected Brownian
motion in bounded planar domains. In this case, we describe their result and relate
it to Theorem 3.2.

Let © C R? be a bounded domain with k& holes Vi, -,V of positive volume.
Let W, be a reflected Brownian motion in © with a non-tangential reflecting vector
field u € C1(99). Let py,--- ,pr be k distinct points in R?. For 1 < j < k, define
p(t,pj) to be the winding number of W; with respect to the point p;.



HEAT KERNELS AND BROWNIAN WINDING NUMBERS 27

Theorem 5.2 (Toby and Werner, 1995). There exist constants a;, b;, depending
on the domain ), such that

]. w
(5.3) E(p(t»pl), o, p(t pr)) oo (a1C1 + by, -+, axCr + by)
where C1, ..., Cy are standard Cauchy variables. Moreover, for any j such that

pj & Q, a; must be equal to zero.

When p; € Q, the process W can wind a large number of times around p; in a
short period as it approaches p;. This is why the heavy-tailed Cauchy distribution
arises in Theorem 5.2, and the limiting process is non-degenerate precisely when
each p; € €. This is exactly the situation when Theorem 5.2 is sharp.

On the other hand, if p; € V;, we have a; = 0 and (5.3) becomes a law of large
numbers. In the case with normal reflection, Theorem 3.2 provides the central limit
theorem for the fluctuation around the mean. Therefore, in this case our result is a
refinement of Theorem 5.2.

It is not pointed out nor can be easily seen from [TW95] why the mean b; = 0 in
the normal reflection case with p; € V;. For completeness, we give a proof of this
fact below.

Recall that (see for instance Stroock-Varadhan [SV71]) reflected Brownian motion
has the semi-martingale representation

t
(5.4) W = By + / w(W,)dLs,
0

where (; is a two dimensional Brownian motion, u is the reflecting vector field on
012, and L, is a continuous increasing process which increases only when W, € 09.
We also know that the process W, has a unique invariant measure, which is denoted
by p. From [TWO95], the constants b; are given by

1 1
(5.5) b=5 | B[] wVadL] dute).
T Jpe 0
where u;: 02 — R is defined by
A — )L
uj( ) d:ef U(p) (i) pj)
p p]|

)

and ¢= = (=g2,q1) for ¢ = (q1,42) € R2.
Proposition 5.3. Let W; be a normally reflected Brownian motion in €2, and

p;j € Vj for each j. Then b; =0 for all j, and consequently

i PhP3) vy

t—00 t
Proof. Fix 1 < j < k. Let w(t,p) be the solution to the following initial-boundary
value problem:
1
8tw—§Aw:0 in (0,00) x Q,
(5.6) v-Vw = —u; on (0,00) x 992,
}im w(t,) =0 in Q,

—0



28 GENG AND IYER

where v is the outward pointing unit normal on the boundary. By applying 1t6’s
formula to the process [0,t —¢] 3 s — w(t — s, Ws) and using the semi-martingale
representation (5.4) of Wy, we get

w(t,p) — EP [w(s, Wt_g)] = —F? {/Otf v -Vw(Ws,t — s)dLs}

- 5| /0 o u;(W,)dLs],

where in the last identity we have used the fact that dLg is carried by the set
{s 2 0: W, € 0Q2}. Since P(B; € 0U) = 0, sending ¢ — 0 and using the dominated
convergence theorem gives

w(t,p) = B [/Ot uj(Ws)dLS] .

On the other hand, according to Harrison, Landau and Shepp [HLS85], Theorem
2.8, the invariant measure p of W is the unique probability measure on the closure
Q of Q2 that pu(9Q) = 0 and

/ Af(p)du(p) <0 forall f € C?*(Q) with v-Vf <0 on 9Q.
Q
Stokes’ theorem now implies p is the normalized Lebesgue measure on 2. Conse-

quently,

1
= v J, 7 L, O] = iy [0

J

Integrating (5.6) over € and using the boundary conditions yields

0=8t/wdp—/Awdp

Q Q

:8t/wdp+/ u;j(p) dp
Q 90

—n.)L
zﬁt/wdp—/ V'Mdp.
Q o |p—Pj|

Since when p; € V; the vector field p — (p—p;)*/|p —pj| is a divergence free vector
field on 2, the last integral above above vanishes. Thus

Bt/wdp:O,
Q

and since w = 0 when ¢ =0, w = 0 for all £ > 0, and hence b; = 0. d

5.3. A Probabilistic Proof of Theorem 3.2. As mentioned earlier, Theorem 3.2
can also be proved by using a probabilistic argument. Modulo certain technicalities,
we sketch this argument below.

First suppose 7: [0,00) — M is a smooth path. Let p(t,7) be the ZF-valued
winding number of v, as in Definition 3.1. Namely, let 7 be the lift of v to the
universal cover of M, and let p(t,v) = (n1,...,ng) if

k
ma(g(3(t)) = Znﬂc(%) :
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By our choice of (w,...,wy) we see that p;(t,v), the i*® component of p(t,7), is
precisely the integer part of 6;(t, ), where

(5.7) 0;(t, ) d:ef/([o t])wi :/0 wi(7(s)) 7 (s)ds.

If M is a planar domain with k holes, and the forms w; are chosen as in Remark 2.4,
then 276;(t, ) is the total angle v winds around the £ hole up to time ¢.

In the case when + is not smooth, the theory of rough paths can be used to give
meaning to the above path integrals. In particular, when ~ is the trajectory of
semimartingale on M, we know that the integral obtained via the theory of rough
paths agrees with the Stratonovich integral. To fix notation, let W be a reflected
Brownian motion in M, and p(t) = (p1(t),--- , pr(t)) to be the ZF-valued winding
number of W as in Definition 3.1. Then we must have p;(t) = |0;(¢)], where 6,(t) is
the rough path integral, or equivalently, the Stratonovich integral

(5.8) 0i(t) = /0 (W) o dW,s

In Euclidean domains, the long time behaviour of this integral can be obtained as
follows. The key point to note is that the forms w; are chosen to be harmonic in M
and tangential on 9M. Consequently, using the semi-martingale decomposition (5.4),
we see that 0 is a martingale with quadratic variation given by

(59) <9i79j>t :A UJZ'(WS) wJ(WS)ds

Moreover, by Harrison et. al. [HLS85], the unique invariant measure of W; is the
normalized Lebesgue measure. Therefore, according to the ergodic theorem,

1 1
A 005 = S0 /M Wi+ wj
for almost surely. Now we can conclude from the martingale central limit theorem
(see [PS08, Theorem 3.33 and Corollary 3.34]) that

et t—o00
— —= N(0,%),
7 N(O3)

where the covariance matrix ¥ is given by (3.3).

To extend the above argument to the geometric setting, one first needs to establish
the analogue of the semi-martingale decomposition (5.4) on manifolds with boundary.
While this should be a technical adaptation of [SV71], there is no easily available
reference. In addition, one needs to to show that 6; is a martingale with quadratic
variation (5.9). This might be done through a localization argument by breaking
the Stratonovich integral defining 6; (equation (5.8)) into pieces that are entirely
contained in local coordinate charts, and using the analogue of (5.4) together with
the fact that w € H'. Now the other parts of the argument should be the same as
the Euclidean case.
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