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Let A be a linear elliptic operator of the second order with bounded measurable coeffi-
cients on a bounded open set Q of R™, and let (2;) be an arbitrary sequence of open
subsets of Q2. We prove the following compactness result: there exist a subsequence,
still denoted by (£25,), and a positive Borel measure p on 2, not charging polar sets,
such that, for every f € H~1(Q), the solutions u; € H& (92p,) of the equations Aup = f
in Qp, extended to 0 on Q\Qj, converge weakly in Hé (£2) to the unique solution
u€ H}(Q)N Li(Q) of the problem

(Au, v) +/ wodp = (f,v) \ONS H&(Q)ﬂLﬁ(Q)
Q

When A is symmetric, this compactness result is already known and was obtained
by I'-convergence techniques.

Our new proof, based on the method of oscillating test functions, extends the result
to the non-symmetric case. The new technique, which is completely independent of
['-convergence, relies on the study of the behaviour of the solutions w} € H& (92p,) of
the equations A*w? =1 in Qj, where A* is the adjoint operator.

We prove also that the limit measure p does not change if A is replaced by A*.
Moreover, we prove that p depends only on the symmetric part of the operator A, if
the coefficients of the skew-symmetric part are continuous, while an explicit example
shows that u may depend also on the skew-symmetric part of A, when the coefficients
are discontinuous.

1. Introduction

In this paper we study the asymptotic behaviour of the solutions of elliptic
equations with Dirichlet boundary conditions in perforated domains. Among the
physical motivations of the problem we mention the applications to scattering theory
(see [28], [46]), electrostatic screening (see [47]), and heat conduction in domains
with a complicated boundary (see [46], [10]). A further motivation for the study



of this problem in the most general case, without any geometric assumption on
the domains, is given by the recent applications to a relaxed formulation of some
optimal design problems (see [1], [6], [14], [5], [26]).

Our problem can be formulated as follows. Let A be a linear elliptic operator
of the second order with bounded measurable coefficients on a bounded open set
Q of R™, and let () be an arbitrary sequence of open subsets of 2. For every
f € H~Y(Q) we consider the sequence (uy,) of the solutions of the Dirichlet problems

up € H&(Qh), Aup, = f in Q. (11)

If we extend wuy, to © by setting up, =0 on Q\€y,, then (up) can be regarded as a
sequence in Hg (). The problem is to describe the asymptotic behaviour of (uy)
as h — oo.

The main result of the paper is the following compactness theorem (Theo-
rem 4.6), which holds without any further hypothesis on the geometry of the
sets €. For every sequence (§2;,) of open subsets of Q there exist a subsequence,
still denoted by (), and a positive Borel measure g on €, not charging polar
sets, such that, for every f € H=1(), the solutions uy, of (1.1) converge weakly in
H;(€) to the unique solution u € Hg(2) N L2(Q) of the problem

(Au,v) + /ﬂ wodp = (f,v) Yo e H3(Q) N Li(Q) , (1.2)

where (-,-) denotes the duality pairing between H~1(Q) and H}(Q).

To prove this compactness theorem we observe (Remark 2.3) that all problems
of the form (1.1) can be written as problems of the form (1.2) for a suitable choice
of the measure p in a special class of positive measures, denoted by Mq(2), which
includes also measures which take the value +oco on a large family of sets. We prove
(Theorem 4.5) that, for every sequence (i) of measures of the class Mo(€2), there
exist a subsequence, still denoted by (i), and a measure p € Mo(£2) such that,
for every f e H™'(2), the solutions uj € Hj(Q) N L2, () of the problems

(Aup,v) + /Quhv dun = (f,v) Yo e Hi(Q) N Lih Q) (1.3)
converge weakly in H () to the unique solution u € Hg(€2) N L2(Q) of (1.2). This
more general formulation of the compactness theorem includes in our framework the
problem of the asymptotic behaviour of the solutions of Schrédinger equations with
positive oscillating potentials.

When A is symmetric, this compactness result is already known (see [2], [1],
[23], [8], [38]), and the original proof is based on I'-convergence techniques, for
which we refer to [1] and [20]. In this case it is also possible to construct p by
using the limits of the capacities of the sets U\, when U varies in the class of
all relatively compact open subsets of Q (see [7] and [19]).



Under some special hypotheses on the sequence (£2;,), which imply, in partic-
ular, that the limit measure p belongs to H~!(Q), the asymptotic behaviour of
the solutions (up) of (1.1) was studied in [30], [34], [46], [47], [31], [35], [32] by an
orthogonal projection method, in [46], [12], [13] by Brownian motion estimates, in
[39], [40], [41] by Green’s function estimates, in [17], [15], [16] by means of oscil-
lating test functions, in [43], [25] by the point interaction approximation, in [4] by
capacitary methods. These papers provide also a description of the limit measure
1 in terms of the relevant properties of the sets ;. The case of random sets €y,
was studied in [28], [45], [42], [44], [24], [11], [3].

Our new proof of the compactness theorem holds in the general case, even if
the operator A is not symmetric. The new method, which is more direct than
the previous one, and is completely independent of I'-convergence, is based on the
original technique of the oscillating test functions, which was introduced by Tartar
[50] in the study of homogenization problems for elliptic operators, and was adapted
to the case of perforated domains by Cioranescu and Murat [16].

However, our choice of the test functions is new, and allows us to avoid any
additional hypothesis on the sequence (€2p,). Our proof relies on the study of the
behaviour of the solutions wj; of the Dirichlet problems

wi € Hy (), A*wy; =1 in Q, (1.4)

where A* is the adjoint operator. For a complete study of the asymptotic behaviour
of the solutions of (1.1) when A is symmetric and the sequence (wj;) converges
strongly in H}(Q) we refer to [49]. The main difficulty of our result lies in the fact
that (wj) is compact only in the weak topology of H}(€2).

In the general case (1.3) we consider the solutions wj € Hj(Q) N L2, (92) of the
problems

(A*wj, v) —|—/Qw;;v dpp, = /dex Vv e Hy(Q) N L (). (1.5)

By an elementary variational estimate the sequence (w}) is bounded in Hg(Q),
and so we may assume that (w}) converges weakly in H}(Q2) to some function w*.
We prove (Section 3) that v*=1— A*w* is a positive Radon measure on ), which
belongs to H~1(£2), and thus we can consider the measure pu € Mq(£2) defined by

dv*
—, if cap(BN{w*=0},Q) =0,
- = (B {w = 0},9)
+00, if cap(B N {w*=0},Q) > 0.

This is the measure which appears in the limit problem (1.2). Since, by an elemen-
tary variational estimate, the sequence (up) of the solutions of (1.3) is bounded
in H}(Q), we may assume also that (u;) converges weakly in H{(Q) to a func-
tion w. Moreover, if f € L>(Q), by the comparison principle (Proposition 2.5) the
sequence (uy) is bounded in L (), and thus u € L>(Q).



To prove that wu is the solution of (1.2), we show that wuj satisfies the equation
(Aup, wip) — (AW}, upp) = /fw,ﬁcpdac — /uhcpdx (1.6)
Q Q

for every p € H}(Q)NL>®(Q). As the difference of the first two terms is continuous
with respect to the weak convergence of (uy) and (w}), it is easy to take the limit
n (1.6) and to show that

(Au, w* @) — (A" W™, up) = /wa*godx - /ngadx (1.7)

for every ¢ € H}(Q2)NL>(Q). Then we prove (Lemma 3.5) that (1.7) has a unique
solution u € H ()N L>(Q), which coincides with the solution u € Hg(€2) N L7 (Q)
of (1.2). This concludes the proof of our compactness result in the case f € L>(Q).
The case f € H () can be treated by an easy approximation argument. If we
repeat the proof with A replaced by A*, we obtain the same limit measure pu
(Theorem 4.3).

So far we have considered only the problem of the weak convergence of (up) in
H}(£2). In Section 5 we consider also the problem of the strong convergence of the
gradients (Duy) in LP(Q2,R™). Using Meyers’ estimate [36] and a general result
due to Murat [37], we prove (Theorem 5.1) that, without any additional hypothesis,
the sequence (Duy,) converges to Du strongly in LP(2, R™) for every 1 < p < 2.

To obtain strong convergence of the gradients in L?(Q, R") we construct a
corrector term Pp(z,s), © € Q, s € R, which depends on the sequence (uy,), but
is independent of f, w, up. We prove (Theorem 5.2) that for every f € L*(Q) we
have

Dup(x) = Du(x) + Pp(z,u(x)) + Rp(z) a.e. in Q,

where the remainders R, tend to 0 strongly in L?(Q2,R"™). This improves the
corrector results of [16] and [29], which assume that u € H~1(Q), and those of
[27], which assume that w* > 0 a.e. in Q. The corrector Pp(z,s) is constructed
explicitly in terms of the solutions of (1.4) or (1.5), with A* replaced by A. If these
functions converge strongly in HE (), we recover (Corollary 5.8) the result of [49)].
In the last section we study the problem of the dependence of p on the skew-
symmetric part of the operator A. Extending a result of [16], we prove (The-
orem 6.1) that the limit measure p depends only on the symmetric part of the
operator A, if the coefficients of the skew-symmetric part are continuous. Finally,
we construct an explicit example, which shows that p may depend also on the
skew-symmetric part of A, when the coefficients are discontinuous.



2. Notation and Preliminaries

Let Q be a bounded open subset of R", n > 2. We denote by H»?(Q) and
Hé’p(Q), 1 < p < +00, the usual Sobolev spaces, and by H=14(Q), 1/¢+1/p=1,
the dual of Hy™”(€2). When p = 2 we adopt the standard notation H' (), H}(Q),
and H=1(Q). On H{(Q) we consider the norm

e = [ 1Dude.

By Lﬁ(Q), 1 < p < 400, we denote the usual Lebesgue space with respect to the
measure p. If g is the Lebesgue measure, we use the standard notation LP(().

For every subset E of Q the (harmonic) capacity of E in Q, denoted by
cap(E,Q), is defined as the infimum of

/ | Dul? dx
Q

over the set of all functions u € H}(Q2) such that u > 1 a.e. in a neighbourhood of
E.

We say that a property P(z) holds quasi everywhere (abbreviated as q.e.) in a
set E if it holds for all « € E except for a subset N of E with cap(N,§) = 0. The
expression almost everywhere (abbreviated as a.e.) refers, as usual, to the Lebesgue
measure. A function u:$2 — R is said to be quasi continuous if for every € > 0
there exists a set A C Q, with cap(A4,Q) < e, such that the restriction of u to
N\ A is continuous.

It is well known that every u € H'(£2) has a quasi continuous representative,
which is uniquely defined up to a set of capacity zero. In the sequel we shall always
identify w with its quasi continuous representative, so that the pointwise values of
a function v € HY(Q) are defined quasi everywhere. We recall that, if a sequence
(up) converges to u in H}(Q), then a subsequence of (uj) converges to u q.e. in
Q. For all these properties of quasi continuous representatives of Sobolev functions
we refer to [51], Section 3.

A subset A of Q is said to be a quasi open if for every € > 0 there exists an
open subset U, of Q, with cap(Ue, Q) < e, such that AU U, is open.

Lemma 2.1. For every quasi open subset A of ) there exists an increasing se-
quence (vy) of non-negative functions of HE(Q) converging to 1, pointwise g.e.

in ).

Proof. This lemma is an easy consequence of a more general result proved in
[18], Lemma 1.5. For the reader’s convenience, we give here the easy proof in this
particular case. Let A be a quasi open subset of 2. Then there exists a sequence
(Uk) of open subsets of Q, with cap(Uy, 2) < 1/k, such that the sets Ay = AUUy



are open. Therefore, for every k € N there exists an increasing sequence (gofl) h
of non-negative functions of C§°(£2) converging to 1,, pointwise q.e. in 2. Since
cap(Ug, Q) < 1/k, for every k € N there exists uy € H} () such that u, > 1 q.e.
in Uy, up >0 qe. in Q, and [, |Dug|?dz < 1/k. This implies that a subsequence
of (ug) converges to 0 q.e. in . Moreover, as ¢f < 1y, , we have (oF —up)t <1,
g.e. in Q. Let us define

on = max (g7 = ur)”

, P = sup vy, .

h
Then v, € H} (), v, > 0 in Q, the sequence (vp,) is increasing, and ¢ < 1, q.e.
in Q. For every h > k we have vy > <p’fL —ui. As A C Ay, we get ¢ > 1—wu q.e.
in A. Taking the limit as & — oo along a suitable subsequence, we obtain 1 > 1
g.e. in A. This shows that ¢ =1, and concludes the proof of the lemma. U]

By a Borel measure on {2 we mean a positive, countably additive set function
defined in the Borel o-field of © and with values in [0, +00]. By a Radon measure
on 2 we mean a Borel measure which is finite on every compact subset of (2.

We denote by Mg(€2) the set of all Borel measures p on € such that
(i) w(B) =0 for every Borel set B C  with cap(B,) =0,
(ii) p(B) =inf{u(A) : A quasi open, B C A} for every Borel set B C (.
This definition differs from the definition used in [22] and [23], where condition (ii)
is not present. Our class M(Q2) coincides with the class M§(£2) introduced in
[19] and used in [8]. We refer to [19] for a comparison between these definitions. It
is well known that every Radon measure satisfies (ii), while there are examples of
Borel measures which satisfy (i), but do not satisfy (ii).

For every closed set E C Q2 we denote by cog the measure of the class My ()
defined by
0, if cap(BN E,) =0,

400,  otherwise. (2.1)

oop(B) = {
We shall see in Theorem 4.6 that the measures cog will be useful in the study of
the asymptotic behaviour of sequences of Dirichlet problems in varying domains.
Finally, we say that a Radon measure v on Q belongs to H () if there exists
f € HY(Q) such that

(f.¢) = /Q pdv  YpeCE(Q), (2.2)

where (-,-) denotes the duality pairing between H~1(2) and H}(Q). We shall
always identify f and v. Note that, by the Riesz theorem, for every positive
functional f € H~1(Q), there exists a Radon measure v such that (2.2) holds. It
is well known that every Radon measure which belongs to H () belongs also to
Mo () (see [51], Section 4.7).



Let A: HY(Q) — H~1(2) be an elliptic operator of the form

n
Au=—Y" Di(a;Dju), (2.3)
ij=1
where (a;;) is an nxn matrix of functions of L>°(Q) satisfying, for a suitable
constant a > 0, the ellipticity condition

Z a;; ()6 > al¢)? (2.4)
ij=1

for a.e. x € Q and for every £ € R". Let A*: H1(2) — H~(Q) be the adjoint
operator, defined by
A*u=— Z Di(a;;Dju)
ij=1

for every u € H'(Q). Tt is well known that (A*u,v) = (Av,u) for every u,
v € H ().

Let u € Mo(Q) and f € H-(Q). We shall consider the following relazed
Dirichlet problem (see [22] and [23]): find u € Hg(2) N L7(€) such that

(Au,v) +/qu dp = (f,v) Vo€ Hy(Q)NLAQ). (2.5)

The name is motivated by Theorem 4.6 and by the density results proved in [22]
and [21].

Theorem 2.2. For every f € H™1(Q) there exists a unique solution of problem

(2.5).

Proof. The proof is a straightforward application of the Lax-Milgram lemma, see,
e.g., [22], Theorem 2.4. U]

By the ellipticity condition (2.4), if we take u as test function in (2.5), we obtain

the following estimate
1
lull ) < E”f”H—l(Q)' (2.6)
A connection between classical Dirichlet problems and relaxed Dirichlet problems

(2.5) is given by the following remark.

Remark 2.3. It is easy to see that, if F is a closed set and p = oog, then
u € H}(Q) is the solution of problem (2.5) if and only if u =0 q.e. in E and u is
the solution in Q\ F of the classical boundary value problem

u € HYQ\E), Au=f in Q\E.

The solutions of relaxed Dirichlet problems satisfy a comparison principle.



Proposition 2.4. Let € M(Q), let fe H (), and let u € Hj(Q) N L2()
be the solution of problem (2.5). If f >0 in Q, then u>0 g.e. in .

Proof. The proof is given in [22], Proposition 2.9, in a more general context. For
the sake of completeness we give the proof in this simple case. Let v = —(u A 0).
Then v is a non-negative function of Hg(Q2) N L2(Q). Since uv < 0 q.e. in Q and
(f,v)y >0, taking v as test function in (2.5) we obtain (Au,v) > 0. As Dv = —Du
a.e. in {v >0} and Dv =0 a.e. in {v =0}, we have that (Av,v) = —(Au,v) <0.
By the ellipticity assumption we obtain v = 0 q.e. in €, hence u > 0 g.e. in €.

]

Proposition 2.5. Let fi, fo € H Y(Q) and let uy, po € Mo(Q). Let uy,
ug € HE(Q) be the solutions of problem (2.5) corresponding to fi, p1 and to fa,
po. If 0 < f1 < fo and pa < py in Q, then 0 < wuy <wuy g.e. in Q.

Proof. This result is proved in [22], Proposition 2.10. For the reader’s convenience
we give here the complete proof. By Proposition 2.4 we have that u; > 0 q.e. in
Q and uz >0 qe. in Q. Let v = (u; —uz)*. Since 0 < v < wy and pg < py, we
have v € L2 () NL2, (Q). As [usvdus < [ ugvdpy, taking v as test function
in the problems solved by u; and us and subtracting the corresponding equations,
we obtain

<A(u1 7U2),U>+L(U1 7U2)’Ud,u,1 S <f1 7f2,’U> S 0.

Since (u1 — uz)v > 0 g.e. in , by the ellipticity condition (2.4) we have
ooy < (Av,0) = (Afu —u2),v) < 0.

Thus v =0 q.e. in  and, consequently, u; < ug g.e. in 2. L]

The following result will be useful in the sequel.

Proposition 2.6. Let v be a positive Radon measure on € which belongs to
H=(Q) and let u be the solution in Hg(Q) N L2 (Q) of problem (2.5) corresponding
to f=v. Then

(Au,v) < / vdy
Q
for every v € H}(Q) with v >0 g.e. in Q.

Proof. This proposition is proved in [22], Proposition 2.6, under more general
hypotheses. Here we sketch the proof only in our particular case. Let v € H}(Q)
with v > 0 g.e. in Q and let v, = (%v) Aw. Since u > 0 (Proposition 2.4), we have
that vy, >0 q.e. in Q and v, € Hg(Q2) N L2(2). Then, taking vy, as test function



in problem (2.5) with f = v, we obtain (Au,v;) < [, vndv. Since Dv, = +Dv
in {v < hu} and Dvp, = Du in {v > hu}, we have

n n

aiijuDiv) dx + / ( Z aiijuDiu) dr <
{v>hu} ig=1

1
§/vhdugf/vdu.
Q h Jo

By neglecting the second term, which is non-negative by the ellipticity assumption,
we get

1
h {v<hu} ij=1

a;:DjuD;v)dr < /vdl/.
‘/{U<hu}(i,j21 7 ) Q

Taking the limit as h — oo, we obtain

n

o' 2

4,J=1

aiijuDiv) dr < /vdu.
Q

Since © > 0 g.e. in © and Dju =0 a.e. in {u = 0}, the conclusion follows. U

3. A Convex Set

In this section we shall study the properties of the set K(2) of all functions
w € HY(Q) such that w >0 q.e. in © and Aw <1 in Q in the sense of H~(Q).
It is easy to see that K(2) is a closed convex subset of H} (). Moreover, for every
w € K(Q) we have

a/ |Dw|2dx < (Aw,w) < /wdﬂc.
Q Q

This shows that () is bounded, and hence weakly compact, in HE (). Let wg
be the solution of the Dirichlet problem

wOEHé(Q), Awg =1.

By the maximum principle we have w < wp qg.e. in Q for every w € K(2). As
wo € L>(Q) (see [48]), the set () is bounded in L>(Q).

Given w € K(Q), let v =1 — Aw. By the definition of K(Q) we have v > 0
in Q in the sense of distributions, hence v is a positive Radon measure. As Aw €
H=1(Q), we have also v € H=(Q).

We shall see that, if w € K(Q), then w can be characterized as the solution
of a particular relaxed Dirichlet problem. To this aim we need some preliminary
results.



Proposition 3.1. Let € Mo(Q) and let u € Hg() N L%(Q). For every h € N
let up, € Hy () N L%(Q) be the solution of the problem

(Aup,v) + / upvdy + h/(uh —u)vdr = 0 Vv € H}(Q) ﬂLi(Q). (3.1)
Q Q
Then (up) converges to u strongly in Hg () and in L7(€2). Moreover

lim ((Auh,uh> + /Qu,% du + h/Q(uh _U)de) = (Au,u) + / u?dp.  (3.2)

—00 Q

Proof. Taking v = up — u as test function in (3.1) we obtain

(Aup,up —u) + /

Quh(uh —u)dp + h/ (up, —u)?dz = 0, (3.3)

Q
hence

(Alun — ) un —u) + /

(up, — u)?dp + h/ (up, —u)?de =
Q 0

= —(Au,up —u) — /Qu(uh—u)du.

From the ellipticity condition (2.4) we get
olun — U||§13(Q) + Jlun — U||2Li(sz) + hllup — |72y <

< —(Au,up —u) — /Q u(up, — u)dup, (3.4)

hence

oflun — UHQH(%(Q) + llun — u||2Lg(Q) + hllup — |72y <

< N Aull g lun = ull ga oy + el 2 o llun = wllzz o) -

By using the Cauchy inequality we obtain
o 2 1 2 2
§||Uh —ullgq) + §||uh = ullzz () + Pllun = ullz2) <
1 1
< %”Au”?—]—l(ﬂ) + §||u||2L§(Q)~

This shows that (uj,) converges to u weakly in Hj(Q) and in LZ(€2). By (3.4) this
implies that (uj) converges to u strongly in Hg(Q2) and in L2(Q). Finally (3.3)
gives

(Aup,up) + /

ui dy + h/(uh —u)’dr = (Aup,u) + / upudp,
Q Q Q

which proves (3.2). U



Lemma 3.2. Let p € Mo(Q) and let w € Hj(Q) N L2 () be the solution of the
problem

(Aw,v) + /Qwvdu = /dex VUGH&(Q)HLZ(Q).
Then pu(B) = +oo for every Borel subset B of Q with cap(BN{w =0}Q) > 0.

Proof. Let u e Hy(Q)NL%(Q), with 0 <u <1 qe. in Q, and, for every h € N,
let up € Hg(2) N L7(Q) be the solution of the problem

upv dy + h/
Q

(Aup,v) + /

upvdr = h/ uv dz Vv € H3(Q) DLZ(Q).
Q Q

By the comparison principle (Proposition 2.5) we have 0 < wuj, < hw q.e. in €,
hence up = 0 q.e. in {w =0}. Since, by Proposition 3.1, (up) converges to u in
HY(Q), we have u =0 q.e. in {w = 0}.

Let U be a quasi open subset of Q such that p(U) < +o0o. By Lemma 2.1
there exists an increasing sequence (z5,) in H} () converging to 1y pointwise q.e.
in ©Q and such that 0 < z;, < 1y q.e. in Q for every h € N. As u(U) < 400, each
function z; belongs to Li(Q), hence z;, =0 g.e. on {w = 0} by the previous step.
This implies that cap(U N {w = 0},Q) = 0.

Let us consider a Borel set B with cap(B N {w = 0},§) > 0. For every quasi
open set U containing B we have cap(U N{w =0},Q) > 0, hence pu(U) = +oo
by the previous step of the proof. By the definition of M(2) we conclude that
pu(B) = +o0. U]

Lemma 3.3. Let A\ and p be measures of Mo(2). Assume that there ezists a
function w € H(Q) N L3(Q) N L%(Q) such that

(Aw,v) + /wvd)\ = /vdx Yo € Hy(Q) N Li(Q), (3.5)
Q Q
(Aw,v) + /Qwvdu = /dex Vv € H} (D) HLZ(Q). (3.6)

Then A= p.

Proof. Let us consider the measures A9 and p defined for every Borel set B C Q)
by

M(B) = [war, o(B) = [ win.

Let us prove that Ao = pg. For every € > 0 let A\. and p. be the measures defined

by
Ae(B) :/ wd, ue(B) :/ wdp .
Bn{w>e} Bn{w>e}



To prove that Ay = po it is enough to show that A = p. for every € > 0. Let us
fix e >0. As we L3(Q) NLA(Q), A and g, are bounded measures. Therefore it
is enough to show that A.(U) = pu.(U) for every open subset U of Q. Let us fix
U and let U. = U N{w >e}. As U, is quasi open, by Lemma 2.1 there exists an
increasing sequence (zp,) in H(Q) converging to 1y, pointwise g.e. in © and such
that 0 < z;, < 1y, qe in Q. As w € L3(Q)NLLQ) and w > ¢ qe. in U, we
have A(U) < 400 and u(U.) < 400, hence z, € L3(Q2) N L2(2). From (3.5) and

(3.6) we get
/wzhd)\ = /wzhdu.
Q Q

Taking the limit as h — oo we obtain

&mzéywzﬁwwzww

€

This shows that A. = p. for every € > 0, hence A\g = po. For every Borel set
B C {w > 0} we have

AB) = [ v = [ L duo=n(B),

If B is Borel set contained in {w =0} and cap(B,) > 0, then A\(B) = u(B) =
+o0o by Lemma 3.2. If cap(B,Q) = 0, then A(B) = p(B) = 0 by the definition
of My(92). Therefore \(B) = A(BN{w > 0})+A(BN{w = 0}) = p(BN{w > 0})+
w(BN{w=0})=pu(B) for every Borel set B C Q. U]

We give now the characterization of K(Q2) in terms of relaxed Dirichlet problems.

Proposition 3.4. A function w € H () belongs to K(Q) if and only if there
exists p1 € Mo(Q) such that w € Hy(Q) N L2 (Q) and

(Aw,v) + /Qwvdu = /dex Yo € Hy(Q) NL2(Q). (3.7)

The measure p € Mo(Q) is uniquely determined by w € K(Q). More precisely, for
every w € K(Q) and for every Borel set B C Q we have

u(B) = /Bd—wy, if cap(BN{w =0},Q) =0,

+00, if cap(BN{w =0},Q) > 0,

(3.8)

where v is the measure of H=1(Q) defined by v =1 — Aw. Moreover, we have

v(BNn{w >0}) = /deﬂ (3.9)

for every Borel set B C 2.



Proof. We follow the lines of the proof of Theorem 1 of [14]. Let p € Mo(£2)
and let w € H{(Q) N L2(2) be a solution of (3.7). Then w > 0 q.e. in Q by
Proposition 2.4 and Aw <1 in Q by Proposition 2.6, hence w € K(2).

Conversely, assume that w € () and let p be the measure defined by (3.8).
Let us prove that u € Mo(Q2). Since v € H~1(Q), we have pu(B) = 0 for every
Borel set B C ) with cap(B,) = 0. It remains to prove that

w(B) = inf{u(A) : A quasi open, B C A} (3.10)

for every Borel set B C Q with u(B) < +oo. For every h € N let pj, be the
measure on € defined by p,(B) = u(BN{w > +}). Note that

() = p({w > +}) < hv({w > +}) < hQ/deZ/ = h*{(1 — Aw,w) < +oc.

Let us fix a Borel set B C Q with pu(B) < +00. By the definition of p we have
cap(BN{w = 0},Q) = 0. For every h > 2 let B, = BN{; < w < 25}, and
let By = {1 < w}, so that u(B) = >, u(Bp). Since up(Q) < +oo, for every
€ > 0 and for every h € N there exists an open set Uy, with B, C U, C ,
such that pp,(Up) < pn(Bp) + 27" = w(By) +e27". Let Ay, = Uy N {w > %}
As w is quasi continuous, the set A, is quasi open. Moreover B, C A; and
w(Ap) = un(Up) < u(Bp) +e27". Let Ag = BN {w = 0} and let A be the union
of all sets Ap, for h > 0. Then A is quasi open, contains B, and p(A) < u(B)+«.
Since € > 0 is arbitrary, this proves (3.10).
Let us prove that w is a solution of (3.7). By (3.8) we have

/de,u = / widp = / wdy = (1 — Aw,w) < +o0,
Q {w>0} {w>0}

hence w € L2%(€). Let v € HJ(Q)NL2(Q). By (3.8) we have v = 0 q.e. in
{w = 0}. By the definitions of p and v we have

(Aw,v) + / wvdp = (Aw,v) + / wvdp =
Q {w>0}

:<Aw,v)+/ vduz(Aw,v)—i—/vdV:/vdx,
{w>0} Q Q

which proves (3.7). The uniqueness of u follows from Lemma 3.3.
Property (3.9) is an easy consequence of (3.8). U

The following lemma will be crucial in the proof of Theorem 4.3.



Lemma 3.5. Let € Mo(Q) and let f € L®(Q). Let u € Hj(Q)NLL(Q) and
w* € Hg () N L%(Q) be the solutions of the problems

(Au,v) + /qudp = /vadw Yo € HY () QLZ(Q), (3.11)
(A*w*,v) + / wrvdp = /vdm Vv € Hy () OLZ(Q), (3.12)
Q Q

Then w is the unique solution in H}(Q) N L>®(Q) of the problem

(Au, w*p) — (A*w*, up) = / fw*pdr — /wpdx Vo e C°(R2).  (3.13)
Q Q

Proof. First of all, we note that (3.13) can be written as
/(Z a;;DjuD;p)w*dr — /(Z a;;DjeDiw* )udr =
Q75 Q75
1,] 2,]
= /fw*godx - /ugodx Yo e C5°(82). (3.14)
Q Q
Let w € Hj(Q)NL2(Q) be the solution of (3.7). By the comparison principle
(Theorem 2.5) we have |u| < cw qe. in Q, with ¢ = |[f|z=(q). Since w is
bounded, this implies that u € L ().

Let v*=1— A*w*. By Proposition 2.6 v* is a non-negative Radon measure.
By Lemma 3.4 (applied to A*) we have that

V(BN {w> 0}) = / w*dy (3.15)
B
for every Borel set B C Q. As w* € L2(Q), we have w*p € Hg(Q) N L%(Q) for

every ¢ € C3°(Q). As u € L2(Q), by Lemma 3.2 (applied to A*) we have u = 0
g.e. in {w*=0}. Therefore (3.15) implies that

/ ww*pdu = / updv* = / wp dv® .
Q {w*>0} Q
Taking v = w*y in (3.11) we obtain

(Au, w* ) + /ucpdy* = /fw*godx
Q Q

for every ¢ € C§°(Q). As v* =1 — A*w*, we conclude that v is a solution in
HY Q)N L>=(Q) of (3.13).



Let us prove that the solution of (3.13) is unique. First of all we observe that,
by an easy approximation argument, (3.13) holds for every ¢ € H(Q) N L>(Q).
Since the equation is linear in wu, it is enough to consider the case f = 0. Let us
fix a solution z € H(Q) N L>(Q) of (3.13) with f =0. By (3.14) we have that

/(Z a;;DjzDv)w*dx — /(Z aiijvDiw*)zda:—&—/ zodr =0
=1 Q=1 Q
for every v € H(Q) N L>°(£2). Taking v = z we obtain
n n
/(Z aiijzDiz)w*da:—/(Z aiijzDiw*)zdx—F/ Z2dr = 0. (3.16)
Q50 Q Q
As zDjz = 1D;(2%) and v* > 0 we have

n
1 1
—/( g a;;DjzDiw*)zde = —=(A*w*, 2%) > —f/ 22dr,
Q 2 2 Ja

4,5=1

i,j=1

and so (3.16) gives
= 1
/(Z a;;D;zD;z)w*dx + 5/ 22dr < 0. (3.17)
Q

ij=1 Q
Since w* > 0 qg.e. in Q (Proposition 2.4), (3.17) and the ellipticity condition (2.4)
imply that z =0 a.e. in 2. This concludes the proof of the uniqueness. ]

4. The v“-Convergence and the Compactness Theorem

In this section we introduce the notion of y“-convergence in Mg (), related
to the convergence of the solutions of the corresponding relaxed Dirichlet problems.
When A is the Laplace operator —A, this notion is defined in [23] in terms of the
I'-convergence of the functionals [, | Du|*dx + Jo u?dp associated with the relaxed
Dirichlet problems. For the extension of this definition to the case of symmetric
operators see [7] and [19]. The definition given here involves only the solutions
of (2.5), and coincides with the previous ones in the symmetric cases.

Definition 4.1. Let (up,) be a sequence of measures of M (£2) and let u € Mo(Q).
We say that (uz) v -converges to p (in Q) if for every f € H~1(Q2) the solutions
up € Hy ()N L% (Q) of the problems

(Aup,v) —|—/Quhv dpn = (f,v) Yo € Hy ()N Lih Q) (4.1)

converge weakly in Hj(Q), as h — oo, to the solution u € Hj(2) N L2(Q) of the
problem

(Au,v) + /Q wodp = (f,v) Yo € Hy(Q) N LZ(Q) . (4.2)

We underline the fact that the 4-limit depends on the operator A. This fact
will be discussed later in Section 6.



Remark 4.2. Since A is linear and the solutions of (4.1) depend continuously
on the data, uniformly with respect to h (see the estimate (2.6)), a sequence (up)
y4-converges to p if and only if the solutions of (4.1) converge weakly in Ha(€2)

to the solution of (4.2) for every f in a dense subset of H ().

Let (ur) be a sequence of measures of the class Mo(€2) and let p € Mo(Q2). Let
wy, € Hy(Q) NL2 (Q) and w € Hg(2) N L7(Q) be the solutions of the problems

1220

(Awp,v) + / wpv dpy, = /vdx Yo e Hy(Q) N L2 (Q), (4.3)
Q Q
(Aw,v) + /Qwvd,u = /qud:z: Yo € Hy(Q) N L2 (Q), (4.4)

and let wj € Hg(Q)NLZ% (Q) and w* € Hj(Q2) N L2(Q) be the solutions of the
corresponding problems for the adjoint operator A*.

We are now in a position to characterize the v -convergence of a sequence of
measures () in terms of the weak convergence in H}(Q) of the sequences (wy,)
and (w;}).

Theorem 4.3. Let () be a sequence of measures of Mqy(Q2) and let u € My(Q).
Let w, € Hg(Q)NLZ% () and w € H{(Q)NLA(Q) be the solutions of prob-
lems (4.3) and (4.4), and let wj, € Hy(Q)NL2 (Q), w* € Hy(Q)NLAQ) be
the solutions of the corresponding problems for A*. The following conditions are
equivalent:

(a) (wp) converges to w weakly in H}(Q);

(b) (w}) converges to w* weakly in Hg(Q);

(¢) (un) Y™ -converges to u;

(d) (pn) ¥4 -converges to yu.

Proof. (b) = (¢). Given f € L>®(Q), let up € Hg(Q)NLZ (Q) and u €
Hy(Q2) N L2(Q) be the solutions of the problems (4.1) and (4.2). By Lemma 3.5

and by (3.14) we have

/Q(Z aiijuhDigp)w}kL dz — /(Z aiijapDiw;*L)uh dx =

ij=1 QG i=1

= / fwrpdx — / upp dx Yo € C§° (). (4.5)
Q Q
By the estimate (2.6) the sequence (uy) is bounded in Hg(£2), so we may assume

that (up) converges weakly in H} () to some function . By the comparison prin-
ciple (Theorem 2.5) we have |uj| < cwy, q.e. in Q, with ¢ = || f|| o (q). Taking the



limit as h — oo we get |u| < cw q.e. in Q, and hence @ € L*(£2). Moreover, tak-
ing the limit in (4.5) we obtain that @ satisfies (3.14), and so & = u by Lemma 3.5.
Therefore (u) y4-convereges to u by Remark 4.2.

(¢) = (a). Tt is enough to take f =1 in the definition of y*-convergence.

(a) = (d). Tt is enough to replace A by A* in the proof of (b) = (c).

(d) = (b). It is enough to take f =1 in the definition of ¥4 -convergence. U

Remark 4.4. The uniqueness of the y*-limit is an easy consequence of Theo-
rem 4.3, which implies that, if (us) y2-converges to A and p, then w satisfies
(3.5) and (3.6), so that A = p by Lemma 3.3.

The following theorem proves the compactness of Mg(2) with respect to v -con-
vergence.

Theorem 4.5. Every sequence of measures of Mo(Q) contains a v -convergent
subsequence.

Proof. Let (up) be a sequence of measures of My(£2) and, for every h € N, let
wy, € Hy () N L2, (Q) be the solution of problem (4.3). By Proposition 3.4 we have
wp, € K(Q). Since K(Q) is compact in the weak topology of H}(f2), a subsequence
of (wy,) converges weakly in Hg (£2) to some function w € K(Q2). By Proposition 3.4
there exists a measure € Mo(€) such that w is a solution in Hj(Q) N L2(2) of
problem (4.4). The conclusion follows now from Theorem 4.3. UJ

The case of Dirichlet problems in perforated domains is considered in the following
theorem.

Theorem 4.6. Let (Qp) be an arbitrary sequence of open subsets of Q. Then
there exist a subsequence, still denoted by (), and a measure p € Mo(Q2) such
that, for every f € H=1(Q), the solutions u, € HL(Qn) of the equations Auj, = f
in Qy,, extended to 0 on Q\Qy, converge weakly in H}(Q) to the unique solution
u e Hi(Q) N LZL(Q) of problem (4.2).

Proof. The conclusion follows easily from the compactness theorem (Theorem 4.5)
and from the fact that each function uj; can be regarded as the solution of prob-
lem (4.1) with pp, = cog\q, (Remark 2.3). UJ

Using Theorem 4.3 we can prove the following density result in M (£2). We shall
see in Corollary 5.8 that the strong converegence in H}(Q) of the sequence (wy,)
implies the strong converegence in H{ () of the sequence (up) of the solutions of
(4.1) for every f e H-1(Q).



Proposition 4.7. FEvery measure € Mo(Q) is the ¥ -limit of a sequence (up,)
of Radon measures of Mq(2) such that the solutions wy, of (4.3) converge strongly
in H}(Q) to the solution w of (4.4).

Proof. By (3.8) a measure u € My(f2) is a Radon measure if the solution w
of (4.4) satisfies

i}l{fw >0 for every compact set K C (2. (4.6)

Now let wg € H}(Q) be the solution of the equation Awg =1 in Q. By the strong
maximum principle (see [48]) we have that wg satisfies (4.6).

Let us fix g € Mp(Q) and let w € K£(Q) be the solution of (4.4). For every
h € N let us define wy, = (1 — }%)w + %wo. It is easy to see that wjy, is a positive
subsolution of the equation Au = 1, hence wy, € K(£2). Moreover the functions wy,
satisfy (4.6) and converge to w strongly in H}(Q). Therefore the measures pj, €
My(Q) associated with wj, by Proposition 3.4 are Radon measures and v -con-
verge to p by Theorem 4.3. 0

The following proposition deals with the case where also f varies.

Proposition 4.8. Let (i) be a sequence of measures of Mg(2) 4

to a measure p € Mo(2). Let (fn) be a sequence in H=(Q) converging strongly
to f e H'(Q). For every h € N let vy, € Hy(Q) N L2, () be the solution of the
problem

-converging

(Avp, v) +/thv dun, = (fn,v) Yv € H&(Q) ﬂLih(Q)

and let uw € H5(Q) N L2 () be the solution of problem (4.2). Then (vy) converges
to u weakly in H}(Q).

Proof. For every h € N, let u; be the solution in HE(Q) ﬁLih(Q) of prob-
lem (4.1). By the estimate (2.6) and by the linearity of the problem the sequence
(v, —up) converges to 0 strongly in Ha (). Moreover, by the definition of y*-con-
vergence, (up) converges to u weakly in H{(Q). Therefore (vs) converges to u
weakly in H}(Q). O

The following results (Theorem 4.9, Theorem 4.10, Corollary 4.11) show the local
character of the y“-convergence. Let w be an open subset of Q. With a little
abuse of notation we still denote by A the operator defined by (2.3) on H!(w), and
by (-,-) the duality pairing between H~!(w) and Hg(w).



Theorem 4.9. Let (uy,) be a sequence of measures of Mqy(Q) ~v* -converging in Q
to a measure p € Mo(2). Let w be an open subset of Q, let (fr) be a sequence in
H~Y(w) converging to f strongly in H=1(w), and let (un) be a sequence in H'(w)
converging to u weakly in H'(w). Suppose that uj, € Lih (W) for every w' CC w

and that
<Auh,v>+/uhvd,uh = (fn,v) (4.7)

w

for every v € Hj(w) N L2 (w) with supp(v) CC w. Then u € L2(w') for every
W' CCw and

(Au,v) —|—/uvdu = (f,v) (4.8)

for every v € Hj(w) N L2 (w) with supp(v) CC w.

Proof. Let ¢ € C§°(w) and let z;, = puy,. Since for every v € Hi(Q) we have

/(Z a,t-ijth,'v) dr = /(Z a,t-ijgoDiv)uh dx +
Q

ij=1 2 ig=1

+ /(Z aiijuth)tpdx = /(Z aiijgoDw)uh dx +
Q

ij=1 ij=1

+ /(Z aiijuhDi(vcp)) dr — /(Z aiijuhDiga)v dz ,
Q

i,j=1 @ =1
from (4.7) we obtain

(Azp,v) + /Q zpvdun = (gn,v) Vv € HY(Q) N Lih(Q),

where

(gn,v) = (fn,vp) +/

Q

(Z aiijngiv)uh dr — /(Z aiijuhDigo)vdx
i,j=1 Q=1

for every v € H}(Q). Since (up) converges to u weakly in H}(w), (fn) converges
to f strongly in H*(w), and ¢ has compact support in w, it follows that (g;,)
converges strongly in H () to the functional g € H~1(Q) defined by

(g,v) = (f,vp) + /Q(Z aiijgoDiv)udx — /Q(Z aiijuDiap)vdx
i,5=1 1,5=1

A—Converges to p and (z) converges to z =

for every v € H}(Q). As (un) v
ou weakly in H}(Q), by Proposition 4.8 the function z = ¢u is the solution in

Hg(Q) N L2(Q) of the problem
(Az,v) + /Q zodp = (g,v) Vv € Hy(Q) N L (). (4.9)

Let us fix an open set ' and a function v € Hj(w) N L2 (w) with supp(v) CC
w' CC w. If we choose ¢ € C§°(w) such that ¢ =1 in &', then u =z q.e. in W,
hence u € L?(w') and (4.9) implies (4.8). 0



A _converging in Q

A

Theorem 4.10. Let (up) a sequence of measures of Mo(£2) v
to a measure p € Mo(Q), and let w be an open subset of Q. Then (up)
verges to [ in w.

-con-

Proof. Let us fix f € H !'(w). For every h € N let u; be the solution in
Hy(w) N L2, (w) of problem (4.1), with © replaced by w. By the estimate (2.6)
we know that a subsequence, still denoted by (uy), converges weakly in H}(w) to
a function u € Hj(w). Then, by Theorem 4.9, u € L7 (w') for every open set
w' CC w and u is a solution of problem (4.8).

It remains to prove that u € L?(w). Since u € Hj(w) and u € L (w') for
every open set w’ CC w, there exists a sequence (vy,) in Hg(w)N L2 (w), converging
to u weakly in Hg(w), with supp(vs) CC w and wv, > 0 q.e. in w, such that
the sequence (uvy,) is increasing and converges to u? pointwise q.e. in w. Taking
v =y in (4.8) we get

(Au,vp) —|—/uvh du = (f,vn).

w

Taking the limit as h — co we obtain [ w?du = (f,u) — (Au,u) < 400, and thus
u € Li (w). By an easy approximation argument we can prove that u is the unique
solution in Hg(w) N L?(w) of the problem

(Au,v) + /uvdu = (f,v) WORS Hé(w)ﬂLi(w).

Since the limit does not depend on the subsequence, the proof is complete. ]

Corollary 4.11. Let pp, p € Mo(Q). Let ()ier be a family of open subsets
of Q which covers Q. Then (u) Y2 -converges to u in Q if and only if (un)
v -converges to p in Q; for every i € 1.

Proof. The conclusion follows easily from the compactness theorem (Theorem 4.5)
and from Theorem 4.10. L]

5. Strong Convergence

Let (un) be a sequence of measures of Mo(Q2) y4-converging to a measure
wE Mo(Q). Let f € H-H() and let uj, and u be the solutions of problems (4.1)
and (4.2). By the definition of y4-convergence the sequence (uy) converges to u
weakly in H} (). In this section we study the strong convergence of the sequence
of the gradients (Duy,) in the space LP(2,R™), 1 < p < 2. The following theorem
proves that (Duy,) converges strongly to Du in LP(2,R"™) for every 1 < p < 2.



Theorem 5.1. Let (i) be a sequence of measures of Mqo(Q) 4 -converging to
a measure ;1 € Mo(Q). Let f € H Q) and let uy, € Hy(Q)NL2 (Q) and u €
H§(Q) N L2(Q) be the solutions of problems (4.1) and (4.2). Then (uy,) converges
to u strongly in Hé’p(Q) for every 1 <p<2.

Proof. Since A is linear and the solutions of (4.1) depend continuously on the
data, uniformly with respect to h (see the estimate (2.6)), it is not restrictive to
suppose that f € L*(Q) and f > 0.

By the definition of y*-convergence the sequence (uy,) converges to u weakly in
H}(Q), and hence (Auyp) converges to Au weakly in H~1(2). By Proposition 2.6
we have Aup, < f, and so f — Auy, € H;l(Q), the positive cone of H~1(2). Since
H{'() is compactly imbedded in H~1P(Q) for every 1 < p < 2 (see [37]), the
sequence (Aup) converges to Au strongly in H~1P(Q) for every 1 < p < 2.

If we apply Meyers’ estimate (see [36]) to the operator A*, we find that there
exists a real number s > 2 such that the operator A*: Hy?(2) — H~59(Q) is
an isomorphism for every 2 < ¢ < s. Denote by r the exponent conjugate to
s,ie, 1/r+1/s=1. Then A: Hy"(Q) — H~'?(Q) is an isomorphism for every
r < p<2. Since (Auy,) converges to Au strongly in H~1P(Q) for every r < p < 2,
the sequence (uy) converges to u strongly in Hé’p(Q) for every r < p < 2, and
hence for every 1 < p < 2. 0

Let f € L>(Q) and let up and u be the solutions of problems (4.1) and (4.2).
By Theorem 5.1 the sequence (Duy) converges to Du weakly in L?(Q, R") and
strongly in LP(Q,R") for every 1 < p < 2. To obtain strong convergence in
L?(Q,R™) we need a corrector term. This is a sequence of Borel functions P}, from
OxR to R™, depending on the sequence (i), but independent of f, u, up, such
that

Dup(x) = Du(x) + Pp(z,u(x)) + Rp(x) a.e. in Q, (5.1)

where (Rj,) tends to 0 strongly in L?(Q, R™). This condition means that the oscil-

lations of the sequence of the gradients (Duy) near a point x € Q are determined,

up to a term which is small in L?(Q, R"™), only by the values of the limit function

u near x and by the correctors P, which depend only on the sequence (up).

Let w, € Hy(Q)N L2, (Q) and w € Hi(Q) N L2(Q) be the solutions of prob-
lems (4.3) and (4.4). The functions Pj,: QxR — R"™ are defined by
i(th(:v) — Dw(z)), ifw(z) >0,

Pz, s) = w(z) (5.2)
0, if w(z) =0.

We are now in a position to state the main theorem of this section.



Theorem 5.2. Let (un) be a sequence of measures of Mo(2) 2 -converging

to a measure p € Mo(QQ), and let (Py,) be the sequence defined by (5.2). Let
f € L>*(Q) and let up, € Hy(Q) N L2 () and u € Hy(Q) N L%(Q) be the solutions
of problems (4.1) and (4.2). Then (5.1) holds, with (Ry) converging to 0 strongly
in L?(Q,R").

Remark 5.3. Let wg be the unique function of H}(Q) such that Awy =1 in Q.
By the comparison principle (Proposition 2.5) we have |up| < cwp < cwg and
lul < cw < cwp qee. in Q, with ¢ = [[f|[pe@). As wo € L2(Q) (see [48]), the
functions v and w belong to L*°(£2), and the sequences (uy) and (wy,) are bounded
in L>(Q).

To prove Theorem 5.2 we need the following lemmas. For every ¢ > 0 we set
Q. ={w >e}.

Lemma 5.4. Assume that all hypotheses of Theorem 5.2 are satisfied. Let € > 0
and, for every h € N, let

where wy, € Hy(Q)NL2 (Q) and w € Hi(Q)NLL(Q) are the solutions of prob-
lems (4.3) and (4.4). Then r§ € HL(Q)NL>®(Q) and (Dr) converges to 0 strongly
m L2 (9257 Rn) .

Proof. Since the functions u and — - belong to Hg(2)NL>({2), and, in addition,
the sequences (up) and (wy) are bounded in L () (Remark 5.3) and converge to
u and w weakly in Hg () (Definition 4.1), we conclude that 75, € Hg () N L2 ()
and that (rf) converges to u— 42 weakly in Hj(Q). As u— 42 =0 ae. in
Q., we obtain that (r§) converges to 0 strongly in L?*(2.) and (Dr§) converges
to 0 weakly in L?*(Q.,R"™). Let us fix a function ¢ € H(Q) N L>(Q) such that
0<p<1gqeinQ, o =1 qe. in Oy, and ¢ =0 q.e. in O\ Q.. For instance,
we can take p(z) = @ (w(x)), where &.: R — R is the Lipschitz function defined
by ®.(t) =0 for t <e, ®(t) =L —1 for e <t <2, &.(¢t) =1 for t > 2e. To

conclude the proof it is enough to show that

lim /|DTZ|2(de =0. (5.3)
Q

h—o00
By the ellipticity condition (2.4) we have

a/QIDT’Z\dew + /Q(Ti)zsﬂduh < /(Z a;;Djri, Diry,) o dx + /Q(Ti)%duh =

7,j=1

- . 3 oy _up
= /Q(Z a;;Djup D)) do — /(Z aiijwhDirh)mdxf

i,j=1 @ =1



/ Za D;( Drh)whcpd:c +/uhr,icpdph - / ﬂrigpduh =
Q Q’U)\/cf

1,5=1
/ Z a;; DjupDi(r5,0)) da +/ upryedin —/ Z a;; Djwn Dy )) dx—
@ 3,j=1 i,7=1
_ ury e _ - s e
/Qwhwvgduh /Q(i;la”Djuthgo)rhdx—i—
/ Za thD )Thdx—/ Za D Drh)whcpdx.
,j=1 i,7=1

By (4.1) and (4.3) we obtain

£
a/ |Dré 2o dx + /(r,i)zgad,uh < / fripdx —/ YTh? gy
Q Q QE 0. wWVeE

— / (Z aiijuhDicp)rfL dr + / Z a;;D; 7wy D; ( ))ri dx —
Q

€ ¢,7=1 Qe 1,j=1

/ Z a; D D rh)wh<pd:1:

51]1

Since all terms in the right hand side of the previous inequality tend to 0 as h — oo,
(5.3) holds and the proof is complete. UJ

Lemma 5.5. Assume that all hypotheses of Theorem 5.2 are satisfied, and let
w e Hg(Q) N L%(Q) be the solution of problem (4.4). Then

lim limsup/ |Dup,|*de = 0. (5.4)
{w<e}

e=0 p0o

Proof. For every ¢ > 0 let ®*:R — R be the Lipschitz function defined by
Pe(t) =1for t <e, ®(t) =2— L for e <t < 2e, ®°(¢) = 0 for ¢ > 2¢, and let
w® € HY(Q) N L>®(Q) be the function defined by w®(z) = ®°(w(z)). As w® >0
ge.in © and w® =1 g.e. in {w < €}, by the ellipticity condition (2.4) and by (4.1)
we have

a/ | Duy, |2 dx Jr/ (up)?dpy, < /(Z a;; Djup Dyuy ) w® dz +
{w<e} {w<e}

i,j=1

+ /(uh)QwEd,uh = /(Z aiijuhDi(uhwE)) dr + /(uh)QwEdu;L—
Q

Q=1 Q

/ Z a;; DjupDiw )uh dr = / fupwdr — /(Z aiijuth-wE)uh dz .
Q Q

3,j=1 3,j=1



Since, by the definition of y4-convergence, (uy,) converges to u weakly in H} ()
and strongly in L?(Q2), we can take the limit in the last two terms as h — oco.
Therefore we obtain

alimsup/ |Duh|2d:c < /fuwsd:r — /(Z aiijuDin)udz. (5.5)
{w<e} Q

h—o0 ig—1

As (w?) is bounded in L>°(Q) and converges pointwise to the characteristic function
of {w =0}, we have that (uw®) converges to 0 strongly in L?(2) as € — 0 (recall
that |u| < cw g.e. in Q by Remark 5.3). Moreover,

2
/|u|2|DwE|2da§ < 6—2/ w?|Dw|?dr < 402/ | Dw|*dz
Q € {e<w<2e} {e<w<2e}

and thus (uDw®) converges to 0 strongly in L?(Q). Taking the limit in (5.5) as

¢ — 0 we obtain (5.4). UJ
Proof of Theorem 5.2. Let us fix ¢ > 0, let rj, = uj, — =0 as in Lemma 5.4, and
let Qp. = {w > 2¢}. Then Ry, = (%2 —1)Du—(%2—1)LDw+Drj, a.e.in Q.. Since

(Dr5) converges to 0 strongly in L?(Q2., R") (Lemma 5.4) and, in addition, (&) is
bounded in L>°(s.) and converges to 1 strongly in L?(s.), we conclude that (Rj,)
converges to 0 strongly in L*(Q.,R™). As [, Ridx = Jo. R%de+f{w§25} Ridzx,
it is enough to prove that

lim limsup/ Ridxr = 0. (5.6)
{w<2e}

e=0 oo

Since |u| < cw q.e. in © (Remark 5.3), we have |Rp| < |Dup, — Du|+ ¢|Dwp, — Dw|
a.e. in 2. Therefore

limsup/ Ridr < 4 limsup/ | Duy, |2dx + 4/ | Du|?dx +
{w<2e} {w<2¢e}

h—o00 h— o0 {w<2¢e}
h—o0

+4c? limsup/ | Dwy, |2dx + 4 3 / | Dw|*dx
{w<2e} {w<2e}

for every € > 0. As |u| < cw, we have Du = Dw = 0 a.e. in {w = 0}. Since
Lemma 5.5 can be applied to the sequences (uj) and (wp), from the previous
inequality we obtain (5.6), which concludes the proof of the theorem. L]

Lemmas 5.4 and 5.5 enable us to prove the following corrector result in H} ().



Theorem 5.6. Let (uy) be a sequence of measures of Mo(Q2) 4 -converging to a

measure p € Mo(Q), and let wy, € Hi(Q) N L2, (Q) and w € Hg(2) N LZ%(Q) be the
solutions of problems (4.3) and (4.4). Let f € L>(Q) and let u, € Hg(Q) N L2, ()
and u € Hy(Q) N L2(Q) be the solutions of problems (4.1) and (4.2). Then for every

e > 0 we have
UWhp

up, = + 75,

wVe
with lim limsup [|7}[| g1 o) = 0.
e=0 oo 0

Proof. Setting Qs = {w > 2¢}, we have

/|Dr;|2dx :/ |Dr;|2dx+/ |Drs |2 da . (5.7)
Q Qoc {w<2e}

Since, by Lemma 5.4, (Dr§) converges to 0 strongly in L?(Qa.,R™) as h — oo,
we have only to estimate the last term of (5.7). As

u W, UWH
Dr; = Dup, — —— Dwy, — Du
h P wve T T wve + (wVe)?

D(wVe),
and |u| < cw (Remark 5.3), we have

)’ IDuf? + (=)’ (Dl

1 Wp,
*D82<D 2 2D 2
UDIEP < [Dunf? + D + (- T

Since (wy,) is bounded in L>°(Q) and converges to w weakly in H}(Q), we obtain

h—o0 h—o0

+ 2 1imsup/ | Dwp|*d + / |Dul*dx + c2/ | Dw|*dx .
h—oo J{w<2e} {w<2e} {w<2¢e}

As Ju| < cw, we have Du =0 a.e. in {w = 0}, and so the last two terms tend to 0
as € — 0. The conclusion follows now from Lemma 5.5. U]

1
- limsup/ |Drs |2dx < limsup/ | Duy, |*dx +
4 {w<2e} {w<2e}

The case f ¢ L*°(Q) requires a further approximation (see [9]).

Theorem 5.7. Let (i) be a sequence of measures of Mqo(Q) 4 -converging to

a measure 1 € Mo(2), and let (Py) be the sequence of correctors defined by (5.2).
Let f e HY(Q) and let u, € Hy(Q)NLZ (Q) and u € Hg(Q) N L5(Q) be the
solutions of problems (4.1) and (4.2). Finally, let () be a sequence in L>(Q)
converging to f strongly in H=1(Q), and let u* € H}(Q) N L2() be the solutions
of the problems

(Aur v) + /Qu)‘v dp = /Qf)‘v dx Yo € HY(Q) ﬂLfL(Q). (5.8)



Then Duyp(z) = Du(x) + Py (z,u*(z)) + R)(2) a.e. in Q, with

lim hmsup/(Rg)?dx =0. (5.9)
Q

—0 h—oo

Proof. For every A and for every h let uj € Hg(Q)N L2, (€) be the solution of
the problem

(Aup,v) + /

upv dpy, = / frvdzx Vv € Hy(Q) N Lih(Q).

Q Q

By Theorem 5.2 we have Duj(z) = Du*(z) + Pu(z,u*(z)) + Sp(z) ae. in Q,
where (S7) converges to 0 strongly in L?(Q,R") for every A\. As R} — Sp =
(Dup, — Dup) — (Du — Du?), from the estimate (2.6) we obtain

2
IRMz20r) < ISR llz2mm) + aHf*fAHHfl(Q)a
which implies (5.9). U

Corollary 5.8. Let (up,) be a sequence of measures of Mo(2) 74 -converging to a
measure p € Mo(Q), and let wy, € Hi(Q)NL2, (Q) and w € Hi(Q)NL2(Q)
be the solutions of problems (4.3) and (4.4). Let f € H-Y(Q) and let up €
Hy(Q)NL2 (Q) and w € Hi(Q) N L%(Q) be the solutions of problems (4.1) and
(4-2). If (wp,) converges strongly in HE (), then (up) converges strongly in H} ().

Proof. Let (f*) be a sequence in L>°(f2) converging to f strongly in H~(Q),
and, for every A, let u* € H}(Q) N L2(€2) be the solution of problem (5.8). By Re-
mark 5.3 each function u*/w is bounded on {w > 0}. Therefore, if (wy) converges
strongly in H{}(Q), then (Pj(z,u*(z))) converges to 0 strongly in L?(Q,R") for
every A, and so the conclusion follows from Theorem 5.7. ]

6. The Role of the Skew-Symmetric Part of the Operator

Let (aj;) and (b;;) be the symmetric and the skew-symmetric part of the matrix
(a;;),and let A® be the operator associated with the matrix (aj;) according to (2.3).
In this section we shall study the dependence of the y“-limit of a sequence ()
on the skew-symmetric part (b;;) of the matrix (a;;). We begin by proving that, if
the functions b;; are continuous, then the 44 -limit depends only on the symmetric

S
part a; e



Theorem 6.1. Let u, up € Mo(R2). If the functions by, 4,J =1,...,n, are
continuous, then (up) Y2 -converges to p if and only if (un) v A‘ -converges to [i.

Proof. Since the y*-convergence and the v -convergence are compact (Theo-
rem 4.5), we may assume that (up) 74"
only to prove that () ¥4

Suppose that b;; € CY(Q) for every 4,5 = 1,...,n. Then, for every pair of

functions u, v € HE(Q) N H%(Q), we have

<Au,v>=/ Za”DuDv da:+/ Zb DjuDw) dx =
Q

3,7=1 1,7=1

-converges to a measure g, and we have
-converges to f.

= (A’u,v) — /Q(Z Di(biiju))vdz

ij=1

= (A°u,v) — /(Z D;b;;Dju)vdz, (6.1)

Q =1
where, in the last equality, we have used the fact that (bij) is skew-symmetric,
while (D;D;u) is symmetric. By continuity, the same equality holds for every wu,
v € Hy(Q). Therefore the solution wy, € Hg(2) N L2, () of problem (4.3) satisfies

(A’wp,v) + /Qwhvd,uh = (fn,v) Vv € H&(Q) ﬂLih(Q),

with .
=1+ Z Dibiijwh-
ij=1
By the estimate (2.6) the sequence (wy,) is bounded in H}(f2). Passing, if neces-

sary, to a subsequence, we may assume that (wy) converges weakly in H}(Q2) to a
function w. This implies that (f) converges to

f=1+> Dib;Djw
i,j=1

weakly in L?(Q2), and hence strongly in H~(Q). Since (i) v -converges to s,

by Proposition 4.8 the function w is the solution in Hg(€2) N L2 () of the problem

(Aw,v) + /Qwvdu = /Q(l + Z Dibiijw)v dz Yo € Hy(Q) N Li(Q)

ij=1

By (6.1) w turns out to be the solution in Hg(Q2) N L2 () of (4.4), and this implies

that (un) v*-converges to pu by Theorem 4.3. Since the limit does not depend on

A

the subsequence, the whole sequence (up) v -converges to .



Let us consider now the more general hypothesis b;; € C°(). Let (b5;) be
a sequence of skew-symmetric matrices of class C' converging uniformly to (bij)
as € — 0. Let af; = aj; +bj; and let A. be the corresponding elliptic operators
on H'(Q). By the first step of the proof (uj) v*<-converges to . Therefore, if
w;, € Hy(Q) N L2 (Q) and w® € H(Q) N L2(2) are the solutions of the problems

(Acwy,v) + /Qwivduh = /dex Vv € Hy () ﬂLih’(Q),

(Acw®,v) + /ngvd,u = /de:v Yu € Hy(Q) N L%(Q),

then (wf) converges to w® weakly in H}(Q2) for every > 0.
Let us prove that the solutions wy, € Hj(Q2) N L2, () of (4.3) converge weakly
in Hj(Q) to the solution w € Hj(Q) N L2%(Q) of (4.4). For every € >0 we have

wn = wllrz2) < llwn — willrz@) + [wh — wlz2@) + [0 = wllr2@) . (6.2)
We already proved that the second term of the right hand side tends to 0 as h — co.

Let us estimate the first term. If we choose wj —wy, as test functions in the problems
solved by wj and wy, we obtain

(Acwf, wi, — wp) —|—/ wi (wf, — wp) dpp, = /(wfb —wp,)dz,
Q Q

(Awp, wi, — wp) +/ wp (W, — wp) dpp, = /(wi — wp) dx .
Q Q

By subtracting the second equation from the first one we get

(Ac(wy, — wp), w;, —wp) + / E (bfj - bl-j)DjwhDi(wi — wp) dx +
O .<
,j=1

/(wi—wh)2d/¢h = 0.
Q

Then, using the ellipticity assumption (2.4)(that depends only on the symmetric
part of the matrix) and the Holder inequality, we obtain

1
l[wh, — whH%{;(Q) < a(As(wi —wp), wy, — wp) <

L[ g
1,j=1
s 6
< o 20 185 = byl llwnllay ey lef = whllg )

ig=1
Since (bf;) converges uniformly to b;; as ¢ — 0, and (wy) is bounded in Hg (),
it follows that ||w§ — wh||Hé(Q) tends to 0, as € — 0, uniformly with respect to h.
To prove that ||w® — wl| mi(e) tends to zero we can use the same arguments.
Therefore (6.2) shows that (wj) converges to w strongly in L?(Q). As (wp)
is bounded in H{(2), we obtain that (wy,) converges to w weakly in Hg(£2), and,
by Theorem 4.3, we conclude that () y4-converges to j. U]



In the rest of this section we prepare the technical tools for a counterexample
(Theorem 6.4) which shows that, if the coefficients of the skew-symmetric part
(b;;) of the matrix (a;;) are not continuous, then the A -limit of a sequence (uz)
of measures of M (£2) may depend also on the skew-symmetric part of the matrix,
i.e., the 44-limit may be different from the v*" -limit.

Let us introduce some notion concerning the capacity relative to the (possibly
non-symmetric) operator A associated with the matrix (a;;). In particular we are
interested in the definition and properties of the capacity with respect the whole
space R”.

In the rest of this section we assume n > 3. Let H(R™) be the space of all
functions belonging to L?" (R"), 1/2* = 1/2 — 1/n, whose first order distribution
derivatives belong to L?(R"). By the Sobolev inequality, it is easy to see that
H(R™) is a Hilbert space with norm |ul|g®rn) = [[Dul/z2(rn). We assume now
that (a;;) is an n x n matrix of functions of L*°(R"), satisfying the ellipticity
condition (2.4) for a.e. x € R™. With a little abuse of notation, A is now the
elliptic operator defined by (2.3) for every v € H(R™). Let a(u,v) be the bilinear
form defined on H(R™) x H(R™) by

a(u,v) = /R (Z a;;DjuD;v) dz .
" g=1

Let E be a bounded closed subset of R™ and let K = {v € HR") : v>1
q.e.on E}. By (2.4) we have that the form a(u,v) is coercive on H(R™) and
hence there exists a unique solution z of the following variational inequality

ze K, a(z,v—2)>0 YveK. (6.3)
The capacity of E with respect to R™ (relative to the operator A) is defined by
cap? (E,R") = a(z,2). (6.4)

The function z is called the capacitary potential of E with respect to R™.

Let us denote by Bpg the closed ball of center 0 and radius R. The correspond-
ing open ball will be denoted by Ugr. Given Ry > 0 such that £ C Bpg,, for every
R > Ry weset Kr={ve H}(Ug):v>1q.e. on E} and we consider the bilinear
form on H}(Ug) x Hi(Ug) defined by

ar(u,v) :/U (Z a;;DjuDw) dz .
R j=1

Then, for every R > Ry, there exists a unique solution of the variational inequality

zr € Kgr, ar(zr,v—2r) >0 Yve Kg. (6.5)



The function zg is called the capacitary potential of E with respect to Ug and

cap®(E,Ur) = ar(zr, 2n) (6.6)

is the capacity of E with respect to Ugr (relative to the operator A). For the main
properties of cap” we refer to [48]. In particular, we shall use the following estimate
of the capacity relative to the operator A in terms of the harmonic capacity defined
in Section 2:

kicap(E,Ug) < cap?(E,Ug) < kycap(E,Ug), (6.7)

where k; and ky are two positive constants depending only on the ellipticity con-
stant o and on the L norm of the coefficients a,; .
Our counterexample is based on the following lemma.

Lemma 6.2. Let E be a bounded closed subset of R™. Then

lim cap?(E,Ug) = cap?(E,R"), (6.8)

R—o0

and the capacitary potential z on R™ is the unique solution of the problem

z€ HR"), Z Di(a;;Djz) =0 in R"\E, z=1gqe inE. (6.9)

ij=1

Proof. If zp is the capacitary potential of £ in Ug, we extend it to R™ by setting
zr =0 in R™"\Ug. By the Sobolev imbedding theorem we have that zp € H(R").
Using the coerciveness of A, the explicit formula for the harmonic capacity of a
ball, and the inequality (6.7) we obtain

IDzr|72@mn) < o 'a(zr, 2r) = o 'cap™ (E,Ur) < koa™'cap(Br,,Ur) < C,

for every R > Rp+1. Thus we may assume, passing, if necessary, to a subsequence,
that (zr) converges weakly to a function ¢ € H(R"™). By the lower semicontinuity
of a(v,v) and by (6.5), we have

a((,¢) < lifrcninfa(zR,zR) = lgrlinfaR(zR,zR) < limsup ag(zgr,zr) <

- R—o0

< Rlim ag(zr,v) = Rlim a(zr,v) = a((,v) (6.10)

for every v € H(R"™) with compact support in R™ and with v > 1 g.e. on E. By
a density argument we obtain that ¢ is the solution of (6.3), and thus ¢ coincides
with the capacitary potential z of E in R™. Taking v = ¢ = 2 in (6.10), we
obtain (6.8).

The characterization of z given by (6.9) follows easily from standard techniques
of variational inequalities (see [33], Chapter II). U



Let Qt ={z e R" : z, >0}, let Q- ={z € R" : z, <0}, and let (8;;) be the
matrix defined by
0, ifi=j,
ﬁij:{]w 1fl>.77
-1, ifi < j.
To construct the counterexample we consider the matrix (ag;) given by
aj;(x) = 6;; + b3 (), (6.11)

where §;; is the Kronecker symbol, and b};(x) = 8;;, if z, > 0, while b;(z) = 0,
if ,, <0. Note that the skew-symmetric part (bj;) of (af;) is discontinuous along
the hyperplane I' = { € R™ : z,, = 0}. We denote by Ap the elliptic operator
associated with (ag;).

The following lemma plays a crucial role in the counterexample. We recall that
Bs is the closed unit ball of R™, n > 3.

Lemma 6.3. Let (aj;) be the matriz defined by (6.11). Then
cap?®(By,R™) # cap(B;,R"), (6.12)

where cap(B1,R™) is the capacity defined by (6.4) relative to the Laplace opera-
tor —A.

As Aj = —A, the previous inequality means that the capacity relative to the
operator Ag is different from the capacity relative to its symmetric part Af.

Proof of Lemma 6.3. Let z be the capacitary potential of B; in R"™ relative
to the operator Ay, defined as the unique solution of problem (6.3) with £ = Bj.
Let u be the harmonic capacitary potential of B; in R™, i.e., the solution of
problem (6.3) corresponding to the Laplace operator —A. It is well known that u
is characterized as the unique minimum point of the problem

min{||DvH%2(Rn) o€ HR™), v>1ae. on By}. (6.13)

Suppose, by contradiction, that cap”(B;, R™) = cap(B;, R"). Then ag(z, z) =
HDuHLQ(Rn) Since ag(z,2) = ||Dz||L2 (Rny+ the function z is a minimum point for
the problem (6.13) and hence z = u. Therefore, to prove (6.12) it is sufficient to
show that z # u.

Let us define Q@ = R*"\ By, QF = Qt\B;, Q- =Q \B;, and T =T\B,. By
(6.9), for every ¢ € CS°(Q) we have

0:/m ZaDlecp dz+/ ZaDlegad =

7,7=1 1,7=1

n

= f[(Z(a%ijz) pdo +/ Z ay;Djz) edo f/ pAzdx, (6.14)
r 7j=1 R"\ B

Jj=1



where (ap,;D;2)* and (aj,;D;2)~ denote the limits on ' of aj;D;z from QF and
Q™ respectively.

Suppose now, by contradiction, that z = w. Since, by (6.9), Au =0 on R™\By,
by (6.14) we obtain that

/ia Dju)t) goda/ia Dju)”)pdo
Jj=1 j=1

for every ¢ € C$°(Q). As >o;(an;Dju)™ = Dpu+t; BujDju and 3o, (ay,; Dju)~ =
Dyu, we have

Duv =0 ge.onT, (6.15)
with v = (Bn1, Bn2s -+ Onn) = (1,1,...,1,0). But, using (6.9) with A = —A, we
find that u(z) = |z|>~™ for every x € Q. In particular Du(z) is different from

0 and is parallel to the vector z for every a € I'. Therefore, (6.15) implies that
z-v =0 for every x € I', and so we have to conclude that v is orthogonal to T',
which is clearly false. This contradiction proves (6.12). U

Let Q=]-1,1[", n>3,andlet ' = {x € Q : z,, = 0}. To give the counterex-
ample for every h € N we consider on I' the periodic lattice, with period 1/h,
composed of the points zi, =i/h = (i1/h,...,in—1/h,0), with i in the set

In={i=(ir,...,in-1,0) : i, €Z, —h <i;<hforj=1,...,n—1}.

Let us fix a constant 3 > 0. For every i € I; let Bl be the closed ball in R"
with center z! and radius 7, such that

2Rt = (6.16)

Finally let us define Ej, as the union of all closed balls Bﬁh for i e I,.

We are now in a position to prove the following theorem, which shows that the
A -limit of a sequence of measures may depend also on the skew-symmetric part
(b;;) of the matrix (a;;), when (b,;) is discontinuous.

Theorem 6.4. Let Ej, be the sets constructed above, let p, = ocog, be the measures

of Mo(Q2) defined by (2.1), let Ao be the operator associated with the matriz (af;)

defined by (6.11), and let po be the (n—1)-dimensional measure on I' = {x,, = 0}.

A3

Then (up) Y29 -converges to c g, with ¢ = Bcap°(By, R"), while (up,) A0 -con-

verges to cspo, with cs = fecap(B1,R™) # c.

To prove the theorem, we shall use a general result, based on the method introduced
n [16]. We recall that the Kato space K, (), n > 3, is the set of all Radon
measures g on ) such that

lim sup/ ly — 2> ™du(y) = 0.
r—0% 2eQ JonB, (z)



In particular, the measure pg considered in Theorem 6.4 belongs to K,/ (12).
For every i € Z™ let Q! be the cube with center i/h and side 1/h, i.e.,

Qi = {zeR™: (2ix —1)/2h <y < (2i, +1)/2h for k=1,...,n}
and let Jj, be the set of all indices ¢ such that Qﬁl c Q.

Theorem 6.5. Let u € K;F (). Let (¢) be a sequence of positive real numbers
converging to ¢ > 0. For every i € Jy, let A}; be the open ball with the same center
as Qi and radius 1/2h, and let E} be the closed ball with the same center such
that

cap™ (B}, A},) = enpu(Q}).-
Define Ej, as the union of all closed balls E} for i € J,. Then the sequence of
measures (cog, ) Y™ -converges to cp.

Proof. This result can be deduced from [16] and is proved in [21] assuming that
A is symmetric and that ¢, = ¢ for every h. This proof can be easily adapted to
the general case. ]

Proof of Theorem 6.4. In order to apply Theorem 6.5, we consider the periodic
lattice Jy on Q. Note that I, = {i € Jy : i/h € T'}. For every i € I;, we set
Ei =B ,ifi€ly, and Ej =@, if i € J, \ I. Now we apply Theorem 6.5 to
the operator Ay and to the measure pg.

Since af;(Az) = af;(z) for every A > 0, for every x € R", and for every
1,7 =1,...,n, it is easy to see that

A”_QcapAO(BT,UR) = capAO(BM,UAR), (6.17)

for every 0 < r < R. Moreover, the capacity relative to Ag is invariant with respect
to translations parallel to the hyperplane {z, = 0}. In particular, with notation
from Theorem 6.5, cap®®(Ej, A}) = cap®(B. , A;) does not depend on i € Iy,
and cap?o(Ej}, A}) = cap?(B,,,Uy2y,) for every i € I, where B, and Ui,
denote the closed ball with center 0 and radius 7, and the open ball with center 0
and radius 1/2h.

As po is the (n — 1)-dimensional measure on T', from (6.16) and (6.17) we
obtain

capAo(E:, AY)

1o(@3,)
for every i € I,. Since capAO(Bl,Ul/ghrh) tends to cap?°(B;,R") as h — oo
(Lemma 6.2), Theorem 6.5 implies that (cog,) y4°
constant c is given by ¢ = Bcap?° (B, R"). Moreover, if we apply Theorem 6.5 to

the case of the operator A3 = —A, we obtain that (cop, ) y40-converges to csfi,
with ¢ = Scap(B1,R™). The fact that ¢ # ¢ follows from Lemma 6.3. L]

= h" 'cap®(B,,,U1jan) = Bcap™(By, U onr,)

-converges to c g, where the
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