The Laplacian in polar and spherical coordinates.

Polar coordinates.
The Laplacian is defined with respect the canonical base of RY. Let us consider, for
instance, the following problem

—Au=0, in B5(0),

where B,.(0) := {z € R? : |z| < 7} is the ball of radius 7 centered at the origin. Since the
set B,(0) has a spherical symmetry, it is more convenient to describe it with spherical
coordinates (radius 7 and angle #). That is, we describe points (x,y) € R? as

T =171cosb,
y=rsinf.
DISEGNO!!!
Let us consider the change of variable P : (0,00) x [0,27) — R2\ {(0,0)} given by
P(r,0) := (rcosf,rsinf).

Notice that, for technical reasons of the change of variable, we are not considering the
origin in the target space. This will not affect our computations. Now, define the
function
v(r,0) :=u(P(r,0)) = u(rcosf,rsinf) .

We want to understand what equation v has to solve in the rectangle [0,7) x [0, 27)
(that is, the set that describes the ball B5(0)), in order for the function u to solve the
Laplace equation. In other terms, we want to understand how to write the Laplacian in
polar coordinates. Namely, we would like to write

_ a2 2
—Au = —03,u— 0, u,

as something involving only derivatives with respect to r and 6. For, let’s reason as
follows: we first write the first derivatives J,u and Jyu in terms of 0,v and Jgv. By
applying the chain rule, we have that
Orv = 0zu Opx + Oyu Ory ,
Opv = Ozu Opz + Oyu Opy -
That is
Orv = Ozucos + Oyu sin 6 ,
Opv = —1r0yu sin @ + rdyu cos b .

That is, in a matrix form,

ov '\ cosf)  sinf Ozu '\ Opth
( Ogv > o < —rsinf rcosf > ( Oyu ) =DP(r,0) ( Oy ) ’

where DP(r,0) denotes the differential of the map P at the point (r,#). Since the above
equation is true for every u (and the correspondent v), we can simply write it as an
equality between differential operators as

o\ cosf  sinf Or \ _ Oy
( Oy ) B < —rsin@ rcosf ) < Oy > = DP(r,0) ( Oy > ’

What we want is 0, and dyu in terms of 9,v and dgv. so, we have to invert the above

equality, that is
az _ —1 ar
(5 )=wreor (o).

where (DP(r,0)) ! is the inverse of the matrix DP(r,6), that is

—1__ [ cosf —517110
(DP(r,0)) " = < sinf g ) .
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Thus, we get
Or \ _ [ cosf — 517“0 Or
9y, )\ sinf =26 Op )’

Oy = cos 00, — 209,

that is

9y = sin 00, + <29, .

We now want to compute 92,. We have that

8:%1: = 0,0, = <COS 00, — Sln969> <COS 00, — sin 989)

r r

r T T T

= cos 00, (cos §0;.) + cos 00, <—Sm930> — Smeﬁe (cos 00,) — Sme@e (— 5111069)

= ¢0s (0, cos 0)D, + cos® 00,0, + cos 00, (—Sm 0) Oy — Mﬁr&a
T

in 6 inf 0 sin 6 sin 6 in6
_sin By (c030) O — sin 8 cos 090, — sin 9% <_ sin ) By + sm2 90
r r r r r
1 .
=0+ cos? 002, + — cos sin 00y — W@%
T
sin2 9&« _ cos fsinf 639 n sin 6 ;:os 0 9y + sinz 0 339 ‘
T T T T

With similar computations, we get

ajy = 0y0y = <sin 00, + o8 989) (sin 00, + cos 939)

r r
1 0sin 6
= sin?09?, — — cos 0 sin 00y + M@?@
r
2 : : 2
cos” 0 cosfsinf , sinfcosf cos“ 0 o
, 8r + r 87‘0 - 7“2 a@ + ’1“2 899 .

Thus, we can write

1 1
A=0d% + ;@ + ﬁagg.

The above is the expression of the Laplacian in polar coordinates. Notice that it is made
by a radial component

1
2
87n7~ + ;ar )
and by an angular one
g -

In our example, this means that, u solves the Laplace equation in the ball B,(0) if
and only if v solves the equation

1 1
2 v+ ;&4} + 728991) =0,

in the rectangle [0,7) x [0,27). Even if at a first glance this does not seem like a good
simplification of the problem we will see that it is possible to solve the equation for v.

Spherical coordinates.
We would like to perform the same computation in dimension N = 3 with the spherical



coordinates, that is, when we describe a point (z,y, z) € R? as
x =rsinpcost,
y=rsinpsinf,
Z=TCosy.

DISEGNO!!!

In order to do so, we will take advantage of the previous computations and we will add
an additional variable (that we will get rid in the end). We call

s:=\/x?2+y2=rsingp,

and we write the above system as

T = scost,
y = ssinf,
Z=TCosy.

By considering the planes zy and, for 8 fixed, the plane sz, by the previous computations,
we have that

1 1
&R+ 02, =02+ 205+ 0,

1 1
% 4+ 0%, =02 + ~Or+ 500
Then
9 9 9 9 1 1 1 1
A =0z, + 0y + 05, = 0y + ;8,, + ﬁaw + ;83 + ?899 . (1)
We now just have to rewrite the last two terms with respect to derivatives in r, 0, ¢.
For, notice that, by the definition of s,

1 r?sin? ¢
*8.99 = 872 .
06

Moreover, by the chain rule, we have that

o, or dy 00
(93 — 67»% + 850% +89% .

We have that

00
95 O

since the variable 6 does not depend on s, while

o _ 0 Jara S,
0s r

ds
Finally, in order to compute %—f, we reason as follows: by definition
s=rsiney.
By differentiating both terms with respect to s, we get

9y
0s

1= fsincp—i—rcos&
s

Thus,
Op r—ssing cosy

ds  r2cosg r
By plugging in these expression in (1), we finally get

2 1 cos 1
_ 92 2 2
A = 87“7’ + ;87« + ﬁ 8<P<P + m&p + mag@
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Again, also here we notice that the radial and the angular part are separated. This last

one, is called the Laplace-Beltrami operator, and functions w defined on the sphere

(the boundary of the ball!) for which
1

C(_)ﬂa@w + 7283911) = O,

02w
et F sin ¢ sin” ¢

are called spherical harmonics.



