Forcing term in the wave equation in bounded domains

We want to solve the problem

Ut — CQsz = f(x7t) in (07 L) X (07 OO) )
u(,0) = () in (0,),

ut(gc 0) h( ) in (OvL)’ (1)
u(0,t) =0 fort >0,
u(L,t) =0 fort >0,

where f : (0,L) x (0,00) — R is a given function. The above problem model, for in-
stance, an oscillating string, where the term f describes the effects of the sources of
oscillation.

We apply the same strategy we used for the inhomogeneous heat equation. We know
that the solution in the case f = 0 is given by

Zb sm( )

Let us assume the following sine Fourier expansions:

Then, we obtain the family of problems

b%(t) + 02 (% )2 bn(t) = fn(t)a
bn(o) = Yn;
b, (0) = .

In order to solve the above problem, we use the variation of coefficients method of ODEs.
Let us recall (see the handout Review on ODEs) that the solution of the problem

y'(t) + B(t)y'(t) + C(t)y(t) = F(t),
y(0) = o,
y’(O) =Y1,

is given by
y(t) = M@y (t) + A2 (t)ya(t) ,
where y; and y, are independent solutions of the equation
y"(t) + B(t)y (t) + C(t)y(t) =0,
namely, such that y;(¢)y5(¢) — y2(¢)y)(t) # 0 for all ¢ > 0, and

B [ y2(s) $)ds
A1(t) := A1(0) /0 y1(s)yh(s) —yz(s)yi(S)F( s,

and

. t yl(s) s)ds
olt) = 2ol0) + [ M (s s,
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where the values A\1(0) and A;(0) can be derived by the initial conditions satisfied by y.
In our case, we have that

B(t) =0, C(t)zc2<%)2, F(t) = fult).

In particular, two independent solutions of the homogeneous problem

V(L) + c? (n—;)an(t) =0,

are
nm nmwc

y1(t) := cos (Tt) ya(t) == sin(Tt) )

So, we have that

nme
D ()h(s) — ()i (s) = "2,
and thus
n
Ai(t) = mrc/ f(s)sin T )ds,
nme
Aao(t) = mrc/ f(s)cos T )ds.
So, let

b (t) := A1 (1) cos (%t) + Xo(t) sin (%t) .

Finally, by using the initial conditions, we need to find A\1(0) and A\2(0). We have that

In = bn(o) — )\1(0) )

and
hn = b.,(0) = X, (0) cos 0 — %)\1(0) sin 0 + M (0) sin 0 + % c0s 0X(0) = @AQ( 0).
Thus, find that
L ¢ . [/ nmc nmwe
bn(t) = [g ~ e/ fu(s )SID<T5> ds] cos(Tt)
L nmce . [/ nmc
+[Whn e )y fn()cos,(Ts) ds]sm(Lt) :

Notice that these b,,’s are the same that we would have obtained in the case f = 0
perturbed by two additional terms due to the presence of the forcing term f. Hence, the
solution of problem (1) is given by

u(x,t):i (g —% fn(s )sin(%s) ds)cos(nzct>
n=1
+<n7chhn % fu(s )COS(%S) ds)sin(Lt)]s1n<nL7Tx) :

With a similar strategy it is possible to solve the wave equation with forcing term with
different boundary conditions.




