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Abstract

The behavior of a surface energy F(F,u), where E is a set of finite perimeter
and u € L'(0*E,Ry) is studied. These energies have been recently considered in the
context of materials science to derive a new model in crystal growth that takes into
account the effect of atoms freely diffusing on the surface (called adatomns), which
are responsible for morphological evolution through an attachment and detachment
process. Regular critical points, existence and uniqueness of minimizers are discussed
and the relaxation of F in a general setting under the L' convergence of sets and the
vague convergence of measures is characterized. This is part of an ongoing project
aimed at an analytical study of diffuse interface approximations of the associated
evolution equations.

1 Introduction

In this paper we investigate the behavior of a surface energy of the form

(1.1) F(BE,u) := (u) dH"
[2) )
and in particular we characterize its lower semi-continuous envelope. Here ¢ : Ry — (0, 00)
is a convex function, R} :=[0,00), £ C R™, a smooth set, represents the region occupied
by the crystal and u € L*(OE, R, ) is a Borel function representing the adatom density.
The above quantity, proposed by Burger in [6], is the underlying energy for the evolu-
tion equations

(1.2) { Owu+ (p+ uHpp,)V = DApg,Y'(u) on OE,

bV +¢yH — (p+uHpg,)Y' (u) =0  on O,

where {E;}ier are evolving smooth sets, V' is the normal velocity to 0E;, Hpg, is its
mean curvature, u(-,t) : 0E; — Ry is the adatom density on OF;, p > 0 is the constant
volumetric mass density of the crystal, b > 0 is a constant called kinetic coefficient and
D > 0 is the diffusion coefficient of the adatoms. The above system of evolution equations
is a refinement of the classical model for surface diffusion, one of the most important



mechanisms for crystal growth (see [26]), which, according to the Einstein-Nernst relation,
can be written as

(1.3) pV — DApg,u=F-v on OE;.

Here p denotes the chemical potential and F' represents the deposition flux on the surface
(in , F =0). The evolution equation has been widely used to study properties
of crystal growth from an analytic point of view (see |3} |4} 8, /13, 14, 16, 18]). Nonetheless,
it does not take into consideration the effect of the atoms freely diffusing on the surface
(called adatoms), which are responsible for surface evolution through an attachment and
detachment process. Taking into account their role is a relatively new feature in mathe-
matical models. System was introduced first by Fried and Gurtin [17] a decade ago.
It accounts also for the kinetic effects through the term bV, that represents a dissipative
force associated to these attachments and detachments. To focus on the role of adatoms,
is a surface energy depending only on u, neglecting the elastic bulk and anisotropic
surface terms that are usually considered in the study of . Thus, in our case, the
chemical potential u reduces to ¥ (u).

So far, the only analytical results about and have been obtained in [6],
where a study of critical points and minimizers is presented and where the dynamics are
studied in two dimensions near equilibrium configurations. In order to perform numerical
simulation on the system (L.2), in [23] (in the particular case in which ¥(s) = 1 + s?/2)
the authors introduce a diffuse interface approximation based on the energy

(1.4) Fiori= [ (§voP+ 160 ) vwas.

(here G is a double well potential) and show formal convergence of the associated evolution
equations to ([1.2)). Numerical analysis based on a level set approach is carried out in [24].

Our paper is a first step of an ongoing project in studying analytically the above
convergence. In the spirit of the work by Taylor (|25]) and Cahn-Taylor [27], the idea is to
see the approximate evolution equations proposed in [23] as a gradient flow of and
obtain information about the limiting equations by using I'-convergence techniques (see
[5, 19, [10]). A natural question is whether F. I'-converges in some suitable topology to F.
For this reason, we rewrite the energy within the context of sets of finite perimeter
and Radon measures, and set

F(BE, ) = Y(u) dH L,
O*E
when the measure y is absolutely continuous with respect to H"~!L0*E and u is the
Radon-Nikodym derivative with respect to H" 'L 9*E, and +oo otherwise. Here 0*F is
the reduced boundary of E (see [2], [20], that coincides with OF in the case of smooth
sets). We adopt a natural topology given by the L! convergence of sets and the weak*-
convergence of measures. We show that in general F fails to be lower semi-continuous (see

Corollary for that topology. To be precise, our main result can be stated as follows
(see Theorem {4.11]).

Theorem 1.1. Let ¢ : Ry — (0,00) be a non-decreasing convex function. The lower
semi-continuous envelope of F is

FEw= [ T aw +op @),



where 1) is the convex subadditive envelope of 1 (see Deﬁnition, and © = limg_,, 1 (s)/s.
Here p = uH" ' LO*E + p* is the Radon-Nikodym decomposition of .

The novelty of this result relies on the fact that we allow both 0*F and u to vary.
To our knowledge, in the literature, results in this context involve either a fixed reference
measure (see Bouchitte-Buttazzo |7, Section 3.3], and Fonseca [15]) or consider integrands
depending on the jump of a BV function and the normal to its jump set (see |2, Section
5]). B

In the relaxation F of F, we obtain the convex subadditive envelope of 1, since sub-
additivity and convexity are necessary conditions for lower semi-continuity, issuing from
oscillation phenomena (see Corollary. In turn, concentration effects lead to the reces-
sion part ©u®. The key ingredient in our construction of the recovery sequences, where
1 > 1) (we recall that 1) < ), is an interplay between increasing the perimeter and de-
creasing the adatom density accordingly. This is done in Proposition and Lemma
As a consequence, we also obtain the following general fact which can be seen as a
local estimate of the lack of upper semi-continuity of the perimeter in L'.

Theorem 1.2. Let E be a set of finite perimeter in RY and f € LY(0*E,Ry). Here
LY (0*E,R.) is meant with respect to the H" 'L 0*E measure. Then, there exists a se-
quence (Ey)ken of bounded, smooth sets of finite perimeter such that 1g, — 1g in Lt
and

lim P(Ey;A) = P(E;A) + / fdH !
0*ENA

k—-+o0
for all open sets A in R™ such that H"~1(0AN0*E) = 0.

It is worth noticing that with f = a we get P(Ey; A) — (14+a)P(E; A). The non triviality
of the above results relies on the fact that the sequence (Ej)gen does not depend on A.

We also investigate critical points and minimizers of F and F under a total mass
constraint

p\E|+/ udH" =m.
o*E

In Proposition we define a notion of reqular critical points of F and if 1 is strictly
convex and of class C! we characterize them as the balls with constant adatom density ¢
satisfying

(¥(c) — ct(c))Hop = p'(c)

where Hyp denotes the mean curvature of 0F. The above condition can be written as
Happ(c) — ' (c)pest = 0,

where peg := p + cHyg plays the role of an effective density, as can be seen in . In
Theorem we provide sharp assumptions on 1 to ensure that the constrained minimum
of F can be reached by a ball with constant but non-zero adatom density. Nonetheless in
Proposition we show that the energy restricted to those couples can exhibit a plateau
of minimizers even if ¢ is strictly convex. For what concerns F, in Theorems and
we define corresponding notions of regular critical points and constrained minimizers and
show that the above results still hold for the absolutely continuous part (E,u) of (E, ) if
|E| > 0.

It is interesting to notice that due to the structure of the problem we are able to prove
existence of minimizers without using the Direct Method of the Calculus of Variations.



However, for the sake of completeness a compactness result for sequences of bounded
energy is proven in the Appendix (Theorem |C.1]).
Finally, we would like to point out that the parabolicity condition

(1.5) U(s) —s¢'(s) 2 0

plays a central role in our analysis, as it defines 1 (see Remark ) and appears in
different other contexts. It was introduced in [6] as a stability condition and appears as a
parabolicity condition in the evolution equations, as we will discuss in a forthcoming paper
about the aforementioned I'-convergence-type analysis and associated evolution equations.
In particular, by adapting the method developed in the current paper, we will show that
F. I-converges to F.

The organization of this paper is as follows: in Section 2 we recall some basic facts
that we will use throughout the paper. Section 3 deals with critical points and the study
of constrained minimizers. Section 4 is the central part of this paper, and is where we
prove Theorem Section 5 studies minimizers of the relaxed functional. Finally, in the
appendix we prove some basic facts about the convex subadditive envelope of a function
and present some additional and general results derived from Section 4.

2 Preliminaries

We collect here the basic notions and notations we will use throughout the paper.

2.1 Sets of finite perimeter

We start by recalling the basic notions of set of finite perimeters, which can be found in
[2, Section 3] and [20, Section 11].

Definition 2.1. Let E be an L™ measurable set of R™. We call perimeter of E in R"

P(E) :=sup {/Ediv(d))dx RS Ccl(]R",R"), |P]loo < 1}.

We say that E is a set of finite perimeter if |E| < oo and P(E) < co.
We will denote by €(R™) the family of all sets of finite perimeter in R".

Remark 2.2. If F is a set of finite perimeter, then its characteristic function 1y € BV (R")
is of bounded variation. Its distributional derivative D1g is a R"-valued finite Radon
measure on R". We will write |D1g]| for its total variation measure.

Definition 2.3. For any Borel set F' C R" the relative perimeter of E in F' is defined as:
P(E; F) = | D1|(F).

Definition 2.4. Let E C R™ be a set of finite perimeter. The reduced boundary of E is

the set

. D1g(B(x)) . :
E = Dlg| : lim ————~ =: fi =1.
0 {:U € supp|D1g| lim D15 (B,(2) vi(x) exists and satisfies |vg(z)|



Remark 2.5. It is well known that the reduced boundary of a set of finite perimeter is
an n — 1 rectifiable set and

|D1g| =H" '0*E, DIlg = |Dlg|vs.

Moreover, the following generalized Gauss-Green formula holds true

(2.1) / div T dz = —/ T-vg dH™ ' for every T € C}(R",R").
E o*E

2.2 Smooth manifolds

Here we recall some differentiability and integrability results for smooth manifolds. For a
reference, see |2, Section 2.10] and |20} Section §].

Definition 2.6. Let M C R" be a C! hypersurface and let us denote by 7, M the tangent
space to M at x € M. A function f : R" — R™ is said to be tangentially differentiable
with respect to M at z if the restriction of f to z + T, M is differentiable at =, and we will
call VM f(x) an associated Jacobian matrix. Moreover, if f : R® — R™ is tangentially
differentiable at x € M, we define the tangential jacobian of f with respect to M at x as

TV f(z) = \Jdet (VM f ()] TVM f(x)),
where [VM f(x)]T denotes the transpose matrix of VM f(z).
Theorem 2.7. Let M C R™ be a C hypersurface and let f : R™ — R™ be an injective C*

function. Then, the following area formula holds

(2.2) HL (M) = / TV f () dH N (a)

M

Moreover, if g : R™ — [0, 00] is a Borel function, then also the following change of variable
formula holds

n—1 _ T M T n—1 7).
(2.3) /f(M)g(y)d»H (v) = / g (f(2)) JM f () AH ()

M

Definition 2.8. Let M C R" be a C! hypersurface. We say that a vector field T : M — R"
is tangential to M if T'(x) € T, M for every x € M. We say that the vector field T is
normal to M if T'(x) L T, M for every = € M.

Definition 2.9. Given a C? hypersurface without boundary M C R™ and a unit normal
vector field vy : M — S"~! there exists a normal vector field Hy; € C°(M,R™) such that

(2.4) /M VM dH ! = /M ¢ HydH"!

for every ¢ € CL(R™). Hyy is called the mean curvature vector field of M. Up to the
orientation choice, this defines the scalar mean curvature Hy; through

Hyvayr = Hyy



Definition 2.10. Given a C? hypersurface without boundary M C R™ and a vector field
T € CL(R™,R") we define the tangential divergence of T on M by

divM T .= div T — (VTva) - var = tr(VMT).
This provides another formulation of (2.4) as

(2.5) / divMT dH" ! = / T-HydH" !
M M

for all T € CL(R™, R™).

Choosing T' = vy in (2.5) and localizing around any point of M we obtain the well
known relation

(2.6) div™ (var) = Hyy.

We adopt the convention of outward normal derivatives so that balls have positive
curvature. Finally, we recall the product formula for the divergence of tangential vector
fields.

Proposition 2.11. Under the assumptions of Deﬁmtion if T € CL(R",R™) is tan-
gential, that is T'(x) € T, M at all points, then for all ¢ € C1(R™)

(2.7) div™ (¢T) = ¢ diMT +VMe . T.

This yields the integration by parts formula
(2.8) / ¢ diMT AW = —/ VM. TdH .
M M

2.3 Radon measures

Finally, we recall some basic properties of Radon measures that we will use in Section
For a reference see, for instance, |2, Section 1.4], [20, Section 2].

Definition 2.12. We denote by ./\/lng -(R™) the space of locally finite non-negative Radon
measures. we say that a sequence (p)reny C M;;C(R”) is locally weakly*-converging to
p € M (R™) if

loc

k—+o0

lim ¢duk=/ 6 du
R” R”

for every ¢ € C.(R™). In this case, we will write ju, — .

A useful continuity property for sequences of locally weakly*-convergent measures is
the following.

Lemma 2.13. Let (ug)pen € M5 (R™), p € M;E (R") be such that py, — p. Then

loc loc

(2.9) lim . (E) = p(E),

k——+o0
for all bounded Borel sets E C R™ for which n(OE) = 0. In particular, for any x € R™ it
holds that

k—4o00

for all but countably many r > 0.



The following compactness result for finite Radon measures holds.

Lemma 2.14. Let (ux)gen C M5 (R™) be such that

(2.11) sup pui(R") < oo
keN

Then there exists a subsequence of (ug)ken that locally weakly*-converges to some pu €

M (R,

loc

+

loc

Finally, we recall that the space M
see, for instance, |11, Proposition 2.6]).

(R™) is a (separable) metric space (for a proof,

+

Proposition 2.15. The weak*-convergence on M,

we will denote dpq. In particular, it holds that

(R™) is metrizable by a distance that

pr = & lim dyg (g, p) =0
k—o00

3 The constrained minimization problem

Throughout the paper we will assume the following.

3.1 Setting
Definition 3.1. Let v : Ry — (0, 400), be convex and C! with

0 <9(0) <9(s)

for every s > 0. We define the energy functional

F(E,u) = (u) dH™ T,
O*E

where E C R is a set of finite perimeter and v € L'(9*E, R, ) is a Borel function. Here
the space L'(0*E,R,) is meant with respect to the H"~! L §* E measure.

We are interested in studying the optimal shapes and adatom distributions (the func-
tion u) under a total mass constraint.

Definition 3.2. For m > 0, define
(3.1) Ym = Inf{ F(E,u) : (E,u) € Cl(m) },
where
Cl(m) := { (E,u) : E is a set of finite perimeter, u € L'(0*E,R}), J(E,u)=m} ,

and

(3.2) J(E,u) = p|E|—|—/ udH" L.
O*E

Here p > 0 is a constant that denotes the volumetric mass density of the crystal.



3.2 Ceritical points

We start our investigation by studying the properties of critical points of the energy. To
this aim we need to perform variations of a given couple (E,u) € Cl(m) that satisfies the
constraint. We show in Appendix [B] that it is enough to consider variations that preserve
the constraint only at the first order (see Remark [3.6).

Definition 3.3. Let (E,u) € Cl(m) with E a bounded set of class C? and u(x) > 7 for
H" Lae. x € OF, for some 7 > 0. We define the set of admissible velocities for (E,u) as

(3.3) Ad(E,u) = {(U,w) € CL(OE) x CL(OE) : /BE[w + v(uHpp + p)|dH" ! = O}

where C} means C! and bounded functions and Hyg is given in Definition

By using the above admissible velocities, it is possible to derive the Euler-Lagrange
equations for F. For that, we will need to apply Lebesgue’s dominated convergence theo-
rem and thus make use of the following technical growth assumption.

(H) There exists p > 1 and A, B > 0 such that
¥(s), ¥'(s) < A+ BsP forall s >0
and u € LP(OE,Ry).

Proposition 3.4. Let (E,u) € Cl(m) be as in the previous definition and let (v,w) €
Ad(E,u). Assume moreover that (H) holds. Then, the first variation of the functional F
computed at (E,u) with respect to the variations (3.11)) and (3.12)) is given by

d

3.4 —
(3-4) dt lt=0

F(Brug) = /8 W@+ vla)oHos] 4.

The main result of this section is a characterization of the regular critical points. This
extends a result proved in [6] by using the evolution equation. Here, we use the Euler-
Lagrange equations.

Proposition 3.5. Let (E,u) € Cl(m) be a regular critical point for F, i.e., (E,u) is as
i Definition and satisfies

(3.5) /a [0+ D)o Hap | 0™ =0 for all (v,) € A(E, ).

Assume that ¢ is strictly convex. Then E is a finite disjoint union of balls | J;" | B; with
same curvature Hyg and u is a constant ¢ such that

(3.6) (¥(c) = c¥'(c) Hop = p'(c) .-

Conversely, any such (U;~; Bi,c) is a regular critical point. Finally, if (U;~, Bi,c) is a
regqular critical point, then (see Remark’

(3.7) 0<c<sp:=sup{s€Ry : 9¥(s)—'(s)s > 0}.



Remark 3.6. In order to justify our definition of admissible variations, we argue as
follows: take a bounded set E of class C?> and denote by v the exterior normal to E on
OE. Let us denote by d(y, OF) the distance of a point y € R™ from OF. It is well known
(see [19|, Section 14.6]) that it is possible to find § > 0 such that for every point z in the
set

(OE)s :={y e R" : d(y,0F) <}

there exists a unique II(z) € OF such that d(z,0F) = |z — II(2)|. In particular, the
projection map I1 : (OE)s — OF is of class C! and it is possible to write any z € (OF)s as

(3.8) z=1II(z) + d(z,0E)vg(x).

Then, consider the extension of the exterior normal to (OF)s given by (with an abuse of
notation we make use of the same symbol)

vp(z) :=vg(x),

where z € (OF); is written as in (3.8). The above extension is unique and well defined.
Fix a function ¢ : (—6,6) — R with 0 < ¢ < 1, such that ¢ = 1 on [-$, 2] and
@ € C([-2,9]). Let v € C'(IE) and, for

272
5/2 .
) Ty ifv£0,
(3.9) It < t:=
400 otherwise

consider the C! diffeomorphism ®; : R™ — R" given by
(3.10) By(2) i { z+te (d(z,0F))v(z)vp(z) if z € (OF)s as in (3.8),

z otherwise in R™.
Define, for |t| < ¢, the variations
(3.11) E; = ®(E).
Now let w € C}(OF) and set u; : OF; — R as
(3.12) wly) = u(@7 ) + t(@71 ().

We want the mass constraint to be satisfied at the first order, i.e.,

d
i E — .
dt L:Dj( bu) =0

Moreover, to preserve positivity of u; without further restricting the admissible velocities,
we require u > 7 > 0 on JE. It is well known that (see [20], Proposition 17.8)

d d 0P,

—| |E :7‘ OE) = | ve o dH”lz/ vdH"
dt‘t:0| t| dt t:0| «(B)] /gE B0t li=o OF

By the change of variable formula (see (2.3)) we can write

/ ut(y) d']—[nfl(y) = / ut(Qt(x))JaEq)t(w) denfl(x)
OE;

oF

_ / Lu(z) + tw(z) | TP Dy (x) dH" (z),
OF



where JOP®, is given in Definition Using the fact that (see [20, (17.30)])

d OF o1 _
(3.13) £L:0J &, = div(vvp) = vHpp ,
we obtain p
_ d n—1 — H d n—1
dt‘t:O/aEtut(y) W= [ fwsutap) ane
and thus
d
(3.14) &) T(Eew) = / [w + v(uHpg + p)] dH" L.
dt 1+=0 OF

This justifies our definition of the set of admissible velocities Ad(E, u): it can be seen as
(part of) the tangent space to Cl(m) at the point (E,u).

Proof of Proposition[3.4 We have

%’tzof(Et,Ut) = % =0 Jom, w(ut(y)) den—l(y)
d N
" dtli=o oE W (ur(e(2)) T o () A" ()

d .
= dtle=o 8E7’[) (u(z) + tw(z)) J8E¢t($) dH" ()

= [ () wle) + () vl o)) @ o).

where in the last equality we have used (3.13) and Lebesgue’s dominated convergence
theorem thanks to (H) and the fact that v,w and Hyg are bounded. O

Proof of Proposition[3.5. Step one: w is constant on each connected component of OE.
Let T € C2(OE,R™) be a tangential vector field. Then by [2.8), (v,w) := (0,div?®(T)) €

Ad(E,u). Since (E,u) satisfies (3.5]), using (2.8) we get

0= [ ¢'(w)div?®(T)dH" .
oF
Using a density argument, we see that the above equality holds also for every T €
CL(OE,R™). Using the fact that T is an arbitrary tangential vector field, we conclude
that VO (¢/(u)) = 0 on OF in the sense of distributions, which implies that ¢'(u) is
constant on each connected component of OF. By the strict convexity of 1, u is constant
on each connected component of JF.

Step two: Hyg is constant on each connected component of OF, which are spheres.
Let OE; be a connected component of E. Let v € C}(0F;) and consider the admissible
velocities defined as (v, —v(uHpg, + p)) on OF; and (0,0) on other connected components.
Using the fact that u is a constant ¢; on JF;, by we obtain

0= —'(c) / o(e;Hom, + p) AH" + $(cy) / vHpp, dH"!

(3.15) = (¥(e;) — e (4)) / VUHBEi dH"™ ! — pi(¢;) /BE vdH" L.

OFE;

10



We claim that ¢(¢;) — ¢;90'(¢;) # 0. Indeed, assume it is zero. Then, using (3.15) with
a non-zero average v we have ¢/(¢;) = 0 and thus v¥(¢;) = 0, which is impossible, since
¥(s) > 0 for all s > 0. In order to conclude, take v € C(OE;) with zero average. Using

again (3.15)), we get
(Y(ei) = ci'(e)) / vHpp, dH" " =0,
oF;

and so
/ vHpp, dH" 1 = 0.
oFE;

Since this is valid for all v € C1(OE;) with zero average, we conclude that Hpp, is a con-
stant. Finally, the fact that we are assuming F to be compact allows us to conclude that
each connected component of OF is a sphere by using Alexandrov’s theorem [1].

Step three: connectedness and bounds on u. Assume that OF has at least two
connected components that we denote (0F); and (OF)2. Let c1,c2 be the values of the
adatom density in (OF); and (OF), respectively. Moreover, we will denote by Hy, Hy the
constant curvature of (OF); and (OF) respectively. Consider admissible velocities (v, w)
that are equal to (v1,w1) on (OF)i, (ve,w3) on (OF)y and identically zero on all other
connected components. Using the admissibility definition and the computations
similar to the ones of the previous steps, we get

/ w1 denil + (61H1 + p)/ U1 d’Hnil
(OE) (OF)1

(3.16) =— / wy dH" ! — (coHa + p) / vg dH" L.
(OFE)2 (OF)2

Similarly, as (E, ) is critical, using Step 1 and Step 2 above, the criticality condition ([3.5))
can be written as

¢/(Cl)/(a : w1 dH"_1+H11/J(Cl)/ vy dH™
E)1

(OEN
(3.17) +¢’(CQ)/ wo dH™ 1 +H2w(@)/ vadH =0
(OF)2 (OF)2
Using in , we get
(/ w9 d?‘[n_1> [¢/(02) - ¢,(C1)] + (/ () dHn_l) [HQ¢(CQ) — w/(cl)(CQHQ + p)]
(OF)2 (OF)2

B </ vl dHn_l) [¢(c1)(c1Hy + p) — Hiyp(er)] = 0.
(OEN

(3.18)

Taking v; = v9 = 0 and ws such that

/ wodH 1 #£0,
(OF)2

11



in (3.18)) gives us ¥’'(c2) = ¥'(c1). By strict convexity this implies ¢; = ¢2 =: ¢. Now,
taking ws = v; = 0 and v9 such that

/ vadH L £0,
(0F)2

(¥(c) — e’ (c)) Hz = p¥/(c)
Exchanging the roles of v1 and vo provides the same relationship with H7 instead of Ho,
thus since 1(c) — cy’(c) # 0 we obtain that Hy = Hy =: Hpp satisfies (3.6). Finally,
notice that Hgpp > 0, otherwise E would be the complement of a at most countable union
of balls, which is impossible since E is compact. In the end, F = Ui~ B; is a disjoint
union of balls with the same radius, which is finite since E is compact. Finally, since
Hyp, ¥ (¢) > 0 we have ¥(c) — ei)’(¢) > 0, which yields ¢ < s by definition of sg.

in (3.18)) gives us

Step four: sufficient conditions. Conversely, let (;~; Bi,c) be a finite disjoint union
of balls with constant adatom density and with the same radius satisfying (3.6)). Using
(3.3) we get on each connected component 0B;

/ [ (c)w + Y(c)vHyp ] dH™ ! = </ UdHn_1> [(¢(C) — m/)’(c)) Hyp — pd)l(c)] =0.
0B; o}

B;
O

3.3 Existence and uniqueness of minimizers

In this section we address the question of existence and uniqueness of minimizers for the
constrained minimization problem . In particular, we prove that the minimum can
be achieved by a ball with constant adatom density. A similar result can be found in [6].
We present here an alternative proof under more general assumptions and that takes into
account also the mass constraint.

Theorem 3.7. Fiz m > 0. Assume that

(A1) 9/(0) < (n—1) ()7 p'5"$(0),

where w, = |B1|, and that either one of the following two conditions holds true:
(A2a) 1) is superlinear at infinity, i.e., lims_ o 1(8)/s = 00,

(A2b) (s) =as+ b+ g(s) with b <0 and

lim s/ Vg(s) = lim s/ Ng(s) = 0.

S§—00 5—00

Then there exist R € (0, R,,), where
(3.19) By = </)Z;Ln>1/n :
and a constant ¢ > 0 such that (Bg,c) € Cl(m) and
F(BR,¢) = Ym -
Moreover, if (E,u) € Cl(m) is a minimizing couple, then E is a ball, and if ¢ is strictly

convex, then u is constant.
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Remark 3.8. Examples of functions satisfying (A1-2) are 1(s) := 1+ ys? for some vy > 0
and, less trivially, ¥(s) := v1+ s? when n > 3. We will later make use of (A2b) for
functions that are linear on some interval (sg, +00).

Remark 3.9. The above theorem does not ensure uniqueness of minimizers, which is false
in general (see Proposition [3.13]). Moreover, in the case hypothesis (A1) or both (A2a)
and (A2b) are not satisfied, we will show in Remark that the following phenomena

can occur:
(i) there is no minimizer,
(ii) the minimizer has zero adatom density.

Finally we point out that when % is not strictly convex there can be a minimizer with
non-constant wu.

In the sequel we will often use the following reduction lemma.

Lemma 3.10. Let m > 0. For any (E,u) € Cl(m) we have
(3.20) F(E,u) > F(Bgr,u)
where

_ 1 / 1
U= — udH"”
P(E) JoE

and Bpr is a ball such that p| Br|+uP(Br) = m. Moreover, (3.20) is strict unless E = Bp.
Finally, if ¢ is strictly convez, then equality is reached if and only if (E,u) = (Bg, ).

Proof. By Jensen’s inequality
(3:21) FEw = [ v = PEw @ = [ (@) = FEmD).
o*E o*E

Notice that if ) is strictly convex, then equality is reached if and only if © = w. We can
thus replace u by u without increasing the energy. Now assume that F is not a ball. Then
by the monotonicity of r — p|B, |+ uP(B,), it is possible to find a radius R € (0, co) such
that

p|BRr| 4+ uP(Br) =m,

that is, (Br,u) € Cl(m). We claim that P(Bgr) < P(E), i.e., F(Bgr,u) < F(E,u).
Suppose not. Then by the isoperimetric inequality we would have that

P(BRr) > P(E) > P(B),
where B is a ball with |B| = |E|. This implies that |Br| > |B| = |E| and, in turn, that
m = plBrl + @P(Br) > plE| + aP(E) = m,
and we reached a contradiction. O

We now turn to the proof of Theorem
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Proof of Theorem[3.7 By Lemma [3.10] we can reduce our study of minimizers to balls
with constant adatom density satisfying the constraint. This is a one parameter family.
Indeed, for every R € (0, R,,) set

m — pwp R"

(3.22) a(R) =

Then (Bg, i(R)) € Cl(m) for every R € (0, R,;,). Let

(3.23) e(R) := F(Bg,W(R)) = nw,R" Y (@(R)) .
We have
’ n— _ e p  (n—1)m
AR = nan 2 | (0= ) (@) ~ R (a() (24 B0 ]
and using (A1) we obtain
¢/ (Rpn) = newn Ry, | (n = 1)0(0) - (p’jj) ' w’<0>p] >0

Moreover, if (A2a) is satisfied then
e(R) = (m — wnR")wi(R» — 00,
while if (A2b) holds true, we get
(3.24) ¢(R) =nw,R" 2| (n—1)b— —=+4 o (R)|,
and thus ¢/(R) < 0 for all R € (0, R,,,), for some R, > 0. This concludes that there exists

R € (R,,, Ry) such that e(R) = F(Bg,u(R)) = Ym. -

Remark 3.11. Notice that the criticality condition e’(R) = 0 is equivalent to the general
condition (3.6]) introduced previously.

Remark 3.12. Let us consider the function v (s) := as + b, for some a,b € R. It holds
that
¢'(R) = nw, R"2[b(n — 1) — apR].

Taking b = 0 we get ¢/(R) < 0 for all R € (0, R,,), and thus the minimizer is given by
(Bg,,,0). If instead we take b with b > apR/(n —1), we get €/(R) > 0 for all R € (0, Ry,).
So, the expected minimizer is given by a Dirac delta with infinite adatom density. This is
clearly not an admissible minimizer in the present setting (see Section .

We now turn to the study of uniqueness of such minimizers. As the next proposition
shows, even when v is strictly convex there may be a continuum of minimizing balls.

Proposition 3.13. For every 0 < Ry < Ry < R,,, there exists a strictly conver function
Y satisfying the assumptions of Definition [3.1] and such that

{R S (0, Rm) : €(R) = ’}/m} = [Rl,RQ] .
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Proof. Let h(R) := —"ZL for R € (0,R,,] and let f : (0,R;,] — R be a C! negative
function with
f(R) =h(R) —¢(R) in(0,R),
f(R) =h(R) in [Ry,R2],

f(R) > h(R) in (R2,Ry),

where ¢ > 0 is such that ¢(R)/R"! — 0 as R — 0. Moreover we will impose that
I|f —hllcr < e for some e > 0 that will be chosen later. Let g : (0, R,;,] — R be the solution
of the problem

(3.25) { g'(g{;z):_f g(f),g(R) :

for some ¢, > 0. Notice that g is decreasing. We recall that u : (0, R,,] — R4 (defined in

(3.22) is invertible, since
—1
d(R) =L _n=tm

n nwy, k"

Moreover, %(Ry,) = 0 and limp_,0 @(R) = oco. Thus, the function ¢(s) := g (a'(s)) is
well defined. By considering e : (0, R;,] — Ry, defined in (3.23]), we have that

¢(R) = nw,R" % ((n—1)g(R) + Rg'(R)) ,
and thus, by the definition of g, it holds that
¢(R)<0 for Re (0,Ry),
¢'(R)=0 for R € [Ry, Ry,
¢(R) >0 for R€ (Ry, Ryl.

Hence
{R€(0,Rp) : e(E) =vm} = [R1, Ra].

We claim that v is strictly convex and satisfies 1(s) > ¥(0) > 0. The latter can be seen
from the fact that

(3.26) g(R) =4 (a(R)@(R) <0, @(R)<0, ¥(0)=g(Rn)=gm>0

for all R € (0, Ry;,). In what concerns strict convexity, by differentiating (3.25) we get that
[F2(R) + f'(R)] g(R) = ¢"(R) = 4" (a(R)) (@ (R))* + ¢ (a(R)) @’ (R)

and thus, using (3.26]), we are led to

o @) (W (0) = () + PR = FR) 5 ) ol

Notice that
a"(R)  n(n—1)pw, R"?

2 "(R) — =
PE(R) + W(R) = MB) Zpy = Rt = Dm

>0,

for all R € (0, R;,]. Then

FAR) + f(R) = f(R)—7mt = (f(R) = h(R))* + (f(R) = h(R))" = (f(R) — h(R))

+20(R)(f(R) — h(R)) + h*(R) + I/ (R) — h(R)

u'(R) -
Using ¢(R)/R" ! — 0 as R — 0 and that @’(R) /@ (R) is of order 1/R as R — 0, choosing
e > 0 small enough we guarantee that " (s) > 0 for all s € (0, 00). O
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Example 3.14. If 9(s) := 1 + vs? for some v > 0 and in dimension n = 2 one can
show that R — e(R) has exactly one critical point R, () which corresponds to the global
minimizer, with

Ri(v) =

1 2/72m2p? — mymp + w2 4+ ymp — 27
p 3y '

Notice that R.(y) T Ry, A similar asymptotic behavior has been observed also in
y—+00

[6] with a misprint in the value of R, that, however, does not affect the limiting analysis
done by the author.

4 The relaxed functional

The family (F,u) of couples where E is a set of finite perimeter and v € L'(9*E,R") is
not closed under any reasonable topology as depicted in Figure [£.1], which motivates us to
embed L'(0*E,R") into Radon measures in order to take this effect into account.

ks = uH" " 1LO*Ey, p=uH""1LO*E + pu®

Figure 4.1: This example shows that we can easily escape from the class of couples (E, u)
with v € L}(0*E,R™)

4.1 Topology and necessary conditions for lower semicontinuity
For every couple (E,u) with E a set of finite perimeter and v € L'(0*E,RT) a Borel
function, let p € M;;C(R") be given by

pi=uH""1LO'E = u|D1g|.

With this identification we can write

n—1: d,u ) D]l
[ v an /Rnw(d‘mE 41Dy

Fixed m > 0, we consider the extension of F to the space

S := ¢(R") x M (R"),

loc

as

(u) dH" ' if 4= u|D1g| with v € L'(0*E,R,.) Borel,
(41) F(B,p):=q 70F

400 otherwise .
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Remark 4.1. Couples (E,u|D1g|) € & will be called absolutely continuous couples and
will be sometimes denoted by (E,u) to simplify the notation.

We are now in position to define our topology.

Definition 4.2. We endow & with the product of the L' topology and the weak-* topology
in M;" (R™). In particular, given ((Ej, pu))reny C © and (E, p) € &, we say that

loc
(Bro) = (B,p) in &

if and only if 1, — 1g in L' and pg = p in Mt (R™). Moreover, we define the distance
ds on &, which metrizes the above topology, as

de [(E, p), (F,v)] == |[1p — 1pllr + dm(p, v)
where d is the distance given by Proposition [2.15

In the sequel we will always use the above topology without mentioning it explicitly.
We now prove some necessary conditions that ¢ has to satisfy in order to ensure the
lower semi-continuity of F. These conditions are in contrast with the superlinearity of the
prototypes ¥(u) = 1 + yu? used in [@] (and with the classical assumption (A2a)).

-8 AN (S)

leY \
— 1+xa—(1-X)p
1_
S
i ESNE T
k k k
Ej,

Sk

() Q
/ /

Figure 4.2: The set Ej and its limit £ in R®. On 0*E}, (on the left) we fix u to be piecewise
constant and equal to a or b in the upper part (depending on the different slopes of hy)
and 0 everywhere else. The limit set F (on the right) will have a piecewise constant u as

in (4.4) defined on *FE

Proposition 4.3. Assume that F is lower semi-continuous. Then, for all a,b,a, 5, A €
R* with 0 < X\ <1, v has to satisfy the relation

42) v a1+ 02 +b(1 - N1+ _ (@iV1+a?+y(b)(1 - )\/W
' V14 Qa—(1-X)p)2 - V1t (Qa—(1-))p)?2

17



Remark 4.4. Relation (4.2) is obtained by testing F on a sequence of wriggled planes
with a piecewise constant adatom density u as illustrated in Figure [4.2

Proof of Proposition[[.3. Fix 0 < 8 < a, 0 < XA <1 and, for every k € N*, define the
piecewise C! function hy, : [0,1] — R as

Sa—l—l—@(a—l—ﬂ) ifse[%,ﬂ},
(4.3) hk(s) = '
~sB+1+ 20 (a4 B) ifse [%Jr%ﬂ}

Set

k—1 ..
JJj+A n— c
se=U ([1777] =) ne=se
j=0

Let Q := [0,1]"~! ¢ R*L. For every k € N*, consider the functions Hy : Q — R defined
as

Hy(z) := hi(z - e1) = hg(21)
where we write z = (21,...,2p,-1) € R" ! and the set
Ey = {(Z,S) EQR xR ’ OSSSHk(Z)}
Moreover we define the adatom density uy : 0*Ej, — [0,00) as

a on Gr(Hg, S, NQ°),
up(z) =< b on Gr(H, T, NQ°),
0 elsewhere,

where, for any function f: R* ' — R and for any A C R*~1,
Gr(f,A) :={(z,f(2)) eR" | z € A}.

Let g := Uk‘D]]-E;J

Claim: Up to extracting a subsequence (not relabeled), it holds that

where

E:={(z,5) e QxR |0<s<H(2)},
H :Q — R is given by
Hz):=M—(1-XNB)(z-€e1)+1
and u : *E — [0, 00) is the adatom density

Aav1+aZ+b(1-N)y/1+32
(4.4) u(z) == VI+Ra—(1-2)8)?)

0 elsewhere.

for z € Gr (H,Q°),

Moreover
P(E;0Q xR) — P(E;0Q x R).
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Let us show how to derive the condition (4.2)) assuming the validity of the claim. Notice
that

F(Ey, px) = . Plug(z)) dH" " (2)

=@+ P xR+ [ ) an @)

= |Q| + P(Ey;0Q x R) +/ W(a)y/1+ |VH(2)2dz

(Q°xR)NSk

+/ Y(a)y/1+ |VH(2)]2dz
(Q°xR)NT},
= |Q| + P(Er;0Q x R) + 1(a)AV1 + a2 + (b)(1 — \)/1 + 32,

where we used the identity
(4.5) HHQ NS =H"HQNSK) =\, H L Q°NT,) =H"YQNTi) =1-\
Analogously

F(E,u) = |Q| + P(E;0Q x R)

Aav1+ a2 +b(1 — A\)y/1+ 32
+w< V14 (Aa—(1-X)B)?) >\/1+

By the semicontinuity of F and the fact that P(Ey;0Q x R) — P(E;0Q x R), we obtain
(4.2). We now focus in proving the claim. We divide the proof in two steps.

—A)B)?).

Step one: Ey — E and P(E;0Q X R) — P(E;0Q x R). By the definition of Hy and H
we have

(4.6) igg{!Hk(Z) —H(z)|} <

= Q

for a constant C' depending on «, 3, A only. In particular H, — H in C°(Q) and thus
Er — E. Also by construction we obtain

_ C
| PUB0Q X B) ~ P(B:0Q x B) | < | Hy) ~ Bl *(0) < .
Step two: i, — u|D1g|. Notice that
pr(R™) < max{a,b}P(Ey) < C

for some constant C' > 0 and for some R > 0. Thus, up to a subsequence (not relabeled),

we can assume i, — p for some measure . Moreover, by we have that p(A) =0
for all open sets A C R™ such that |D1g|(A) = 0. In particular, for H" !-almost every
x € OF the function

p(Br(z))

=0 |D1g|(B(x))

turns out to be well defined. This implies that we can write

w=v|D1lg|.
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It remains to show that v = u. By (2.9) and (2.10) we have, for all but countably many
r >0,

u(Br) = lim pi(Br).
k—o00

Fix © ¢ Gr(H,Q°). Then, for r small enough, we have that ux(B,(Z)) = 0. Thus,
wu(Br(z)) = 0, that implies v(Z) = 0 for all z € R" \ Gr(H, Q°).
Let us now fix z € Gr(H,Q°). For r > 0 set

Dy :={z€ Q" | (z,H(2)) € Br(z) N Gr(H,Q°)},
Dy :={z € Q°| (2, Hy(2)) € B(x) N Gr(Hy, Q°)}

so that B,(z) NOE = Gr(H, D,.), B,(Z) N OEy = Gr(Hy, DF). In particular,
B @) = [ @)
OE,NB, ()
:/ up(z, Hp(2))\/1+ |VHg(2)|? dz
Dk
= a1+ a2 HHDF N Sy) + b1+ 52 HH(DF nTy).

Notice that, by (4.6)),
lim H" Y(DFNS,) = XH"H(D,),

k—+4o00
and
lim H" Y (DFNT) = (1 - NH"YD,).
k——+oo
Thus

)) = a1+ a2XH" (D) + by/1 + B2(1 — WH""Y(D,).

On the other hand, we have that

|D1g|(B /«/1+|VH N2dz = H"HD,) V1 + (ha — (1 —\)B)2

Hence
1 2 1-— 1 2
oiz) = VAT FMA NI o
V14 (Aa—(1-X)B)2
This proves the claim and thus concludes the proof. O

Corollary 4.5. If F is lower semi-continuous then v is a convex function such that

(4.7) Yla+b) <y(a) +(b),
for all a,b e Ry.

Proof. Take a = =0 in (4.2) to deduce that 1) is convex and set o = § = V3, A= % to
obtain (4.7)). O

The above result indicates that the conditions we are imposing so far on @ are, in
general, not sufficient to ensure the lower semi-continuity of F. Moreover, even when
1) is an admissible function, as in Definition and such that is satisfied, we do
not expect F to be lower semi-continuous. Indeed, concentration phenomena can take
place, as illustrated in Figure or along a sequence of shrinking balls with adatom
density blowing up (see Remark . On the other hand, guarantees the finiteness
of limgs 400 ?(s)/s. Taking all of this together into consideration, we build a candidate
for the relaxed functional by replacing 1 with its convex and subadditive envelope (see
Section and by adding its recession function on the singular part of the measure.
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Definition 4.6. Given ¢ : Ry — (0,00) be as in Definition let ¢ be its convex
subadditive envelope (see Definition [A.2]), and set

O := lim (s
" os=4oo s
We define the functional F := & — [0, oc] as
(48) FEw = [ B au +op R,

o*E
where we write y = uH" 'L 0*E + p® using the Radon-Nikodym decomposition.

Remark 4.7. Notice that, since the function s + 1(s)/s is non increasing (see Lemma
A.3), © in the above definition is well defined. Moreover, notice that F(F, 1) = oo if and
only if ;1(R™) = co. Indeed, this follows from the inequalities

Os < ¥(s) < ¢(0) + Os,
which, in turn, give us
OuR") < F(E,n) < ¢(0)P(E) + Opu(R").

The following result is a slight variatiorﬁ of [2, Theorem 2.34]. For the reader’s conve-
nience, we include here the proof adopting their notation.

Theorem 4.8. F is lower semi-continuous.
Proof. Let ((E, ux))ken C 6 be a sequence converging to (E, p) in &, that is 1, — 1
in L' and j, = pin M;" (R"). Let

loc

pe = uH" LI By + p=uH"1LO*E + 1.

In view of the characterization of ¥ (see Lemma [A.5)), there exist families of real numbers
{aj}jeN, {bj}jeN with Qaj, bj >0 and such that

¥(s) := sup{a;s + b;}, © = sup{q;}.
JEN jeN

Consider A1, ..., Ay, pairwise disjoint open, bounded subsets of R”. For any g; € C1(A;),
with 0 < g; <1, we have

/ D(ug) M + O (R") > / g5agun +b;) dH + / g5a; dpit
Ajﬁa*Ek Ajma*Ek Aj

:/ gjajukd’f-[”_l—}—/ gjbjd’l-["_1+/ gja; dug,
A]ﬂa*Ek Ajﬂa*Ek A,

J
:/ gja; d,uk—l—/A gjbjd/anl.

AJ jﬂa*Ek

Adding with respect to j, we obtain

?<Ek‘7ﬂ/k‘) > Z/ gjaj dpg + / g;bj dH™ L.
j=1 Aj Ajﬂa*Ek

1Mainly7we can remove the assumption of weak*-convergence of |D1g, | to |D1g| thanks to the subad-
ditivity of .
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Since b; > 0 and (|D1gl|,g;) < liminfy(|D1g,|,g;) for all j (here (-,-) is the duality
pairing), taking the liminf we get

lim inf F(Ej, ) > d+/ b dH !
i int F (B ) Z/ LA

(4.9) = Z/ gj(aju+ bjy) dH™ ! —I-/ gja; dp’.
§=0 A;NO*E Aj

Let N be a |D1g|—negligible set on which p* is concentrated, and define the functions
@;j :R" - Rand ¢ : R" = R as

v J aju(z)+b; forzecd*E\N, [ ¥(u(z)) forxe€dE\N,
%3 () { aj forxe N, ) = S) forx e N,

and set v := |D1g| + p®. With this notation, equation (4.9) can be written as

liminf F(Ej, pg) > Z/ g;p; dv.

k——+o0

Taking the supremum among all the g; € CL(A4;) with 0 < g; < 1, we get (since ¢; > 0
for all 7)

li f F(Ey, up) > d
1min ks LK) Z/ pjdv.

By [2, Lemma 2.35], we have that

/Rsup{cpj}dl/—sup Z/ @;dv

JjeJ

where the supremum ranges over all finite sets J C N and all families of pairwise disjoint
open and bounded sets A; C R™. Thus, we conclude that

k—+o00

lim inf F(Ey, ug) > / sup{¢;}dv —/ pdv

= P(u(z)) dH" ! + Ous(R") = F(E, p).
o0*E

4.2 The relaxed functional

We start by recalling the notion of relazation of a functional. We refer to [9] and [5] for a
treatment of I'-convergence.

Definition 4.9. Let (X, 7) be a topological space and let F': X — [—o0, +oc]. We define
F: X — [—00,+00], the lower semi-continuous envelope (or relazed functional) of F as
the largest lower semi-continuous functional G : X — [—00, +00| such that G < F.

The following characterization of the relaxed functional holds true.
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Proposition 4.10. Let (X,d) be a metric space. Then, the relazed functional F : X —
[—00, +00] of F': X — [—00,+00] is characterized by the following two conditions:

i) (Liminf inequality) for every x € X and every sequence (xy)ken Such that x — x,

F(z) < liminf F(xy).

k—o0

i1) (Recovery sequences) for every x € X there exists a sequence (xy)ken such that x — x
and
limsup F(zg) < F(x).

k—00

We now prove the main theorem of this section.

Theorem 4.11. The functional F is the relazation of F. To be precise, the following
hold:

(i) for every (E,p) € & and every sequence ((Ey, ix)) ey C © with (Ey, pg) — (E, 1),
we have that

F(E,u) < likminf}"(Ek,uk) ,
—00

(ii) for every (E,u) € & there exists ((Ex, px))peny C © with (Ey, puy) — (K, 1) such
that
limsup F(Ey, ux) < F(E, 1) -

k—o0

The proof of the above theorem is long and will be divided into several steps. Let
us first sketch it briefly. The liminf inequality will be a consequence of Theorem and
the fact that 1 < 1. In order to construct recovery sequences, the case ¢ = 1 will be
easier to deal with so let us assume here that there exists x¢ € (0,00) such that ¢ = ¥
in [0, 0] and ¢ < 1 in (s, 00) (see Remark . We will approximate the two terms of
F separately. To explain how we deal with the first one, for the sake of simplicity let us
consider a smooth set £ C R" and a constant adatom density u = ¢ > xg. We construct
a recovery sequence ((Fk,ur))keny € © as follows: write ¢ = rsg for some r > 1. Then,
since v is linear in [sg, o0), we have

¥(c) = 1(rso) = ri(s0) = r1)(s0) -

Therefore take uy = sp and we let (Ej)ren be a sequence of smooth sets converging to E
in L' and such that
H Y OEL) — rH"L(OF).

This will be done by a wriggling process (Lemma similiar to the one pictured in
Figure for the unit circle.

To treat the second term we are led by the following observation: a couple (&, dp)
can be recovered by shrinking spheres with increasing adatom density. This, combined
with the fact that any u® can be approximated by a sum of such Dirac deltas and with a
suitable mollification argument, will allow us to recover any (&, 11*) (see Proposition [4.15)).
In a last step, we show that we can combine these two approximations to get close to any
such (F, u) as much as we want.

We now prove a density result in & allowing us to restrict the analysis to the above
scenario.
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Figure 4.3: Approaching the unit circle by curves with constant but bigger perimeter.
Notice that the recovery sequence here exhibits features similar to numerical simulations
of the evolution equation in [24].

Proposition 4.12. Let (E,u) € &. Then, there exists a sequence of bounded smooth
sets (Ey)ren and a sequence of functions (ug)ren with up € L*(OEy, Ry) Borel, with the
following properties:

(i) for every k € N there exists a family (MF);en C OEy of smooth manifolds with
Lipschitz boundary, with H" ! (8E;.C \ Uien Mf) = 0, such that u is constant on
each Mik, for every i € N,

(ii) Ex, — E in L', and |D1g,| = |D1g|,
(1) p = p, pe(R?) = w(R™), where py, == upH" ' LOE), and p:= uH" 'L I*E,
(iv) F(Ey,u) — F(E,u).

Proof. Step one: approximation of a bounded set. Assume that F is bounded and let
@ C R" be a closed cube with edges of length L parallel to the coordinate axes such that
E C Q. By a standard argument (see |2, Theorem 3.42]), it is possible to construct a
sequence of bounded smooth sets (Ex)ren with Ex € @ such that

(4.10) E, — E in L', |D1g,| = |D1g|,  P(Ey) — P(E).
For every k € N, write

kn
Q=Jaer.
j=1

where each Qf is a closed cube of side 2L/k with edges parallel to the coordinate axes.
By [12], up to an arbitrarily small rotation of the Ej’s and of E, it is possible to assume
that

k™ k™
(4.11) wt 0B, Jo@h | =0, w9 En|JoQf | =0

J=1 Jj=1
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for every k € N. Notice that 0E) N (Q?)O, where (Q?)O denotes the open cube, is made by
at most countably many smooth manifolds with Lipschitz boundary. Call them (MF);en.

()

By using (4.10)), together with (4.11)), up to a subsequence of the Ej’s, it is also possible
to assume that

(4.12) >

JEIk

H L (OB, N QY)
HH(O*E N QY)

<

- 1
Do HTHOENQ)) < 4

JEJK

1
]{; )

where we set

Le={je{l,..,k"} : H" N O*ENQY) #0}
and

Jo={je{l,... . k"} : H" ' (O'ENQY) =0}.
Finally, let us define the function uy : 0E, — R as

1
4.13 ug(x ::][ wH ! = / uH !,
(4.13) (=) o ENQ¥ HH " EN Q) Jorpngt

ifx e BN (Q?)O, with j € Iy, and ug(z) := 0 otherwise. Notice that uy is not defined
only on a set of H"~! measure zero.

Let g, := up H" 'L OE), and p := uwH" ' L §*E. We want to prove that py, — u. Take
¢ € C.(R") and fix § > 0. Using the uniform continuity of ¢, it is possible to find k € N
such that, for every k > k, it holds |p(z) — ¢(y)| < § whenever z,y € Q;? and for every

j=1,...,k". Let us denote by :céC the center of the cube Q?. Then we have that
‘ / ouy, dHL — / ou dH" ! Z / ouy, dHL — / ou dH" 1
OFE}, O*E = dELNQY *ENQY

/ ouy dH" ! — / ou dH™ 1
dELNQY & ENQY

kn
<

JElk
= Z ][ wdH L / 0 dyn—1! _/ ou dyn—
j€l 0" BNQyj ExNQ% 9" ENQL
“Z <7[ ' de) </ (p = (@) dH" " + p(af Y- (9B, N Q§>>
jel| \/9"ENQ; OELNQY
[ et gt [ wanet
o BNQ* 0" BNQ!
H (OB, N QF)
S u dHn_l VE 1 5 + 0 .fL'k
g;k [ </6*EmQ§ ) "H”l(a*Em Qb (0 + le(zf)])
0 + sup
< TSR ey
(4.14)

where in the first step we used (4.11) and in the last one the first condition in (4.12]).
Letting kK — oo we get that

/ ouy, dHV — / ou dH™ !
OFE} o0*E
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Since ¢ € C.(R") is arbitrary we conclude that p;; — p. Moreover, by taking ¢ € C.(R™)
such that ¢ =1 in Q, we have that pg(R") — p(R").
Finally, we claim that F(FEy,ux) — F(F,u) as k — 0o. Indeed,

| F(Ey, u) — F(E,u)| = Plug) dH" = [ P(u) dH"!

OFy, o*FE

- d n—1 _ - d n—1
< /8 g 0] 0 / P(u) dH

o* EmQ?

+4(0) > HH (0B, NQY)
J€Jk
L Y(O)A+ P(E)) + Ollull 1 0
— k b
where in the second step we used Jensen’s inequality, while in the last one we invoked

(4.12)) and the fact that 1) (u) < 9(0) + Ou. Letting k — co we conclude the proof of this
step.

(w) dH™ '+ 9(0) > H (0B, N QF)

j€Jk

Step two: reduction to bounded sets. Let E be a set of finite perimeter, and assume
that F is not bounded. Using the coarea formula (see |2, Theorem 2.93]), for every k € N
it is possible to find a sequence (Ry)ren with Ry " oo, such that Fj := E N Bg,(0)
satisfies

|15, — 1ell, < P(Fy,) = P(E, Bg,(0)) + "' (0Bg,(0) N E)

1
2k’
with H""1(0Bg, (0) N E) < 1/2k. Moreover, extracting if necessary a (not relabeled)
subsequence , we can also assume that

/ wdH ! < L
9% B\ B, (0) 2k

Define uy, : 0*F), — R as

- | u(x) ifxed*EnNDBg(0),
() = { 0 otherwise .

Then

yf<Fk,ak>—f<E,u>\—\ By — [ By an?
o*E 0* F,

/ $(0) dHP + / D) M
0Br, NE 0*E\Br, (0)

< H" 1 (8Bg, N E)y(0) + / P(u) AR L
8*E\BRk (0)

WO +0

- 2k
where in the last step we used again the fact that 1 (u) < ¥(0) + ©u. Moreover, for every
¢ € C.(R™), we have

sup ||
2%k

<

(4.15) ‘ / ou dH" ! — / oy, dH™ 1
*E 0* Fy,

/ ou dH" !
5% E\Bg, (0)
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Set fig, := upH" ' LO*F), and p := uH" ' LO*E. Up to a (not relabeled) subsequence, we
can assume that daq(mk, p) < 1/2k. In particular, gives us that up(R™) — u(R™).
Now, by Step one, for every k € N let (Ey,ux) € &, with Fj smooth and bounded, be
such that

- 1
| F(F, ug) — F(Eg,u)| < 57

d g (1 i) 5%

1 1
1z, — 1 — < —
H Ey FkHL1 < 2%k’ =9k

where j1p = uH" 1L OE,. Moreover, ui(R™) — p(R™). So,the sequence ((Eg,u))ren

satisfies the requirements of the lemma. O

We now carry on the wriggling construction. The idea is to wriggle by a suitable factor
each piece MF where uy, is constant, staying in a small tubular neighborhood and leaving
its boundary untouched, so that we can glue all the pieces together afterwards.

Lemma 4.13. Let M C R"™ be a bounded smooth (n — 1)-dimensional manifold having
Lipschitz boundary such that H" (M) < oo, and let v > 1. Then, there exist a sequence
of smooth (n — 1)-dimensional manifolds (Ny)ken such that

ONp=0M,  NeC (M),  H'7'(Ny) = rH"7 (M),
where (M) :={x €R" : d(z,M) < 1/k} and d(x, M) :=inf{ |z —y| : y € M }.

Proof. If r = 1, it suffices to set Ny = M. Assume r > 1. For k € N*, let C, C M be a
compact set such that M \ Cj, C (OM);;, and let py € C2°(M) be such that

(4.16) 0<¢p <1, @p=1onCy, |VMy| <Ck,
for some constant C' > 0. In the sequel, 7(z),...,7,—1(x) will denote an orthonormal

base of the tangent space of M at a point x € M. Fix a point £ € M and let v € R" be
such that

(4.17) 0< > (w-m(@)?, |zl < g

We claim that it is possible to find a sequence (tx)ren such that

ti 2 — 2 n—1 n—1
(4.18) /M 1+ 72 €08 (te(z - v)) Z (1i(z) - v)” dH" (z) =rH" (M)
i=1

Indeed, by continuity it is possible to find A, > 0 such that

n—1
(4.19)  H"HG) =\, G::{LL’GM:S<Z(U-T7;(:L'))2, |x‘v|<72r—£}.

i=1

For every t > 0 define
Zy = {:cEM : tlz - v| mod 7w € (g—a,g—i-a) } ,
and notice that

(4.20) lim inf HH G\ Zy) >
— 00

N | >
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Let ¢ :=cos(n/2 —¢) > 0. By using (4.19)) and (4.20)), we have that

n—1

lim inf /M 1+ 222(3082(25(:3 -v)) Z (3(z) - v)* dH"H(x)

t—o00
=1

> lim inf/ 1+ —6252 dH™ ()
\Z

t—o00

> hmlnff\/ 1+ —5282 = +400.
t—o0 k‘2

Moreover, it holds that

(4.21) te < Ck,

where C 1= \/4r2(H"~1(M))2 — A\2/(A\d¢). Let v(x) be a unit normal vector to M at z,
for every k > 1 let

1
zk(s) = z sin(txs) ,
and define wy, : M — R™ as
wi(z) ==z + v (z)v(z),
where vi(z) := zi(x - v)pr(z). Set Ni := wi(M). Using the area formula (see we get

HL(N,) = /M My, AR = /M \/ det ( (VM) " Vka) dHmt .

Since the above determinant is invariant under rotations, for every fixed x € M we can
compute VMwj, with respect to the orthonormal base of R™ given by 71 (), ..., Tn_1(z),v(x).
It holds that

VMwy, = 1d + var ® Var(rve) + (rvr) Darv

where Id denotes the n x (n — 1) matrix defined as (Id);; := d;; for i = 1,...,n and
j=1,...,n—1. Then

[Vka]T VM =1dp—1 + vip @ VM (opor) + @ropDav + (VM (opvr) © v) (orveDarv)
+ (VM (pror) @ v) (v @ VM (pror)) + VY (orvr) @ 07
+ ororDav” + oo Darv (v @ VY (o) + (rvr)*Darv Dy
=Idy—1 + VY (oror) @ VM (@pvr)
+ orvk[ Dy + (VM(wkvk) ® VM)DMVDMI/T
+ Dyv(v @ VM (opop) + oo Dav D],
where Id,,—; denotes the (n — 1) x (n — 1) identity matrix, and v* is the projection of v

on the tangent space of M at x. In the last step we used the fact that v*(x) = 0. Using
(4.16) and (4.21)) it is possible to write

[Vka] "L Vka =1Id,,—1 + VM(QOkUk) &® VM(cpkvk) + (gokvk)Ak ,

where the Ay’s are uniformly bounded. We now use the identity det(Id +a®a) = 1+ |a|?
to write
det [Id,—1 + VM (prvp) @ VM (ppur) | = 14 VM (grop)]?.
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Then

(4.22) ’/ \/det([Vka]*.Vka)d’Hnl_/ \/1+|VM(¢kvk)|2denﬂ N
M M

since Ay, is uniformly bounded and |¢gvi| — 0 (by the uniform continuity of the determi-
nant and a Taylor expansion). Moreover, the fact that 7|VMug|? and |vg|?|[VMpy|? are
uniformly bounded, allows us to estimate

/ V1 [V (o) 2 di < VI GVM o2 o+ o 2]V M gy 2 dnn?
M\Cy

M\Cy,

+/ \/2|VMg0k . VMUk’ dHn_l
M\Cy

<CHY Y M\ Cp)+C / VMp,| dHm!
(M \ C) M\Ck\/! k|

(4.23) <COA+VEH" Y M\ Cy) = C(“];‘/E) -0,

as k — 0o. Thus, the combination of (4.22)) and (4.23|) yields

(4.24) ‘/ Vet ([VMwy]* - Ty, ) d?—["l—/ V1 199 (o) 2 a1 0,
M Ch

as k — oco. Now, notice that for points in C}, it holds
M 2 M, |2 th o = 2
1+ VY (ervp)|” =14 |V u|* = 1+ﬁcos (tk(ajv))Z(Tz(x)v)

and thus by (4.18) we have that

(4.25) / V14 | VM2 dH = 1Y (M) .
Ck

Hence, by (4.10) and (4.25)), we conclude that H" 1(N.) — rH" Y(M), as k — oo.
Finally, since ¢ is compactly supported in M, M = 0Ny, for all k € N*. O

We now combine the above results to obtain recovery sequences for absolutely contin-
uous couples (see Remark [4.1)).

Proposition 4.14. Let (E,u) € & be an absolutely continuous couple. Then, for every
e > 0 there exists an absolutely continuous couple (F,v) € & such that

ds[(F,v), (E,u)] <e, |F(F,v) — F(E,u)| <e,

/ vH — / uH !
o*F o*E

Proof. In the case ¢ = 1, there is nothing to prove. Therefore, assume that there exists
s0 > 0 such that ¢ = ¢ in [0, sp] and 1 < ¢ in (s, 00) (see Remark|A.12)). Let (B, uy) € &
and MF C OE}, be the sequences given by Proposition relative to (F,u). Notice that,

and

<e.
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by looking at the way the Mf are obtained, we can assume that each one of them is
contained in a cube of diagonal 1/2k and of center z¥. Write

oo
ug(x) =: Zuf Ly (z).
i=1
Using (4.14)), and the extraction of a (not relabeled) subsequences, we can assume that

1
(4.26) lurlizr@my < llullzro-my +

Fix k € N large enough and let

uk
(4.27) k= maX{l, Z} .
S0
Let d; > 0 be such that (0E}))s, is a normal tubular neighborhood of the whole 0Ej to
avoid self-intersection when wriggling. By Lemma for every ¢ € N it is possible to
find a sequence of smooth manifolds (N¥)en with Lipschitz boundary such that

<.

27
k 9

(4:28) NFC (mf) |7 () = b () <

k oy
2

where e := min(&y, ). Define

(4.29) vl min{so,uf} .

iy =

Observe that when rf =1 then NZ-’g = MZ-’g and vf = uf, i.e., we do not modify anything.
Now, let Fj be the bounded set whose boundary is 0F; = J;cn Nf, and let v, €
LY(dF),R;) be defined as vy, := v¥ on NF. Notice that F, is well defined, since the N¥

are disjoint, smooth and (9Ni’C = aMik by construction. Then,

1
H]]'Ek - ﬂFkHLl < %

Let ¢ € C.(R™). By uniform continuity of ¢, fixed n > 0 it is possible to find k € N such

that [p(z) — p(y)| < n for every z,y € R" with [z —y| < 1/k. Increasing k if necessary,
we can assume that 1/k < 1/k. Then

‘ / v dH ! —/ ou dH" ! Z/ v dH™E —/ ou dH" !
OFy, 0*E ien Y NE O0*E

< Z / v dHE —/ oy dHLH| + ’/ ouy, dH! —/ ou dH" !
Nk M} OEy, O*E

ien | ]
<0 (lwellzromy) + vkl ) +suplel Y ‘ HH(NFYf — HH (Ml |
ieN

In this last step we used the uniform continuity of ¢, the facts that Mik and Nik are
contained in cubes of diagonal 1/(2k) and 1/k, respectively, and that 1/k < 1/k. Observe
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that the summands in the last term are zero if rf =1, so denote J C N the set of indexes
1 for which rf > 1. We thus have

/ v dH L — / ou dH™ !
OF} O*E

< (llunllzromy + lonllzomy ) + sosuplel 3 [H 7 (NE) = rban =t (M) |

ieJ
+ ‘ / ouy dH ! — / ou dH™ !
OFE} O*E

1
<21 <||u||L1(a*E) + > L sosuplel ‘ / oup, dH / ou dH

where in the last step we used (4.26)), (4.27)), (4.28) and (4.29). Now, by recalling that

wH Y LLOE, 2 uH L LOYE,

and using the arbitrariness of 7, we conclude that the above quantities go to zero as
k — oo. In particular ug N u, where pug, := v H" ' LOF, and p := wH" ' L OF. Moreover,
pr(R™) — p(R™). Finally, observe that

| F(Fy, vp) — F(E,u)| < P(vp) AR — P(ug) dH"

8Fk 8Ek

lug) dH™L — (u) dH 1
OFE}, O*E

+

goes to zero as k — oo thanks to similar computations of the ones above and (iv) of
Proposition This concludes the proof. O

We now prove the approximation in energy of a measure p that is singular with respect
to |D]1E‘

Proposition 4.15. Let i € M (R") be such that u(R™) < oco. Then for every e > 0

loc
there exists an absolutely continuous couple (E,u) such that

ds[(E,u), (2, p)] <&, [F(E,u) —0uR")| <e,

and

/ uH" — u(R") | <e.
O*E
The proof of Proposition is a consequence of the following lemma.

Lemma 4.16. Let f € C°(R™) with f > 0. For every € > 0 there exists an absolutely
continuous couple (F,w) such that

ds[(F,w), (2, fLY)] <e |F(F,w) — F(@, fL")| < e,

/ wH! —/ fdx
o*F n

Before proving this lemma, we first show how to derive Proposition from it.

and

<e.
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Proof of Proposition[{.15 Let {n,},~0 be a mollifying kernel, and define
fla)= [ e y)duo)
Bl/r(o)

By standard arguments we know that f, € C2°(R™) and f,.L" X prasr — 0. In particular,
for every € > 0 we can find § > 0 such that

dpm(fsL" 1) <e/3,

and

‘/ fsdz — p(R")
R’I’L

<e/3.
Moreover, since
f’l" dz — M(Rn)a
Rn r—0
up to further decreasing § we can also ensure that

| F(2, fs£") = F(@,1)] = O | fsllor — n(®™)] < /3.
Applying Lemma we find an absolutely continuous couple (F,w) such that

ds|(F,w), (2, fsL")] < €/3,

’/ w’H"l—/ fs da

Applying Proposition let (E,u) be an absolutely continuous couple such that

F(F,w) = F(@, fs£")| < e/3,

and
<e/3.

ds|(E,u), (F,w)] <e/3, | F(E,u) — F(F,w)| <e/3.
Using the triangle inequality, we conclude that
ds[(E,u), (T, n)] < e, ‘]—"(E,u)—.f(@,,u)‘ <e,

as well as

/ wH™ — p(RY) | < e
O*E
0

Proof of Lemma[{.16. Let {Q?}jeN be a diadic partition of R™ in cubes of size \Qf\ =27k
and centers a:;“ . We introduce the set of indexes

Jo={jef{l,....2"}: @ n{f >0} #0},
and we set
0 < my, := min {/ fdz : je Jg} < sup{f}27"*.
Q% R™
Since supp(f) is compact, we can infer that

(4.30) #(Jo)|Qf| < C
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where here, and in what follows, C' will always stand for a constant depending on f and
n only and whose value can change from line to line. Let

TR = m,lc/(n_l)2_2k, BJI’.c = B,, (w;“) cC Qf,
and define (see Figure
183;? (z)

(4.31) Fp=J B, wi(a):=) /gijy)dy.

k
j€Jo jeJdo P(B])

oy
SRS

J
|

<
_.OOOOOOQQQQ::;
\

Figure 4.4: In the background the set supp(f). On the top the diadic division and the set
F}; built as the union of small balls (in black). The adatom density wy is defined to be
constant on each 8B§-C (evidenced in white circles).

Notice that, since BJ’-c N BY = @ for j # m, the function wy, € L'(0*F);R,) is well
defined. We also notice that, by construction, for each j € Jy it holds

1 2(n—1)k
(4.32) 3 /Q Sy = 0o

Since 1 (x)/x \, O, that for each ¢ > 0 and for k big enough

/ fdy> o / fdy
Qf Qf
Since

F(Frwi) =Y Plwp) A" =Y P(BH)Y (P(JIB’?) /Qk fdy>
J J

(4.33)

PBYT (

<€/ fdy, forall j € Jy.
P(BY) Q

j€Jo 83? j€Jo
_ 1
-0 dy + P(B* dy | -© dy |,
Z;/Qf ! Z;< | ]W(HB?)/fo y) /Q?f y)
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invoking (4.33)) and (4.30)), for large k, we are led to

(4.34) ‘]—"(Fk,wk) — @/Hgnfdy‘ <e Z /k fdy <eC.

j€Jo J

We now claim that the sequence ((F, wy))ken defined in (4.31) converges to (&, fL").
Using (4.30) together with the definition of the ry’s, we get that |Fi| — 0, and thus
1p, — 0in LY. Let pg := wyH" 1L OF) and pu := fL£". Noticing that

(4.35) (") = p(R") < +00,

by Lemma up to a (not relabeled) subsequence, we have that gy Xy for some
v € M (R"). In order to prove that v = f£", we compute its density. For this, for any

loc
ball B, we introduce the subset of indexes

in(B,; k) == {j € {1,...,2"%} . Q¥ cc B,)},
bd(By; k) == {j € {1,....2"*} : Q' noB, # o}

Step one: estimate on the cardinality of bd(By; k): #(bd(B;;k)). Notice that if Q? N
0B, # @ then
Qf C{zeR" : d(z,0B,) < yn27%}

since y/n27¥ is the diagonal of each cube. Observe that
{z eR" : d(z,0B,) < v/n27%}| < CP(B,)27%,

and thus we have

(4.36) #(bd(B,; k) < CP(B,)2" "Dk,

Step two: v = fL". Let x € supp(f), r > 0, B, = B,(z), and consider

D.(k):= |J @b
J€in(Br;k)
In view of , we have
(4.37) B, \ Dy (k)| < HO(bd(By; k))|Qf| < CP(B,)27".

Notice also that

(4.38) D) = S @)= Y m@h = /D s

j€in(By;k) j€in(By;k)
Thus (4.38) and (4.37) imply that

(4.39) — 0.

k—o0

(D, (k) = [ fda

r

Also, by (4.36)), we have

e (Br) = pu(Dr(R))[ < Y [ fdy < CH(bA(By: k)2 < CP(B)27F — 0.
jebd(Byik) Y @i
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By the triangle inequality and (4.39) we obtain

(4.40) 0.

i (By) — /B fda

< (By) — s (D(R))] + ]mwk» [ ras

Clearly, if x ¢ supp(f) we have ug(By(z)) = 0 for a small enough r > 0 and for a large
enough k, implying that v(B,(z)) = 0. On the other hand, in view of (4.40)), if x € supp(f)
then for every r > 0

firy, (Br(x)) = fdy.
By (x)

Thus, by for all but countably many r > 0

piky, (Br(2)) = v(By(2)).

This argument shows that

_v(B(z)) [0 ifax¢supp(f),
(4.41) 71»1—I>I(1) o { f(x) if z € supp(f),

and hence v = fL". Since the limit measure v does not depend on the subsequence py, ,
we conclude that p = fL£". O

We are finally in position to prove the relaxation result.

Proof of Theorem[{.11. Step one: liminf inequality. Let (E, 1) € & and let ((Ej, pr)) pen C
S with (Fk, pur) — (E,p). If there exists £ € N such that py has a singular part with
respect to |D1g,| for all k > k, then F(Ey, ) = oo for all k > k. So we can assume,
without loss of generality, that, up to a (not relabeled) subsequence, p, = ui|D1g, |, with
uy, € LY (0*Ey,R,) for all k € N. Since ) <, we have that

F(Ey, pi) = Plug) dH" > (ug) dH" = F(Ey, pu) -
0* By, 0* Ey,

Using the semi-continuity of F (see Lemma [4.8), we get that

lim inf F(Ey, pg) > liminf F(Ey, ug) > F(E, ).
k—o0 k—o0

Step two: limsup inequality. Let (E, ) € & and write p = u|D1g| 4 p®, where p® is
the singular part of u with respect to |D1g|. Set m := |E|+ u(R™). The cases m € {0,000}
are trivial, so we can assume m € (0,00). For every k € N*, using Propositions and
we can find (Fk,v;) and (G, wy) in & such that

(4'42) dg [(Ev u)? (Fkavk)] < 1/(4k) )

(4.43) ds[(Gr,wy), (2,p7)] < 1/(4k),

(4.44) Y(vp) dH L — P(u) dH" | < 1/(2k),
0* Fy, o*E

(4.45) - Y(wg) dH" ™ — Op*(R™)| < 1/(2k)

(4.46) ‘/Fk v HVL — /a*Eu”H”_l < 1/(2k),

(4.47) /B*G wp ' — p*(R™) | < 1/(2k).
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Define Ek := FL,AGy, the symmetric difference of Fj, and Gj. Up to arbitrarily small
isometries of the (finitely many) connected components of Gy, it is possible to assume
that (see [21])

H O F,NGL) =0,

and that still holds. In particular
H”_I(O*Ek) — H LD F) + HLH O,
Using | |a| — |b] | < |a — b|, we obtain
(448) |1g—1g [l =115 — [1p, — eyl < 11e = e o + [1Ta, oy < 1/(2k).
Now, define 2y, : G*Ek — R, as

() = vp(x) if € 0" Fy,
URLE) = wi(z) if z € 0*Gy.

Using (4.48]), (4.46) and (4.47]) we get the existence of (ex)ren With ex — 1 such that

| Ey| +/ u H =,
0% B,

where Ej, := e, By, and uy : 0*E), — Ry is defined as ug(x) := ﬁk(elzlx). Moreover, up to
a (not relabeled) subsequence, we can assume that (4.42), (4.43)), (4.44) and (4.45)) still
hold true.

Set g := up, H" 'L O*E}. Using (£.42)) and (#.43)), we get that

and with similar computations as in (4.48)), we get |1g — 1g, |2 < 1/(2k). Thus

(4.49) de (B, 1), (Ep, )] < 1/k.

Finally, noticing that

FEom) =< [ ) d = [ g dHr e / () A
0*Ey, O* Fy, 0*Gy,

and using (4.44)), (4.45) and e — 1, we get
(4.50) | F (B, ) — F(E,p)| < 1/k.
Thus, ((Ek,ur))cy is the desired recovery sequence. O

Remark 4.17. Notice that the above proof provides, for any (F, u) € & with u(R") < oo,
a recovery sequence ((Ey,u)) ey With

|Ek| + px(R™) = |E| + u(R™).
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5 Minimizers and critical points of the relaxed energy

We now study minimizers and critical points of the relaxed energy F and their relation
with those of F.

Theorem 5.1. Assume that v is strictly convez. Let (E,u) € & be such that |[E| > 0 and
its absolutely continuous part (E,u) is a reqular critical point for F, i.e., (E,u) is as in
Definition [3.3 and satisfies

(5.1) /BE[w'(u)w +P(uyoH]|dH" =0 for all (v,w) € Ad(E,u),

where AA(E,u) is defined in Definition . Then E is a ball B with constant adatom
density ¢ < sqg satisfying condition (3.6)), namely

(¥(c) — c¥'(c))Hop = p'(c).

Proof. Notice that (E,u) € Cl(m), where m := m — p*(R™). Since |E| > 0 we have
that m > 0. In the case ¢ = 9 the result follows using the same steps of the proof of
Proposition applied to the couple (E,u) € Cl(m).

Otherwise, we will obtain the result by adapting the same proof as follows: Step one
implies that, on each connected component of OF, 1)/(u) is constant. Thus, for every fixed
connected component (9F); of OE, we have two possibilities: 1/(u) = © or ¥’ (u) < ©.

In the first case u > sg H" !- a.e. on (OF);, so that ¥ — utp’(u) = 0. We claim that
this is impossible. Indeed, arguing as in Step two of Proposition take v € CL((OF);)
such that

(5.2) / vdH" 1 #£0,
(0E);

and consider the admissible velocities (v, —v(uH + p)) € Ad(E, u). Using the fact that u
is constant on (OF); and (5.1]), we obtain

0= () ~u6) / vHop dH" " = p© vdH" = —pO vdH" £ 0,
(OE)i (9E); (0B);

where in the last step we used and that p, © # 0.

So, we have that, on each connected component of OF, ¢/(u) < ©, that in turn implies
that u < sg H" '-a.e. on JE. But for such values of u, the functions ¢ and v agree. Thus
we can conclude by arguing as in steps 2,3 and 4 of the proof of Proposition 3.5 O

Remark 5.2. The necessary condition ¢ < sg is physically relevant and it prevents, in
the case v # 1), the occurrence of large concentrations of atoms freely diffusing on the
surface of the crystal. It will have a considerable importance in the study of gradient flows
associated to F, as it will lead them to be attracted by points nearby which the equations
are parabolic (parabolicity will be given by ¥ (c) — c’(¢) > 0, i.e., by ¢ < sp).

We now prove that the minimum of F can be reached by balls with constant adatom
density. Observe that due to the previous theorem, the density cannot be arbitrarily big
(the balls cannot be arbitrarily small), even though a Dirac delta (&,4) could still be a
minimizer since this is not an absolutely continuous couple.
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Definition 5.3. Fix m > 0 and set

N = Inf{ F(E,pu) : (E,u) € Cl(m)},
where B B

Cl(m) := {(E,p) €6 : J(E,p)=m} ,

and

J(E,p) == p|E| + p(R").

Theorem 5.4. Fixzm > 0. If ¢ satisfies the assumptions of Theorem then there exist
R e (R,,, Ry) and a constant 0 < ¢ < sy such that the pair (Bg,c) € Cl(m), and

F(BR;, ) =¥ = Ym -
Moreover, every minimizing couple (E, p) € Cl(m) is such that either E is a ball or E = &.

Proof. Let (E,pn) € Cl(m) and let ((Ey,ux))ren C & be a recovery sequence given by
Theorem |4.11}, i.e.,
F(Ep,up) = F(E, ) -

By Remark we have that

(5.3) J(Eg,ug) =T (E,un).
By Theorem we know that there exist R € (R,,, Rm) and ¢ > 0 such that
J(Br,c) = J(Ek,uk) , F(BRr,¢) = Ym -
Moreover, if E}, is not a ball, then
F(Bg,c) < F(Eg,ug) .

Thus

f<E7 M) = kli)r{.lof(Ekauk) > ]:(BRac) = F(BR7C)'

In particular, if we take ((Fk,wg))ren to be a minimizing sequence for the constrained

minimization problem for F, we get that

Y = lim F(Fy,wi) > F(BR,¢) > Yy s

k—o0

that is F(Bg,¢) = ,,-

Finally, let (E,u|D1g|+ u®) be a minimizer of F in Cl(m) with |E| > 0 and assume E
is not a ball. Set m1 := m — ps(RY) > 0. Then (E,u) € Cl(m1). Thus, applying Lemma
to this couple, we get that

F(E,u) > F(B,u),
where B is a ball with |B| = |E| and @ := f,. p u dH""'. Then (E,u|D1g|+ p*) € Cl(m)

and
F(E,u|D1g| + p*) > F(B,u|D1lp| + p*),

which is in contradiction with the minimality of (u|D1g|+ u®). O
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Remark 5.5. We would like to point out that the strategy we used to deal with this
”constrained relaxation” problem is not usual. Indeed, it is more customary to insert the
mass constraint in the definition of the functional, i.e., define for m > 0,

(u) dH™ 1 if p = u|D1g| with (E,u) € Cl(m),
Fm(E,p) = e

400 otherwise,

and then compute the relaxation of F,,,. We avoided to do that because we were able to
recover the energy of every (E,u) € & satisfying J(F, u) = m with sequences satisfying
the same mass constraint, as explained in Remark

Remark 5.6. Minimizers of F can have less structure than minimizers of F in the fol-
lowing terms:

i) the additivity of the singular part of F allows for a huge variety of phenomena. For
instance, if ©7,, = m, any couple of Dirac deltas suitably weighted will produce a
minimizing couple (&, m16; + mads).

ii) for the same reason, if there exists a minimizer (F,u|D1g| + p®) with a non-zero
singular part p®, any couple uf, 5 such that (uf + p5)(R™) = p*(R™) will produce
another minimizer (E,u|D1g|+ uf + u3).

Observe that there are two distinct ways of seeing a ball with constant adatom density in
our setting. One is (Bp(), c) representing a ball of crystal with a constant adatom density
on its surface. Another is (&, p1 B L" + cH"'LOB R(c)) These representations have the
same mass but the former one is better energetically, provided

P(c) < Oc+ @pf(c)

A Convex subadditive envelope of a function
Definition A.1. Let g : R — R. We say that g is subadditive if for every r,s € R,
g(r+s) <g(r)+g(s).

Definition A.2. Let g : [0,00) — R be a function. We define its convezr subadditive
envelope convsub(g) : [0,00) — R as

convsub(g)(s) :=supq{ f(s) : f:[0,00) = R is convex, subadditive and f < g}.

The aim of this section is to characterize the convex subadditive envelope of admissible
energy densities (see Definition [3.1). To this end, we need a few preliminary results which
are related to the parabolicity condition (1.5)).

Lemma A.3. Let g : (0,400) — R be conver and subadditive. Then, s — g(s)/s is
non-increasing in (0,+00). In particular for L-a.e. s € R we have

g(s) = g'(s)s 2 0.
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Proof. Assume, by contradiction, that there exist 0 < r < s with

) g(r) _ gls)

Let t := r 4+ s. By subadditivity, we get

(A.2) g(t) —g(r) _ glr+s)—g(s)

t—s T T

Moreover, (|A.1) yields
g(r) _g(s) —g(r)

< .
r S—r

These two inequalities together violate the convexity of g.
Finally, since r +— g(r)/r is non-increasing, it is differentiable £-a.e. on R. In particu-
lar, fixed € R for which ¢'(r) exists, we have that

)

J(r) = lim 9(s) = g(r) _ 9(r)

s—rt S—r T
where in the last step we used (A.2]). O

Lemma A.4. Let g : (0,400) — R be a conver function. Let D C R be the set where ¢’
is defined. Then, the function r — g(r) — ¢'(r)r is non-increasing on D.

Proof. Tt suffices to observe that for any 0 < r < s, since ¢’ is a.e. non-decreasing and
r <0,

d(8)s — g (r)r > g'()(s — 1) > / gty dt = g(s) — g(r)
Il

We now recall a classical result for convex functions (see |2, Proposition 2.31] and [22],
Appendix).

Lemma A.5. Let g : R — R be a convex function. Then, there exist families (a;)jen and
(bj)jen of real numbers such that

g(r) =sup{a;r +b;}.
j

Moreover as r — +00

g(?“) — g(O) /\ Sup{aj}.

Remark A.6. In Lemma one can select the supremum of all affine functions that
equal g at all rational numbers and with slope equal to or in between its left and right
derivatives there. When g is C' these are just the tangents of g at the rationals.

We now introduce the main object we need in order to identify the relaxation of our
functional F.

Definition A.7. Let g : R — [0,00) be as in Definition Let (a;)jen and (bj)jen be

the two families given by the previous lemma. We define

g(r)=sup{a;r+b; : jEN,b; >0},
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Remark A.8. Notice that since v is increasing, we have that a; > 0 for all j € N.

Proposition A.9. Let ¢ : R — [0,00) be as in Definition . Then 1) is the convex
subadditive envelope of 1.

We divide the proof of the above proposition in a sequence of lemmas.
Lemma A.10. Let ¢ and v be as in Definition . Then v is convex and subadditive.

Proof. As a supremum of affine functions, 1 is convex. Further, for all € > 0 there exists
j € N such that

Y(r+s)<aj(r+s)+bj+e

<
; ajr+bj+ajs+bj+¢e (since b; > 0)
<)+ P(s) + ¢
The arbitrariness of € > 0 leads to the subadditivity. O
Lemma A.11. Let ¥, be as above. Let
y = (r)r +b(r)

be the equation of the tangent line to the graph of v at the point (r,1(r)). Define

so :=sup{r € [0,00) : b(r)>0}.
Then ¥ = in [0, 0], and 1 is linear on [sg, 00) (with eventually sg = +00).

Proof. Notice that b(0) = 1(0) > 0 and that, since 1 is C! and convex, b is non-increasing
and continuous. Thus, we have two cases: either b(r) > 0 for all € (0,00), and in that
case ¥ = 1 in all [0,00), or there exists a point r € (0,00) such that b(r) < 0. In the
latter, by continuity and monotonicity of b, we have that

(A.3) sp :=sup{r € [0,00) : b(r) >0}
is a well defined number in (0, +00). Since, by definition,
=sup{a;r+b; : jEN,b; >0},

it is now clear, using Lemma that ¢ and ) coincide on [0, so]. Moreover, from the
above we get that a maximizing sequence in the definition of ¥(r) when r > sg satisfies
bj — 0, thus 1 is a linear extension of v past sg. O

Proof of Proposition[A.9 Call R the convex subadditive envelope of . In the case =1
we have ¢ = ¢ = R so there is nothing to prove. Assume that 1) = 9 only on some [0, s].
Assume, by contradiction, that there exists 7. > so such that ¥(r.) < R(r.) < ¥(ry), and
still call (by abuse) r. > s the infimum of such points. Then we have

() =9(r), ¢(r) 2 o) =t a,

and since r, > s,

P(r) =P (r)re <Q(re) — ary =
By Lemmas and one has
P(r) =/ (r)r=0

for all r > r,, i.e. ¥ = 1 there, which contradicts our assumption. 0
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Remark A.12. The above result is still valid even if v is not C', by the same arguments
using the right-derivatives. Since v is C!, we can give another characterization of ¥ through
the parabolicity condition

p(r) =/ (r)r = 0.
From (A.3]) we can infer that

— () ifrelo,so),
(A.4) o(r) = { W (so)r ifre [so,0+oo),

where

so :=sup{r € Ry | (r) —¢'(r)r > 0}.

B Mass preserving curves with prescribed (tangential) ini-
tial velocity

Let (E,u) as in and assume also that ¢, 1, u, Hyp satisfies hypothesis (H). We show
here that the set Ad(F,u), as used in the proof of Proposition and in this context
plays the role of the tangent space at the point (E, u) to the manifold Cl(m). In particular,
for any couple (v, w) € Ad(E,u), we build a curve ((E¢, u))¢<- € Cl(m) such that

CFEw)|_ = [ @) + @) @] @),
= (e

We proceed as follows. Let (v, w) € Ad(F,u), consider the diffeomorphism ®; : 0F — R"”
defined as
Oy (x) =z + tv(x)vg(z)

and consider its extension on R™ through a cut off ¢ as in Remark Fix ¢ € C}(9F)such
that

E(z)dH Hz) >0
OF

and for ¢, s € (—¢,¢) define the curve
Epi=0(E);  urs(z) = u(® ' (2)) + tw(®; () + s£(®; ' (2))  on OF;.

Define the C! function

o(t,s) := | Ey +/ ut,s() dH" 1 (z)

OFy

and notice that

(B.1) $(0,0) =m
(B.2) %‘f(o, 0) =0,
(B.3) g‘f(o, 0) > 0.

Indeed, relations (B.1)) and (B.2) follow respectively by the construction of F; and the
same computation explained in Remark For (B.3) instead, we immediately see that
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it is just a consequence of our choice of £ thanks to

Ap e
a(0,0) = ’(t,s):O /8Et ug s (2) dH" ()

_g wulx w(z s&(x oF x nflx
= ot L Tu) + (o) + s ) 4 )

= E(z)dH™ (z) > 0.
oF

The implicit function theorem applied to the function ¢ now guarantees that (up to further
decrease ¢) we can find a curve 7 : (—¢,¢) — (—¢,¢) such that (0) = 0 and

(B4) ot (1) = m.

This means that (Ey,u; ) € Cl(m) for all t € (—e,e). Moreover by differentiating (B.4)
and thanks to (B.2)),(B.3]) we also obtain 4(0) = 0. Hence

e Boenw) = Gl o [ o) + i) +206) 250w a1
= /BE[W(U(JJ))w(x) + (u)v(z)H(x)] dH ().

In particular, in order to compute the constrained first variation, we can restrict ourselves
to any generic curve with prescribed initial velocity (v, w) € Ad(E,u).

C Compactness

Theorem C.1. Let ((Ek, pug))ken C © with Ei € Bg, for some R > 0, be a sequence
such that

sup F(Ey, pug) < +oo, or  supF(Ey, ugp) < +00.
keN keN

Then, up to a subsequence it holds (Ey, ux) — (E,u) for some (E,u) € 6.
Proof. From the fact that ¥(r) > 1(0) + Or we gain

Y(0)P(Ey) + Oup(R"™) < F(Eg, p) < F(Rp, i)

and, in turn

sup P(Ef) < 400, sup pux(R") < +o00.
keN keN

Thanks to the compactness theorem for sets of finite perimeter (see [20, Theorem 12.26])
and from the weak*-compactness for finite Radon measures (see Lemma ([2.14)) we con-
clude. O

D Proof of Theorem 1.2

This theorem is, of course, completely independent from our energy functional setting and
could be proven by simplified versions of Proposition and Lemma However, for
the sake of shortness, we prefer to derive it directly as a consequence of our construction
of recovery sequences. Pick 1(s) = 1 + s2/2, for which sg = v/2. Now choose

p=so(l+ f)H" 'LO*E.
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Since u = so(1+ f) > so, from (4.13)) we get that uf > so in the proof of Proposition
since the uf are averages of u. Thus, the E} will always be wriggled locally by a factor

1+ f and we will always have
= soH" L LOE.

More precisely the recovery sequence from Theorem [4.11] (ii) satisfies
E, — Fin L', 50| D1Ey| = so(1+ f)|D1E]|.

Having (2.9) in mind, this concludes.

E Further geometric constraints

To take into account additional physical constraints, for instance when depositing adatoms
respectively on a flat surface or in a cylindrical box, one can replace everywhere in the
above analysis the perimeter P(F) with the relative perimeter P(E; A) where A is an open
half-space or an open cylinder. In the statements about critical points or minimizers, balls
can then be replaced by the suitable isoperimetric set: half-balls in the case of a half-space,
balls in the corners in the case of a cylinder for small masses, and flat graphs for large
enough masses.
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