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ON CARDINALITIES IN QUOTIENTS OF INVERSE LIMITS OF
GROUPS

SAHARON SHELAH AND RAMI GROSSBERG

ABSTRACT. Letλ beℵ0 or a strong limit of cofinalityℵ0. Suppose that
〈Gm, πm,n : m ≤ n < ω〉 and〈Hm, π

t
m,n : m ≤ n < ω〉 are

projective systems of groups of cardinality less thanλ and suppose that
for everyn < ω there is a homorphismσ : Hn → Gn such that all the
diagrams commute.

If for everyµ < λ there exists〈fi ∈ Gω : i < µ〉 such that
i 6= j =⇒ fif

−1
j 6∈ σω(Hω) then there exists〈fi ∈ Gω : i < 2λ〉 such

thati 6= j =⇒ fif
−1
j 6∈ σω(Hω).

1. INTRODUCTION

The main result of this paper was motivated by our interest in the
structure of the groupExtp(G,Z) for G abelian torsion free. For basic re-
sults about the structure ofExt(G,Z) the reader is refered to sections 47 and
52 of Laszlo Fuchs book [Fu], however all we need is Definition 1.21 below.
Since Shelah’s proof of the independence of Whitehead’s problem ofZFC
(see [Sh 44]) much was done since that paper, for a summary see the intro-
duction to [GrSh] and Chapter XII of Eklof & Mekler’s book is dedicated
([EK]) to the structure ofExt.

In [GrSh] we have dealt with the cardinality ofExtp(G,Z). The
main Theorem of [GrSh] states that for a strong limitλ of cofinalityℵ0 for
every torsion freeG of cardinalityλ either

|Extp(G,Z)| < λ or |Extp(G,Z)| = 2λ.
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In section 2 of [GrSh] we indicated that the proof of the main theo-
rem can be adapted to give a result concerning cardinalities of inverse sys-
tems of abelian groups subject to certain conditions (See Theorem 1.1 be-
low). We did not include a proof there. Recently we were asked to sup-
ply a complete proof to that theorem. Charles Megibben in a widely circu-
lated preprint [Me] (which to our knowledge did not appear yet in print) even
claimed that he proved a result that contradicts Theorem 1.1.

The aim of this paper is to present a complete proof of Theorem 1.1
below.

Notice that we do not make any assumptions on the groups, in par-
ticular the groups need not be commutative and can be even locally finite.
See more on the subject in [Sh 664].

Theorem 1.1. [The Main Theorem] Supposeλ isℵ0 or it is strong limit car-
dinal of cofinalityℵ0.

(1) Let 〈Gm, πm,n : m ≤ n < ω〉 be an inverse system of groups of
cardinality less thanλ whose inverse limit isGω with πn,ω such that
|Gn| < λ. ( πm,n is a homomorphism fromGm toGn, α ≤ β ≤ γ ≤
ω ⇒ πα,β ◦ πβ,γ = πα,γ andπα,α is the identity).

(2) Let I be a finite index set. Suppose that for everyt ∈ I, 〈H t
m, π

t
m,n :

m ≤ n < ω〉 is an inverse system of groups of cardinality less thanλ
andH t

ω with πtn,ω be the corresponding inverse limit.
(3) Let for everyt ∈ I, σtn : H t

n → Gn be a homomorphism such that all
diagrams commute (i.e.πm,n ◦ σtn = σtm ◦ πtm,n for m ≤ n < ω), and
let σtω be the induced homomorphism fromH t

ω intoGω.

Assume that for everyµ < λ there is a sequence〈fi ∈ Gω : i < µ〉
such that fori 6= j and t ∈ I ⇒ fif

−1
j /∈ Rang(σtω). Then there is〈fi ∈

Gω : i < 2λ〉 such thati 6= j andt ∈ I⇒ fif
−1
j /∈ Rang(σtω).

Notation 1.2. Sinceλ has cofinalityℵ0 we can fixλn < λ for n < ω such
thatλ =

∑
n<ω λn, for all n < ω, λn is regular and2λn < λn+1 < λ and

|Gn|+
∑

t∈I |H t
n| ≤ λn.

Denote byeGα , eHt
α

the unit elements. Without loss of generality the
groups are pairwise disjoint.

Definition 1.3. (1) Forα ≤ ω letHα =
∏

t∈IH
t
α andH<α =

∏
β<αHβ,

H≤α =
∏

β≤αHβ.
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(2) For ḡ ∈ Hα let lev(ḡ) = α, for g ∈ H t
α let lev(g) = α (without loss

of generality this is well defined).
(3) Forα ≤ β ≤ ω, g ∈ H t

β let g ¹ H t
α = πtα,β(g) and we sayg ¹ H t

α is
belowg andg is aboveg ¹ H t

α or extendg ¹ H t
α.

(4) Forα ≤ β ≤ ω, f ∈ Gβ let f ¹ Gα = πα,β(f).

We will now introduce the rank function used in the proof of Theo-
rem 1.1, it is a measure for the possibility to extend functions in Lemma 1.7
we show that it is an ultrametric valuation.

Definition 1.4. (1) Forg ∈ H t
n, f ∈ Gω we say that(g, f) is a nicet-

pair if σtn(g) = f ¹ Gn.
(2) Define a ranking function rkt(g, f) for any nicet-pair. First by induc-

tion on the ordinalα (we can fixf ∈ Gω), we define when rkt(g, f) ≥
α simultaneously for alln < ω and everyg ∈ H t

n

(a) rkt(g, f) ≥ 0 iff (g, f) is a nicet-pair
(b) rkt(g, f) ≥ δ for a limit ordinal δ iff for every β < δ we have

rkt(g, f) ≥ β
(c) rkt(g, f) ≥ β+1 iff (g, f) is a nicet-pair, and lettingn = lev(g)

there existsg′ ∈ H t
n+1 extendingg such that rkt(g′, f) ≥ β

(d) rkt(g, f) ≥ −1.
(3) Forα an ordinal or−1 (stipulating−1 < α < ∞ for any ordinalα)

we have rkt(g, f) = α iff rk t(g, f) ≥ α and it is false that rkt(g, f) ≥
α + 1.

(4) rkt(g, f) =∞ iff for every ordinalα we have rkt(g, f) ≥ α.

The following two claims give the principal properties of rkt(g, f).

Claim 1.5. Let (g, f) be a nicet-pair.

(1) The following statements are equivalent:
(a) rkt(g, f) =∞
(b) there existsg′ ∈ H t

ω extendingg such thatσtω(g′) = f .
(2) If rkt(g, f) <∞, then rkt(g, f) < λ+.
(3) If g′ is a proper extension ofg and(g′, f) is also a nicet-pair then

(a) rkt(g′, f) ≤ rkt(g, f) and
(b) if 0 ≤ rkt(g, f) <∞ then the inequality is strict.

Proof. (1) (a) ⇒ (b): Let n be such thatg ∈ H t
n. It is enough to define

gk ∈ H t
k for k < ω, k ≥ n such that

(i) gn = g
(ii) gk is belowgk+1 that isπtk,k+1(gk+1) = gk and
(iii) rk t(gk+1, f) =∞:
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Let g′ := lim−→gk it is as required. The definition is by induction on
k ≥ n. Fork = n let g0 = g. Fork ≥ n, supposegk is defined. By
(iii) we have rkt(gk, f) =∞, hence there existsg∗ ∈ H t

k+1 extending
gk such that rkt(g∗, f) =∞, and letgk+1 := g∗.

(b) ⇒ (a): Sinceg is belowg′, it is enough to prove by induc-
tion onα that for everyk ≥ n whengk := g′ ¹ H t

k we have that
rkt(g, f) ≥ α.

For α = 0, sinceσtω(g′) = f ¹ Gn clearly for everyk we have
σtk(gk) = f ¹ Gk so(gk, f) is a nicet-pair.

For limit α, by the induction hypothesis for everyβ < α and every
k we have rkt(gk, f) ≥ β, hence by Definition 1.4(2)(b), rkt(gk, f) ≥
α.

Forα = β + 1, by the induction hypothesis for everyk ≥ n we
have rkt(gk, f) ≥ β. Let k0 ≥ n be given. Sincegk0 is belowgk0+1

and rkt(gk0+1, f) ≥ β, Definition 1.4(2)(c) implies that rkt(gk0 , f) ≥
β + 1; i.e. for everyk ≥ n we have rkt(gk, f) ≥ α. So we are done.

(2) Let g ∈ H t
n andf ∈ Gω be given. It is enough to prove that if

rkt(g, f) ≥ λ+ then rkt(g, f) = ∞. Using part (1) it is enough to
find g′ ∈ H t

ω such thatg is belowg′ andf = σtω(g′).
We define by induction onk < ω, gk ∈ H t

n+k such thatgk is below
gk+1 and rkt(gk, f) ≥ λ+. For k = 0 let gk = g. For k + 1, for
everyα < λ+, as rkt(gk, f) > α by 1.4(2)(c) there isgk,α ∈ Gn+k+1

extendinggk such that rkt(gk,α, f) ≥ α. But the number of possible
gk,α is≤ |H t

n+k+1| ≤ 2λn+k+1 < λ+ hence there are a functiong and
a setS ⊆ λ+ of cardinalityλ+ such thatα ∈ S ⇒ gk,α = g. Now
takegk+1 = g.

(3) Immediate. ¤1.5

Lemma 1.6. (1) Let (g, f) be a nicet-pair. Then we have rk(g, f) ≤
rk(g−1, f−1).

(2) For every nicet-pair (g, f) we have rk(g, f) = rk(g−1, f−1).

Proof. (1) By induction onα prove that rk(g, f) ≥ α⇒ rk(g−1, f−1) ≥
α (see more details in Lemma 1.7).

(2) Apply part (1) twice. ¤1.6

In the following lemma we show that the rank is indeed ultrametric
(ordinal valued).

Lemma 1.7. Let n < ω be fixed, and let(g1, f1), (g2, f2) be nicet-pairs
with g` ∈ H t

n(` = 1, 2).

(1) If (g1, f1) and(g2, f2) aret-nice pairs, then(g1g2, f1f2) is a nice pair
and rkt(g1g2, f1f2) ≥ Min{rkt(g`, f`) : ` = 1, 2}.
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(2) Letn, (f1, g1) and (f2, g2) be as above. If rkt(g1, f1) 6= rkt(g2, f2),
then rkt(g1g2, f1f2) = Min{rkt(g`, f`) : ` = 1, 2}.

Proof. (1) It is easy to show that the pair ist-nice. We show by induc-
tion onα simultaneously for alln < ω and everyg1, g2 ∈ H t

n that
Min{rk(g`, f`) : ` = 1, 2} ≥ α implies that rk(g1g2, f1f2) ≥ α.

Whenα = 0 orα is a limit ordinal this is easy. Supposeα = β+ 1
and that rk(g`, f`) ≥ β + 1; by the definition of rank for̀ = 1, 2
there existsg′` ∈ H t

n+1 extendingg` such that(g′`, f`) is a nice pair and
rkt(g′`, f`) ≥ β. By the induction assumption rkt(g′1g

′
2, f1f2) ≥ β.

Henceg′1g
′
2 is as required in the definition of rkt(g1g2, f1f2) ≥ β+ 1.

(2) Suppose without loss of generality that rk(g1, f1) < rk(g2, f2), let
α1 = rk(g1, f1) and letα2 = rkt(g2, f2). By part (1), rkt(g1g2, f1f2) ≥
α1, by Proposition 1.6, rkt(g

−1
2 , f−1

2 ) = α2 > α1. So we have

α1 = rkt(g1, f1) = rkt(g1g2g
−1
2 , f1f2f

−1
2 )

≥ Min{rkt(g1g2, f1f2), rkt(g
−1
2 , f−1

2 )}
= rkt(g1g2, f1f2) ≥ α1.

Hence the conclusion follows.¤1.7

Definition 1.8. (1) Letµ < λ and letᾱ = 〈αt : t ∈ I〉 whereαt is an
ordinal less or equal toλ+. We say that̄f = 〈fi : i < µ〉µ-exemplifies
ᾱ ∈ Γn (or f̄ is aµ-witness forᾱ ∈ Γn) iff
(a) fi ∈ Gω andfi ¹ Gn = eGn
(b) for i 6= j andt ∈ I we have rkt(eHt

n
, fif

−1
j ) < αt (possibly is

−1).
(2) Let

Γn =

{
ᾱ : ᾱ = 〈αt : t ∈ I〉, αt an ordinal≤ λ+,

and for everyµ < λ there is a sequence〈fi : i < µ〉
whichµ-exemplifiesᾱ ∈ Γn

}
.

(3) ∆n = {ᾱ ∈ Γn : for no β̄ we haveβ̄ ∈ Γn, β̄ ≤ ᾱ (i.e.
∧
t∈Jn

βt ≤
αt) andβ̄ 6= ᾱ}.

Claim 1.9. (1) Γn is not empty.
(2) ∆n is not empty in fact(∀ᾱ ∈ Γn)(∃β̄ ∈ ∆n)(β̄ ≤ ᾱ).

Proof. (1) Letα∗t = sup{rkt(g, f)+1 : g ∈ H t
n, f ∈ Gω and rkt(g, f) <

∞}, by 1.5(2), this is a supremum on a set of ordinals< λ+ (as−1 +
1 = 0) hence is an ordinal≤ λ+. So〈α∗t : t ∈ I〉 is as required.
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(2) If not, then choose by induction oǹ< ω a sequencēβ` ∈ Γn such
that β̄0 = ᾱ, β̄`+1 ≤ β̄`, β̄`+1 6= β`. So for eacht ∈ I, the sequence
〈β`t : ` < ω〉 is a non-increasing sequence of ordinals hence is even-
tually constant, say for somèt < ω we havè ∈ [`t, ω)⇒ β`t = β`tt ,
so asI is finite, `(∗) = max{`t : t ∈ I} < ω, soβ̄`(∗) = β̄`(∗)+1, a
contradiction. ¤1.9

Claim 1.10. (1) If µ ≤ µ′ and 〈fi : i < µ′〉, µ′-exemplifyᾱ ∈ Γn and
h : µ→ µ′ is one to one, then〈fh(i) : i < µ〉, µ-exemplifies̄α ∈ Γn.

(2) If 〈fi : i < µ〉, µ-exemplifyᾱ ∈ Γn andfi ¹ Gn+1 = f for i < µ,
then〈fif−1

0 : i < µ〉, µ-exemplifyᾱ ∈ Γn+1.
(3) If ᾱ ∈ Γn, thenᾱ ∈ Γn+1.
(4) If ᾱ ∈ ∆n, then somēβ ≤ ᾱ belongs to∆n+1.
(5) For somen < ω there isᾱ ∈

⋂
m≥n ∆n.

(6) In clause (b) of Definition 1.8(1) it suffices to deal withi < j.

Proof. (1) Trivial.
(2) Clearly.

Clause (a):
(fi ◦ f−1

0 ) ¹ Gn+1 = σωn+1(fif
−1
0 ) = (σωn+1(fi))(σ

ω
n+1(f0))−1 =

ff−1 = eGn+1 .
Clause (b):
For i 6= j andt ∈ I, note that

(fif
−1
0 )(fjf

−1
0 ) = fif

−1
0 f0f

−1
j = fif

−1
j

so we can use the assumption.
(3) So letµ < λ and we should find aµ-witness forᾱ ∈ Γn+1. We can

chooseµ′ such thatµ×|Gn+1| < µ′ < λ. As ᾱ ∈ Γn, clearly there is a
µ′-witness〈fi : i < µ′〉 for it. Now the number of possiblefi ¹ Gn+1

is≤ |Gn+1| (really) even≤ |Rang(πn+1,ω)∩ Ker(πn,n+1)|) hence for
somef ∈ Gn+1 andY ⊆ µ′ we have:|Y | ≥ µ and
i ∈ Y ⇒ fi ¹ Gn+1 = f . By renaming{i : i < µ} ⊆ Y , now
〈fif−1

0 : i < µ〉 is aµ-witness by part (1).
(4) Follows by 1.10(2) and 1.9(2).
(5) By 1.10(3) by the well foundedness of the ordinals (as in the proof of

1.9(2),(8).
(6) Because fori < j, (fjf

−1
i )−1 = (fif

−1
j ) and 1.6(2). ¤1.10

Convention 1.11. By renaming and 1.10(4), without loss of generalityᾱ∗ ∈
∆n for everyn.

Claim 1.12. Eachα∗t (t ∈ I) is a non-successor ordinal (i.e. limit or zero).
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Proof. Fix n < ω.

Assumes ∈ I is a counterexample. Soα∗s = β∗ + 1, β∗ ≥ 0. Let
β̄ = 〈βt : t ∈ I〉 be defined as follows:βt isαt if t 6= s and isβ∗ if t = s. We
shall prove that̄β ∈ Γn+1 thus getting a contradiction. So letµ < λ and we
shall find aµ-witness forβ̄ ∈ Γn+1. Letµ′ be such thatµ|Gn+1| < µ′ < λ.
As ᾱ∗ ∈ Γn (see 1.11) there is aµ′-witness〈fi : i < µ′〉 for ᾱ∗ ∈ Γn, as
earlier without loss of generalityi < µ ⇒ fi ¹ Gn+1 = f for somef . We
shall prove that〈fif−1

0 : i < µ〉 is aµ-witness forβ̄ ∈ Γn+1. Letf ′i = fif
−1
0

for i < µ.

Clause (a):

f ′ ¹ Gn+1 = (f0f
−1
0 ) ¹ Gn+1 = eGn+1 becausefi ¹ Gn+1 = f0 ¹

Gn+1.

Clause (b):

Let i 6= j < µ. If t ∈ I\{s} then
rkt(eGn+1 , f

′
i(f
′
j)
−1) = rkt(eGn+1 , fif

−1
j ) ≤ rkt(eGn , fif

−1
j ) ≤ α∗t = βt.

(Why? By group theory, by 1.5(3)(α), by choice off̄ , by choice ofβt, re-
spectively).

If t = s, then rkt(eGn , fif
−1
j ) < rkt(eGn+1 , fif

−1
j ) by 1.5(3)(β), and

proceed as above. ¤1.12

Notation 1.13. Forα ≤ ω let Tα :=
∏

k<α λk, T :=
∏

n<ω Tn (note: tree-
ness used).

Claim 1.14. There are forn < ω, a sequence〈fn,i : i < λn〉 and an ordinal
γtn < α∗t (α∗t is the ordinal from 1.11) such that

(1) fn,i ∈ Gω, fn,i ¹ Gn+1 = eGn+1 for all i < λn;
(2) for eacht ∈ I for everyh ∈ H t

n andi < j < λn we have:
rkt(h, fn,if

−1
n,j ) ≤ γtn;

(3) rkt(eHt
n
, fn,if

−1
n,j ) ≥ γtn−1 for i < j < λn

andγtn−1 ≥ 0⇒ rkt(eHt
n
, fn,if

−1
n,j ) > γtn−1

(4) γtn−1 < γtn if α∗t > 0 andγtn = −1 if α∗t = 0.

We delay the rest of proof for a while.

Convention 1.15. Let γtn, gn,i (n < ω, i < λn) be as in 1.14.
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Definition 1.16. We setfη = gn−1,η(n−1)gn−2,η(n−2) . . . g0,η(0) for η ∈ Tn.
Then definefη for η ∈ Tω as follows: fη is the element ofGω satisfying
fη ¹ Gn = fη¹n. It is well defined by:

Fact 1.17. (1) For η ∈ Tω andm ≤ n < ω we have

fη¹n ¹ Gn+1 = fη¹m ¹ Gn+1.

(2) For η ∈ Tω we havefη ∈ Gω is well defined (as the inverse limit of
〈fη¹n ¹ Gn : n < ω〉, son < ω → fη ¹ Gn = fη¹n.

Proof. (1) Asπn,ω is a homomorphism it is enough to prove
(fη¹n(fη¹m)−1) ¹ Gn+1 = eGn+1 , hence it is enough to prove
n ≤ k < ω ⇒ (fη¹kf−1

η¹(k+1)) ¹ Gn+1 = eGn+1 which follows from

k < ω ⇒ fη¹kf−1
η¹(k+1) ¹ Gk+1 = eGk+1

, which means
fk,η(k) ¹ Gk+1 = eGk+1

which holds by clause (a) of 1.11.
(2) Follows by part (1) andGω being an inverse limit. ¤1.17

Proposition 1.18. Letη, ν ∈ Tω. If η 6= ν andt ∈ I, thenfηf−1
ν /∈ σtω(H t

ω).

Proof. Suppose for the sake of contradiction that for someg ∈ H t
ω we have

σtω(g) = fηf
−1
ν .

Let k be minimal such thatη ¹ k = ν ¹ k, η(k) 6= ν(k), without loss
of generalityη(k) < ν(k). For` ≥ k let ξ` be rkt(g ¹ H t

` , fη¹(`+1)f
−1
ν¹(`+1)).

We will reach a contradiction by showing that` ≥ k ⇒ 0 ≤ ξ` ≤ γtk and
` > k ⇒ ξ`+1 < ξ`.

Note

(∗)1 if ` ≤ α ≤ ω, then rkt(g ¹ H t
` , fη¹αf

−1
ν¹α) ≥ 0 asσt`(g ¹ H t

`) = σt(g) ¹
Gt
` = (fηf

−1
ν ) ¹ F t

` and 1.17.

For ` = k, we show thatξk ≤ γtk. Let i = η[k], j = ν[k]. By
the choice ofk, i 6= j. In this casefη¹(`+1)f

−1
ν¹(`+1) = fk,η(k)f

−1
k,ν(k) by the

minimality of k and, of course,fk,η(k)f
−1
k,ν(k) = fk,if

−1
k,j , henceξk = rkt(g ¹

Hh
k , fk,if

−1
k,j ) ≤ γk by clause (b) of 1.14. Note: ifα∗t = 0, thenγtm = −1

for m < ω henceξk = −1, but (fηf
−1
ν ) ¹ Gk = (fη¹(k+1)f

−1
ν¹(k+1)) ¹ Gk

immediate contradiction. So assumeα∗t ≥ 0 hence0 ≤ γtm < γtm+1.

Now we proceed inductively. We assume thatξ` ≤ ξk and show that
ξ`+1 < ξ`. Let i = η[`+ 1], j = ν[`+ 1], and let
ζ = rkt(g ¹ H t

`+1, fη¹(`+1)f
−1
ν¹(`+1)). Observe:
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(∗)2 ζ < rkt(g ¹ H t
` , fη¹(`+1)f

−1
ν¹(`+1)) = ξ` [why? by 1.5(3) and(∗)1

above.]

So

(∗)3 ξ
`+1 = rkt(g ¹ H t

`+1, fη¹(`+2)f
−1
ν¹(`+2))

= rkt(g ¹ H t
`+1, f`+1,η(`+1)(fη¹(`+1)f

−1
ν¹(`+1))f`+1,ν(`+1))

= rkt(eHt
`+1

(g ¹ H t
`+1)eHt

`+1
, f`+1,η(`+1)(fη¹(`+1)f

−1
ν¹(`+1))f`+1,ν(`+1)).

Now:

(∗)4 rkt(eHt
`+1
, f`+1,η(`+1)) > γt` (why? by clause (c) of 1.14)

(∗)5 rkt(g ¹ H t
`+1, fη¹(`+1)f

−1
ν¹(`+1)) = ξ` ≤ ξk ≤ γtk ≤ γt`

(why? the equality by the definition ofξ`, the first inequality by the induction
hypothesis and the second inequality was proved above (for` = k), the last
inequality by 1.14 clause (d)

(∗)6 rkt(eHt
`+1
, g`+1,ν(`+1)) > γt` (why? by clause (c) of 1.14).

Hence by 1.5(3)

(∗)7 rkt(eHt
`+1

(g ¹ H t
`+1)eHt

`+1
, f`+1,η(`)(fη¹(`+1)f

−1
ν¹(`+1))f`+1,ν(`+1))

= rk(g ¹ G`+1, fη¹(`+1)f
−1
ν¹(`+1)).

Together we get the induction demand for`+ 1. ¤1.18

Before proving 1.14 and finishing we prove

Claim 1.19. Assume−1 ≤ βt < α∗t for t ∈ I andn < ω andµ < λ. Then
we can find〈fi : i < µ〉 such that

(1) fi ∈ Gω andfi ¹ Gn+1 = eGn+1

(2) t ∈ I andi 6= j ⇒ rkt(eHt
n
, fif

−1
j ) ∈ [βt, α∗t )

(3) t ∈ I andi < µ = rkt(eHt
n
, fi) ∈ [βt, α

∗
t ).

Proof. For eachs ∈ I we defineβ̄s = 〈βst : t ∈ I〉 by:

βst =

{
αt if t 6= s

βt if t = s

So β̄s ≤ ᾱ∗, β̄s 6= ᾱ∗, so asᾱ∗ ∈ ×n<ω∆m necessarilȳβs /∈ Γn, hence
for someµs < λ there is noµs-witness forβ̄s andn (check the definition of
Γn).
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Let µ1 < λ be> µ+ max{µs : s ∈ I}.

Letχ < λ be large enough (so that it will be possible to use the finite
Ramsey theorem whenλ = ℵ0 and whenλ > ℵ0 the Erd̈os Rado theorem
we require thatχ→ (µ1)2

θ whereθ = 2
∑
t |Ht

n|).

Let 〈fi : i < χ〉 be aχ-witnessᾱ ∈ Γn and even̄α ∈ Γn+1. For
eacht ∈ I, h ∈ H t

n define the two place functionFt,h from [χ]2 to {0, 1} for
i < j < χ let

Ft,h{i, j} :=

{
0 if rk t(h, fif

−1
j ) < βt

1 Otherwise.

Define the two-place functionF from [χ]2: Fori < j < χ letF{i, j} =
〈Ft,h(i, j) : t ∈ I, h ∈ H t

n〉.

Clearly|Rang(F )| ≤ 2
∑
t |Ht

n|.

Hence an application of one of the above partition theorems provides
us with a setY ⊆ χ, |Y | = µ1 such thatF ¹ [Y ]2 is constant. Without loss
of generalityY = µ1.

For eachs ∈ I, clearly 〈fif−1
0 : i < µs〉 is not aµs-witness for

β̄s, but the only thing that may go wrong is the inequality,i < j < µs ⇒
rks(eHs

n
, fif

−1
j ) < βs, so for somei < j < µs we have that rks(eHs

n
, fif

−1
j ) ≥

βs holds, hence

(∗) s ∈ I andi < j < µ1 ⇒ rks(eHs
n
, fif

−1
j ) ≥ βs.

This means clause (b) holds and clause (a) by definition of〈fi : i <
χ〉 is aχ-witness forᾱ ∈ Γn. Clause (c) follows. So〈fi : i < µ〉 is as
required. ¤1.19

Proof. of 1.14

Stipulateγt−1: if α∗t > 0 it is 0, otherwise is it−1. Assumen < ω
and〈γtn−1 : t ∈ I〉 is well defined,γtn−1 < α∗t . Let γt,∗n be: γtn−1 + 1 if α∗t is
a limit ordinal andγtn−1 = −1 otherwise (i.e.α∗t = 0, see 1.12). Note that
to construct the family{fn,i : i < λn} we will combine Claim 1.19 with a
second application of the Erdös Rado Theorem.

Let θ = (2|H
t
n|×|Ht

n|) × |I| andχ < λ be such thatχ → (λn + 2)3
θ

(exists by Ramsey theorem ifλ = ℵ0 and by Erd̈os Rado theorem ifλ > ℵ0).
Apply Claim 1.19 to get a family{fi : i < χ} satisfying:
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(1) fi ¹ Gn+1 = eGn+1 ,
(2) for i 6= j andt ∈ I, we haveγt,∗n−1 ≤ rkt(eHt

n
, fif

−1
j ) < α∗t .

For t ∈ I, ḡ = 〈g1, g2〉, g1, g2 ∈ H t
n such thatσtn(g) = eGn define

a coloringFt,ḡ of [I]3 by two colors according to the following scheme: for
ε < ζ < ξ < χ, let

Ft,g{ε, ζ, ξ} :=

{
red if rk t(g1, fiεf

−1
ζ ) ≤ rkt(g2, fζf

−1
ξ );

green if rk t(g1, fiεf
−1
ζ ) > rkt(g2, fζf

−1
ξ )

.

By the Ramsey theorem (ifλ = ℵ0) or Erd̈os Rado Theorem ifλ > ℵ0

there is a setJ ⊆ χ, otp(J) = λn + 2 such that each coloring is constant
on [J ]3. Let the value ofFt,ḡ on [J ]3 be denotedct,ḡ. Observe thatct,ḡ is
nevergreenas this would produce a descendingω-sequence of ordinals as
if ε` ∈ J, ε` < ε`+1 for ` < ω, then rkt(g, fε`f

−1
ε`+1

) > rkt(g, fε`+1
f−1
ε`+2

), so
〈rkt(g, fε2`f−1

ε2`+1
) : ` < ω〉 is strictly decreasing.

Let ε(∗) = Min(J) andJ0 = {ε ∈ J : otp(ε ∩ J) < λ} and
α is theλn-th member ofJ, β the (λn + 1)-th member ofJ and letγtn =
rkt(eHt

n
, fαf

−1
β ), by clause (b) aboveγt,∗n ≤ γtn < α∗t soα∗t = 0⇒ γtn = −1

andα∗t > 0⇒ γtn−1 < γtn.

We claim that{fif−1
ε(∗) : i ∈ J0} (rememberJ0 ⊆ J, |J0| = λn)

provides a set that can play the role of{fn,i : i < λn}. We note

(∗)1 rkt(g, fεf
−1
ζ ) ≤ γnt for ε < ζ in J0 [why? clearlyα < β < ε < ζ

are inJ hence by the choice ofJ we have rkt(g, fεf
−1
ζ ) ≤ rkt(g, fζf−1

α ) ≤
rkt(g, fαf

−1
β ) = γtn].

Now clauses (1), (4) of 1.14 holds by clause (1) above, clause (3) of
1.14 holds by(∗)1 and clause (4) of 1.14 holds by the choice of theγ∗t . We
are left with clause (2). Leth ∈ H t

n, as above clearly forΥ < ξ < ζ < ξ in
J we have rkt(h, fεf

−1
ζ ) ≤ rkt(h, fζf

−1
ξ ). Hence forΥε < ζ < ξ in J0 we

have

γnt ≥ rkt(eHt
n
, fεf

−1
ζ )

= rkt(h
−1, (fεf

−1
ξ )(fζf

−1
ξ )−1)

≥ Min{rkt(h, fεf−1
ξ ), rkt(h

−1, (fζf
−1
ξ )−1}

= Min{rkt(h, fεf−1
ξ ), rkt(h, fζf

−1
ξ )}

≥ Min{rkt(h, fΥf
−1
ε ), rkt(h, fΥf

−1
ε )}
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= rkt(h, fΥf
−1
ε ).

So giving also clause (2) of 1.14. ¤1.14 ¤1.1

Remark 1.20. The result about the cardinality ofExtp(G,Z) can be de-
rived from Theorem 1.1 using the following definition (which constructs an
isomorphic group otExtp(G,Z)).

Definition 1.21. Given an abelian groupG, letG∗ := Hom(G,Z) and for a
primep denote byGp the groupHom(G,Z/pZ). Forg ∈ G∗ letg 7→ g/p be
the natural homomorphism fromG∗ intoGp. ByG∗/p denote the subgroup
of Gp which is the image ofG∗/p underg 7→ g/p. Finally

Extp(G,Z) := Gp/(G∗/p).

Recall that whenλ is ℵ0 or strong limit of cofinalityℵ0 thenλℵ0 =
2λ.

The groupHω corresponde to the subgroupG∗/p and theσ’s are in-
clusions.

We have learned from Paul Eklof that Christian U. Jensen in his book
[Jen] have a proof of Theorem 1.0 of [GrSh] for the case thatλ = ℵ0.
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