Math 301: Homework 1

Mary Radcliffe

due 8 Sept 2017

Complete the following problems. Fully justify each response.

1. Suppose you have a set of voters, and they will each vote Yes or No on a

certain proposition. If we order the voters, with all the Yes votes going
first, then the voter whose Yes vote clinches the proposition is said to be
pivotal. For example, if there are 5 voters, and 3 yesses are required to
pass the proposition, then whoever is third is the pivotal voter.
The Shapley Power index of a voter is defined to be the proportion of
orderings for which that voter is pivotal. In the case of our 5 voter example,
a voter is pivotal every time they appear in the third position. Hence their
power index would be

# of times appears third 4!
5! ~ o5

The United States Federal system has 100 senators and 435 representa-
tives. A bill passes both chambers if it receives at least 51 votes from the
Senate and at least 216 votes from the House. We shall ignore filibusters
and presidential votes.

Determine the Shapley Power indices of a US senator and a US represen-
tative.

2. Let k and n be integers such that 0 < k < n — 1. Provide a combinatorial
proof of the identity

> () -2

(Note: by a “combinatorial proof,” we mean a proof that is based on
counting, rather than an algebraic proof.)

3. For a,b € Z, let L(a,b) denote the set of lattice paths from (0, 0) to (a,b).

Fixn € Z, and let 1 < k <n — 1. Construct an injective function
F:Lk—1n—k+1)xLk+1,n—k—1)— L(k,n—k) x L(k,n — k).

Use this to prove that for all k <n — 1,

()50

(This property is called log-concavity. That is, a sequence ag, a1, - .., Gy is
called log-concave if for all 1 < k < n — 1, we have ag_1ar11 < agag.
Hence, here we are proving that the sequence (8), (T), ce (Z) is log-
concave.)



4. Define that the Mobius function p(n) to be 0 if n contains a square factor
and (—1)" if n is the product of r distinct primes. For any n > 2, use the
principle of Inclusion/Exclusion to prove that 3=, u(d) = 0.



