
Continuous Time Finance: Midterm 2.
2024-04-03

• This is a closed book test. You may not use phones, calculators, or other electronic devices.
• You may not give or receive assistance.
• You have 50 minutes. The exam has a total of 4 questions and 40 points.
• Good luck.

In this exam W always denotes a standard Brownian motion, and the filtration {Ft | t ⩾ 0} is the Brownian filtration.
Here are a few formulae that you can use:

• Solution formula to the Black Scholes PDE:

f(t, x) =
∫ ∞

−∞
e−rτ g

(
x exp

((
r − σ2

2

)
τ + σ

√
τ y

))e−y2/2dy√
2π

, τ = T − t .

• Black Scholes Formula for European calls, and the Greeks
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1.10 Let W = (W 1, W 2) be a standard two dimensional Brownian motion, and Zt = W 1
t (W 2

t )2. Find [Z, Z]t. Express
your answer as [Z, Z]T =

∫ T

0 f(t, Wt) dt +
∑2

i=1
∫ T

0 gi(t, Wt) dW i
t for some (non-random) functions f, g1, g2 that

you compute explicitly.

2.10 Consider a market with a bank and a stock. The interest rate is r and the stock price is modelled by a geometric
Brownian motion with mean return rate α and volatility σ. A digital share option with strike K ⩾ 0 and maturity
time T gives the holder one share at maturity, provided the stock price is larger than the strike price. The option
pays nothing otherwise. Find the arbitrage free price of this option at time t ⩽ T . Express your answer in the
form Vt = f(t, St), and find an explicit formula for the function f without using expectations or integrals. (Your
formula may involve the CDF of the standard normal; also note the option pays one share at maturity, which is
different from the problem on your homework.)

3.10 Suppose S, Z are two stochastic processes such that

dSt = αtSt dt + σtStdWt , dZt = btZt dWt .

Here αt, σt, bt are adapted processes with σt > 0. If the process StZt is a martingale, then find bt in terms of αt

and σt. (You may assume S, Z > 0 and any required finiteness condition to make Itô integrals martingales.)

4.10 Consider a market with a bank (with interest rate r) and a stock. Let S be a geometric Brownian motion with
mean return rate α and volatility σ, modelling the price of a stock. Let Yt =

∫ t

0 Ss ds. Let g = g(x, y) be a
function of two variables, and consider a security that pays pays g(ST , YT ) at maturity time T . Write down a
PDE and terminal conditions such that if a function f = f(t, x, y) is a solution of this PDE, then the security
can be replicated, and the wealth of the replicating portfolio at time t is exactly f(t, St, Yt).


