Math 300 Class 18

Wednesday 20th February 2019

'Theorem 1 — Some properties of size
(a) If Y is finite and there is an injection X — Y, then X is finite and |X| < |Y[;

(b) If X is finite and there is a surjection X — ¥, then ¥ is finite and |X| > [Y|;
{¢) If X and Y are finite, then X x Y is finite and |X x Y| = |X|-|¥|;
(d) f X and Y are finite and X NY = &, then X UY is finite and [X UY| = [X]+ |¥]|. O

Definition 2 — Binomial coefficients (combinatorial definition)
Let n,k € N. The set (7)) is defined by

(%) -wemio-»
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The binomial coefficient (n) is defined by (:) =

k
Example 3
Compute :) forall k € N.
(r?) =548 > (f):i
(c?) < 3 g, e, 1587 > (3)=3

((;3) i Z §428, §4,7%, iz,g;] - ('é) -2
( E?) - $51231f s (3)= 1

(r?):ﬁﬁ,mu>3 = (i);oﬁ,wb;.

Useful fact: (;:) = ’(‘:) | for any set X with |X| = n.



Parts (a) and (b) of Theorem 1 combine to give the following useful proof technique.

Strategy (Bijective proof)
In order to prove that finite sets X and ¥ have the same size, it suffices to find a bijection X — Y.

Example 4

Prove that Y foralln,k € N with k < n.
k n—k
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Plu) = [ndVU o att UCDAD wibe )=k
Note ¥ » mu—auﬁwl = lma Ex 10 ﬁw 825!4)’!103-_
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= ]:n]\u 3 (/{:2]\.«.) as Claimed .
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Definition 5
A partition of a finite set X is a family I/, Us, ..., U, of (inhabited*) subsets of X such that:

n
(i) YU;=X;and
i=1

(i) U;NU; = @if i # j (that is to say that U, ..., U, are pairwise disjoint).

[*In the current context, we will additionally allow the sets U; to be empty.]

Theorem 6 — Addition principle
Let X be a finite set and U, U, ...,U, be a partition of X. Then |X| = |U, O

=1

Strategy 7
In order to count the elements of a set X, it suffices to partition X into subsets Uy, ..., U, and add up

the sizes of the sets in the partition.

Example 8

n+1 n n
Prove that, for all n,k € N, we have (k+l) = (k) + (k—}-l)'
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Theorem 9 — Multiplication principle
Fix m,n € N. Let X be a finite set with |X| = m, and for each a € X, let ¥, be a finite set with
|Yz| = n. Then

[{{a,b) |a€ X, bEV,}|=mn

The pair (a,b) is called a dependent pair, because the set that b belongs to depends on the value of
a. This generalises (by induction!) to sets of dependent n-tuples—the precise statement is ugly.

Strategy 10
Given a finite set X, in order to compute |X|, it suffices to devise a step-by-step procedure for

uniquely specifying an element of X—each step may depend on the last, but

Example 11 |Al=k
Compute the size of the set X = {(4,a) |A C [n]ha € A} in two ways:

(a) Specify (A,a) € X by first choosing A and then choosing a.
iy .
«Slgp 1 Choose ACCAl wih A=k, Tuee ae (u_) clren'ces.
. S‘_“L% Cluoose ae . Cince IRl=le, hiere are e choncen,

B, o, IXI = (7).

(b) Specify (A,a) € X by first choosing a and then choosing A.
* Sl L Choose ael[n]l. Tuwe ore n dnces.
¢ Slp2 Cloost Mz reviniag k-1  elemeds of
A Rom [nI\3a]. Sine J[3\ief) = n-1,
e owe (1) choiees
By M, hwe we A (174 elemech in X.
Obseve dat (a) § (L) naply taat () k= n- ﬁ'f{).

Strategy (Double counting)
In order to prove that two expressions involving natural numbers are equal, it suffices to define a set

X and devise two counting proofs to show that |X| is equal to both expressions.




