
Lectured

simplicial cplx IN (M) specified by : facets ← bases
faces ← indep. subsets

mind non-faces ← circuits

Detn A circuit of M is a minimal dependent lie . not indep .) subset of E.

E.gg If M= MLG)
,

circuit ← cycle whose vertices are traveled once

q±3 , 6 = {012/234,0134}

*

M=M([;jijÉ [¥1,1;]
.
1¥ )

(minimal supports vectors

in KerA)

ThM_ A collection GCZE is the set of circuits of a matroid Iff

d) 04-6 .
(2) Ci C-Cz ⇒ 9=4 for G.GEG

,
and

(circuitelimination(3) for GFCZEG with e. c-Gncz
,
7-CEG st C C-⇐VG)-e .

Rent How would you
"

quickly" compute 6 from B
,
and vice versa ?

M2 currently uses that I±mm, , the Stanley-Reisner ideal of INCM) ,
is ¥z< Kil i¢B > =t.IE/cc-G)Rem-(Varbaro'll

, Minh-Trung 'll] Idm CM Fm >_ I ⇐> D= INCMI for some matroid M

A

pure
& shellable⇒ IS has linear resolve

Detn A subset is spanning in a matroid if it contains a basis .

A maximal non- spanning subset is a hyperplane of the matroid
.

[xer If C a circuit and H a hyperplane , then /CIHI -1-1 .

Defy The rank function rkm : 2£→ Kao of a matroid M = CE,B) is defined by
rkmls ) := Max { ISNBI I BEB}

E.f. If M realized as a list of vectors tvo
,

- -

; Vn) , then rkm (5) = dim span (5) .



Tim A function f : 2£→ 2>-0 is the rank function of a matroid Itf :

(1) FCS) I 1st YSEE
,

(2) FCSDE fcsz) if 51€52
,

and

(3) flsi) -1 fcsz) 2 tsiusz) + Fcs, Usa) 751,52 C-E.

Csubmodularity)
I

diminishing marginal return [Schryver 103]

N.B._ rkmls) -451 ←→ indep. , rknfs) = rkm (E)⇐ spanning

Defn_ A subset FEE is a flat of M if it is Max'd among subsets of rank rkmlt.

( i.e . rkmlfue) > rkm (F) He c- E)F)

E.gg 01 is a flat of M Iff M loopless .

E.gg If G conn. graph , then flats of corankc in MLG)← Partitions of G into Ct components.
(V=hfVist Glvi conn.)

E.gg Let KE→ [ realize a loop less matroid M
,
where vi. = image of ei Li c-E) .

a flat of rank m ← { 2-c-El Vie V3 for some m-dim'd subspace VEE .
i.e. { flats of rkm }← {m- dime spans of subsets of V0

,
- -gun in hi}

← { m- codimil subspaces in L }
F → { l c- L I will)=o FIEF}

Notation : LF := {l c- L / Vill)=o Fief} = n Li (↳=L) .
IEF

[ = Ll Eli = Ln @
*f-

= ①* ✗ PE

01%1%3423t⇒÷÷#: ¥#
2

3 \o/←



Thin A collection F C- ZE is the subset of flats of a matroid Iff:

(1) E C- Fe

(2) E
,
E c- * ⇒ FAE c- Fe

(3) For any Fete and EEEIF ,
I! F' covering F & containing e.④

G) For any
Fett

,
{F'IF / F' covers Fink} partitions EIF

( Here
,
F
'

covers F it FEF
' and #GEF with 1=9-6 9-F.

')

Rem_ The poset of flats of a matroid ( by inclusion ) is
(1) graded lie . every maxi chain has length r)
(2) a lattice lie

. xny (GLB) and Ivy CLUB) exist)

that is semimodular ( say cover any ⇒ xvy cover say)

geometric{ &

atomic (every ett is a join of atoms)

Exes (1) It e ¢-13 for a basis B
,

Bue contains a unique circuit (called
the fundamental circuit of (Bse)) .

(2) If SES
'

,
then JEST and Susi = JUST

.

(3) Use previous parts to show the strong exchange axiom :

If 131,132€52 and see Biba
,
then 7-yEBñB , such that both

Bi- xvy and Ba-yvx are in B.

Defy The dual matroid Mt of a matroid M= LE
,
B) is the matroid

on E with bases { EIB I BEB}
.

4Mt)t=M)

Exes If the columns of [ A ] represent M, then

[At ] whose rows span the kernel of A represent M!



QUes._ Let Mr,n = # of rank r matroids on [n]={ 1,2, - - yn} .

Man is symmetric by duality .
Open problem : Is Mr,n unimodal ? ( Probably not log-conc.)

Is there a Poincare duality explaining symmetric-ness ?

(count w/o modding out isom. )

I 1 I 1 I 1

I 3 7 15 31 63

1 7 36
•

171. 813.

I 15 171
• 2053

.

I 31 813
.

I 63

I
•

33 •

131 •

473
• 131

• 883

• 473

Rem_ We'll later compare green#sto-h-eso-stellahedra.HR/stnP"

has dim 2" w/ betti seq. (E), and is related to H• of a Heisenberg var.

c


