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Quadratic hedging

S (discounted) asset price process
H (discounted) contingent claim

How to hedge the risk from selling the claim?
Hedging error: v+peSpr—H

v (discounted) initial endowment
@ dynamic trading strategy
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Quadratic hedging: q}wigp E ((v + oS — H)Q)

v* variance-optimal initial endowment
©* variance-optimal hedging strategy



Quadratic hedging viewed differently

e functional analytic point of view:
L2-projection of H on {v + ¢ * S : v € R, » admissible}
Is {v+ @St :veER, padmissible} closed?

(cf. Monat & Stricker 1995, Delbaen et al. 1997, Choulli et al. 1998,
Delbaen & Schachermayer 1996)
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e functional analytic point of view:
L2-projection of H on {v + ¢ * S : v € R, » admissible}
Is {v+ @St :veER, padmissible} closed?

(cf. Monat & Stricker 1995, Delbaen et al. 1997, Choulli et al. 1998,
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e Or compare to linear regression (= one-period model):

rpipn E ((v + S — H)Q) for random variables H, S

Cov(H,S)

solution: ¢ = var(s)




Variance-optimal hedging in general

Case 1: S martingale (Follmer & Sondermann 1986)

— use @altchouk-Kunita-Watanabe decomposition

Case 2: deterministic mean-variance tradeoff process of S (Schweizer 1994)

— use Foéllmer-Schweizer decomposition

Case 3: arbitrary S

(e.g. Schweizer 1996, Rheinlander & Schweizer 1997, Gourieroux et al. 1998,
..., Arai 2005)



Case 1: S martingale

Galtchouk-Kunita-Watanabe decomposition:

H=Vo+¢&eSr+ Ry,

where R martingale, orthogonal to S (i.e. RS martingale)

Mean value process of the option:  V; := E(H|%)
. . d(V, S)
Variance-optimal hedge: *=Vy, ¢f=¢&=—-
p g v 0, Yt =& (5. 5);

Hedging error:

E((’U* 4+ % e Sp — H)2> =E((V—p*+ 8,V —p*e S>T)



Case 2: deterministic mean-variance tradeoff process of S

dA?
d<MS7 MS>t

Mean-variance tradeoff process: Ky = X\ » A°, where \; =

and S = Sy + M* 4+ A° Doob-Meyer decomposition of S

Féllmer-Schweizer decomposition: H = Vg + £ * S+ R,
where R martingale, orthogonal to the martingale part M* of S

Mean value process of the option: V; := Eq(H|.%;),
where Q minimal (signed) martingale measure with density process &(—X ¢ M>)

Variance-optimal hedge: v = V), & =

oF =&+ AMVie —v* — ¢* ¢ S;_), where \; = y

Hedging error:

E((’U* 4 o* e Sp— H)2> = B(6(R)+ (V—€+8,V —¢€+5) ) éa(fl?)T




Case 3: arbitrary S

e (Schweizer 1996)
Variance-optimal hedge: v* = Eg«(H), 0y = ot — a(v* 4+ ¢* * Si_),
where Q* variance-optimal (signed) martingale measure (VOMM) with density
dR*  &(—a-*S)r
dP  E(&(=ae S)7)

backward stochastic differential equations for adjustment process a and o




Case 3: arbitrary S

e (Schweizer 1996)
Variance-optimal hedge: v* = Eg«(H), 0y = ot — a(v* 4+ ¢* * Si_),
where Q* variance-optimal (signed) martingale measure (VOMM) with density
dR*  &(—a-*S)r
dP  E(&(=ae S)7)

backward stochastic differential equations for adjustment process a and o

e (Rheinlander & Schweizer 1997) for continuous S
Mean value process of the option: V; := Eg«(H|.%),
where QQ* variance-optimal martingale measure (VOMM)

d(v, )¢
d(s, 5)@"

Variance-optimal hedge: v = V), & =
of = &+ a(Vp —v* — p* e Sp)

How to obtain the adjustment process a?



Case 3: arbitrary S (Cerny & K 2005)

Key idea: change of measure P — P* (determined by characteristic equation)
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Key idea: change of measure P — P* (determined by characteristic equation)

Féllmer-Schweizer decomposition relative to P*: H =V + & S+ Ry,
where R P*-martingale, orthogonal to the P*-martingale part of S

Mean value process of the option: V; := Eq«(H|.%3),
where QQ* variance-optimal (signed) martingale measure (VOMM)
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and S = Sg + M*°* + AS* Doob-Meyer decomposition of S relative to P*



Case 3: arbitrary S (Cerny & K 2005)
Key idea: change of measure P — P* (determined by characteristic equation)

Féllmer-Schweizer decomposition relative to P*: H =V + & S+ Ry,
where R P*-martingale, orthogonal to the P*-martingale part of S

Mean value process of the option: V; := Eq«(H|.%3),
where QQ* variance-optimal (signed) martingale measure (VOMM)
= minimal martingale measure relative to P*

| _ d(V, S)F”
Variance-optimal hedge: =V, - S
P g v 0 gt d(S, S>£D
dAP*
* — a(Vie —v* —p** S ), where a; = - adjustment process
Yt &+ a(Vy v 2 t—) Qg i(S. S}f ] p

and S = Sg + M*°* + AS* Doob-Meyer decomposition of S relative to P*

Hedging error:

E((v*—l—gp*°ST—H)2) :E<L-<V—§-S,V—§-S>§*)



The equations for the opportunity-neutral measure P~*

Ly =inf I ((1 — (Agep?) * ST)Q\ g@)

is called opportunity process.



The equations for the opportunity-neutral measure P~*

L = me((l—(l]]tT]]z?) Sr) ‘Jt)

is called opportunity process.

It is the unique semimartingale such that
1. L, L_ are (0, 1]-valued,

2 Lp=1,
3. the joint characteristics (6L, 5L, FSL A) of (S, L) solve

b2

pf =, 2t
ct
where
b i=0f + et + [ e B (A, 0)
and
5= ¢ +/ ) P (d(a, ),

4. some (unpleasant) integrability conditions hold.



In this case we define

1. the adjustment process

. by
at .— —,
Ct
2. the density process of P* relative to P
L

E(Lo)g( 5. A)

3. and the density process of Q* relative to P:

zZ B(Ly)

10



Opportunity process L in specific situations

e discrete time: backward recursion

BE(ASiLY| F1))?
Lp=1, L1 =EL%F_1)— ( [ Fi-1))

E((ASy)?Li| F_1)
E(ASiLi|Fi—1)
E((ASy)?2L¢| #_1)

adjustment process a; =

11



Opportunity process L in specific situations

e discrete time: backward recursion

E(ASLi|F_1))?
Lr =1, L1 =E(LF_1) — ( Fi-1))

E((ASy)?Li| F_1)
E(ASiLi|Fi—1)
E((ASy)?2L¢| #_1)

adjustment process a; =

e affine stochastic volatility models (.S, v)
Try Ly = exp(a(t) + v¢3(t)) with o, 8 deterministic

— ordinary differential equations for «, 3
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