21-122 - Integration and Approximation
Instructor: Adam Gutter
Fall 2014

21-122 - Week 6, Recitation 2

e Review: 8.1, 8.2 - Arc Length and Area of Surface of Revolution
e 8.1: 7,12, 33
e 8.2: 5,11, 15,25
e (Optional: 8.1 # 32(a),(b))
Review

e Section 8.1: Idea of arclength is to approximate curve by small line segments (see textbook
Figure 3, p. 538).

. Arclengthofy:f(x),agxgbisL:f:ler(%)de.

e Section 8.2: Idea of surface area is to approximate surface of revolution by ”bands” (see
textbook Figure 4, p.546).

e Rotation around z-axis: S = [ 2ny ds = f; 2my /1 + ()2 do = fcd 2my /1 + (‘;—2)2 dy
e Rotation around y-axis: S = [2mz ds = f; 2mzy /1 + ()2 dx = fcd 2mxy /1 + (%)2 dy

e (Choose formula based on parameterization of curve, y = f(z), a < z < b or x = g(y),
c<y<d).

Section 8.1

7. Find the exact length of the curve y = 14 623/2, 0 < z < 1.
Solution - We have % = 92'/2, 50 now

1 1
L:/ MH(%)?@;:/ V1+8lz dr = & 2(1+ 81x)/?
0 0

1
= 52(82%% - 1)

0
O
12. Find the exact length of the curve y = In(cos ), 0 <z < Z.
Solution - We have % = —tanz, so

w/3

w/3 /3 /3
L:/ \/1—}—(%)2 dx:/ \/1+tan2$dx:/ secz dx = In | sec x+tan z| = 1n(2+/3)
0 0 0

0

O

33. Find the arc length function for the curve y = 223/ with starting point Py(1,2).
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Solution Write Z—g = 321/2, s0 now /1 + (%)2 = /1 + 9z. Now the arclength function is
T x
s(x) = / VI+9tdt=132(1+9t)%?
1

1

= Z((1+92)%? —10%?)

O
Section 8.2
5, 11. Find the exact area of the surface obtained by rotating the curve about the z-axis.
(B)y=a® 0<z<2, () z=3E*+2)% 1<y<2
Solution - For (5), write the 1ntegral down and substitute u = 1 + 9z*, du = 3623 dx, so we get
145 145
S = / 2ryr/ 1+ d—y )2 dx = 27rx V1+ 924 do = 2% \/ﬁdu:%%ug/z :%(1453/2—1)
0 1 1
For (11), we use the formula S = [ 27y, /1+ (%”)2 dy. Note that Z—Z = y\/y? + 2. Write
*27r/ yv1+y2(y? +2) dy
1
2
= 27r/ yVyt+2y2 + 1 dy
1
2
- 27r/ y/@E T 12 dy
1
2
= 27r/ y(y® + 1) dy
1
2
=27(3y" + 39%)
1
=2m(4+2—-3—3)
_ 2ix
2
O

15. The given curve is rotated about the y-axis. Find the area of the resulting surface.
r=+a*—y? 0<y<g

Solution - Use the formula S = [27x,/1+ (dg”)2 dy. We have % = —— 2 Now

a/2 a/2 a/2
S:27r/0 Va2 —y? 1—1—7(121/72?;2 dy:277/0 \/a2—y2+y2dy:27r/0 ady:27ra%:7ra2

O

25. (Gabriel’s Horn) Rotate the region R = {(z,y) | > 1, 0 <y < 1} and we end up with a solid
whose volume is finite. Show that the surface area is infinite.
Solution - Use the formula S = [ 27y,/1+ ( )2 dz, where y = =. Now

S:Qﬂ'/ l\/1—|—%dx:27r/ 1 1+x dx —27T/ Vitel gy (*)
;@ T ;D 3

Note that @ > ‘é—ﬁj = i—i = % for x > 1. Since fl + dx diverges, then so does (*) above. Thus,
the surface area is infinite. O




