21-122 - Integration and Approximation
Instructor: Adam Gutter
Fall 2014

21-122 - Week 4, Recitation 2

e Review: Section 7.7 - Approximate Integration
e 7.7: 3,19
e Quiz 1
o Return HW 3
Review
e Sometimes we can’t find the exact value of a definite integral, so numerical integration is useful.
e Midpoint Rule: \
[ #@) de My = Aalf(@) + @)+ 4 @,

where Az = b;a and T; = %(Jci_l + x;), the midpoint of [z;_1,x;].

e Trapezoidal Rule:

b
b—a

where Az = .

e Error bounds: Suppose |f”(z)] < K for all a < o < b. If Er and Ej; are the errors in the
Trapezoidal and Midpoint Rules, then

b—a)® b—a)®
|Ep| < Kooy < KPod)

Section 7.7

3. Estimate fol cos(z?) dx using (a) the Trapezoidal Rule and (b) the Midpoint Rule, each with n = 4.
From a graph of the integrand, decide whether your answers are underestimates or overestimates.
What can you conclude about the true value of the integral?
Solution - f(z) = cos(z?).

Using the Trapezoidal Rule, we have

/0 cos(a?) d ~ HA[F(0) + 27(2) + 27(2) + 27(3) + F(1)]

= 1[cos(0) + 2 cos(f) + 2cos(]) + 2 cos(35) + cos(1)]
~ 0.8958

Using the Midpoint Rule, we have

/0 cos(a?) dz ~ L(F(Y) + F() + FC) + F(5)

= %(005(6—14) + 005(6%) + cos(g—i) + cos(G—Z))
~ 0.9089
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Looking at the graph, it appears that the estimate from part (a) is an underestimate, while the
estimate from part (b) is an overestimate. Therefore, the true value of the integral lies somewhere
between these estimates. O

19. (a) Find the approximations T3 and Ms for the integral [ cos(z?) d.

(b) Estimate the errors in the approximations of part (a).

(c) How large must we choose n so that the approximations T,, and M,, to the integral in part (a)
are accurate to within 0.00017

Solution - (a)

Ty = P f(0) +2f(§) +2f(3) + -+ 2/ (1) + F(1)]
= Tlﬁ[cos(O) + 2cos(6i4) + 2003(2—1) + 2003(2—1) + -+ QCos(g—i) + cos(1)]

~ 0.9023

My

[F(&) + (&) + f(Z) + -+ f(32)]

(b) To estimate the errors, we need a bound on |f”(z)| on the interval [0,1]. We have
= —2zsin(2?), so

f'()

f"(z) = —2sin(x?) — 422 cos(z?)

On the interval [0, 1], sin(z?) and 22 cos(z?) are positive, so
|f"(x)] = | — 2sin(z?) — 422 cos(2?)| = 2sin(z?) + 422 cos(2?) <2-1+4-1-1=6

Thus, the errors for the approximations of part (a) have the following upper bounds.

1Br| < 8007 ~0.0078, B < ©4-9" & 0.0039

(¢) For T,,, we want |Ep| < 0.0001, so write

S0 < 0.0001 = 55 <0.0001 = st <n? = n2 >5000 = n > /5000 ~ 70.71

so choose n =71 for T,,. For M,,, we want |Ej;| < 0.0001, so write

S0 <0.0001 = Ly <0.0001 = 1ot <n? = n?>2500 = n > V2500 = 50

4?’7,2 —

so choose n = 50 for M,,. O]



