21-122 - Integration and Approximation
Instructor: Adam Gutter
Fall 2014

21-122 - Week 10, Recitation 1

Agenda
e 11.2: 32, 36, 40, 45, 60
Section 11.2 - Series

32, 36, 40. Determine whether the series is convergent or divergent. If it is convergent, find its sum.
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Solutions - (32) Denote a,, = 13", Note that
. T 1 3\ny _
i, on = i (ar +(2)") = 0o,
n=1
(36) Denote a,, = T We have nhrrolo an =135 = 170,50 Z g does not converge.

(40) The series z 2. is convergent (this is a geometric series with » = 1). However, the

[ee]
series Z 2 s divergent, since the series Y 1 is known to be divergent. O
— n=1

45. Determine whether the series Z is convergent or divergent by expressing s, as a tele-

n n+3)
scoping sum. If it is convergent, ﬁnd 1ts sum.
Solution - To get a telescoping sum, we use partial fractions. Write ﬁ = % + - +3 Solving for
A and B, we have

3=An+3)+Bn=(A+Bn+34A = A=1,B=-1

- _3 _1_ 1
Thus, Un = 7mid) = n — nid- Now
Sp=a1 +az+ -+ an
—(1_1 1_1 1_1 1_1 1_ 1
G-D+GE-5)+GE-5+G -7+ +G-23)

- 1,1,1_ 1 _ 1 _ _1
_1+2+3 n+1 n+2 n+3
_u_ 1 1 _ 1
~ 6 n+1 n+2 n+3

Now a, = lim s, = lim (& — L — 1 _L y_ 1L ]

nzl n nesoo T —>oo(6 n+1 n+2 n+3) 6

60. Find the values of z for which the series > (—4)"(z —5)™ converges. Find the sum of the series
n=0
for those values of z.
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Solutions - We can rewrite the terms as follows: a, = (—4)"(x — 5)" = (—4(z — 5))™. Now this is a
geometric series with = —4(z — 5). This series will converge provided that |r| < 1. Write this as

|—4(z—5)| <1 <= 4lz—5|<1 < [z -5|<i <= 5-L1<a<it+il = L2

Thus, the series converges precisely when % <z< %. In this case, the sum of the series is

Z(—4)"(x —5)" = 1—(—41)(90—5) = 4xi19

Section 11.3 - The Integral Test and Estimates of Sums

7,11, 17, 21.
o0

7. Use the Integral Test to determine whether the series 21 n%s-l is convergent or divergent.
ne

Solution - Consider f(z) = 277~ This function is certainly continuous and positive for z > 0. Is it

ultimately decreasing? We have

(22 —2x(x —z2
fl(x) = L (;1_21)22 (z) = (£12+1)2

Now f/(z) < 0 when z > 1, so f(z) is decreasing when x > 1. We apply the Integral Test.

t

= — OOL — lim 4 2 — lim 4 2 _ _
/1 f(z) dar;—/1 o dx—tli)rrolo2ln(x +1) —tliglOQ(ln(t +1)—1n(2)) =

z=1

The integral is divergent, thus the sum is divergent. O

11, 17, 21. Determine whether the series is convergent or divergent.

1 1 1 1 1 1
ID1+i+F+g+mt (0D Ha @)D s
n=1 n=2

o0

Solutions - (11) Rewrite this series as Y. ;. This is a p-series with p > 3 (see page 716 of text), so
n=1

it is convergent.

(17) The function f(z) = is positive, continuous, and increasing for x > 1. Write

_1
244

t

= %(g — arctan(%))

o0 o0
L gy — 11 i 1 z
—— dx = = dr = lim = arctan(Z
‘/1 z?+4 /1 4 (%)2+1 t—oo 2 (2)

r=1

The integral is convergent, so by the Integral Test, the series is convergent.

(21) The function f(z) = —— is continuous and positive for z > 1. Moreover, it is decreasing

because z and Inx are increasing for > 1. Since f(z) is not defined at x = 1, we consider the
integral from 2 to infinity. Write
/OO L dax (v=tne) /oo L du
rinx u
2 In2

The latter integral is known to be divergent, so the series is divergent. O




