21-122 - Integration and Approximation
Instructor: Adam Gutter
Fall 2014

21-122 - Week 1, Recitation 2

e Announcements: Office hours

e Review

e Even and odd functions

o 7.1: 15,17, 19, 24, 40, 41, Example 6
Review

e Recall - We say f(x) is even if f(—x) = f(z) for all  domain(f). We say f(x) is odd if f(—z) = —f(x)
for all  in the domain(f).

e Theorem 7 on page 412: Suppose f is continuous on [—a, a].
(a) If fis even, then [ f(z)dx =2 [ f(z) dx.
(b) If f is odd, then [ f(z)dz=0.

e Integration by Parts (IBP):

/f(x)g’(x) dr = f(z)g(z) — /g(w)f’(x) dr or /u dv = uv — /v du

For definite integrals, we have

b

[ @@ de = r@g)| - | (@) f'(a) de

a

Even and Odd Functions

We begin by listing some properties of even and odd functions.
1. The product of two even functions is even.
2. The product of two odd functions is even.
3. The product of an even function and an odd function is odd.
Proof

1. Let f(z),g(x) be even functions. Want to show fg is even. For any z in domain(fg), we have
(f9)(=z) = f(—z)g(—=) = f(z)g(x) = (fg9)(x)
2. Let f(x),g(x) be odd functions. Want to show fg is even. For any z in domain(fg), we have

(f9)(=z) = f(=z)g(=z) = (= f(2))(—g(z)) = f(z)g(x) = (fg) ()
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3. Let f(x) be even, g(z) odd. Want to show fg is odd. For any x in domain(fg), we have
(fo)(=z) = f(—z)g(—=) = f(z)(—g(2)) = —f(2)9(x) = —(f9)(x)

Examples
e x and sinx are odd, so xsinz is even.
e sinx is odd, cosx is even, so sinz cosx is odd.

e 22 and |z| are even, so |z|z? is even.

More properties of even and odd functions...
1. The sum of two even functions is even.

2. The sum of two odd functions is odd.
Proof

1. Let f(z), g(x) be even. For any  in domain(f + g), we have
(f +9)(=z) = f(=2) + 9(=2) = f(z) + 9(z) = (f + 9)(2)
2. Let f(z), g(x) be odd. For any z in domain(f + g), we have
(f +9)(=2) = f(=2) + g(—2) = — f(z) — g(z) = = (f(z) + g(x)) = —(f + 9)(2)

Examples - By Theorem 7,

10
[10(x — 52 + tary) dr =0

1 1
/ (z* + cos ) d:z::2/ (2* + cos ) dx

-1 0

Section 7.1 - Integration by Parts

(15) [(Inz)? da.

Solution - Write v = (Inz)?, dv = dx, so then du = 2Inz - Ldz and v = . Now
/(lnx)2 dr = (Inz)? — /x(Zlnoj~ Ldz) = (Inz)? — 2/1nx dx (%)
To evaluate f Inx dz, choose u = Inx, dv = dx, so then du = % dx and v = x. Then
/lnxdx::clnx—/m% dx::vlnx—/ dr =axlnx—z+C
Substituting this into (x), we have
/(lnx)2 dr = (Inz)? —2(xlnz — 2+ C) = (Inx)?> — 2xlnz + 2z + C,

where we have absorbed the —2 into C.
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(17) [ e=3% cos(50) do
Solution - Write u = e3¢, dv = cos(56) df, so then du = —3e~3%df and v = § sin(50). Now

/6_36 cos(50) df = Le™* sin(50) — / z sin(560)(—3)e 3% df
= Le ¥ sin(50) + %/6_39 sin(50) do  (*)

Continue by applying IBP to the integral in (x). Choose u = e~3?, dv = sin(560) df, so then du = —3e~3%df
and v = —£ cos(56). Now

/6736 sin(560) df = —%6736 cos(b0) — %/6730 cos(50) db (%x)
Substituting (xx) into (x), we have

/6730 cos(50) df = %6730 sin(50) + %(7%6730 cos(50) — %/6739 cos(50) db)

Tt

e 3% sin(50) — %6739 cos(50) — = / e =39 cos(56) db)

e 3% sin(50) — %6_39 cos(50)

Tt

= (1+ 2%)/6_39 cos(50) df =

— / e~ cos(50) = e~ sin(50) — e~ cos(50) + C

= Le ¥ (5sin(50) — 3 cos(50)) + C

(19) [ 2%e* d=.
Solution - Write u = 23, dv = €* dz, so du = 32% dz and v = ¢*. Now

/z?’ez dz = 2%¢* — 3/2262 dz (%)

To evaluate [ 22e* dz, write u = 22, dv = €% dz, so then du = 2z dz and v = e*. Now
/,zzeZ dz = 2%e* — 2/262 dz  (xx)
Finally, to evaluate f ze? dz, write u = z, dv = €® dz, so then du = dz and v = e*. Now
/zez dz:zezf/ez dz=ze* —e*+C (xx%x)
Substituting (x * ) into (xx), we get
/zzez dz = 2% —2(z¢" —e* +C) = e*(2* =22+ 2) + C
Substituting this result into (), we have

/2362 dz = 2% —3(e* (22 =224+ 2)+C) =e*(2* =322 + 62— 6) + C

(24) fol (22 4+ 1)e ® dx
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Solution - Write u = 22 + 1, dv = e~* dx, so then du = 2z dr and v = —e~*. Now
1 1 1
/ (2 +1De % dr = (22 +1)(—e™%) —/ 2z(—e ") dx
0 0 0
1
:172671+2/ ze T dx
0

To evaluate fol ze~* dx, write u = x, dv = e~ % dx, so then du = dx and v = —e~". Now

1

1 1
—/ —eTdr=0—et—¢e"
0 0

=——el—(et=1)=1-2¢e"
0

1
/ ze T dr =x(—e ")
0

Thus,
1
/ (22 + e “dr=1—-2e""+2(1—-2")=3(1-2e"1)
0

(40) First make a substitution and then use IBP to evaluate foﬂ et gin 2t dt.
Solution - If we write sin 2t = 2sint cost and substitute w = cost, then dw = —sint dt and then

™ ™ -1 1
/ e“Stsin 2t dt = 2/ et costsint dt = 2/ eVw(—dw) = 2/ we" dw
0 0 1

-1
Now using IBP with u = w and dv = €" dw, then du = dw and v = e, so

1

1 1
—/ et du) =2(e+et —e
-1 Ja

1
2/ ue® du = 2(ue"
-1

Y=2(e4+et—(e—e!)=4e!
—1

(41) First make a substitution and then use IBP to evaluate [z In(1 + z) d.
Solution - Substitute w = 1 + z, so dw = dx. Then

/xln(1+x) dx:/(w—l)lnwdw

Now use IBP. Write u = Inw and dv = (w — 1) dw, so then du = i dw and v = w; —w. Now

/xln(ler) dx:/(w—l)lnwdw
— (5 ~whe- [(§ -0l
(5w [(F-1de
Z(%—w)lnw—“’{+w+0

(1+z)? 7(1+x))1n(1+x)7%+(1+x)+0
:%(m _1)1n(1+x)+%$+ix2+0

wo|§

Example 6: Prove the reduction formula

/sin" zdr=—Lcoszsin" la+ "T_l /sin"i2 x dx,

n
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where n > 2 is an integer.
Solution - Write u = sin 'z, dv = sinx dz, so then du = (n — 1)sin" 22 cosz dr and v = — cosz. Now,
using the fact that cos? z = 1 — sin® z, we have
/sin” zdr = —coszsin® x4 (n—1) / sin" "2 z cos? x dx
= —coszsin" 'z + (n— 1)/sin"_2 zdx—(n— 1)/sin"x dx

= n/sin”xdm: —coszsin”tx + (n— 1)/sin"_2xdx

- /sin" T dr = —% coszsin™ ta 4+ ”Tfl sin" 2z dx



