LOOSE PATHS IN RANDOM ORDERED HYPERGRAPHS
ANDRZEJ DUDEK, ALAN FRIEZE, AND WESLEY PEGDEN

ABSTRACT. We consider the length of ordered loose paths in the random r-uniform hyper-
graph H = H(") (n,p). A ordered loose path is a sequence of edges E1, Es, ..., Ey where
max{j € E;} = min{j € E;11} for 1 < i < £. We establish fairly tight bounds on the
length of the longest ordered loose path in H that hold with high probability.

1. INTRODUCTION

There has been considerable work on the maximum length of paths in random graphs
and hypergraphs, particularly in the graph case; see the survey by Frieze [2] for a summary
what is known on the subject. Albert and Frieze [I] considered the maximum length of a
path in an orientation of G,,, where the edge {7, j},i < j was always oriented from ¢ to j.
In this paper we consider a generalization of this problem to r-uniform hypergraphs.

Let H = H™(n,p) be the random r-uniform hypergraph on the set of vertices [n] such
that each r-tuple in ([Z}) is included as an edge with probability p. Let E, denote its set of
edges. Define an ordered loose path of length ¢ in H as an increasing subsequence of vertices
V1,02, .., Ugr—1)+1 € [n] such that {v; < - - <o}, {v, < <wvara}, .o {ve—)e—141 <
R /Ug(r_l)_;’_]_} are the edges of H (so that every pair of consecutive edges intersects in
a single vertex). Let . be the maximal length of an ordered loose path in H. In the
following, we discuss the likely value of ,,., for varying values of p.

Theorem 1.1. Let r > 2 and Q(1) =p <1 —o0o(1). Then, a.a.s.
(1+o0(1))n (1 1 )
< gmax S 1 + 1 -+ .
T p Uy G0y - e = U

Corollary 1.2. Let 0 < p < 1 be a constant. Then, for every € > 0 there is an ry =
ro(p,€) € N such that for each r > 1y, we have a.a.s.

1 1
(——5)n§€maxg (——i—s)n.
r r

Corollary 1.3. Letr > 2 and p =1 —o(1). Then, we have a.a.s.

(I 4+o(1)n
lrax = —

In fact, the upper bound in these corollaries is trivial (and no upper bound from
Theorem is needed), since always the length of an ordered loose path is at most
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L =n <% + T(r1_1)>. However, notice that the second term of the upper bound in Theo-
1

rem [1.1|is always smaller than the trivial one, since T(P;er,l) <D

Theorem 1.4. Let r > 2 and \/logn/n"Y/* < p = o(1) or Q((logn)""1/n" 1) = p <
1/n"=Y/2 Then, a.a.s.

linax = O(np"/ 7).

(We write A,, < B,, (resp. B, > A,) it A,/B, — 0 as n — c0.)
The next theorem fills the gap for the missing range of p from Theorem [1.4. Unfortu-
nately, this statement (likely the lower bound) is not optimal.

Theorem 1.5. Let r > 2 and Q(1/n"~1/2) = p = O(\/Togn/n"=1/*). Then, a.a.s.
Qnp" Y /(Qogn)V D) = la = O(np"/ ).
The remaining (optimal) theorems describe results for the sparse regime.

Theorem 1.6. Let w = w(n) be such that 1 < w < logn and
i =P = O((log n)"~t/n" .

Then, there ezists 1 < £y = O(logn) such that
n 7’—1—}—1/@0 1
% b=

Theorem 1.7. Let £ > 2 be an integer. Then, if 1/n "'/ < p < 1/ =1/ ED then
a.0.8. Lo = L.

Furthermore, let ¢ > 0 be a real number and p = c¢/n . Let X count the number
of ordered paths of length €. Then, X converges in distribution to Po()), where A =

c/(t(r —1) + 1)L

Observe that if in Theorem we allow w = O(1), then the lower bound on p is
considered in Theorem [1.7 Also if w = Q(log n), then

and then a.a.s. lpax = O({).

r—141/¢

S 1 1 1 _q 1
P = r=isi/a0ogn) — -1 pi/0lesn) nr—1 )7

which is contained in the current range of p in Theorem [1.6]

2. PRELIMINARIES

To bound the length of the longest ordered loose path from below, it is natural to
consider a greedy algorithm, which extends an ordered loose path from its last vertex ¢ by
a hyperedge whose least vertex is ¢ and whose “length” j — ¢, where j is its last vertex, is
as small as possible.

We will use the following lemma (about random hypergraphs of edges with common left
endpoints) when considering the properties of such a greedy extension algorithm.
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Lemma 2.1. Let H be a random r-hypergraph on the vertex set Z such that each edge
{1 <iyg < -+ < i,y < i} appears with probability p. Let X; (for i > 0) be a random
variable, which equals 1 — 1+ if (1) {1 < iy < -+ <idp_y < i, = r+1i} is present in H
and (II) no edge of the form {1 < jo < -+ < jo_1 < jp < r+1i— 1} is present in H, and
is 0 otherwise. Define X =3 -~  X;. Then:

(1) The expected value equals

BX = i(r — 1401 -p) ) (1 —(1- p)(riff)> '

i=0
(11) The expected value satisfies
r=p—r(l—p) <EX <r—p-r(l-p) +@r+1)(1-pp~
and, in particular, for p = Q(1), which is independent from r,
EX =r—p+o.(1),
where o,(1) is approaching zero as r tends to infinity.

(1ii) For p = o(1),
EX = O(1/p"/Y).

Proof. We divide the proof into three parts.

Part ({): For ¢ = 0, clearly, EX, = (r — 1)gopo, where ¢o = 1 and py = p.
Now consider i = 1. Here the edge {1,...,7} is not present (this happens with proba-
bility g1 =1 —po=1—p) and an edge e = {1 < iy < -+ < i,y < r+ 1} is present. Since

we have exactly (::;) choices for vertices i5 < --- < i,_1, the latter occurs with probability

p=1—(1 —p)(::é). Thus, EX; = rgi1p;.
Assume in general that g; is the probability of the event that no edge {1 < iy < --- <

ip—1 <r+j}for 0 <j <i—1Iis present. Moreover, let p; be the probability of the event
that there is an edge of the form {1 < iy < --- <i,_1 <r+i}. Observe that

¢ =¢q-(1—pi1) and p=1-(1 —p)(T;E;ﬂ>
Thus,
i1 i1 .
a=TJ-p)=T[-p ) = 1 —p== (%) = (1 - p) (21
=0 =0
and
EX: = (r—1+9)(1-p)) (1= 1 -p+=))
Consequently,

EX — f:EXi _ i(r 141 —p) ) (1 (- p)(rﬁi» .

Part : We split this sum into two terms: EXy + EX; and Z;’iz EX;. Observe that
EXo+EX;=(r—1p+r(l-p(1-Q—=p) ) =r—p—r(1—p)
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and . .
Y EX; <) (r—1+)1—p) " =(pr+1)(1-p)p >

Since EXy + EX; <EX =EX,;+ EX; + Z;’iQ EX;, we obtain
r—p—r(l—=p) <EX <r—p—r(1=p)"+(pr+1)(1- p)’” -

Finally notice that both lim, ., (1 — p)” = 0 and lim, .. (pr + 1)(

1

1 —p)'p—? =0 for any
p=Q(1) bemg independent from r. This yields EX =7 — p + o,(1).
Part (| : For r = 2 observe that
0o - i oo . . 1
EX =) (1+i)(1-p)p=p> (1+i)(1-p) =p 5 =1n
i=0 i=0

as required. Therefore, we may assume that » > 3. We split the sum into two terms:

si= > r-1rp-p0 (-l

0<i<(r—1)/pt/(r=1)

= Y r-1+0a-p (1= -p),

(r=1)/p!/ =D <i

and

Observe that

si< Y -1+ (1-a-p03))

0<i<L(r—1)/pt/(r=1)

T, (o)

0<i<(r—1)/p'/(r=1)

—p S (r—l—l—i)(TZE;_i)

0<i<(r—1)/p!/(r=1)

<p Z (r—1+4)(r—2+i) 2

0<i<(r—1)/pl/(r=1)
<pe(r= )/ (=1 (= 1)pY DY = 01 fpH ),

Now

Ss= Y r-1+)0-p0T) (1-a-p))

(r=1)/p"/ 0=V

< 2 e (- (07 25)

(r=1)/pt/ =D <

o T el )]

(r=1)/pH/ 0D <i

<p >, (r=1+1i) (W)T_QGXP{—p (%zlﬂ)_l}

(r—1)/p1/ (=D <i
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) (r=1+a)(r- QHV_Q@XP{—p (T i 1>T_1 (r—2+z‘)“1}
G LB )
—%ig) S rea() )

(r—1)/pY/ (=D 4r—2<;

o

(r—1 /p1/<7" D«

(r—1 /p1/<T D4r—2<i

I/\

Consider f(z) = a" texp(—cax™™!) for z > 0. It is easy to check that f is positive and
takes the maximum at point 1 /cl/ (=1 and it is decreasing function for z > 1/c/=1.

Eurtllermore,
- - I'(r/(r—1))
r—1 r—1
— dp = ——~ 77
/0 X G‘Xp( Cx ) T CT/(Tfl)(T' 1) s

where T'(z) = [T e "t*7! is the gamma function (sce integral 3.326 in [4]). Let ¢ =
D (%) . Then,
1/61/(7"—1) _ (T‘ . 1)/p1/(7"—1)'

Thus,
e r—2 1 r—1
< r—1 o r—1
Sg_2p(r_2> Z i exp{ p(r—l) i }
(r—1)/pt/(r=1) 4r—2<;
e r—2 %) 1 r—1
<9 r—1 . r—1
() [ () )
(e I/ =)
~ P\ /=D (r — 1)
r—2 _
_ € (r=1)"'T(r/(r = 1)) _ 1/(r—1)
= 2p (7“—2) 1) =O0(1/p ).
Hence,

EX = S, + S, = O(1/pY/ 1),
It remains to show the lower bound. Recall that
kx 1+

1
1 k<1 = f —1< S > 1.
(1+a)" < +1—(k:—1):c T or <o < and k>

Thus,

g (e ("2
a2 (- (1 e ) -
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|

| EX |
2
2.6416...
3.5634...
4.5312...
5.5156...
6.5078...
7.5039...
8.5019...
10 | 9.5009..

TABLE 1. EX from Lemma for p=1/2 and r € [10].

00 ~J O O i W N 3

Ne}

Moreover, for p = o(1) and 0 < i < 1/p"/~ we get

1+p(<7”r_—21-2> —1> <L4p(r—2+0)2=0(p""V) =o(1) <2.

Hence,

- —p() > p(r —2 i)/z.

r—2
Also, since 1 — 2 > e72* for 0 < x < 1/2, we obtain for p = o(1) and 0 < i < 1/p!/—1)

(1-p) 1) > exp {—Qp(r ;E i Z) } > exp {—2p(r —2+i)"'} = Q(1).

1
Therefore,
r—2+1
EX > Q — )
200 X -T2
0<i<1/pt/(r=1)
>Qp) Y, i
0<i<1/pt/(r=1)
1 L\ 1/(r—1)
> Q(p) 1/(r—1) 1/(r—1) = Q(l/p )
p p
and, finally yielding EX = ©(1/p/(—1). O

In Table [1] we present the specific values of this expectation in case when p = 1/2 and
r € [10].

Remark 1. For r = 2 the random variable ¢ has the geometric distribution with probability
of success p. Indeed, in this case X; = 1+ ¢ can be viewed as i failures (occurring with
probability ¢; = (1 —p)*) before the first success happens (with probability p; = p) for each
1> 0.

We will also need an easy auxiliary result.
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Claim 2.2. Let p = Q((logn)/n""') and

41ogn if r =2,
P

4(,,.72)7“—2 1/(1”—1) .
(T log n) if r > 3.
Then, for r = 2 and any disjoint subsets Ay, Ay C [n| with |A1] = |As] = a > 10, with
probability 1 — O(n='°) there is in H® (n,p) an edge e such that |A; Ne| = |A;Ne| = 1.
Moreover, for r > 3 and any disjoint subsets Ay, As, Az C [n] with |A;] = |Ag| = |A3| = q,

with probability 1 —O(n~'°) there is in H") (n,p) an edge e such that |A;Ne| = |AyNe| = 1
and |AsNel =r—2.

Proof. We prove the statement for » > 3. (The case r = 2 is very similar.) Observe that
the probability that there are A;, Ay, A3 with no edge described above is at most

@3(1 — 20 <nep {‘pa2 ( : 2) }
= exp {Salogn —WQ( i 2) }

gexp{Salogn—pa a”?/(r—2)" 2}

:exp{a(3logn—par Y(r — )r 2)}
< exp{a(3logn —4logn)} = o(1).

We will need the following concentration result of Warnke [5]:

Lemma 2.3 (Warnke [5]). Let W = (W1, W, ..., W,,) be a family of independent random
variables with W; taking values in a set A;. Let Q0 = [, n]A and suppose that I' C
and f : Q — R are given. Suppose also that whenever x,x' € Q differ only in the i-th

coordinate
. I.
x| <16 W xXE
[f(x) = f(X)] < {dz’ otherwise.

If Y = f(X), then for all reals ~; > 0,

Pr(YzE(Y)+t)§eXp{—2z' H(ci’y-(d-—c')) }+PrW§§ Z% (1)
i€[n]\ R ’ i€[n]

3. LOWER BOUND FOR /logn/n("V/* « p <1 —o(1).

We present a lower bound by applying a greedy algorithm. This will imply the lower
bound in Theorem |1.1{ and Theorem [1.4] for v/Iogn/n"=1/* <« p = o(1).

Let e = {iy < --- <.} be an edge. We define the length of e as ¢(e) = i, — i;. We will
greedily construct a loose path eq,eq,.... We start at the vertex 1 and choose the first
present edge e; = {1 < iy < -+ < i,_1 < i,}, that means, an edge of the smallest length
that contains vertex 1. Now we repeat the process starting at the vertex 7, and find the
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first edge es that starts at i,, etc. Let L; be a random variable that counts the length of
edge e;. Thus, we want to analyze the random variable K such that

i+ Lo+---4+Lg<n-—1 and L1—|—L2+"'+LK+1>H—1.
Since L; = X, where X is a random variable defined in Lemma (below), we get
(EK)(EX)<n—-1 and (E(K+1))(EX)>n—-1

implying that EK ~ n/(EX).

Let the random variable Y denote the maximum length of an ordered path in H™(n, p).
Clearly, Y > K and EY > EK. We will show by using Lemma that Y is tightly
concentrated around its expectation. This will imply that a.a.s. Y > (1 + o(1))EK. We
will have to estimate |Y (Wry,... ., W, ..., W,) =Y (Wy,..., W/ ... W,)| for all W, i, W/.

Now we will check the assumptions of Lemma|2.3| Let W be the set of edges of H™(n, p)
that contain ¢ and are contained in [i — 1].

For a given value of Y = Y(W4,...,...,W,) = y let P be a loose path of length y.
Suppose first that ¢ € P and that edge e € (P NW;) \ W/. By removing edge e we split P
into two paths Py and P, such that V(P) C[i—r+ 1] and V(P) C{i+r—1,...,n}.
Define ¢ = 3a, where a is defined in Claim m If |[E(P)| < cor |E(P,)| <c, then, clearly,
Y (Wi, Wiy W) = Y (W, WL W) < e

Suppose that |E(P)| > ¢ and ]E(Pg)] > c. Let m; = |E(F;)|, where clearly m; + my =

— 1. Let E(P;) = {el,... €}, }, where €} precedes €’ ,. Denote by first(e) and last(e)
the first and the last vertex of edge e, respectlvely Define

= {last(ej) :my —2a+1<j<m —a} and Ay ={first(e}):1<j<a}

and Az be any subset of [JI2 . e} of size a. Due to Claim [2.2] there exists an edge
f such that f = {last(ej) < --- < first(e3,)} with my —2a +1 < j; < my —a and
1 < j < a. Thus, P, and P, together With f contain a path of length at least y — ¢
yielding |Y(Wh, ..., Wi, ... ;W) =Y (W, ..., W/ ... ) W,)| <c

It remains to consider the case in which 7 is not in P and assume that W/ consists of all
possible edges. By adding these edges we can create a longer path. Clearly, here we can
argue by the symmetric argument that we cannot create a path longer that £ + c.

Now we apply Lemma with I' equal to the set of W satisfying the conditions in
Claim and ¢; = cfor W € I" and d; = n and ; = n~3, where

%logn if r =2,

¢ =c=3a (12(1"72),«_2 log n> 1/(r=1) fr>a
- >

Thus, for p > wy/logn/n""Y/* and t = (EY) /w1 we get

EY (EY)? .
r (|Y —EY| > —wl/(r_1)> < 2exp {_2w2/(7"—1)(n02 e } +n

Y (EK)? .
S 2P\ T O 1y f T
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Now notice that the order of the magnitude of the exponent satisfies
(EK)? n _ n B np?/ =1
Ww2/(r—Dpe2 = 2w2/(’”*1)c2(EX)2 - 0,2/ (r—1) (bﬁ>2/(r_1) <1)2/(r—1) - sz/(rq)(logn)g/(r,l)-
p

P
Hence, for p > wy/Togn/n"—H/4,
(EY)? _ o0
2/ p2 = 9
implying that Pr(|Y — EY| > (EY)/wY¢ D) = o(1) and so a.a.s. Y ~ EY.

4. LOWER BOUND FOR Q(1/n=V/2) = p = O(y/logn/nt"—1/4).

Let £ = O(n(p/logn)Y=Y). We will greedily build a path of length ¢ by applying
Claim (below). Observe that

n n logn /=1
d:=-=. =0 :
£ n(p/logn)/tr=1 p

First we reveal all r-tuples starting at vertex 1. By Claim there is an edge e; of
length at most d starting at this vertex. Now we reveal all r-tuples that start at the last
vertex of ey, etc. This way we see that a.a.s. there is a path of length at least ¢.

1/(r—1)
Claim 4.1. Let p = Q((logn)/n"') and (r — 1) <2k’%> <d <mn. Then, a.a.s. for
each i € [n — d] there is an edge e € E, of length at most d that starts at i. That means
there is a verter j <i+d suche={i <iy <--- <i,_1 <j} € E,.

Proof. Observe that for a fixed vertex ¢, the probability that there is no edge of the form
d

{i <iy < <ip_1 <i} with i, < i+ dis exactly (1 — p)(-1). Hence, the probability

that there exists a vertex ¢ with no such edges is at most

n(1 - p)h) < exp {logn—p(ril)} < exp {logn—p <%>H} = o(1).

]

5. LOWER BOUND FOR Q((logn)"}/n"1) = p < 1/n("1)/2),
Let ¢ = ﬁnpl/ (r=1) — L. We will apply the second moment method. For a fixed
S e (Z(TE}) +1)’ let X be an indicator random variable which equals 1 if S induces an

ordered path of length ¢ denoted by Ps; otherwise 0. Define X = > se(y ) Xg. Clearly,
L(r—1)+1
Lr—1)+1
n n
EX = > ——— ¢
(z(r—1)+1)p = (€<7~—1>+1) b

n L(r—1) n r—1 ¢ ( :
> L _ — QUr—1
= (ﬁ(r—1)+1> P ((ﬁ(r—1)+1> p) 5

which tends to infinity.
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Now we calculate g o E(XsXg) for s :=£(r — 1) +1 = [S| = |S'|. First observe that

> E(XsXg) < (Z)pg (Z)pe = (EX)*.

|SNS7|=0

Y E(XeXY) < (Z)pf (S " 1>p@ - (Z);f (Z) Ly

1<|SNS’|<r—1

Similarly,

= (BX)——— z 7 = o((BX)).

It remains to consider the case when the paths induced by S and S’ share some edges.
Let nqp be the number of ordered pairs (5,5) such that |E(Ps) N E(Ps)| = a and the
number of vertices of degree 2 induced by E(Ps) N E(Ps/) is exactly b. For example, if
E(Ps)NE(Ps) is just one path, then b = a—1, or if E(Ps)NE(Ps) is a matching of size a,
then b = 0. In general, it is easy to observe that F(Ps) N E(Pg) consists of ¢ :== a — b
vertex disjoint paths.

First we will consider the following problem. Let P be a path of length ¢. We calculate
in how many ways we can choose vertex-disjoint paths Py, ..., P. contained in P such that
|E(Py)| + -+ |E(P.)] = a (this will also imply that the number of vertices of degree 2
in P;’s is exactly b). Let x; = |E(F;)| and y; be a gap (in terms of the number of edges)
between P; and P,,;. Any choice of P;’s can be encoded as an integer solution of

Yo+ xi+uy + 2ty Fac+ye =4,

where z; > 1 for 1 <i<candyy>0,y. >0, y; >1for 1 <j<c—1. This is equivalent
of solving

r+--+x.=a and Y+ ---+y.=¢—a,
which turns out to be equivalent to solving
(x1—1)+-+(xz.—1) =a—c and yo+(y1—1)+(y2—1)+ 4+ (Yee1 —1)+y. =l—a—c+1

with all (z; —1) (for 1 <i <<¢), yo, Yy and (y; — 1) (for 1 < j < ¢ —1) nonnegative. Thus,
the number of integer solutions is exactly

(a—l)(é—cH—l) < 9ae — gepab,
c—1 c

Now notice that where s = ¢(r — 1) + 1,

Mo < (Z) 20 (S  ar b)>

n ofn\s—(ar—>b)+1 s—1 s
— . 9aga
s s n—s+1 n—s+(ar—b—1)n—s+ (ar —b)

()@ (=)
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Hence,
ar—b
20—a < 20a pa—b S —a
Y X s Y Y ety
1<a<t 0<b<a-—1 1<a<t 0<b<a-—1
ar —b
S S
= (EX)? 22 @ —a b .
©x2 Y e () e Xt
1<a<? 0<b<a—1

Since p < 1/n""Y/2) (2 < n and so {s < n —s. Thus, =% — 1 > 2 and

£ o) - 20w -

n
0<b<a-—1 0<b<a—1 ls 20s

Hence,

S X @t ¥ e () (1)

1<a<f 0<b<a—1 N e
20s s \“
J— 2_ a —a
= (BX) n Z 2 (n—s) p
1<a<t
20s s =l ‘
= (EX)*== Ej 2 - 2
(B n1<a<£< (n—s) g ) 2

Recall that s = ¢(r — 1)+ 1 = ﬁnpl/(’”_l) and s < n. Thus,

s r—1 9 r—1 1 r—1
2 <o =2 ) I <1/2
(n—s> pes <n> y <4<r—1>) <l

> () ) =z e

1<a<t

and

Consequently,
a 2Us
Z Z napp” " < (EX)27 = o((EX)?).
1<a<t 0<b<a—1
Summarizing, we have shown that

EX? _1 )
(EX)Q_ +0( )7

that means, if £ = S(T]L_I)npl/(r_l) — L= then a.a.s. there is a path of length /.

6. UPPER BOUND FOR §2((logn)"~!/n""1) = p.

Here we present two general upper bounds. The first one is better in the case when p
is bounded from below by a constant — implying the bound in Theorem The second
approach gives the upper bounds in Theorems and [L.5]
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6.1. Bounding the union of paths. Let P be an ordered loose path with ¢ edges. For
an integer ¢ satisfying r — 1 < i < n — 1, let x; count the number of edges of length of ¢
in P. Clearly, { = z,_1 +x, 4+ -+ + x,_1. Observe that

n—1>0r—-Dz, 1 +rz.+-+n—Dx, 1> -z, +7r(l —x,1).

Thus,

€<n—1+x,q_1'

’
Now we will bound z,_; from above by using a greedy approach. Let H be an r-uniform

hypergraph on the set of vertices [n] (not necessary random) and P an ordered path. Let
(@ be a subgraph of P that consists of edges of length » — 1 only. That means () is a union
of loose paths and |E(Q)| = x,_;. Assume that there are edges e € E(H) \ E(Q) with
length(e) = r — 1 and f € E(Q) such that e proceeds before f and E(P) \ e U f is still
a union of loose paths. Now we replace f by e obtaining a new union of loose paths R
of length x,_;. We can repeat this process until such e and f no longer exist and assume
that R has this property.

Let F' = (). We start at vertex 1 and check if {1 < 2 < --- < r} is present in H. If so
then we accept it and add it to F. Assume that we already have chosen F = {fi,..., fi}
that creates a union of loose paths. Next we consider the next available edge of length r —1
the occurs after f; and check whether this edge together with F' is still a union of loose
paths. If so, then we accept it. Otherwise, we repeat the process. Observe that at the end
F = E(R).

Let Y be the random variable that counts the number of edges in the largest union of
loose paths in H™(n,p). We will show that Y is concentrated around its mean. This
together with Lemma [6.1] (below) will imply that a.a.s.

v Y = (L+o(L)n/((r=2)+p7).
Now we show by using McDiarmid’s inequalityﬂ that Y ~ EY. Choose

EY n
t= = and c¢; =2,
w w((r—2)+p1)
since by removing one vertex (or adding), we change the size of a union of loose paths by
at most two. Thus,

Pr(]Y —EY| > #) < 2exp {—#202} — 2exp {—M((r _’;) +p_1>2} — o(1)

i=1Ci
for p = Q(1).

Lemma 6.1. Let H be a random r-hypergraph on the vertex set Z* such that each edge
{j+l<j+2<---<j+r} (for j>0) appears with probability p. Let X; (for i >0) be
a random variable, which equals r — 1+ i if {i+1 < --- <i+r} is the first present edge
of length r — 1 that appears after vertex 1. Define X =>".° X;. Then,

EX:Z(r—1+i)(1—p)ip:7"—2+p_1.
=0

IThis can be viewed as Warnke’s inequality (from Lemma with I' = Q.
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Proof. Tt suffices to observe that EX; = (r — 1 + i)(1 — p)’p, since none of the edges
{j <---<j+r—1}for j € [i] is present in H with probability 1 — p, for each missing
edge. 0

41/<T—1>enp1/(r—1)_

6.2. First moment method. Let X count the number of paths of length £ = “——

o= ()= ()0
((a2) "))
()] = ()

41/(r=1)
r—1

1 1/¢ ’ 1 1/log ‘ e\t
< — e — ogn e — e .
EX < (4n ) (4n ) <4> o(1)

Thus, if £ > %npl/(“l), then a.a.s. there is no path of length /.

np'/=Y > logn, we get

If p > (;5=2)" H(logn)™~! /n"~! and therefore £ =

7. LOWER AND UPPER BOUND FOR ——t75 < p < O((logn)"~'/n""1).

Here we will prove Theorem[I.6] The first part of the statement is proved in the following
claim.

Claim 7.1. There exists 1 < £y = O(logn) such that

T—l-i-l/@o
n
— =1.
(50> P

n 7’—1+1/$
f@=(=) r
Clearly, f is continuous function. We will show that there are 1 < 21 < x5 = O(logn)
such that f(z1) > 1 and f(z2) < 1. Thus, the Intermediate Value Theorem will imply the

statement.
Recall that nr_l%/w < p, where 1 € w < logn. Let 1 = logw. Note that

f( ) n r—14+1/xz1 - n r—1+1/logw 1 nl/logw—l/w . nt/logw—1/w
X = —_— = .
1 o p= Tog w n=1H1/% T (logw) =41/ = (logw)"

For large n, we have

Proof. For x > 0 define

1/logw —1/w > 1/(2logw) > 1/(2loglogn).
Thus,
nl/(210glogn) loen
fl@1) 2 e = J
(loglogn)"
which tends to infinity. Hence, f(z1) > 1.

———— —rloglogl
2loglogn Togogogn},
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Now let C' > 0 be an arbitrarily large constant and assume that p < C(l‘:ﬁ—f. Let

d > 1 be (sufficiently large) such that

Cel/d

Define x5 = dlogn and observe that

r—141/(dlogn r—
Fa) < +1/(dlogn) C(logn)™!
2= dlogn nr—1
1/(dlogn
_ C n /(dlogn) _ C 1 (dlogm) _ Clel/d o
dr—1+1/(dlogn) IOgTL - Jr-1 dr—1

7.1. Upper bound. Let / = % Hence, 1/¢ < 1/¢y and

O N I (ﬁ)m_mﬁ
e ! 11/t \ ¢
(o™ ()™

1 o\ T/ ]
i <<2<r e (&) p) = =y 1= o

7.2. Lower bound. Let ¢ = E(’r/#. Hence, 1/¢ > 1/¢y and
L(r—1)+1
n n
EX = b>— ¢
(e(r—1)+1)p = (e(r—1)+1) P

A\ 11/ £ A\ 11/ ¢
= _— > _—
< lo > P = ( lo ) P

L\ T ¢
— [ yr—1+1/6 (€_> p| = pUr=1)+L/bo | 1 > 1.
0

We will now modify the calculations from Section [5] Since s = ©(¢) = O(logn), we

bound as follows:
2 r—1 2 _ 1 1 r—1
2(_5) p—1:2( (6(7" )‘I’ )) p—1
n n

s r—1
(7)) 7
n-—s
2 (2 T () <l
(Qn) Po=9=2\y) ="
Consequently,

r—1
S 3 @ s (o))
1<a<t

1<a<t 0<b<a—1

IN
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(EX) 268 Z (nl/fo)a < (EX) 2680( )(nl/fo)f_

1<a<t

Since £/ly < 1/(4(r — 1)) and £s = O(log®n), we get that

Z Z na,bp%_a < (EX)Q%ESO(DTLKMO

1<a<t 0<b<a—1

< (EX)20(1)Ep1/a0-)
n

log?n B
ndr=>5)/(4r—4) —

= (EX)*0(1) o((EX)?).

8. LOWER AND UPPER BOUND FOR 1/(n" V%) < p < 1/(n"1+Y/HD) WHERE
(=o(1).

8.1. Upper bound. Recall that from Section we know that

EX = <<€+ 1)(” - 1)pe+1 < = 1)+1pe+1 < pEFDr=D+ 1/( (0+1)(r—1) +1) 1
r —

implying that EX tends to 0.

8.2. Lower bound. Similarly,

B (m b+ 1)796 > (ﬁ)m e —aqy

yielding that EX tends to infinity.
We will now modify calculations from Section 5] Clearly, ¢ = O(1) and s = O(1).
Observe that in we can use the following upper bounds,

r—1
) ( s ) pl < 1t g Z /e
n—s

Hence,

Y>> < (EX)ZQ%S 3 <2 (nisy_lpl)a

1<a<t 0<b<a—1 1<a<t

XMW o)

< (EX)? -

I
o
=
S
=

showing that

Z Z na,bp%ia = 0((EX)2)

1<a<t 0<b<a—1
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8.3. Method of moments. Observe that if p = ¢/(n”~1*1/4), then
EX = n o~ plr=1)+1

lr—1)+1 ((r—1)+1)

Now by generalizing the second moment calculations one can show that

EX(X —1)--- (X —k+1) =\
for any k£ > 1. Thus, the method of moments yields the statement (see, e.g. [3]).

i C/(ne(T*I)H) —¢/(6(r —1) + 1)l =: \.

9. CONCLUDING REMARKS

We have found high probability estimates for ¢, for all ranges of p. The gaps between
upper and lower bounds are all of order O(1) except for Theoremwhere Q(1/nlr—D/2) =
p = O(y/Togn/n"=Y/%). Here we are off by an order O((logn)"/("=Y) factor. It would be

of some interest to remove this.
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