
Conditional Probability

Suppose A � 
. We de�ne an indu
ed proba-

bility P

A

by

P

A

(!) =

P(!)

P(A)

for ! 2 A:

Usually write P(B j A) for P

A

(B).

If B is an arbitrary subset of 
 we write

P(B j A) = P

A

(A \B) =

P(A \B)

P(A)

:
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Two fair di
e are thrown. Given that the �rst

shows 3, what is the probability that the total

ex
eeds 6? The answer is obviously

1

2

sin
e the

se
ond must show 4,5 or 6.

In detail: 
 = [6℄

2

with uniform mesaure. Let

A = f(i; j) 2 [6℄

2

: i = 3g:

B = f(i; j) 2 [6℄

2

: i+ j > 6g

A \B = f(i; j) 2 [6℄

2

: i = 3; j > 3g:

Thus

P(A) =

1

6

; P(A \B) =

3

36

=

1

12

and so

P(A j B) =

1=12

1=6

=

1

2

:
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Suppose that a family has two 
hildren and

that ea
h 
hild is equally likely to be a Boy or

a Girl. What is the probability that the family

has two boys, given that it has at least one

Boy.

Probability Spa
e: fBB,BG,GB,GGg

with uniform measure, where GB means that

the �rst 
hild is a Girl and the se
ond 
hild is

a Boy et
..

A = fAt least one 
hild is a Boyg=fBG;GB;BBg.

So

P(A) = 3=4:

and

P(fBBg j A) =

P(fBBg \ A)

P(A)

=

P(fBBg)

P(A)

=

1

3

:
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Monty Hall Paradox

Suppose you're on a game show, and you're

given the 
hoi
e of three doors: Behind one

door is a 
ar; behind the others, goats. You

pi
k a door, say Number a, and the host, who

knows what's behind the other doors, opens

another door b whi
h has a goat. He then says

to you, 'Do you want to pi
k door Number


 6= a; b?' Is it to your advantage to take the

swit
h?

The door hiding the 
ar has been 
hosen ran-

domly, if door a hides the 
ar then the host


hooses b randomly and there is an impli
it as-

sumption that you prefer a 
ar to a goat.
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In
orre
t Analysis:

Probability spa
e is f1;2;3g where i denotes

that the 
ar is behind door i and P(i) =

1

3

for

i = 1;2;3.

Answer: Assume for example that a = 1. Then

for b = 2;3,

P(1 j not b) =

P(1)

P(not b)

=

P(1)

P(1) +P(5� b)

=

1

2

:

So there is no advantage to be gained from

swit
hing.
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Corre
t Analysis:

Assume that a = 1.

Probability spa
e is f12;13;23;32g where ij

denotes that the 
ar is behind door i and the

host opens door j.

P(12) = P(13) =

1

6

and P(23) = P(32) =

1

3

:

So,

P(1) = P(12) +P(13) =

1

3

:

So there is an advantage to be gained from

swit
hing.

Look at it this way: The probability the 
ar is

not behind door a is 2/3 and swit
hing 
auses

you to win whenever this happens!
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Binomial n 
oin tosses.

p = P(Heads) for ea
h toss.


 = fH;Tg

n

:

P(!) = p

k

(1� p)

n�k

where k is the number of H's in !.

E.g. P(HHTTHTHHTHHTHT ) = p

8

(1� p)

6

.

Fix k. A = f! : H appears k timesg

P(A) =

�

n

k

�

p

k

(1� p)

n�k

:

If ! 2 A then

P

A

(!) =

p

k

(1� p)

n�k

�

n

k

�

p

k

(1� p)

n�k

=

1

�

n

k

�

i.e. 
onditional on there being k heads, ea
h

sequen
e with k heads is equally likely.
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Balls in boxes

m distinguishable balls in n distinguishable boxes.

Let

E

i

= fBox i is emptyg:

Pr(E

1

) = Pr(E

2

) =

�

1�

1

n

�

m

and

Pr(E

1

\ E

2

) =

�

1�

2

n

�

m

< Pr(E

1

)Pr(E

2

):

So

Pr(E

1

j E

2

) < Pr(E

1

):

We say that the two events are negatively


orrelated.
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Law of Total Probability

Let B

1

; B

2

; : : : ; B

n

be pairwise disjoint events

whi
h partition 
. For any other event A,

P(A) =

n

X

i=1

P(A j B

i

)P(B

i

):

Proof

n

X

i=1

P(A j B

i

)P(B

i

) =

n

X

i=1

P(B

i

\A)

= P(

n

[

i=1

(B

i

\A)) (1)

= P(A):

There is equality in (1) be
ause the events B

i

\

A are pairwise disjoint.
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Suppose that we have 2 
rooked di
e and that

if the out
ome of the �rst is X then the out-

o
me of the se
ond Y satis�es

Y is uniformly 
hosen from fX � 1;X;X +1g.

(If X = 1 or 6 then Y has 2 equally likely val-

ues.)

What is the probability that X = Y , assuming

that Pr(X = i) =

1

6

for i = 1;2; : : : ;6?

Pr(X = Y ) =

6

X

i=1

Pr(X = Y j X = i)Pr(X = i)

=

1

6

6

X

i=1

Pr(X = Y j X = i)

=

1

6

�

1

2

+

1

3

++

1

3

+

1

3

+

1

3

+

1

2

�

=

7

18

:
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We are given two urns, ea
h 
ontaining a 
ol-

le
tion of 
oloured balls. Urn 1 
ontains 2 Red

and 3 Blue balls. Urn 2 
ontains 3 Red and 4

Blue balls. A ball b

1

is drawn at random from

Urn 1 and pla
ed in Urn 2 and then a ball b

2

is


hosen at random from Urn 2 and examined.

What is the probability that b

2

is Blue?

Let

A = fb

2

is Blueg

B

1

= fb

1

is Blueg

B

2

= fb

1

is Redg

Then

P(B

1

) =

3

5

; P(B

2

) =

2

5

P(A j B

1

) =

5

8

; P(A j B

2

) =

1

2

:

So,

P(A) =

5

8

�

3

5

+

1

2

�

2

5

=

23

40

:
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2 sets S; T � [n℄ are 
hosen (i) independently

and (ii) uniformly at random from all possible

sets. (
 = f0;1g

2n

). Let

A = fjSj= jT j and S \ T = ;g:

For ea
h X � [n℄ we let B

X

= fS = Xg =

f(X;T ) : T � [n℄g. Thus for ea
h X, P(B

X

) =

2

�n

. So,

P(A) =

X

X

P(A j B

X

)P(B

X

)

= 2

�n

X

X

�

n� jXj

jXj

�

2

�n

(2)

= 4

�n

n

X

k=0

�

n

k

��

n� k

k

�

:

(2) follows from the fa
t that there are

�

n�jXj

jXj

�

subsets of the same size as X whi
h are disjoint

from X.
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Independen
e

Two events A;B are said to be independent if

P(A \B) = P(A)P(B);

or equivalently

P(A j B) = P(A):

(i) Two Di
e

A = f! : x

1

is oddg, B = f! : x

1

= x

2

g.

jAj=18, jBj=6, jA \Bj=3.

P(A) = 1=2, P(B) = 1=6, P(A \ B) = 1=12.

A;B are independent.

(ii) A = fx

1

� 3g, B = fx

1

� x

2

g.

jAj=24, jBj=21, jA \Bj=18.

P(A) = 2=3, P(B) = 7=12, P(A \ B) = 1=2.

A;B are not independent.
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Random Bits

Suppose 
 = f0;1g

n

= f(x

1

; x

2

; : : : ; x

n

) : x

j

=

0=1g with uniform distribution.

Suppose event A is determined by the values

of x

i

; i 2�

A

e.g. if A = fx

1

= x

2

= � � � = x

10

= 0g then

�

A

= f1;2; : : : ;10g.

More Pre
isely: for S � [n℄ and x 2 
 let

x

S

2 f0;1g

S

be de�ned by (x

S

)

i

= x

i

; i 2 S.

Ex. n = 10; S = f2;5;8g and

x = (0;0;1;0;0;1;1;1;1;0g. x

S

= f0;0;1g.

A is determined by �

A

if 9S

A

� f0;1g

�

A

su
h

that x 2 A i� x

�

A

2 S

A

. Furthermore, no

subset of �

A

has this property.

In our example above,

S

A

= f(0;0;0;0;0;0;0;0;0;0)g { (jS

A

j = 1 here.)
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Claim: if events A;B are su
h that �

A

\�

B

=

; then A and B are independent.

P(A) =

jS

A

j

2

j�

A

j

and P(B) =

jS

B

j

2

j�

B

j

:

P(A \B) =

1

2

n

X

x2f0;1g

n

1

fx

�

A

2S

A

;x

�

B

2S

B

g

=

1

2

n

jS

A

j jS

B

j2

n�jI

A

j�jI

B

j

= P(A)P(B):
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