
Pigeon-hole prin
iple

A fun
tion f : A! X is 1-1 (or an inje
tion) if

whenever x 6= y then f(x) 6= f(y).

Theorem 1 If A = fa

1

; a

2

; : : : ; a

r

g then the

number of inje
tions from A to X is p(n; r).

For r > n it is 0.

Proof To ea
h fun
tion f : A ! X we

asso
iate the sequen
e b

1

; b

2

; : : : ; b

r

where b

i

=

f(a

i

); i = 1;2; : : : ; r. f is an inje
tion i� the

sequen
e b

1

b

2

� � � b

r

has no repetitions. 2
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The (trivial) 
ase r > n is 
alled the pigeon-

hole prin
iple.

Informally: If more than n pigeons are to be

pla
ed in n pigeon-holes, at least one hole will

end up with more than one pigeon. (For r > n

the number of inje
tions from A to X is 0.)

Example 1: There are at least 10

4

people in

China who have exa
tly the same number of

strands of hair.
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Proof. A human may have 0 � x � 10

5

� 1

hair strands. There are more then 10

9

people

living in China. Label a `hole' by the number

of hair strands and put a person in hole i if

she/he has exa
tly i hair strands. There must

be at least one hole with 10

4

people or more

people. Indeed, assume to the 
ontrary, that

this is not true. Then the total the number of

people in China is at most 10

4

� 10

5

= 10

9

, a


ontradi
tion. 2
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Observe, that we used a more general version

of the pigeon-hole prin
iple, whi
h informally

says the following. If more than nk pigeons

are to be pla
ed in n pigeon-holes, one hole

will end up with more than k pigeons.
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Example 2. Positive integers n and k are 
o-

prime if their largest 
ommon divisor is 1. If

we take an arbitrary subset A of n+1 integers

from the set [2n℄ = f1; : : :2ng it will 
ontain a

pair of 
o-prime integers.

If we take the n even integers between 1 and

2n. This set of n elements does not 
ontain

a pair of mutually prime integers. Thus we


annot repla
e the n+1 by n in the statement.

We say that the statement is tight.
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De�ne the holes as sets f1;2g; f3;4g; : : : f2n �

1;2ng. Thus n holes are de�ned. If we pla
e

the n+ 1 integers of A into their 
orrespond-

ing holes { by the pigeon-hole prin
iple { there

will be a hole, whi
h will 
ontains two numbers.

This means, that A has to 
ontain two 
onse
-

utive integers, say, x and x+1. But two su
h

numbers are always 
o-prime. If some integer

y 6= 1 divides x, i.e., x = ky, then x+1 = ky+1

and this is not divisible by y. 2
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We have two disks, ea
h partitioned into 200

se
tors of the same size. 100 of the se
tors of

Disk 1 are 
oloured Red and 100 are 
olored

Blue. The 200 se
tors of Disk 2 are arbitrarily


oloured Red and Blue.

It is always possible to pla
e Disk 2 on top of

Disk 1 so that the 
entres 
oin
ide, the se
-

tors line up and at least 100 se
tors of Disk 2

have the same 
olour as the se
tor underneath

them.

Fix the position of Disk 1. There are 200 po-

sitions for Disk 2 and let q

i

denote the number

of mat
hes if Disk 2 is pla
ed in position i.

Now for ea
h se
tor of Disk 2 there are 100

positions i in whi
h the 
olour of the se
tor

underneath it 
oin
ides with its own.
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Therefore

q

1

+ q

2

+ � � �+ q

200

= 200� 100 (1)

and so there is an i su
h that q

i

� 100.

Explanation of (1).

Consider 0-1 200 � 200 matrix A(i; j) where

A(i; j) = 1 i� se
tor j lies on top of a se
tor

with the same 
olour when in position i.

Row i of A has q

i

1's and 
olumn j of A has

100 1's. The LHS of (1) 
ounts the number

of 1's by adding rows and the RHS 
ounts the

number of 1's by adding 
olumns.
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Theorem 2 (Erd}os-Szekeres) An arbitrary se-

quen
e of integers (a

1

; a

2

; : : : ; a

k

2

+1

) 
ontains

a monotone subsequen
e of length k+1.

Proof. Let (a

i

; a

1

i

; a

2

i

; : : : ; a

`�1

i

) be the longest

monotone in
reasing subsequen
e of (a

1

; : : : ;

a

k

2

+1

) that starts with a

i

(1 � i � k

2

+1), and

let `(a

i

) be its length.

If for some 1 � i � k

2

+ 1, `(a

i

) � k + 1,

then (a

i

; a

1

i

; a

2

i

; : : : ; a

l�1

i

) is a monotone in
reas-

ing subsequen
e of length � k+1.

So assume that `(a

i

) � k holds for every 1 �

i � k

2

+1.
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Label a `hole' by the length of a sequen
e and

pla
e the monotone in
reasing subsequen
e

(a

i

; a

1

i

; a

2

i

; : : : ; a

`�1

i

) into the hole `, whi
h is its

length. There are k

2

+1 subsequen
es and � k

non-empty holes (di�erent lengths), so by the

pigeon-hole prin
iple there will be (at least)

k + 1 sequen
es of the same length `

�

. Let

a

i

1

; a

i

2

; : : : ; a

i

k+1

be the �rst entries of these

sequen
es. Then a

i

1

� a

i

2

� � � � � a

i

k+1

holds.

Indeed, assume to the 
ontrary that a

i

m

< a

i

n

for some 1 � m < n � k+1. Then a

i

m

� a

i

n

�

a

1

i

n

� a

2

i

n

� � � � � a

`

�

�1

i

n

, i.e., `(a

i

m

) � `

�

+ 1, a


ontradi
tion. 2
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Let P

1

; P

2

; : : : ; P

n

be n points in the unit square

[0; ℄

2

. We will show that there exist i; j; k 2 [n℄

su
h that the triangle P

i

P

j

P

k

has area

�

1

2(b

q

(n� 1)=2
)

2

�

1

n

for large n.
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Let m = b

q

(n� 1)=2
 and divide the square

up into m

2

<

n

2

subsquares. By the pigeonhole

prin
iple, there must be a square 
ontaining �

3 points. Let 3 of these points be P

i

P

j

P

k

. The

area of the 
orresponding triangle is at most

one half of the area of an individual square.
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