
Graph Theory

Simple Graph G = (V;E).

V=fverti
esg, E=fedgesg.
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V={a,b,c,d,e,f,g,h,k}

E={(a,b),(a,g),( a,h),(a,k),(b,c),(b,k),...,(h,k)}        |E|=16.
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Eulerian Graphs

Can you draw the diagram below without tak-

ing your pen o� the paper or going over the

same line twi
e?
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Bipartite Graphs

G is bipartite if V = X [ Y where X and Y are disjoint

and every edge is of the form (x; y) where x 2 X and

y 2 Y .

In the diagram below, A,B,C,D are women and a,b,
,d

are men. There is an edge joining x and y i� x and y like

ea
h other. The thi
k edges form a \perfe
t mat
hing"

enabling everybody to be paired with someone they like.

Not all graphs will have perfe
t mat
hing!
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d
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Vertex Colouring

R

B

R

B

R

B

G

Colours {R,B,G}

Let C = f
oloursg. A vertex 
olouring of G is

a map f : V ! C. We say that v 2 V gets


oloured with f(v).

The 
olouring is proper i� (a; b) 2 E ) f(a) 6=

f(b).

The Chromati
 Number �(G) is the minimum

number of 
olours in a proper 
olouring.
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Appli
ation: V=fexamsg. (a; b) is an edge i�

there is some student who needs to take both

exams. �(G) is the minimum number of peri-

ods required in order that no student is s
hed-

uled to take two exams at on
e.



Subgraphs

G

0

= (V

0

; E

0

) is a subgraph of G = (V;E) if

V

0

� V and E

0

� E.

G

0

is a spanning subgraph if V

0

= V .
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NOT SPANNING SPANNING
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If V

0

� V then

G[V

0

℄ = (V

0

; f(u; v) 2 E : u; v 2 V

0

g)

is the subgraph of G indu
ed by V

0

.

a

b

c

d e G[{a,b,c,d,e}]
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Similarly, if E

1

� E then G[E

1

℄ = (V

1

; E

1

)

where

V

1

= fv 2 V

1

: 9e 2 E

1

su
h that v 2 eg

is also indu
ed (by E

1

).

E 1 = {(a,b), (a,d)}

b

a

d G[E 1 ]
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Isomorphism

G

1

= (V

1

; E

1

) and G

2

= (V

2

; E

2

) are isomor-

phi
 if there exists a bije
tion f : V

1

! V

2

su
h

that

(v; w) 2 E

1

$ (f(v); f(w)) 2 E

2

:

a

b

c

d

A

B

C

D

f(a)=A etc.
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Complete Graphs

K

n

= ([n℄; f(i; j) : 1 � i < j � ng)

is the 
omplete graph on n verti
es.

K

m;n

= ([m℄ [ [n℄; f(i; j) : i 2 [m℄; j 2 [n℄g)

is the 
omplete bipartite graph on m+ n ver-

ti
es.

(The notation is a little impre
ise but hopefully


lear.)

K5

K2,3
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Vertex Degrees

d

G

(v) = degree of vertex v in G

= number of edges in
ident with v

Æ(G) = min

v

d

G

(v)

�(G) = max

v

d

G

(v)

a

b
c

d

e
f

g

G d G(a)=2, d G(g)=4 etc.

δ( G)=2, ∆ (G)=4.
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Matri
es and Graphs

In
iden
e matrix M : V � E matrix.

M(v; e) =

(

1 v 2 e

0 v =2 e

e

1

e

2

e

3

e

4

e

5

e

6

e

7

e

8

a 1 1 1

b 1 1 1


 1 1 1

d 1 1 1

e 1 1 1 1
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Adja
en
y matrix A: V � V matrix.

A(v;w) =

(

1 v; w adja
ent

0 otherwise

a b 
 d e

a 1 1 1

b 1 1 1


 1 1 1

d 1 1 1

e 1 1 1 1
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Theorem 1

X

v2V

d

G

(v) = 2jEj

Proof Consider the in
iden
e matrix M .

Row v has d

G

(v) 1's. So

# 1's in matrix M is

X

v2V

d

G

(v):

Column e has 2 1's. So

# 1's in matrix M is 2jEj:

2
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Corollary 1 In any graph, the number of ver-

ti
es of odd degree, is even.

Proof Let ODD = fodd degree verti
esg

and EV EN = V nODD.

X

v2ODD

d(v) = 2jEj �

X

v2EV EN

d(v)

is even.

So jODDj is even. 2
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