Triangulation of n-gon

Let
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no. of triangulations of P, 44
n
= ) apan_k n > 2 (1)
k=0

ap =0, a1 = ap» = 1.

Solution — use generating functions.
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n+1



Explanation of (1):

ara,_ 1. counts the number of triangulations in
which edge 1,n 4+ 1 is contained in triangle

1.k+1,n+ 1.

T here are a;, ways of triangulating 1,2,... Jk+
1,1 and for each such there are a,,_; ways of
triangulating k+ 1, k+2,... ,n+ 1,k + 1.



If ap,a1,...,an IS a sequence of real numbers
then its (ordinary) generating function a(x)
IS given by

a(z) = ag + a1z + asz® + - anz™ + - --
and we write

an = [z"]a(x).
anp =1
a(z) = ——= l4a4a2+-Fa"+--
—x

an =n + 1.
a(z) = ! = 1—|—2:1:—|—3a32—|—---—|—(n—|—1)wn_|_...

(1 —=)?
an =— N.
a(z) = —— =z 42224334+ Az ..

(1 —=)?



on = (2)

a(z) = (1 4+ 2)% = i (Z)mn
n=0
o= (127
a(x) = a _13;)6 — nz;; <;C>(_x)n — nz;; (c—l— Z — 1):(:”-



Simple properties of generating functions

e an = [z"]a(x) and b, = [z"]b(x).
a(z) + b(x) = 250 5(an + bp)z™ and so
an + bn, = [2"]a(x) + b(x).

e an = [2"]a(x). Then

©. @) ©. @)
za(z) = ) anz" Tl = > ap_1z™.

So a,_1 = [z"]za(x).
e.g. n+1=1[2"](1—2)"2 and
n = [z"z(1 —z) 2.

e ap = [x"]a(x). Then

a(z) = > nanpe” 1 = Y (n+ 1)ayyi2”
n=1 n=0

and so (n+ 1)a,4+1 = [z"]d/(x).

e.g. [n+1] = [2"](1 —2)~2 and so

(n+1)(n+2)=[z"]2(1 —z) 3.



Solution of linear recurrences

an — 6a,_1 + 9a,_>=20 n > 2.

ag = 1,a7 = 9.

©@)

> (an —6ap_1 + 9a,_2)z™ = 0. (2)
n=2
© @)
Y apz”™ = a(z) —ag—a1w
n=2
= a(x) — 1 — 9.
© @) ©. @)
> 6a, 12" = 6 ) a, 1z"t
n=2 n=2
= 6z(a(z) — ap)
= 6xz(a(x) —1).
© @) © @)
> 9a, oz = 9x? > a, >x" 2
n=2 n=2

= 9z%a(z).



So (2) gives
a(r) —1 -9z — 6zx(a(z) — 1) + 9w2a(:13) = 0

or
a(z)(1 — 6z 4+ 9z°) — (L +3z) = O.
So
(z) = 1+ 3x
= 1 — 6x 4+ 9x2
o 1+ 3z
 (1-32)2
= > (n+1)3"%"+3z ) (n+1)3"z"
n=0 n=0
= > (n4+1)3"%"+ > n3"z"
n=0
So

an = (2n + 1)3".



ag =
o0
> (an — 3a,_1)a"
n=1
00
Z n2z"
n=1
00

(an — 3a,,_1)x"

n=1
> n(n—1)z" 4+ > na”
n=2 n=1
D2 T
(1-23  (1-n)2
x + 72
(1—=x)3



$+CIJ2 1

(1 —-2)3(1 —3x) + 1— 3z

A B C D+1

1 T aor T a3 T

a(z)

where
r+12° =2 Al -2)%(1-32z)+ B(1-2z)(1-3z)
+ C(1—3z) + D(1 —2)3.
Then
A=-1/2,B=0,C = —1,D = 3/2.
So

o —1)2 1 5/2
A@) = I T d o3 132
- _Enzow _nz=:O< 2 >w +§n2=303 ’
So
1 n -+ 2 5_,
= —5-( 5 7)+33
3 3n n? 5
= - _ T _ ~3n
2 2 2+2






Products of generating functions
0 O
a(z) = ) anz”™, b(z)) = ) bpz"

a(2)b(z) = (ag+ a1z +axz®+---) x
(bo + b1z + boz® + - -)
= agbp + (agb1 + a1bo)z +
(apbz + a1by + apbg)z? + - -

00
> cna”
n=0

where
n

cn = Z arb,_ 1.
k=0
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a(z) =b(x)=1/(1 —x). anp =bp, =1, n>0.

n
cn= Y 1x1l=mn+41.

k=0
So

L= Y (e
(1—33)2_n20n z".
a(z) = e, b(zx) = ! :
—

n Ozk

Cn — Z—l
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Solution of polygon triangulation problem.

n=2 \k=0

x + Z anz” =z + Z (Z ak“mk) z".
But,

z+ ) anz” = a(zx)
n=2

since ag = 0,a1 = 1.

n=2 \k=0 n=0 \k=0
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So
a(z) =z + a(x)?

and hence
1++V/1—4x 1—+/1—4x
a(x) = or :
2 2
But «(0) = 0 and so
l1—+v1—4x
a(x) =
2
1 (—1)n=1 on -2
o 2_( + Z n22n— 1< 1
1M n—1
So
1,2n—2
Cang(n—1>.
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Derangements

n! = Z (Z)dn_k.

k=0

Explanation: (Z)dn_k IS the number of per-

mutations with exactly k cycles of length 1.
Choose k elements ((Z) ways) for which 7 (i) =
1 and then choose a derangement of the re-
maining n — k elements.

So
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Let

d(z)= 3 Tmgm
(z) = Z 7
m=0 """
From (3) we have
1
= ed(x)
e—ac
d -
(z) T
_ i i <( 1)*
n=0 k=0 |
So
dn i (=1)*
n! =0 k!

)
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