
Triangulation of n-gon

Let

a

n

= no. of triangulations of P

n+1

=

n

X

k=0

a

k

a

n�k

n � 2 (1)

a

0

= 0, a

1

= a

2

= 1.

Solution { use generating fun
tions.

+1

1
n+1

k

1



Explanation of (1):

a

k

a

n�k


ounts the number of triangulations in

whi
h edge 1; n + 1 is 
ontained in triangle

1; k+1; n+1.

There are a

k

ways of triangulating 1;2; : : : ; k+

1;1 and for ea
h su
h there are a

n�k

ways of

triangulating k+1; k+2; : : : ; n+1; k+1.
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If a

0

; a

1

; : : : ; a

n

is a sequen
e of real numbers

then its (ordinary) generating fun
tion a(x)

is given by

a(x) = a

0

+ a

1

x+ a

2

x

2

+ � � � a

n

x

n

+ � � �

and we write

a

n

= [x

n

℄a(x):

a

n

= 1

a(x) =

1

1� x

= 1+ x+ x

2

+ � � �+ x

n

+ � � �

a

n

= n+1.

a(x) =

1

(1� x)

2

= 1+2x+3x

2

+� � �+(n+1)x

n

+� � �

a

n

= n.

a(x) =

x

(1� x)

2

= x+2x

2

+3x

3

+� � �+nx

n

+� � �
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a

n

=

�

�

n

�

a(x) = (1+ x)

�

=

1

X

n=0

�

�

n

�

x

n

:

a

n

=

�


+n�1

n

�

a(x) =

1

(1� x)




=

1

X

n=0

�

�


n

�

(�x)

n

=

1

X

n=0

�


+ n� 1

n

�

x

n

:

4



Simple properties of generating fun
tions

� a

n

= [x

n

℄a(x) and b

n

= [x

n

℄b(x).

a(x) + b(x) =

P

1

n=0

(a

n

+ b

n

)x

n

and so

a

n

+ b

n

= [x

n

℄a(x) + b(x).

� a

n

= [x

n

℄a(x). Then

xa(x) =

1

X

n=0

a

n

x

n+1

=

1

X

n=1

a

n�1

x

n

:

So a

n�1

= [x

n

℄xa(x):

e.g. n+1 = [x

n

℄(1� x)

�2

and

n = [x

n

℄x(1� x)

�2

.

� a

n

= [x

n

℄a(x). Then

a

0

(x) =

1

X

n=1

na

n

x

n�1

=

1

X

n=0

(n+1)a

n+1

x

n

and so (n+1)a

n+1

= [x

n

℄a

0

(x).

e.g. [n+1℄ = [x

n

℄(1� x)

�2

and so

(n+1)(n+2) = [x

n

℄2(1� x)

�3

.
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Solution of linear re
urren
es

a

n

� 6a

n�1

+9a

n�2

= 0 n � 2:

a

0

= 1; a

1

= 9.

1

X

n=2

(a

n

� 6a

n�1

+9a

n�2

)x

n

= 0: (2)

1

X

n=2

a

n

x

n

= a(x)� a

0

� a

1

x

= a(x)� 1� 9x:

1

X

n=2

6a

n�1

x

n

= 6x

1

X

n=2

a

n�1

x

n�1

= 6x(a(x)� a

0

)

= 6x(a(x)� 1):

1

X

n=2

9a

n�2

x

n

= 9x

2

1

X

n=2

a

n�2

x

n�2

= 9x

2

a(x):
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So (2) gives

a(x)� 1� 9x� 6x(a(x)� 1) + 9x

2

a(x) = 0

or

a(x)(1� 6x+9x

2

)� (1 + 3x) = 0:

So

a(x) =

1+ 3x

1� 6x+9x

2

=

1+ 3x

(1� 3x)

2

=

1

X

n=0

(n+1)3

n

x

n

+3x

1

X

n=0

(n+1)3

n

x

n

=

1

X

n=0

(n+1)3

n

x

n

+

1

X

n=0

n3

n

x

n

=

1

X

n=0

(2n+1)3

n

x

n

:

So

a

n

= (2n+1)3

n

:
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a

n

� 3a

n�1

= n

2

n � 1:

a

0

= 1.

1

X

n=1

(a

n

� 3a

n�1

)x

n

=

1

X

n=1

n

2

x

n

1

X

n=1

n

2

x

n

=

1

X

n=2

n(n� 1)x

n

+

1

X

n=1

nx

n

=

2x

2

(1� x)

3

+

x

(1� x)

2

=

x+ x

2

(1� x)

3

1

X

n=1

(a

n

� 3a

n�1

)x

n

= a(x)� 1� 3xa(x)

= a(x)(1� 3x)� 1:
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a(x) =

x+ x

2

(1� x)

3

(1� 3x)

+

1

1� 3x

=

A

1� x

+

B

(1� x)

2

+

C

(1� x)

3

+

D+1

1� 3x

where

x+ x

2

�

=

A(1� x)

2

(1� 3x) +B(1� x)(1� 3x)

+ C(1� 3x) +D(1� x)

3

:

Then

A = �1=2; B = 0; C = �1; D = 3=2:

So

a(x) =

�1=2

1� x

�

1

(1� x)

3

+

5=2

1� 3x

= �

1

2

1

X

n=0

x

n

�

1

X

n=0

�

n+2

2

�

x

n

+

5

2

1

X

n=0

3

n

x

n

So

a

n

= �

1

2

�

�

n+2

2

�

+

5

2

3

n

= �

3

2

�

3n

2

�

n

2

2

+

5

2

3

n

:
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Produ
ts of generating fun
tions

a(x) =

1

X

n=0

a

n

x

n

; b(x)) =

1

X

n=0

b

n

x

n

:

a(x)b(x) = (a

0

+ a

1

x+ a

2

x

2

+ � � � )�

(b

0

+ b

1

x+ b

2

x

2

+ � � � )

= a

0

b

0

+ (a

0

b

1

+ a

1

b

0

)x+

(a

0

b

2

+ a

1

b

1

+ a

2

b

0

)x

2

+ � � �

=

1

X

n=0




n

x

n

where




n

=

n

X

k=0

a

k

b

n�k

:
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a(x) = b(x) = 1=(1� x). a

n

= b

n

= 1; n � 0.




n

=

n

X

k=0

1� 1 = n+1:

So

1

(1� x)

2

=

1

X

n=0

(n+1)x

n

:

a(x) = e

�x

; b(x) =

1

1� x

:




n

=

n

X

k=0

�

k

k!

:

e

�x

1� x

=

1

X

n=0

0

�

n

X

k=0

�

k

k!

1

A

x

n

:
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Solution of polygon triangulation problem.

x+

1

X

n=2

a

n

x

n

= x+

1

X

n=2

0

�

n

X

k=0

a

k

a

n�k

1

A

x

n

:

But,

x+

1

X

n=2

a

n

x

n

= a(x)

sin
e a

0

= 0; a

1

= 1.

1

X

n=2

 

n

X

k=0

a

k

a

n�k

!

x

n

=

1

X

n=0

 

n

X

k=0

a

k

a

n�k

!

x

n

= a(x)

2

:

12



So

a(x) = x+ a(x)

2

and hen
e

a(x) =

1+

p

1� 4x

2

or

1�

p

1� 4x

2

:

But a(0) = 0 and so

a(x) =

1�

p

1� 4x

2

=

1

2

�

1

2

0

�

1+

1

X

n=1

(�1)

n�1

n2

2n�1

�

2n� 2

n� 1

�

(�4x)

n

1

A

=

1

X

n=1

1

n

�

2n� 2

n� 1

�

x

n

:

So

a

n

=

1

n

�

2n� 2

n� 1

�

:
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Derangements

n! =

n

X

k=0

�

n

k

�

d

n�k

:

Explanation:

�

n

k

�

d

n�k

is the number of per-

mutations with exa
tly k 
y
les of length 1.

Choose k elements (

�

n

k

�

ways) for whi
h �(i) =

i and then 
hoose a derangement of the re-

maining n� k elements.

So

1 =

n

X

k=0

1

k!

d

n�k

(n� k)!

1

X

n=0

x

n

=

1

X

n=0

0

�

n

X

k=0

1

k!

d

n�k

(n� k)!

1

A

x

n

: (3)
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Let

d(x) =

1

X

m=0

d

m

m!

x

m

:

From (3) we have

1

1� x

= e

x

d(x)

d(x) =

e

�x

1� x

=

1

X

n=0

n

X

k=0

 

(�1)

k

k!

!

x

n

:

So

d

n

n!

=

n

X

k=0

(�1)

k

k!

:
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