
Cy
les of permutations

� : [n℄ ! [n℄ is a permutation i.e. is 1-1 and

onto.

Example:

i 1 2 3 4 5 6 7 8 9 10

�(i) 10 5 4 3 7 6 2 1 8 9  permutation

Draw diagram with n points 1;2; : : : ; n and join

i! �(i) by a dire
ted edge.
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NOT A DERANGEMENT  
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Derangements

A derangement is a permutation � : [n℄ ! [n℄

su
h that �(i) 6= i for all i.

Equivalently � has no 
y
les of length 1.

D

n

= f derangements of [n℄g and d

n

= jD

n

j.

d

1

= 0; d

2

= 1; d

3

= 2; d

4

= 9.

n = 3 : 2,3,1 or 3,1,2.

Claim: d

n

= (n� 1)d

n�1

+ (n� 1)d

n�2

.
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D

n

= D

0

n

[D

00

n

.

D

0

n

= f� 2 D

n

: n lies in a 
y
le of length 2g

i.e. �(�(n)) = n.

=

n�1

[

k=1

D

0

n;k

=

n�1

[

k=1

f� 2 D

n

: �(n) = k and �(k) = ng:

Claim: jD

0

n;k

j = d

n�2

f : D

0

n;k

! D

n�2

:

A
tion of f : remove 
y
le (k; n) (re-label).

f is a bije
tion and so

jD

0

n

j = (n� 1)d

n�2

:
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D

00

n

= D

n

nD

0

n

=

n�1

[

k=1

D

00

n;k

=

n�1

[

k=1

f� 2 D

n

: �(n) = kg

Claim: jD

00

n;k

j = d

n�1

.

g : D

0

n;k

! D

n�1

:

A
tion of g: repla
e x! n! k by x! k.

g is a bije
tion and so

jD

00

n

j = (n� 1)d

n�1

:
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So

d

n

= (n� 1)d

n�1

+ (n� 1)d

n�2

d
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=

�

1�

1
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d

n�1

(n� 1)!

+

1

n

d

n�2

(n� 2)!

:

e

n

= d
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=n! =
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1�

1

n
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e
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+

1

n

e

n�2

e

n

� e

n�1

= �

1

n

(e

n�1

� e

n�2

)

= �

1

n

��

1

n� 1

(e

n�2

� e

n�3

)

.

.

.

=

(�1)

n�1

n!

(e

1

� e

0

)

e

n

� e

n�1

=

(�1)

n

n!

e

n�1

� e

n�2

=

(�1)

n�1

(n� 1)!

.

.

.

e

1

� e

0

= �1
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Therefore,

e

n

� e

0

= (�1)

n

 

1

n!

�

1

(n� 1)!

+ � � �+ (�1)

n�1

!

:

e

n

= 1�

1

1!

+

1

2!

+ � � �+

(�1)

n

n!

d

n

= n!

 

1�

1

1!

+

1

2!

+ � � �+

(�1)

n

n!

!

� n!e

�1

as n!1
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