Cycles of permutations

w . [n] — [n] is a permutation i.e. is 1-1 and
onto.

Example:

1 1 23 45 6 7 8 9 10

7T(’L) 10 5 4 3 7 6 2 1 8 9 <— permutation
Draw diagram with n points 1,2,... ,n and join

i — m(2) by a directed edge.
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NOT A DERANGEMENT



Derangements

A derangement is a permutation « : [n] — [n]
such that «(2) % 7 for all 1.

Equivalently = has no cycles of length 1.
Dy, = { derangements of [n]} and d, = |Dy]|.
di =0,dp = 1,d3 = 2,d4 = 9.
n=23:2,31o0r 3,1,2.

Claim: d, = (n—1)d,,_1 + (n—1)d,,_».



D, = D! U D!.

D) = {m & Dy : nliesin a cycle of length 2}

i.e. m(w(n)) =n.

n—1 ,
— U Dn,k
k=1

n—1
U {m € Dy : w(n) =k and nw(k) = n}.
k=1

Claim: D/ ,|=d, >
f:Dp = Dp_2.

Action of f: remove cycle (k,n) (re-label).
f is a bijection and so

|D’;’L| = (n — 1)dn—2-



n—1
Dp=Dn\D, = |J Dy
k=1

n—1
k=1
Claim: |DZ k| = dn—l-

g9: Dy — Dp_1.

Action of g: replace x —n — k by =z — k.
g IS a bijection and so

Dl = (n—1)dp_1.



So
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en, = dp/n! = (1 — ;) en—1+ —€en_o
1
€n —€Ep—-1 — _g(en—l —en—2)
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= —— X - (ep—2 —ep—3)
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en—en-1 = —
B (_1)77,—1

e1—eg = —1



T herefore,

— n ! 1 n—1
en—eg = (—1) <__(n—1)'+ -+ (—1) )
en = ___|_ _|_ _l_(nl)n
dn = n!(l—%—|—21|_|_ _|_(n1|)n>

~ nle as n — oo



