Inequalities

Markov Inequality: let X : 2 — {0,1,2,...,}
be a random variable. Forany t > 1

E(X)

P(X21) = —

Proof

E(X) = i kP(X = k)
k=0

> i KP(X = k)
k=t

0
> > tP(X =k)
k=t
= tP(X >1t).
In particular, if t = 1 then

P(X # 0) < E(X).



m distinguishable balls, n boxes

Z = number of empty boxes.

m > (1 4+ e)nlog,n.

(-2

—m/n

E(Z)

ne
ne—(1—|—e) log. n

IA A

—€

n

So

P(3 an empty box) < n™°.



Variance:

Z:Q— R and E(Z) = p.

Var(Z2)

Ex. Two Dice.

Var(Z) = 2X1 4

E((Z — w)?)

E(Z% —2uZ + u?)

E(Z%) - E(2uZ) + E(y?)
E(Z%) - 2uE(Z) + p*
E(Z%) — u?

Z(x1,r2) = 1 + 5.
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Binomial: Z = Bnp, p = np.
~ 2™k k 2
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Chebycheff Inequality

Now let o = /Var(Z2).

P(1Z — | > to)

P((Z — p)° > t°0°)

E((Z - 1)?)
< g (1)
1

(1) comes from the Markov inequality applied
to the random variable (Z — u)2.

Back to Binomial: o = /np(1 — p).

1
P(|Bnp — np| > ty/np(1 — p)) < 2
which implies

1

P(|Bn,p — np| > enp) < :
E“NP

[Law of large numbers.]



