Class 12

Systems of distinct representatives Let A1, Ao, ..., A, be subsets of A. An SDR (system of
distinct representatives) is a collection of distinct elements aq,as,...,a,, such that a; € A; for
i=1,2,...,m.

Hall’s Theorem implies the following: Ai, As, ..., A, has an SDR iff
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> |1, VI C [m].

Just define a bipartit egraph with vertices X = {41, As,..., A} and Y = A and an edge (A;,a)
iff a € Al

Konig’s Theorem Let G = (V, E) be a grap. A vertex cover is a set S C V such that if e = (z,y)
is an edge of G then either x € S or y € S (or both).

If M is a matching of G and S is a vertex cover, then
|M| <S].
This is because a single vertex covers only one edge of M.

Theorem 1. In a bipartite graph,

max |M|= min |S|.
M matching S cover

Proof Suppose that X = {z1,22,...,2,}, Y = {y1,92,...,yn} and S = {&1,..., 2,91, ..
,Ys} is a minimum cover. We show that there exists a matching of size r + s.

Let H be the bipartite subgraph of G induced by X’ = {x1,x9,..., 2.} and Y =Y = {yss1,Yst2,- - -
+Yn}-

Suppose that A C X’ and |T'g(A)| < |A|. The we would get a smaller cover of G by replacing A
with T (A). Thus |Tg(A)| > |A| and Hall’s theorem implies that there is a matching M; in H of
X' into Y’. Similarly there is a matching My of {y1,92,...,ys} into {x,41,...,2,}. The matching
My U My is of size r + s. O



