NONLOCAL CHARACTER OF THE REDUCED THEORY OF THIN
FILMS WITH HIGHER ORDER PERTURBATIONS

G. DAL MASO, I. FONSECA, AND G. LEONI

ABSTRACT. In this paper it is shown that, when there is lack of coercivity with respect to
some partial derivatives on the underlying field u, then the relaxation of the functional

u»—»/ f (u, Du) dz
Q
may fail to be local. This result is applied to a singular perturbation model for a mem-
brane energy depending on deformations and out-of-plane bending.
1. INTRODUCTION

It is well-known (see, e.g., [10] and [15]) that, if a continuous integrand f : RxR"™ —
[0,400) satisfies appropriate coercivity and growth conditions, the relaxation of the func-
tional

u,Du) de if ue WHa(Q) ,
F(u) = /Qf( ) (@) (1.1)
00 otherwise
in the weak topology of L9 () leads to the functional
/f** (u, Du) dz  if u e WH1(Q) ,
Q

00 otherwise.

F(u) = (1.2)

Here Q is an open bounded set of R™, 1 < ¢ < oo, and for every fixed s € R, the function
f** (s,-) is the convex envelope of f (s,-). The standard approach to prove results such as
these consists in introducing a “localized” version of the functional F', precisely,

. 17q
F(u, A) = /Af (u, Du) dz if u|, € WhHi(A),
00 otherwise,

for u € L1(2) and A € A(Q2), where A(Q) is the family of open subsets of Q. For every
fixed A € A () we consider the relaxed functional F (-, A) in the weak topology of L7 (Q),
we prove that for every u € L9(Q) the set function F (u,-) is the restriction to A () of
a Radon measure p,, and in this case F is said to be a local functional. The remaining
of the argument is then dedicated to finding a characterization of this Radon measure via
the Radon-Nikodym theorem. Specifically, within the context of (1.1) and (1.2), one aims
at showing that pu,, is absolutely continuous with respect to L£™| Q and that

dfy,

dcn
L" a.e. in . Typical arguments involved in this program rely, in an essential way, on a
coercivity hypothesis of the type

= f** (u, Du)

1
f(s,8) > 5|§|q—0 for all s € R and £ € RY
for some C > 0.
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In this paper we show that weakening this coercivity condition may lead to a nonlocal
relaxed functional. Precisely, we will show that, when there is lack of coercivity with re-
spect to some partial derivatives of u, then, in general, the set function F (u,-) is not the
restriction to A (€2) of a Radon measure. See Theorem 2.1 below for the precise statement.

In the wider context of I'-convergence, examples of this nonlocality phenomenon appear,
in chronological order, in [11], [17], [21], [4], [9], [7], [8]. A common feature of all these
examples is that the functionals considered are equi-coercive but the coefficients become
singular near suitable one-dimensional sets. Recently Camar-Eddine and Seppecher in [13],
[14] have determined a large class of nonlocal functionals that can be approximated by equi-
coercive local functionals. To the best of our knowledge, the only example of nonlocality in
a relaxation problem is described in [1]. This example is completely different from the one
of the present paper, since the functional considered there allows a control of all derivatives
and the pathology is given by the discontinuity of the function u for which F (u,-) is not a
measure. For another example we refer to [22].

Besides its intrinsic theoretical interest, the motivation for the relaxation problem consid-
ered in this paper is drawn from the study of the asymptotic behavior of an elastic thin film
penalized by a van der Wals type interfacial energy. In [5], Bhattacharya and James added
the interfacial energy K,fwx(igé) |D?u|?dz to the potential energy fwx(fg,%) W (Du) dx

of a thin elastic domain. Here w C R? is an open set, D?u denotes the third order ten-
sor of the second partial derivatives of the deformation vector u : w x (=5, 5) — R3, and
k > 0. After rescaling the resulting energy onto a fixed domain of thickness 1 through
a %—dilation of the transverse variable, they obtained in the limit a 2-dimensional energy
density that depends on the deformation u of the mid-surface and on the Cosserat vector
b, which describes transverse shear and normal compression in the thickness.

The case in which the fixed parameter x is replaced by €¥ with v > 0 was addressed by
Shu in [23]. The analysis in [23] is restricted to the mid-surface of the film, in the sense that
the Cosserat vector is a priori minimized out of the computed energy.

A recent paper [18] (see also [19]) is devoted to the study of the I'-limit, in an appropriate
topology, of the rescaled functional

/ {W (Dpu 1D3u> b (|D§u|2 + LDyl + 14|D33u|2ﬂ do,  (13)
wx(fé,%) € £ g

keeping track of the cross-sectional behavior. Here D,u is the gradient of w in the plane
(z1,22), defined as the 3 x 2 matrix whose columns are Diu and Dsu. The symbol
(Dpu ‘%Dgu) denotes the 3 x 3 matrix whose first two columns are those of D,u and
whose third column is %Dgu. The symbol Df)u is the third order tensor whose components
are the second order partial derivatives in z; and xp of the components of u, and Djpsu is
the 3 X 2 matrix whose columns are Di3u and Dosu.

In the case v < 2 it was proved in [18] that the I'-limit is a local functional. On the
other hand, in the cases v = 2 and v > 2 the authors were unable to obtain a local integral
representation for the I'-limit and they conjectured that the resulting energy should be
nonlocal.

In this paper we show that indeed in the case v = 2 the I'-limit is a nonlocal functional
(see Theorem 4.1 below). The basic idea is that when v = 2 and W = W (1Dsu) the
I'-limit of the family of functionals (1.3) exhibits the same pathologies of the relaxed energy
of the noncoercive functional

/ (W (b) + |Dsbf?] de, (1.4)
wx(fé,%
which is of the type studied in Section 2.

We remark that the nonlocality property proved in Theorems 2.1 and 4.1 depend heavily

on the presence of some of the derivatives of the underlying fields and on the absence of
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others. Thus, this approach cannot be used to prove nonlocality in the case v > 2. Indeed,
in this case it was shown in [19] that the I'-limit coincides with the one found in [6] in
the case v = oo, that is, when no interfacial energy is added, and so no derivatives of the
Cosserat vector b are involved. To our knowledge, the locality of the I'-limit in the case
v > 2 remains open.

This paper is organized as follows. In Section 2 we prove that for noncoercive functionals
of the type (1.4), the relaxed functional with respect to the weak topology of L? () may
be nonlocal.

In Section 3 we give an abstract representation result for the I'-limit of the family of
functionals (1.3) when v = 2 and v > 2. The approach is in the spirit of [12] (see also [10]).
In Section 4 we prove that in general for v = 2 the T'-limit of the family of functionals (1.3)
is nonlocal.

Throughout the paper, constants may change from expression to expression.

2. THE RELAXATION PROBLEM

In this section we study a relaxation problem in the weak topology of L?(f2) for an
integral functional of the type (1.4) depending on a scalar field and on only one of its partial
derivatives. This functional is nonconvex due to the presence of a two-well potential acting
on the field. We will show that the lack of control with respect to some partial derivatives
of the underlying field leads to a nonlocal relaxed functional.

Let g : R — [0,+00) be a function such that

g is continuous in R, (2

g(s) > aps® —by forallscR, (2.

g(1)=g(-1)=0<g(s) fors#=+l, (2

for some constants ag > 0 and by > 0. Let Q be an open set of R"™, with n > 2, of t

form Q = w x I, where w is a nonempty bounded open subset of R*~! and I := ( 5

A generic point z € Q will be written as = := (y,z,), where y = (21,...,2,-1) € w and
(

x, € I. The set of all open subsets of Q is denoted by A (). For every v € L?
every A € A(Q) we define

v dm+/ D,v|* dz if Dv € L?(A) ,
G o) /Agm [ 1D, (4) o)
00 otherwise,

where D,, is the partial derivative with respect to xz, .

For every A € A(Q) let G (-, A) be the lower semicontinuous envelope of G (-, A) in the
weak topology of L? (), i.e., G (-, A) is the largest weakly lower semicontinuous functional
on L?(Q) below G (-, A).

The main result of this section is the following theorem.

Theorem 2.1. Assume that g satisfies hypotheses (2.1), (2.2), and (2.3). Let Q:=w x I
be as above and let vy (x) := z,, v € Q. Then G (vo,-) is not a measure on A(S), in the

sense that there is no measure y defined on the o-algebra of the Borel subsets of ) such
that G (v, A) = p(A) for every A e A(Q).

The proof of this theorem uses the following result.
Lemma 2.2. Let wy, € H' (I) and z € L? (I) be such that
wj, — z  strongly in L* (I) , (2.5)
Jim LY{teTl: |wy(t)>M})=0, (2.6)

for some constant M > 0. Then there exist a subsequence {wk7} and a function w €
H'(I), with w' =z L' a.e. in I, such that wy, — w strongly in H* (I).
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Proof. Tt is enough to show that the sequence {wy} is bounded in L (I). Since wy €
H! (I), without loss of generality we may assume that each wy is absolutely continuous.
Let k1 € N be so large that £ ({t € I : |wy (t)] > M}) < % for all k > ki. Then for all
k > kq there exists tg € I such that |wy (tx)] < M. By the fundamental theorem of calculus

wn(®) = w (8) + [ wi () ds,

ty

hence |wy (t)] < M + ||w§§||L1(I) for all ¢ € I. The conclusion follows. O
We now turn to the proof of Theorem 2.1.

Proof. We argue by contradiction and assume that there is a measure p, defined on all Borel
subsets of €2, such that

G (vg,A) = u(A) for every A€ A(Q) . (2.7)
We claim that in this case
G (v0,Q) < /Q | Dol dz = L7 () . (2.8)
By (2.1) and (2.3), given € > 0 there exists § > 0 such that
g(s)<e for |[s+1]<d. (2.9)
We cover 2 with a finite number of open sets A; contained in 2 and such that
diamA; <6 and Y, L"(A;) <(1+¢)L"(Q). (2.10)
By (2.7),
G (v0,92) <>°,G (vo, 4;) . (2.11)

For each i fix a point z(9) € A;. Since xsf) € I, there exists \; € (%, %) such that
2 =X (=) + (1= )1,
and so for every x,, € I we can write
vo () =ap =N (71 +x, — mﬁf)) +(1=X) (1 +x, — :cﬁ?) . (2.12)

Let x(¥ be the 1-periodic function in R such that x(V (t) =1 for ¢t € [0, \;] and x@ (t) =0
for t € (A, 1), and let X,(j) (t) := x@ (kt). By the Riemann-Lebesgue lemma, ng) -\
weakly* in L (R). For z € Q define

o (@) = (a) (_1 b, — xg)) n (1 NG (m1)> (1 b, — xg)) (2.13)

= Xz(f) (1) (-1) + (1 — X,(ci) (xl)) 1+ (mn — mgf)) .

By (2.10) we have |z, — 2P < 6 for z € A;, and so, by (2.9) and (2.13),

g (v,(j) (m)) <e foreveryz e A;. (2.14)

Moreover, Dnv,(j) () =1 for every = € A;. Together with (2.4) and (2.14), this implies
that

G (v,@,Ai) <(1+8)L"(4) .

In view of (2.12) and (2.13), it follows that v,(:) — vy weakly* in L (f2). In particular,
U,(:) — vy weakly in L2 (Q), and so

G (vo, Ai) < liminf G (U,Q”,Ai) <(1+4e)L"(4)
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(S

and using (2.10) and (2.11) we deduce that

G (00, ) < (14+6) T,L" (A) < (1+6)* L™ (9) .
Since € > 0 is arbitrary, this proves (2.8).
On the other hand, since the functional

Vi / |Dnv|? dz  is weakly lower semicontinuous in L? () (2.15)
Q

and below G (+,Q), we conclude that

G (v0,Q) = L (Q) .

By the lower bound in (2.2), and by a general property of the relaxation of coercive function-
als (see Propositions 8.1 and 8.10 in [15] or Proposition 3.16 in [18]), there exists a sequence
{vx} converging to vy weakly in L? () such that

lim (/ g (vr) dw+/ | D, oi|” d:r> = lim G (v, Q) = G (v, Q) = L" () .
Q Q — 00

k—oo

Using (2.3) and (2.15), we obtain

lim [ g(vg) dz =0, (2.16)
k—oo Jq
lim / |Dpvi|® da :/ |Dyvol? da . (2.17)
k—oo Jq Q

Since D,v; — D,vy weakly in L? (Q), the last equality yields that D,vy — D,vg strongly
in L2 (Q). By Fubini’s theorem there exists a subsequence, still denoted {vy}, such that for
L' ae. y€w we have

g (vg (y,)) — 0 strongly in L' (I) , (2.18)
Dy (y,-) — Dpuvo (y,-) =1 strongly in L* (I) . (2.19)

By (2.1)-(2.3) and (2.18), for £"~! a.e. y € w we have
Jim LY ({zn €1 |u (y,z,)] >2}) =0. (2.20)

Fix y € w satisfying (2.19) and (2.20). Using Lemma 2.2, we deduce that there exists
w € H'(I), with w' (z,) = 1 for L' ae. z, € I, such that, up to a subsequence,
v (y,-) — w strongly in H!(I). From (2.18) it follows that g (w (z,)) = 0 for every
xn € I, and so, by (2.3), w(x,) = £1 for every z, € I. This contradicts the fact that
w' (z,) =1 for LY ae. z, €1. O

3. DIMENSION REDUCTION

Let R3*3 be the space of all 3 x 3 matrices with real entries and let W : R3*3 — [0, 00)
be a function such that

W is continuous on R**? (3.1)
1
Gl =CsW(O<C(g"+1) forall (€ R™?, (3.2)

for some constants ¢ > 1 and C' > 0.
Let = w x I be as in the previous section with n = 3, with dw Lipschitz, let A (w) be
the set of all open subsets of w, and let v > 2. For A € A(w), u € W4 (A x I R3) with
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D?u € L? (A x I;R**3*3) "and € > 0 consider the functional

W. (u, A) ::/XIW (Dpu

A

1 1
+5“’/ |D§u|2+—2|Dp3u\2+—4|D33u|2 dz .
AxI € €

1
8Dgu> dz (3.3)

To study the asymptotic behavior of W, as ¢ — 0, it is convenient to introduce the func-
tional

Feo: WHe (Q;R?) x L (Q;Rg) x A(w) — [0, 0]
defined by

F (U b A) - We (’LL, A) ifb= éD3U in AxI and D?*u € L2 (AXI, R3><3><3) ’
R T @ otherwise.

Let A € A(w), and let g — 0. The goal of this section is to establish the existence of
the I'-limit F (-,-, A) of the sequence {F;, (-,+,A)} in the weak topology of the product
Wha (Q;R?) x L7 (;R?), and to prove that it is independent of {e}.

As usual, let F'(-,,A) and F”(-,-,A) denote the I'-limit inferior and superior of
{Fe,, (-,+, A)}, respectively (see Definition 4.1 in [15]). By (3.2) and Propositions 8.1 and
8.10 in [15], for every (u,b) € W17 ((;R?) x L7 (Q;R?) and A € A(w) we have

(3.4)

F' (u,b,A) = inf {liminf}'gk (ug, b, A) + (ug, b)) — (u,b)} ,
{(ug,br)} || k—o0

F" (u,b,A) = inf {limsupfgk (up, b, A) : (up, by) — (u,b)} ,
{(ur,be)} | k—oo

where — denotes weak convergence in W4 (Q;R?) x L7 (Q;R?).

Remark 3.1. It turns out that if F’ (u,b, A) < oo, then Dgu = 0 in A x I, and so we

may identify unequivocally u|,,, with a function in W' (4;R?). Indeed, suppose that
{(uk,br)} converge weakly to (u,b) in W4 (Q;R?) x L7 (;R?) and that

liminf F¢, (ug, bk, A) < 00. (3.5)

k—oo

Then

/ |D3ul? do < liminf/ |Dsug|? dz =0,
AxI k—oo  Jaxr

where the last equality results from (3.5) and the coercivity condition in (3.2). Moreover, if
~v = 2, then from the inequality

1
2 if D2 2 . R3X3x3 _1 :
F. (u,b, A) > /Ax1|D3b| de if D*ue L? (Ax ;R )andb—ngulnAxI,

00 otherwise

and the fact that b — [, ; |D3b|2 dz is weakly lower semicontinuous in L7 (;R?), we
deduce that if F’ (u,b, A) < co, then D3b € L? (A x I;R?) and
F' (u,b, A) > / |Dsb|? duz . (3.6)
AxI

Remark 3.2. Let v =2 and let {(ug,bx)} C WH9(Q;R3) x LI(Q;R3) converge weakly to
(u,b) in WHa(Q;R3) x LI(Q;R?) and such that

sup F,, (ug, b, A) < co.
k

Then

sup/ lex D?ug | da < oo, sup/ |D (Dsuy) |? do < oc.
k JAxI k JAXI
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Using Poincaré’s inequality and the Rellich—-Kondrachov theorem, and reasoning as in Step
1 in Theorem D in [19], it can be shown that

0= lim lexur|? de = lim |lex Dug |* da
k—oo Jaxr k—oo Jaxr
= lim |D3uy|? dx .
k—oo Jaxr

In what follows, X (Q; R3) is the space of functions b € L? (Q; R3) with Dsb € L? (Q; R?’) ,
and we consider the isomorphism b +— b between L7 (€;R?) and L7 (w; L7 (I;R?)) given
by

b(xy,m2) (23) := b(x1,T2,23) or, equivalently, b(y) (x3) :=b(y,z3) . (3.7
Theorem 3.3. Assume that W satisfies (3.1) and (3.2) and let e, — 0. Then there exist
a subsequence, not relabelled, and a functional
F:Wh (R?) x L (4 R?) x A(w) — [0,00]
such that, for every A € A(w) satisfying the segment property, F., (-,+, A) T -converge to
F(,-, A) in the weak topology of the product W4 (Q;R?) x L7 ({;R?).
If v > 2, then there exists a lower semicontinuous functional

F:R>? x L (I;R?) — [0,00] ,

with
1
= (169 + 1918 00) ~C = P& C (141 +lgla)  3)
for all £ € R3*2 and g € LY (I;R3), such that
FubA) = [ P (D). 5w) dy (3.9)

for all uw e W (w;R3) , be LY (Q;R?’) ,and A€ A(w).
If v =2, then there exists a lower semicontinuous functional
F:R¥? x (LY (L;R®) n W2 (I;R?)) — [0, 00] ,
with
1 2
= (Ie17 + 9% 1)) + 19172z = € < F (6,9) (3.10)

2
< C (1+1€ + g rms) ) + 191320
for all £ € R**2 and g € L9 (I;R3) Nnwh2 (I;R3) , such that

F (u,b, A) = /AF (Dpu (y) 7B(y)) dy (3.11)
for all w e Wh (w;R3), be X (Q;R?), and A € A(w).

Proof. Step 1: We prove the first part of the statement. Let R(w) be the countable
subfamily of A(w) obtained by taking all finite unions of open rectangles in w with sides
parallel to the axes and with vertices with rational coordinates.

By (3.2) there exists C' > 0 such that

1
Felwb Az g [ (Dl + bl do - CL* (4)
c AxIT

for every (u,b) € Whe (Q;R3) x L7 (;R?) and A € A(w). Therefore, by Corollary 8.12 in
[15], together with a diagonal argument, there exists a subsequence still denoted {ex} such
that

F'(u,b,A) = F" (u,b, A) for every (u,b) eW"?(Q;R%) x L (4 R?) , A€ R(w). (3.12)
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We consider the measure theoretic regularized functional
F:Whe (4 R?) x L (9 R?) x A(w) — [0, o]

defined by

F(u,b, A) :=sup {F (u,b,A"): A’ € R(w), A’ cC A} . (3.13)
In the remainder of this step we prove that for every A € A(w) satisfying the segment
property, the sequence {F., (-,-,A)} T'-converges to F (-,-, A) in the weak topology of the
product W1 (Q;R3) x L4 (Q;R?’).
Substep la: Let A € A(w) satisfying the segment property and let (u,b) € Whe (Q;R?) x

L9 (Q;R3) be such that Dsu =0 L% ae. in A x I and, if v =2, D3b € L? (A x I;R?).
We claim that

F" (u,b,A) < C (/ |Dpul? dy+/ |b]? dx) +CL? (A) (3.14)
AxIT AxIT

if v > 2, while

F' (u,h, A) < C (/A 1D dy—i—/A b dm) + oL (A) +/A D ds (315)
X X X

if v=2.

We prove this in the case v = 2. The case v > 2 can be treated in a similar way.
Fix u, b, and A as above. By Theorem 5.5 in the Appendix, there exist an extension
u € W (R%R?) and a sequence {u,} C W' (R*R?) such that Dsu, =0 £3 ae. in
A" x R and u, — u strongly in W17 (R* R®) as n — 0", where

AT :={y €ew: dist(y,4) <n}.
Moreover, by Theorem 5.6 in the Appendix, there exist an extension b € L4 (R3; Rs) , with
Dsb € L? (A x R;R?), and a sequence {b,} C L? (R*R3), with Dsb, € L? (A" x R;R?),

such that b, — b strongly in L4 (R3;R3) and Dgb, — D3b strongly in L? (A x I; R3) as
n — 01. Define, for z € R3,

x3
e (2) = (g * 03) ) 21 [ (B v 0n) 0:9) s,
0
bsn (x) := (by * @5) (x) ,
where ¢ € Cg° (RS) is a standard mollifier and § > 0. Note that if § < n, then, in A x R,

1 1
D3ug,s,y = — D3 (un * @s) + by * o5 = by * o5 = bs s
Ek Ek

where we used the facts that supp s C B(0,8), Dsu, =0 £3 a.e. in A7 x R, and thus
D3 (uy * ¢s) = Dsuy,y * ps =0 L3 ae. in A x R. Similarly, since D3b € L? (A" X R; R3),
we have that Dszuy s, = €, D3by * @5 L3 ae. in AxR.

Reasoning as in the proof of (3.2) in [18], we conclude that

limsup F., (u,s,5, b5y, A) < C (/ (|Dp (uny * 5)|* + |byy * ps|7) dx)
AxI

k—oo

+CL? (A)+/A I|D3bn*<p5|2 dz.
X

Using standard properties of mollifiers, together with the facts that u, — wu strongly in
wha (Q;Rg), b, — b strongly in L4 (Q;R3), and Db, — Dsb strongly in L? (A x I R3)
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as 7 — 0T, we obtain that

lim sup lim sup lim sup F, (ux,s,5, bs,n, A)
n—0+t 6—0 k—oo

<C (/ |D,ulf dy+/ 1|7 dw) +CL2(A) +/ |D3b)? da .
A AxI AxI

Moreover, since

nlir(r)lJr glg(l) k:lggo otk 5.y = u||W1'q(Q;R3) =0,

nlir(r)lJr (%1_1)1(1) 1bs.n = bHL"(Q;W) =0,
a diagonalization argument yields two subsequences {uy := uys, n, } and {by := bs, »,, } of
{uk,s.n} and {bs,}, respectively, such that (uy,by) — (u,b) strongly in W4 (Q§R3) X
L9 (;R?) and
F" (u,b, A) < limsup Fe, (uk,bg, A)

k—oo

<C (/ | Dpul? dy+/ |b|? d:z:) +CL%(A) +/ |Dsb|? da .
A AxI AxI

We remark that the condition that A satisfies the segment property was only used to
extend u and b outside A keeping the properties that u does not depend on z3 and that
D3b belongs to L? in a domain slightly larger than A x I (see Theorems 5.5 and 5.6 in the
Appendix). Thus, (3.15) continues to hold without assuming that A satisfies the segment
property if it is known apriori that (u,b) € W14 (w;R3) x X (Q;R?’). Similarly, (3.14)
continues to hold if (u,b) € W14 (w; R3) x L1 (Q; R?’) , without additional hypotheses on A.
Substep 1b: We claim that

F"(u,b, A1) < F"(u, b, Ag) + F'' (u,b, Ay \ A3) (3.16)
for every (u,b) € Whe (;R?) x L9 (Q;R?) and Ay, A, Az € A(w), with A3 CC Ay CC
Ay. We prove this in the case v = 2. The case v > 2 can be treated in a similar
way. Without loss of generality, we may assume that the right-hand side of the previous
inequality is finite, since otherwise there is nothing to prove. Fix n > 0 and find {uy},
{v} € WH(Q;R3) converging weakly to u in WH49(Q;R3) and {by}, {2z} C LI(%R3)
converging weakly to b in L7(Q;R?) such that

limsup ., (ur, br, A1\ Az) < F” (u,b, A1 \ A3) + 1 < 00, (3.17)
k—o0
limsup F.,, (vg, 2k, A2) < F" (u,b, A2) +n < o0 (3.18)
k—oo

Then by (3.3) and (3.4) for all k sufficiently large, say k > ki, we have that D?uy €
L2 (A1 \ A5) x LR¥33) | by = LDsuy in Ay \ A3, Dy, € L* (Ap x R¥3) | and
2, = gikngk in Ay. For every A € A(w), v e W22(A x I;R3), for every Borel set E C A,
and for every k > ky define

Hi(v, E) := /

1
(1 + [Dp|! + = |D3v|q> dx
ExI €k

1
+/ (52|D§v|2 + |Dp31)|2 + 2|D33v2> dx .
ExI €k

By (3.2),

M =M (n):= ksg}co (Hie(uk, Az \ Az) + Hi(vg, A2\ A3)) < 00.

Let § > 0 be so small that
A3,5 = {y € Ay diSt(y,Ag) < (S} CC As.
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Fix m € N and write
A376 \A3 = U Li,m )
i=1
where 5 }
1 )
Lim = {y € Azs: -1 < dist(y, 43) < Z} )
m m

Since for every k > k1,

I

(M (ury, Lim) + Hi (v, Lim)) < M,

i=1

there exists iy, € {1, -+, m} such that
M

H, (Uk'a Lim,k,m) + H, (Uk'a Lim,k,m)

Consider a smooth cut-off function ¢, € C5°(A2;[0,1]) such that {0 < ¢ p < 1} C
Lipy ooy Pmk (y) = 1if dist(y, Az) < mr=ls Omi (y) = 0 if dist(y, A3) > “=£§, and

m m

HDP‘Pm,k”L”(w;RQ) <Cm, ||D;§‘Pm,k||L°°(w;R2X2) < cm?.
For x € Q) define
U () = (1 = @,k (y))ur(®) + ok (y)vr(2)

and L D3t i (z) if A

= —Dsumr(xr) 1LxeE s

bk () := { li;i (m?)) * otherwisle.
Then iy, ; — u weakly in W14(Q;R3) as k — oo and since ¢, does not depend on 3,
we also have that Em,k = éDgfLm’k — b weakly in L1 (Al;R?’), and, in turn, Bm,k — b
weakly in L4 (Q; Rg) as k — oo. Hence,

fsk (ﬁm,kal;m,kaAl) < fsk (ulmbkaAl \Aif')) + fsk (vk,zk7A2)
+ C (Hy(uks Liy, o m) + He(vk, Liy, om))

+C’mq/L I\ukka\q derC’eim‘l/L I|uk7vk|2 dx
i, lgom X i, o X

+ C’Eimz/ | Dpug, — Dp11;€|2 dx + C’m2/ |D3uy, — D3vy|* d .
Linl,k*"’/XI L,j

mYk,mXI

By Remark 3.2, we have that the last four terms on the right-hand side of the previous
inequality converge to zero as k — oo for m fixed, and thus

F''(u,b, A1) < limsup F, (ﬂmﬁk,gmﬁk,Al)

k—o0

_ M
< limsup F;, (uk, b, Aq \Ag) + lim sup F;, (v, 2k, A2) + p
k—oo

k—o0
_ M
<F (u,b,A1 \Ag) + F (u, b,Ag) + 2n + oot

Letting m — oo followed by n — 0, we conclude that (3.16) holds.
Substep 1c: We claim that for every A € A (w) satisfying the segment property, F (-, -, A)
is the I'-limit of {F., (-,-, A)}. It suffices to show

F(u,b, A) = F' (u,b, A) = F (u,b, A) (3.19)

for u € W4 (Q;R3) and b e L9 (Q;RS).
We remark that, as the proof below will show, the requirement that A satisfies the
segment property is used only to apply Theorems 5.5 and 5.6 in the Appendix. Therefore,
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(3.19) holds for an arbitrary set A € A (w), provided that (u,b) € W7 (w;R?) x L ({; R?)
(respectively, (u,b) € Wh? (w;R3) x X (;R?) if v =2).

We prove (3.19) in the case v = 2. The case v > 2 can be treated in a similar way. Let
(u,b) € Wha (Q;R3) x L1 (Q;R3).

Since F < F' < F”, it suffices to show that F” (u,b, A) < F (u,b, A). Without loss of
generality, we may assume that F (u,b, A) < 0o, since otherwise there is nothing to prove.
Then by Remark 3.1 we may identify u|,,, with a function in W14 (A; R?’) and, using
also (3.6) and (3.13), we have that D3b € L? (A x I;R?). For every Borel set B C A define

H(u,b,B) = C (/ D, dy+/ b7 dm) +CL2(B) +/ Dsb|? da,
B BxI BxI

where C' > 0 is such that (see Substep 1a)
F'(u,b, A) < H (u,b, A) .
Since H (u,b,-) is a measure and H (u,b, A) < oo, given € > 0, let K C A be a compact
set such that
H(u,b,A\K)<e.
Choose Ay € R(w), A3 € A(w), with K C A3 CC Ay CC A; := A. In view of (3.12) and
(3.16) we have
F'(u,b, A) < F"(u,b, Ay) + F"(u,b, A\ A3) < F"'(u,b, Ay) + F"(u,b, A\ K)

= .F/(U,b7A2) +f"(u7baA\K)

< Flu, b, A) +H (u, b, A\ K) < F(u,b, A) + ¢,
and the result follows by letting ¢ — 0.

The remainder of the proof is dedicated to proving (3.9) for v > 2 and (3.11) for v = 2.
We recall that we identify functions in W4 (w; R?) with functions in W7 (€;R?) that do
not depend on x3.

Step 2: In this step we prove some properties of F that will be used in the sequel.
(i) By (3.2), (3.3), (3.4), and (3.13), when v > 2 for every (u,b) € W4 (w; R?) x L7 ({; R?)
and A € A(w),
1
FlubA)z 5 [ (Dl + bl do - CL (4) (3.20)
c AxT
while by Substep 1a,

F(u,b,A) < C (/ | Dpul? dy+/ |b]? dm) +CL*(A) . (3.21)
A AxI
Similarly, when v = 2 for every (u,b) € W4 (w; R?’) x X (Q;R3) and A € A(w),

1
F(u,b, A) > 7/ (IDyul? + |b|?) do — C'L2 (A)+/ Dsb|? da, (3.22)
C AxI AxI

while
F(u,b,A) < C </ |Dpul? dy+/ |b]? dx) +CL? (A) +/ |Dsb|® do.  (3.23)
A AxIT AxI

(i) Fix u € W' (w;R?) and b € L7 (4R?) (respectively, b € X (R3) if v = 2).
We claim that the set function F (u,b,-) is the restriction to A(w) of a Radon measure,
absolutely continuous with respect to £? Lw. We apply Corollary 5.2 in the Appendix. It
is easy to see that if Ay, Ay € A(w) with A; N Ay =@, then

.7:/ (u,b,Al)—F]:’ (u,b,Ag) Sf/ (u,b,AlLJAg) ; (324)
while if 4; N Ay = @, then
.7:// (u, b, Al U Ag) < .7:” (u, b, Al) + .7:// (u, b, AQ) . (325)
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To prove the second inequality we used the fact that since dist (/Tl, Tg) > 0, using appro-
priate cut-off functions it is possible to glue realizing sequences {(ug,br)} and {(vk,zx)}
for F"” (u,b, A1) and F” (u,b, A3), respectively, in order to obtain a sequence admissible
for F" (u,b, A1 U As) and such restricted to A; and As it coincides with {(ug,bx)} and
{(vk, z)}, respectively.
We show that
F (u7 b,A; U Az) = f(’LL, b, Al) + f(u, b, AQ) (326)
whenever Ay, A; € A(w) and A; N Az = . In view of (3.13) and (3.24), we have that
.7:(11,, b, A1 U Ag) > f(u,b, Al) +.7-'(u,b, AQ) .

To prove the opposite inequality, let A’ € R(w) be such that A’ CC A;UA,. Since AjNAs =
@, it follows that A’ NA; € R(w), A NA; CC Ai, i=1,2, and ANATNANAy = @,
and thus, using (3.13), (3.12), and (3.25), we deduce that

F' (u,b, A') = F" (u, b, A") < F" (u,b, A’ N A1) + F" (u, b, A’ N Az)
< F(u,b, Ay) + F (u,b, As) .
Taking the supremum over all such A’ concludes the argument. Hence, Property 1 in

Corollary 5.2 holds.
By (3.12), (3.13), and (3.16), we obtain that

F(u,b, A1) < F (u,b, As) + F (u, b, Ay \ 4s) (3.27)

for all Ay, As, Az € A(w), with A3 CC Ay CC A;. Thus, Property 2 in Corollary 5.2 is
satisfied, while Property 3 follows from (3.21) and (3.23).

(iii) If A € A(w), then F (u,b, A) depends only on the restrictions of (u,b) on A x I, in the
sense that if u;, us € Whe (w;R?’) and by, by € L1 (Q;R?’) (respectively, by, by € X (Q;R3)
if v =2) satisfy (u1,b1) = (u2,b2) L3 a.e. in A x I, then

F (u1,b1, A) = F (u2, b2, A) . (3.28)

To prove this, we fix an open set A’ CC A. For every sequence {(uff), b;f))} converging
to (ug,b2) in the weak topology of W14 (Q; R3) x L4 (Q; RS) , We can construct a sequence
{(ug),b,(:))} converging weakly to (u1,b1) in Q such that (ué”,bé”) = (ug),b,(cl)) L3
a.e. on A’ x I. This can be done using a cut-off function between A’ and A. It follows that
F'(u1,b1, A") < F'(ug,be, A"). By (3.13), we conclude that F(uy, by, A) < F(ug,be, A).
(iv) For z € R? we define the translation operator 7, acting on sets as

7.(B):=B+z

and on functions as

() (y) i=uly—2), 7=(0)(y23):=bly—zm3) .
It is easy to see that F is translation invariant, in the sense that for every z € R? and
A € A(w), with 7, (A) CC w, we have

F (7= (u), 72 (b), 7= (A)) = F (u, b, A) (3.29)

for every u € Wh (w;RS) and b € LY (Q;R?’) (respectively, b € X (Q;R3) if vy =2), where
in the left-hand side the functions 7, (u) and 7, (b) have been modified outside 7, (A4) in
such a way that they belong to W' (w;R?) and L7 (Q;R?) (respectively, X (;R?) if
v = 2), respectively. Note that this modification is possible since 7, (4) CC w and the
left-hand side does not depend on the choice of the modification, due to (3.28).

(v) It is well-known that F’(-,-,A) is weakly lower semicontinuous in W14 (Q;R?) x
L1 (Q;R?) (see Proposition 6.8 in [15]), and so the functional F(-,-, A) is itself weakly
lower semicontinuous in W14 (Q;R3) x L1 (Q;R?’), being the supremum of weakly lower
semicontinuous functionals.
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Step 3: Fix u € W (w;R?) and b € L7 (Q;R?) (respectively, b € X (4 R?) if v = 2).
By Step 2(ii), the set function F (u,b,-), defined by

F (u,b,B) :=inf {F (u,b,A): Ae A(w), BC A} (3.30)
for every B € B(w), is a Radon measure and satisfies

F(u,b,B) < C (/ |Dyul? dy+/ |b]? da:) +CL* (B) (3.31)
B BxI

for every B € B(w) when v > 2, and

F(u,b,B) < C (/ |Dpul? dy+/ |b|? dm) +CL*(B) —|—/ |Dsb|? dx (3.32)
B BxI BxI

for v = 2.

We claim that if we Whe (w;R3) and B € B(w), then F (u,b, B) depends only on
the restriction of b on B, in the sense that if by, by € L9 (Q;RS) (respectively, by, bs €
X (4 R3) if y = 2) satisfy by = by L3 a.e. in B x I, then

f(u,bl,B) = F(U,bQ,B) . (333)

We prove this in the case v = 2. Let {Ax} C A(w) be a decreasing sequence of open sets
containing B and such that £2 (A \ B) — 0. Define

{b2 inAkxI,

B
by inQ\ (A x ),

2

and note that bék) € X (2;R?) (see Proposition 5.3) and bgk) — by strongly in L7 (Q;R?).
Fix an arbitrary open set A € A(w) containing B, and use the lower semicontinuity of
F(u,-, A) to write

F (u,br, A) < lim inf F (u, b, A) — liminf (]—" (u ), A 0 A) +F (u b, AN\ Ak>) ,

— 400 k—+o00

where the equality follows from the fact that F (u,b,-) is a Radon measure. By (3.28) we
have that

F (u,bg“,Ak mA) = F(u, by, Ay N A) < F (u, by, A)
so that
F (u,b1, 4) < F (u,ba, A) + liminf F (u7b§’“),A \ Ak) .

By (3.32) we have

ﬁ(u, bg’“),A\Ak) <C / |D,ul? dy+/ |b1|7 da

+CL?(A\ Ap) +/ | Dby | da,
(A\AR)xT

and so, passing to the limit as k& — oo, we obtain

F (u, b1, A) < F (u, b2, A) + C (/ |Dpul? der/ b1 dx)
A\B (A\B)xI

+CL?(A\ B) +/ | Dby |* da .
(A\B)xI

Taking the infimum over all A € A(w) containing B, we obtain F (u,by, B) < F (u, by, B).
By interchanging b; and bs we conclude the proof of (3.33).
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Step 4: For A >0, (u,b) € W4 (w;R3) x L' (w; L4 (I;R?)), and B € B(w) we introduce
the Yosida transform

F* (u,b, B) := inf {f(u,a,B) + )\/ la(y) — B(y)”mu.w) dy: ae€ L? (Q;RS)} (3.34)
B ;
if v > 2, and
F* (u,b,B) = inf{f-(u,a,B) +>\/ [@@W) = bWl orps) W a€X (Q;R3)} (3.35)
B ;

if ¥ =2, where @ and b are defined as in (3.7).
Substep 4a: We claim that there exists a continuous functional

Fx :R¥>? x L (I;R?) — [0,00) ,

with
0< Fx(&9) < C>E" + 1) + Mgl parps (3.36)
for every £ € R3*2 and g € L? (I;R3), such that
P (b A) = [ B(Du).b) dy (3:37)

for all uw € Whe (w;R?), b€ L' (w; L7 (I;R?)), and 4 € A(w).

We remark that the monotonicity of F* (u, b, A) with respect to A implies the monotonic-
ity of F (£, g) with respect to A, for all £ € R3*? and g € LY (I;Rg).

Note that (3.9) and (3.11) follow from (3.37) with

F(&,9) =sup Fx (£, 9)
A>0

for £ € R3*2 and g € LY (I; RS), provided
F* (u,b,A) / F (u,b,A) as A/ +oo (3.38)
for every u € Wh (w;R?), b € L7 (Q;R3) (respectively, b € X (R3) if v = 2) and
A€ Aw).
To prove (3.38), we observe that, by the definition of F?*,

sup F* (u,B,A) < F(u,b,A) .
A>0

Conversely, for every A > 0 choose ay € L4 (Q; R3) such that

- - 1
f(uab,A) Zf)\ (uabaA) Zf(uaa)\aA)+)‘/AHﬁ(y)ib(y)HLq([Rs) dy*x

Since F (u,b, A) < 0o, this implies that @y — b strongly in L' (A; L1 (I; R3)) as A — +oo,
and from (3.20) and (3.22), we have that {ax} is bounded in L7 (A x I;R?). Using (3.28)
we can redefine ay to be b outside Ax I, so that now @y — b strongly in L' (w; L7 (I; R?)).
Passing to a subsequence, not relabelled, the sequence {a)} converges weakly in L9 (Q;R?)
to some function b*. To see that b* =b £3 a.e. in Q, it suffices to notice that, equivalently,
ax — b* weakly in LY (w;Lq (I; R3)), and in turn this implies that @ — b* weakly in
Lt (w; L1 (I; R?’)), and so b* = b. Therefore ay — b weakly in L4 (Q;R3). In view of the
weak lower semicontinuity of F (u,-, A) in L9 (Q;R?) we conclude that

F (u,b, A) < li/\minf]-'(u, ax,A) < likminf]-"\ (u,b, A) .

This establishes (3.38), which together with (3.37), the monotonicity of F (&, g) with respect
to A, and the monotone convergence theorem yields

F (b, A) = /AF(Dpu (1), 5 () dy
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for all u € Whe (w;R?), b € L7(Q;R3) (respectively, b € X (Q;R?) if v = 2), and
A€ Aw).

Note that (3.8) follow from (3.9), (3.20), and (3.21), while (3.10) is a consequence of
(3.11), (3.22), and (3.23).
Substep 4b: In order to prove (3.37) and (3.36), we first establish (3.37) for a countable

family G of functions b. This will require the following properties of the functional F* (~, b, )
for a fixed b e L' (w; L7 (I;R?)).

(i) F* (-,b,-) satisfies a growth condition of order p, which in view of (3.21) for v > 2 and
(3.23) for v = 2, respectively, here becomes

0<F* (u,b,A) < F(u,0,4) + )\/ y|5{|Lq(I_R3) dy (3.39)
" ;

7 2
< C/A |D,ul? dy + A/A 0] Lo ripsy dy + CL? (A)
for every ue Whe (w;R?) and A € A(w).
(ii) We claim that for every (u,b) € W (w;R?) x L' (w; L (I;R?)),
the set function 7 (u,b,-) is a Radon measure on B(w). (3.40)

It is well-known that if a nonnegative finitely additive set function defined on B(w) is
bounded from above by a Radon measure, then it is a Radon measure on B(w). In view of
(3.39), it remains to show that for every u € W1t (w;R3) and b € L' (w;Lq (I;R3)), the
set function F* (u, b, ) is finitely additive, that is

BiNBy=0 = F*(u,b,B1UBs) =F"(u,b,B1) +F* (u,b,Bs) . (3.41)

To see this, fix € > 0 and by (3.34) find ay, as € LY (Q; R3) such that

]:)\ (U,E, Bl) > ﬁ(uvahBl) +A/ |‘®(y) b y)HL‘I(1~R3) dy—
By ’

~7:>\ (U,E, B2) > f(U,GQ,BQ) + A/B H@(y) _B(y)HLq([;RB)

Define (
_ J ax(y) ifye By,
aly) = { ay (y) elsewhere

and note that a € X (;R?) if v = 2, by Proposition 5.3. Since F(u,a,-) is a Radon

measure, we have

F* (u,b, By U By) S]—N'(u,a,BlUBg)—i—)\/ la(y) —b(y) dy

B1UB>5
:.7-'(u ay, By +f(u a27BQ)

)
+ )‘/B1 H (y) - y)HLQ(I;R3) dy + >‘/B2 H@(@/) _E(y)HLQ(I;R3) dy
< F* (ubBl) (u,B,Bg)—i-E,
where we used (3.33), (3.34), and (3.35). By letting e — 07, we obtain

FA (u,b, By U By) < F* (u,b, By) + F* (u, b, By) .
The converse inequality is simpler and we omit its proof.
(iii) FA (u,g, A) depends only on the restriction of v to A, that is, if A € A(w), u1,
ugy € Wha (w;R3), and u; =wug L£? a.e. in A, then

FA (ur,b,A) = F* (u2,b, A) . (3.42)

This follows from (3.28), (3.34), and (3.35).

lpacrims)
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On the other hand, F* (u,B, B) depends only on the restriction of b to B, that is, if
B € B(w) and by, by € L' (w;Lq (I;R3)) satisfy by = by L£? a.e. in A, then
.7:/\ (u,gl,B) :.7:>\ (U/27527B) . (343)
This follows from (3.34) and (3.35).
(iv) F* (-, b, A) is translation invariant for every A € A(w), i.e., for every u € W14 (w; R3)
and c € R3, B B
FA (u+c,b,A) =F* (u,b,A) :
This is a direct consequence of the translation invariance of F (-, b, 4), (3.34), and (3.35).
(v) For every A € A(w), the functional F* (-,b, A) is sequentially weakly lower semicontin-
uous in W14 (w; Rg) . More generally, we will prove that F* (-,-, A) is sequentially weakly
lower semicontinuous in W1¢ (w;R3) x L1 (w;Lq (I; R3)). For this purpose, let up — u
weakly in W7 (w;R3) and by, — b weakly in L' (w; L7 (I;R?)), with
lim inf F* b, A) = i A b, A .
lim inf 72 (g, by, A) = lim F* (ug, by, 4) < o0
Let ar € L9 (Q;R3) be such that

, 1 _
FA (U,k,bk,A) + T > F (ug,ax, A) + )\/A ||Ek — kaLq(l;R?’) dy .

By (3.20) and (3.22), {as} is bounded in L7 (A x I;R?), and so we may assume that it
converges weakly in LY (A X I;R?’) to some function a € L9 (A X I;R?’). By extending
ar and a outside A x I by zero, it follows that ar — a weakly in L? (Q;R3). Since the
functional

@H/AH@(Q)HM(I;M) dy

is convex and continuous with respect to the strong topology of L' (w; L1 (I; RS)) , it is also
weakly lower semicontinuous. This property, together with the weak lower semicontinuity
of F (-, A), yields

FA (u,b, A) < F(u,a,A)+)\/ Ha—BHLq(I.RS) dy
B ;

< lklgli{_lf (f(uk,akw‘l) + A/A @ _BkHLq(I;RS) dy) < %Tigf}d (uk, bi, A) .

Substep 4c: We now introduce the family G mentioned at the end of Substep 4a. Precisely,
let G be a countable dense subset of L? (I; R3) for v > 2 and of L4 (I; R3) Nnwh2 (I; ]RS)
if v = 2, respectively. Fix g € G and regard g as a constant element of L' (w; Le (I; R?’)).
In view of Substep 4b we can apply Theorem 4.3.2 in [10] to the functional

FA(,g,): Whi (w;R?’) x A(w) — [0, 00)
to obtain a Carathéodory function

F)\ (‘,‘,g) :wXRSXQ - [0,00) )

with
0< Fx(y,6,9) < C»&"+1) + Mgl parze (3.44)
for £? a.e. y € w and for every & € R3*? such that
P .. 4) = [ B Du().0) dy (3.45)

for every u € W (w;R?) and A € A(w).
Since the translation invariance (3.29) is inherited by F*, we have that

FA (Tz (U)7g,7'z (A)) =F (u?g7A) >
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and so, by the explicit expression of F (y,&,g) given in (4.3.1) in [10], we deduce that F
does not depend on y, that is F\ = Fy (§,9).
Hence, for every u € W4 (w;R?), g € G, and A € A(w),

P g, ) = [ B (D)) dy. (3.40)
A

By property (ii) in Substep 4b, the representation (3.46) may be extended to Borel sets in
w, i.e.,

F (u,9,B) = / Fy (Dyu(y) ) dy (3.47)
B

for every B € B(w).
Substep 4d: To conclude (3.37), it remains to show that (3.46) may be extended from
geGtobe L' (w; L7 (I;R?)).

In view of (3.44), standard properties of sequentially weakly lower semicontinuous multiple
integrals ensure that F) (-, ¢) is quasiconvex, and so it satisfies a g-Lipschitz condition, that
is, there exists a constant C; > 0, depending only on C' and ¢, such that

P (€1,9) = P (62,9 < Cy (160177 + 1617 + Mgl pagrasy +1) 161 =2 (348)

for every &1, & € R3%2,
Assume that b € L (w; L9 (I;R?)) is of the form

E(y) = ZZlgiXBi (y) y YEw, (3'49)

where m € N, the family {B;} C B(w) is a partition of w and ¢g; € G for i =1,...,m. By
property (ii) in Substep 4b and by (3.43), we have that

F (u,b,A) = 3, F (u, b, AN B;) = 3, F (u, gi, AN By)
hence by (3.47) we conclude that
FA (u,0,4) =3, /AnBi Fx (Dypu(y),g:) dy = /AF/\ (Dpu(y),b(y)) dy- (3.50)
It follows from the definition of F* that
P (w1, A) — P (u,B, A)| < )\/A [ [F—" (3.51)

for every ue Whe (w;R?), by, by € L' (w; L7 (I;R?)), and A € A(w). It follows from
(3.51) and (3.47) that

[P (6,91) = Fa (6,92) < Mlgs — g2l sz (3.52)

for every ¢ € R3*2 and for every g1, go €G.

By (3.48) and (3.52) and a density argument we can extend F) continuously to R3*? x
L4 (I;R?) in such a way that (3.48) and (3.52) remain valid. Since both sides of (3.50) are
Lipschitz with respect to b (see (3.51) and (3.52)), and functions of the type (3.49) are dense
in L' (w; L7 (I;R?)), from (3.50) we obtain

FA (u,b, A) Z/BFA (Dpu(y),b(y)) dy (3.53)

for all uw € Wha (w;R?’) ,beL! (w;Lq (I; R3)), and A € A(w). O
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4. EXAMPLE OF NONLOCALITY IN DIMENSION REDUCTION
Let Q =w x I be as in Section 3. Fix a function g : R3 — [0, +00) such that
g is continuous in R? (4.1)
g(2) >aglz]> —by forall z € R?, (4.2)
gler)=g(—e1)=0<g(z) forz# +ey,
for some constants ag > 0 and by > 0, where e; := (1,0,0), and define

W (&) =W (&1 1€ 1€5) = |&1]* + & + 9 (&) (4.4)

where £, &, and &3 are the columns of the 3 x 3 matrix £.
For A e A(Q), ue W2 (A4;R?) with D?u € L? (A;R*3*3) 'and ¢ > 0 consider the

functional

W, (u, A) = /A [W (Dpu

To study the asymptotic behavior of 2. as € — 0, it is convenient to introduce the func-
tional

3

1 2 1
EDgu) +e2 ’Dzu‘ + \ng,u|2 + = |D33u\2 dx .

T Wh (4 R?) x L? (4 R?) x A(Q) — [0, o]
defined by

3. (b, A) = { ggg (u,A) if b=1D3uin A and D?u € L* (4;R3*3%3) |

otherwise. (4.5)

By Proposition 8.10, Corollary 8.12, and Theorem 16.9 in [15] there exists a sequence g — 0
such that §., T'-converges to a functional § in the sense of Definition 16.2 in [15] with X :=
W2 (;R?) x L? (;R?) endowed with the weak topology. Note that § (u,b, A’ x I) =
F(u,b,A") for every u € W2 (w;R3), b € L? (;R?), and A’ € A(w). In this section
we give an example of an energy density W such that the corresponding F (u, b, ) is not a
measure on A (Q).

The main result of this section is the following theorem.

Theorem 4.1. Let by (z) := (23,0,0), © € Q. Then F(0,by,-) is not a measure on A(),
in the sense that there is no measure p defined on the o-algebra of the Borel subsets of €1
such that §(0,bg, A) = p(A) for every A€ A(Q).

Proof. The proof is very similar to the one of Theorem 2.1 and we indicate only the main
changes. We argue by contradiction and assume that there is a measure p, defined on all
Borel subsets of §2, such that

§(0,bp,A) = pu(A) for every Aec A(Q) . (4.6)

We claim that in this case

3 (0,b,Q) < /Q |Dsbo|? dz = £3(Q) . (4.7)
By (4.1) and (4.3), given n > 0, there exists ¢ > 0 such that
g(z)<n for |[zte] <9 (4.8)
We cover 2 with a finite number of open sets A; contained in 2 and such that
diam A; <6 and > ,L% (4;) < (1+1n)L*(Q) . (4.9)
By (4.6),
§(0,b0,92) <3°.5(0,bo, A;) . (4.10)

For each i fix a point z(Y) € A;. Since xéi) € I, there exists \; € (%, %) such that

2 =N (1) 4+ (1= )1,
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and we can write
bo () = 75 = A; (—1 +as— xéi)) +(1=\) (1 +as— xg>) . (4.11)

Let x be the 1-periodic function in R such that x* (¢) = 1 for t € [0, \;] and xV (t) =0
for t € (A, 1). We introduce a sequence of positive numbers «p — 0, which will chosen

later, and we define ng) (t) :== x (t/ay). By the Riemann-Lebesgue lemma, X,(j) -\

weakly* in L*° (R). Define for z € Q,
B,(:) (x) == [Xg) (21) (—1 + a3 — xgl)) + <1 — Xz(j) (331)) (1 +x3 — x;(;i))} er - (4.12)
By (4.9) we have ‘3:3 — xg)’ < ¢ for x € A;, and so, by (4.8),
g ( ,(j) (:c)) <n forevery x € A;. (4.13)
Moreover, Dgﬁl(:) (x) = ey for every x € A;.

Let p € C ((—1,1)) be such that [, p(t) dt =1 and p > 0. We introduce another se-

quence of positive numbers o — 0, which will chosen later, and we set pg, (t) := p (t/o%) /0%

and Lpg) = pp * XS)' For every i and for z € Q define

: (21) /013 (—1 +t— xéi)> dt + ey, (1 - np,(j) (xl)) /Ofﬂs (1 +t-— a:gi)> dt] e1,

) (@)1= 2 Daul? (@) = [ (@) (<14 0 = o) + (1= o (@) (1423 = af)] en.

S
Ly
—~
&
~
I
—
Q)
o
S
>

We choose ap — 0 and o, — 0 so that ox/ap — 0 and ei/or — 0. Since ’goff)

. !/ . "
(eogf)) (@5?)
ug) — 0 strongly in L™ (Q;R?), Dpu,(:) — 0 strongly in L? (Q; R3*?), <p,(€i) — )\; weakly*
in L (1), ") — by weakly in L? (2;R3), akDg_u,@ — 0 strongly in L? (Q;R3X222),
ngug) — 0 strongly in L? (Q;R?’“), and E%Dg,g,u,(f) = ng%) =e;.

By (4.4) and (4.13) and the fact that

s )i~ [ a0 -

i

<c

Y

< c/oy, < c/oy, and L! ({w,(f) £ X,(ci)} ﬁI) < cop/ay, we have that

we have
Feo (w00, 4) < (L4 £2 (A1) +0(1)

and so by I'-convergence
g (Oa b07 AL) < (1 + 77) ‘63 (Al) )
and using (4.9) and (4.10) we deduce
§(0,b0,2) < (147) T,L° (4)) < (1+1)° £2(2) -

Letting n — 0, we obtain (4.7).
On the other hand, since the functional

b— / |Dsb|® da is weakly lower semicontinuous in L2 (% R?) (4.14)
Q

and below F (-,-,Q), we conclude that
T(0,b0,Q) = L*(Q) .
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By the lower bound in (2.2) and by a general property of the I'-limit of coercive functionals
(see Propositions 8.1 and 8.10 in [15]), there exists a sequence {u} C Wh2 ((;R?) con-
verging to 0 weakly in W2 (Q;R?) such that b, = iDz}U,k — by weakly in L? (Q;R?)
and

. 2
tim [ [W (Dyu ) + &3 | D2us|* + | Dysun * + | Dby ] da

k—oo Jq
= lim §, (ug, by, Q) = F(0,b0, Q) = L2 (Q) .
Using (4.3), (4.4), and (4.14), we obtain

lim [ g(bg) dz =0,

k—o0 Q

hm/wwﬁ@:/wﬁfm:ﬁmy
k—o0 Q (9]

We can now continue exactly as in the proof of Theorem 2.1 (see (2.16) and (2.17)) to obtain
a contradiction. O

5. APPENDIX

In this appendix we present some auxiliary results used in the proof of Theorem 3.3. The
theorem may be found in [20].

Theorem 5.1 (De Giorgi-Letta). Let (X,d) be a metric space, let A(X) be the collection
of all open subsets of X, and let B(X) be the o-algebra of Borel subsets of X . Assume

that p: A(X) — [0, oo] is an increasing set function such that
) p(0) =
(ii) (subaddzthty) p(A1UAs) <p(A1)+p (Ag) forall Ay, As € A(X);
(iii) (inner regularity) p(A) =sup{p(A1): Ay CC A} for every A e A(X);
(iv) (superadditivity) p (A1 U As) > p(A1) + p(As) for all A1, Ay € A(X), with A1 N
Ay =0.
Then the extension of p to B(X), defined for every B € B(X) b

p(B)=inf{p(A): Ac A(X), BC A}, (5.1)
is a measure on B(X).
The following corollary is an adaptation of a similar result in [3].

Corollary 5.2. Let (X,d) be a locally compact metric space such that every open set A C X
is o-compact. Assume that p: A(X) — [0,00) is an increasing set function such that

(1) (additivity on disjoint sets) p (A1 U A2) = p (A1) + p(Az2) for all Ay, Az € A(X),
with Al N A2 = @,’
(2) forall A, B, C € A(X), with C CC BCC A we have
p(A) < p(B) + p(A\ O);
(3) there exists a measure i : B(X) — [0,00) such that
p(A) < p(A) < +oo
for every A € A(X).
Then p is the restriction to A(X) of a measure defined on B(X).
Proof. We start by checking the validity of the hypotheses of the De Giorgi-Letta theorem.
Property (i) follows from (3), while (iv) follows from (1).
We prove inner regularity. Fix A € A(X), € > 0, and find a compact set K C A such

that
p(A\K) <e
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By Theorem A.12 in [20] there exists an open set C' CC A such that K € C' C A. Hence,
p(A\T) < u(A\T) <.
Choose B € A(X) such that C CC B CC A, and apply property (2) to obtain
p(A) < p(B) + p(A\ ) < p(B) + ¢
<sup{p(4"): A" cc A} +e.

Letting € — 0" and in view of the monotonicity of p, we conclude that (iii) holds.
Finally, to show subadditivity, fix A,B € A(X) with A\ B # @ # B\ A. For every
t € (0,1) define
Ay ={x € AUB: tdist (z,A\ B) < (1 —¢t)dist (z, B\ A)} ,
B, :={x€ AUB: tdist (z,A\ B) > (1 —¢)dist (z, B\ A)} ,
Sy:={rxe€ AUB: tdist (z,A\ B) = (1 —¢t)dist (z, B\ A)} .

Since the sets S, are pairwise disjoint, there exists tg € (0,1) such that p(Si,) = 0. Then
we may find Af, B} € A(X) with Ay CC Ay, and B} CC By, such that

n((AUB)\ Ay U Bj) = p((Ay, U By,) \ Ay U Bp) <&,
and so by (3),
p(AUB)\ AL UBY) < u((AUB)\ B U B} < <.

Applying property (2) to AUB, Aj U B/, AjU B{, where A, B € A(X) with A CC
Aj cc Ay, and B}, CC By CC By,, we obtain

p(AU B) < p(Ag U By) + p((AU B) \ Aj U By)
< p(AQ) + p(BY) + e < p(A) + p(B) + ¢,

where we used (1) and the fact that Aj and B{ are disjoint, together with the fact that p
is increasing.

In view of the De Giorgi-Letta theorem it follows that p is the restriction to A (X) of a
measure defined on B (X). O

The following proposition provides a useful integration-by-parts formula.

Proposition 5.3. Let  := w x I, where w C R? is an open set, and let b € L9 () be such
that D3b € L? (). Then

/ pDsbdx = 7/ bDsp dx (5.2)
BxI BxI

for every Borel set B C w and for every ¢ € C* (ﬁ) with ¢ = 0 in a neighborhood of
wxol.

Proof. Let ¢ be as in the statement. We first prove (5.2) when B is an open set. In this
case we construct a sequence {¢} C C° (B;[0,1]) such that ¢y (z) /1 for every € B
as k — oo. Since o € CL(Q), we have

[ vweDabis = [ D3 (wng) do =~ [ binDag ds.
Q Q Q

Taking the limit as & — oo, by the Lebesgue dominated convergence theorem we obtain
(5.2) when B is an open set. Since both sides of (5.2) are Radon measures with respect to
B, the equality on open sets implies (5.2) for every Borel set. O

The following proposition will be used to prove Theorem 5.5. For a proof see, e.g., [16].
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Proposition 5.4. Let A C R", n > 2, be an open subset with compact boundary and
satisfying the segment property and let 1d be the identity map on R™. Then for every n > 0
there exists a ®, € C> (R™;R") such that ®, (Z) Cc A, ®, —1Id has compact support in
R™, and ®,, —Id — 0 in C® (R™;R™) as n — 0.

The following theorems were used in the proof of Theorem 3.3. Given a set A C R? and
1 > 0, we use the notation

AT = {y ew: dist (y, A) <n} .

Theorem 5.5. Let Q := w x I, where w C R? is an open bounded domain with Lip-
schitz boundary, and let A C w be an open set satisfying the segment property. Let
u € Whi (Q;R3) be such that Dzu = 0 L3 a.e. in A x I. Then there exists an ea-
tension, still denoted u, which belongs to W14 (R3;R3) and satisfies Dzu =0 L3 a.e. in
AxR. Moreover, for every n > 0 there exists a function u, € W4 (R3; R?’) such Dgu, =0
L3 a.e. in A" xR and u, — u strongly in W4 (R?’;R?’) asn—0F.

Proof. Since w is Lipschitz, we can extend u to a function in W'? (R? x I;R?). By a
reflection argument, we can further extend it to a function v € W14 (R3;R3) such that
D3yu=0 L% ae. in AxR. Let ®, € C* (R%R) be given by Proposition 5.4. Since the
compact set @, (Z) is contained in A, we may find J,, > 0 so small that @, (A‘sﬂ) C A.
Hence, up to a change in the parameter 7, it is not restrictive to assume that ®, (A"7) C A.
Define V¥, (z1,22,23) = (P (x1,22),23). It is easy to see that u, := wo ¥, has the
required properties. O

Theorem 5.6. Let Q := w x I, where w C R? is an open bounded domain and let A C w be
an open set with L2 (0A) = 0. Let b € L (;R?) be such that Dsb € L? (A x I;R?). Then
for every n > 0 there exists an extension, still denoted b, which belongs to L1 (R3;R3) and
satisfies D3b € L? (A” x R; R3), Moreover, there exists a function b, € L9 (R3;R3) with
D3b, € L? (A" X R; RS) such b, — b strongly in L1 (RS;R3) and D3b, — D3b strongly in
L? (A X R;RS) as n— 07,

Proof. By a reflection argument, we may extend b to a function in L9 (R3;R3) such that
Dsbe L? (A X R;RB). Define

_fo0 ifzxe (A" A) xR,
by (2) = { b(z) otherwise.

Then b, — b in L4 (R3; R3) . Moreover, by Proposition 5.3, we have

{0 if 2 € (A"\ A) x R,
D3b"(x)_{ Dsb(z) ifze AxR

for £3 ae. z € Ay xR, O
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