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Abstract. In this work a dual-mixed approximation of a nonlinear generalized Stokes problem is
studied. The problem is analyzed in Sobolev spaces which arise naturally in the problem formulation.
Existence and uniqueness results are given and error estimates are derived. It is shown that both
lowest-order and higher-order mixed finite elements are suitable for the approximation method.
Numerical experiments that support the theoretical results are presented.
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1 Introduction

In this article we investigate the solution of a nonlinear generalized Stokes problem using a dual-
mixed formulation. The nonlinear generalized Stokes problem arises in modeling flows of, for exam-
ple, biological fluids, lubricants, paints, polymeric fluids, where the fluid viscosity is assumed to be
a nonlinear function of the fluid’s velocity gradient tensor. The generalized Stokes problem is given
by: Find (u,p) such that

V- @(|Vu|)Vu)+Vp = f inQ, (1.1)
V-u = 0 in{,
u = ur onl,

where 2 is a bounded open subset of R™ with Lipschitz continuous boundary I'. The fluid velocity
is denoted by u, and Vu := (Vu);; = 0u;/0x; is the tensor gradient of u. Here and throughout
the paper we use the following notation: for tensors o = (0y;), T = (73;), o : T = >, 1 0ijTij,
|o|? = o : 0. The pressure is denoted by p, and f describes the external forces on the fluid. The
function v describes the nonlinear kinematic viscosity of the fluid.
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Some classical examples of v are given by:

Power Law

v(|d(w)]) = voldW)[""2, >0, 1<r<2, (1.4)

where d(u) = %(Vu + VuT) denotes the fluid deformation tensor. The power law model has been
used to model the viscosity of many polymeric solutions and melts over a considerable range of shear
rates [18].

Ladyzhenskaya Law|[21]:

v(|Vu|) = (g + v [Vu)"™2, 19>0, 1 >0, r>1, (1.5)

which has been used in modeling fluids with large stresses.

Carreau Law:

v(ld)) = vo (1 + |dw)2)" 2 w>0,r>1, (1.6)

used in modeling visco-plastic flows and creeping flow of metals.

General descriptions of (1.1) are often written in terms of the tensor o = v(|Vu|)Vu:
—-V-o+Vp=f inQ. (1.7)

The work in this paper extends the investigations of [4, 22, 15]. In [4] Baranger, Najib, and Sandri
provided an analysis for the existence and uniqueness of the modeling equations in appropriate
Sobolev spaces and gave an error analysis of a finite element approximation method applied to the
primitive variables (o, p, u). Manouzi and Farhloul in [22] reformulated the modeling equations into
a saddle point problem and used a mized formulation to study the existence and uniqueness of the
solution, again in appropriate Sobolev spaces. An error analysis for the finite element approximation
was also given. In both [4] and [22] the analysis used the assumption that the equation describing
o in terms of d(u) or Vu was invertible to give d(u) or Vu as a function of o.

Recent work by Gatica in [13] and Gatica, Heuer, and Meddahi in [14] provided a general theory for
solvability and Galerkin approximations of a class of nonlinear twofold saddle point problems posed
in Hilbert spaces. In [15], Gatica, Gonzélez, and Meddahi reformulated the modeling equations
for a nonlinear generalized Stokes flow as a twofold saddle point problem, using the tensor )
in place of o (p = o — pI) and introducing an additional variable for Vu. In doing so, their
formulation used the constitutive equation for o as a function of Vu and reduced the regulatity
requirement for the velocity. Advantages of this approach include: (i) more flexibility in choosing
the approximating finite element space for u, (ii) Dirichlet boundary conditions for u become natural
boundary conditions and are easily incorporated into the variational formulations, (iii) avoids the
assumption of expressing Vu was a function of o. A disadvantage in this formulation is that
additional unknowns are introduced. The analysis of this approach was only studied in a Hilbert
space setting.

In this paper we recast the formulation described in [15] in appropriate Sobolev spaces. Because
of the nonlinearity in (1.7), this problem is more appropriately studied in Sobolev spaces which



should result in tighter error estimates for the approximate solution. This extends the work of [22]
by avoiding the assumption of expressing Vu as a function of o. In addition, we show that higher-
order approximating spaces can be used in the mixed finite element method for this formulation
and give the associated a priori error estimates.

A description of the notation used in this paper, the mathematical problem, and the dual-mixed
variational formulation is given in Section 2. Existence and uniqueness of the variational formulation
is studied in Section 3. In Section 4 the finite element approximation is presented and analyzed.
Numerical results are given in Section 5.

2 Mathematical Setting

Here and throughout the rest of this paper we consider the case where 1 < r < 2. We denote the
unitary conjugate of r by r/, satisfying 7! 4+7/~! = 1. Used in the analysis below are the following
function spaces and norms.

T:= (LT(Q))TLXTL = {T = (Tij); Tij € LT(Q) ;g =1,... ,n},
with norm |77 := ([, |7 dQ)l/T.

nxn

T — (Lr'(Q)) and Tc/liv = {7- ceT ;divT € (L’“'(Q))n },

1/ /
with norm ||THT (fQ (7" + |divT|" )dQ) .Let U = (L"(Q))",and P := L™ (Q).

For a Banach space X, X* denotes its dual space with associated norm || - || x+. Note that T* = T,
and (T/) = T. The norm and seminorm associated with the Sobolev space W™ (Q) will be

denoted by || - |lm,r0 and | - |m rq, respectively, and the infinity norm will be denoted by || - ||oc-

Motivated by (1.4),(1.5),(1.6), we will assume that the extra stress tensor is a function of the velocity
gradient, i.e.
= g(Vu) = v(|Vu|)Vu. (2.1)

Specifically, we assume
Al: g:T —T" isa bounded, continuous, strictly monotone operator [24];

and that there exist constants C; and Cs such that, for s,t,w € T,

| (o) — 50 : (s — [ 1ets) — ) — s — ¢l
A2 [ (gls)— ) (s—0)dn > Cy (/Q 8(5) — (0] t'dmusug—mt”;—r)’ (22)

A3: [ (gls) -~ g(0) s wae < G r|+|t|H ( [ et \|s—t|d9)w Iwle,  (23)

with the convention that g(s) = 0 if s = 0 and [s(x) — t(x)|/(|s(x)| +|t(x)]) = 0 if s(x) = t(x) = 0.
Properties A1-A3 have been established for power law and Carreau law fluids [3]. (For the case of
a power law fluid monotonicity is also shown in [26, 7].) For Ladyzhenskaya law fluids, the analysis
in [26] is easily extended to show that A1-A3 hold.




Remark 2.1 From (1.2) it follows that ur must satisfy the compatibility condition

/up-ndF =0,
r

where n denotes the outward pointing unit normal vector to §Q.

In order to obtain the dual-mixed formulation, introduce two new variables, ¢ and 1.

¢ = Vu,
¥ := o — pl, the total stress tensor,
= g(¢) — pI, using (2.1).

With the definition of ) a variational form for (1.1) can be written as

—/V~div¢dQ = /V'fdQ,forveT.
Q Q

Note that from the definition of ¢ we have that, for sufficiently smooth functions,

0 = —/¢:Tdﬂ+/Vu:TdQ
Q Q
= —/d):TdQ—l—/(T-n)-ude—/u-dideQ
Q r

Q

(2.7)

(2.8)

where the integral over T is the duality pairing of (W =/ (T'))™ and (W'~1/""(I"))" with respect

to the (L?(2))" inner product. The incompressibility condition divu = 0 is equivalent to

where we use tr(¢) to denote the trace of ¢.

Combining (1.4), (2.8), and (2.7) a variational formulation to (1.4), (2.8), and (2.7) is:

fe (L"'(Q)>n, ur € (W=Vrr(1)", determine (¢, 4, p,u) € T x Ty, x P x U such that
/g(¢) tedQ) — /¢:ng - /ptr(g)dQ = 0,¥%¢eT,
Q Q Q

_/QT;MQ _ /thr(¢)d(2 - /Qu-dz'UTdQ - _/F(T-n)-urdr,

V(7,q) € Ty x P,

—/v-divwdﬂ = /v-fdQ,VveU.
Q Q

(2.9)

Given

(2.10)

(2.11)
(2.12)

Note that equations (2.10)-(2.12) do not uniquely define a solution; as adding (0,cI, —¢,0) to a
solution (¢, 1, p,u), also satisfies (2.10)-(2.12) for any ¢ € R. In order to guarantee uniqueness we

proceed as in [2, 6, 15] and impose, via a Lagrange multiplier, the constraint fQ tr(e) dQ

= 0.



/ n
The variational formulation may then be restated as: Given f € (L’” (Q)) ,ur € (Wlfl/’”’T(I‘))n,
determine (¢, ¥, p,u,\) € T X TC/M x P x U x R such that

/g(gb):gd(l - /w:ng - /ptr(c)dQ = 0,YeeT, (2.13)
Q Q Q
—/QT tpdQY — /thr((b)dQ - /Qu-dideQ + )\/Qtr(r)dQ

= —/(T-n)~updf ,V(7,q) ETC/M x P, (2.14)
r

—/v~div1,bdQ + n/tr(¢)d9 = /v-fdQ,V(v,n)EUXR.(2.15)
Q Q Q

Remark 2.2 As commented in [15], the value of the Lagrange multiplier X is 0, as can be seen
from the choice of T =1 and g = —1. However, it is included in the variational formulation so that
the formulation has a twofold saddle point structure.

To formally rewrite (2.13)-(2.15) as a twofold saddle point problem define the following operators:

A:T—T, B:T— (Ty,xP)*, C:Ty, xP— (UxR)*.
[A(@), s] = /Qg(cﬁ):cdﬁ, (2.16)
B(®), (1,9)] = —/Q T 1 pdQ) — /thr(¢) dQ, (2.17)
[C(¥,p), (v,n)] = —/Qv~ divp dQ) + 77/9157"(7,[))d9. (2.18)

The modeling equations can then be written in the form

[A(¢),s] + [, B*(¢,p)] = 0,¥c€eT, (2.19)
B(o), (,9)] + [(,9), C*(w,A)] = —/F(T n)-urdl ,Y(7,q) € Ty, x P, (2:20)
[C(¢,p), (v,n)] = /Q v-£dQ,VY(v,n) e U xR, (2.21)

where B* and C* denote the respective adjoint operators of B and C, respectively.

3 Solvability of the Continuous Formulation

In this section we discuss the existence and uniqueness of a solution to (2.19)-(2.21). The proof of this
result requires specific properties of the A, B, and C operators (including suitable inf-sup conditions
for B and C), the general theory of saddle point problems, and monotone operator theory. We
remark that direct applications of Holder’s inequality establishes that [B(-), (-, )] : Tx (T}, x P) — R

/

and [C(-,-),(-,-)] : (T, x P) x (U xR) — R are bounded (componentwise) linear functionals.
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Additionally, the assumptions A1-A3 discussed in Section 2 imply that A(¢) defines a bounded,
continuous, strictly monotone operator on a reflexive Banach space. Before presenting the proof
of solvability in Theorem 3.1, we present several technical lemmas that establish the appropriate
inf-sup conditions for B and C.

3.1 Inf-sup Condition for B

Define the null space for the operator C, 71, as
Zi = {(r.0) €Ty x P+ [C(r.q), (v,n)] = 0, ¥(v,m) €U xR},

= {(ﬂq)ET;ivxP:divT:OinQ, and/

tr(r) dQ = o} . (3.1)
Q

Note that for (7,q) € Z1, ||T|l;x = |[T|l;#. Helpful in establishing the inf-sup condition for B is
div

the following lemma.

Lemma 3.1 (See Lemma 3.1 in [2] for Hilbert space setting.) For T € Ty, satisfying Jotr(T)dQ =
0, let 70 =71 — %t?“(T)I. Then, there exists C, depending only 2, such that

Il < C (I + div Ty ) (3:2)
Proof: Now, there exists a non-zero function ¢ € L"(£2) such that

ler(r )y Wellrey = | er(r) pas. (3.3)
Since fQ tr(T)dQ? = 0, we can assume chde = 0 (shift ¢ by its average). From [12], pg. 116,

given ¢ € L"(Q), 1 <r < oo with [, ¢dQ = 0, then there exists v € WOI’T(Q) and a constant C'
such that

divv = ¢ in Q) and Ivllwiry < Cllellir e - (3.4)
From (3.3) and (3.4),
1 1 ) 1
ﬁ”tr(T)HLT’(Q) [vlwir) < v o tr(T) divvdQ = - Qtr(T) I:VvdQ

= /(T —79):VvdQ (using the defn. of 7°)
Q
= —/(TO Vv + divt - v)dS)
Q

S (”TOHLT‘/(Q) + HdiUTHWfl,r/(Q)) ||V||W17‘(Q)

Lemma 3.2 There exists a constant c1 > 0 such that

B(9), (7.0) 55)

cl .

inf sup
ez ger 18l [0l o



Proof: The inf-sup condition is established using the approach in [15] (and the references therein)
for the Hilbert space case, in which two cases are considered and suitable choices of trial functions
are constructed to form a lower bound on the supremum. We briefly illustrate the adjustments to
the general Sobolev case and refer the reader to [9] for the complete proof.
Case L: [lallp < |17l -
Let v 1

=7 —tr(n)L and ¢ =m0 (3.6)

Note that ¢ € T, and ||¢||7 = 1. Then, using Lemma 3.1 and the fact that tr(7°) = 0, there exists
a constant C' > 0 such that
[B(9), (7, 9)]

> C||(7, ' 3.7
Dl il o (3.7

for (1,q) € Z1.

Case 2.: [lqllp > Il .

Let ,

S A )

¢ - r'—1
lgT + 717

(3.8)

Again, ¢ € T, and ||¢||r = 1. This choice of ¢ implies that there exists a C' > 0 such that, for

(1.9) € 41, [B(9), (T,4q)]
T4
el 20Tl

3.2 Inf-sup Condition for C

The following lemma is an extension of Lemma 2.1 of [15] to the general Sobolev case and is helpful
in establishing the inf-sup condition for C.

Lemma 3.3 Let OT(;w = {T € T(;w : fQ tr(r)dQ = 0}. Then, there exists C > 0 such that for
anyu €U

u - divt df) u - divr dS2
sup fQA— > C sup fﬂ— (3.9)
Fe or) 17l et Il
40 T#0

Proof: For 7 € Tc/l
Let

e let To = T — ﬁ (fo tr(7))dQ) L. Then, 7o € (T}, and divt = divTo.

’/7"—1,7_0 +

S = ‘To‘r

son ((Jy tr(7) il ({g’ ral”/e 7 ) ([ i)

Note that as
/ ’ 1/T !
llrol™ /™~ Lroll L = / 70" dQ2 = HTOHZT//Ta
Q



and

/ ym|’"’/”tr(ro)d9‘ < \/ﬁ/ frol /7 1dS < C ol

Q Q

Thus ,

Isller < Climoll?) (3.10)

We have that
T,0)

7|l = sup (3.11)

oerr |lol|zr .

. /
Now, using 79 € o1}

v

(r,q) = /nyoyr’dsw n!19|</9 tr(r)dQ) (/Q yroy’“’/’“ltr(fo)dsz)
nylm (/Q r(7) dQ) (/Q |TO|T’/T—1tr(TO)dQ>'

= ol - (3.12)

+

Therefore, from (3.10), (3.11), and (3.12) we have that ||7|,.» > C|7o||,». Combining the above
we obtain

Jou-divrdQ [, u-divrdQ - CfQu-divTon

)

Il Il [rollz

from which (3.9) then follows.

Lemma 3.4 There exists a constant cg > 0 such that

inf sup [C(r.q), (w,M)] > cy. (3.13)

VST O [ Cown] I [ e

Proof: As in the case of Lemma 3.2, the structure of the proof mirrors that in [15] and considers
two cases:

Case 1.: |A| > |[ullv.

For this case we have

T u u nA”
[C(r.9), (W] _ [CALO), (w,N)] _ IAIn’“'?Q:g"W > Cll(w,N)|lxe - (3.14)

sup >
(T,q)ET;wXP H(T’Q)HT;“)XP ”>\I||Tz;iv

Case 2.: |A| < |[ullv.
Using Lemma 3.3,

C A — o u - divry dS2 — o u - divr dQ
sup [ (T,CI), (u7 )] > sup fQ 0 >C sup fQ (315)
oty 1TDlg = rear, ol rery,, 7,
Choose w € (L™ (€2))" such that ||uz- W~ = [qu-wdQ, and let T satisfy divT = w in Q
with
7y < Cliwllyer



(see [12] pg. 116). Then,

sup (C(r,q), (w,}) > C ~ Jo u- div(=7)d0 > CM
(T,q)ET;iUXP H(T?q)HT;pr ” - T”T[;iv ”WHLW
> Cllully > Cll(w, Mloe. (316)

3.3 Existence, Uniqueness, and A Priori Estimates

Before proceeding to the proof of existence and uniqueness, we state two known results that will be
utilized:

Lemma 3.5 ([17], Remark 4.2, pg. 61) Let (X,| - ||x) and (M, || - ||ar) be two reflexive Banach
spaces. Let (X', || - ||x/) and (M',| - ||ar) be their corresponding dual spaces. Let B : X — M’
be a linear continuous operator and B’ : M" — X the dual operator of B. Let V. = ker(B) be
the kernel of B; we denote by V° C X' the polar set of V : VO = {2/ € X' [2/,v] =0, Vv € V}
and B : (X/V) — M’ the quotient operator associated with B. The following three properties are
equivalent:

(i) 36 > 0, such that

e [Bv, q]
inf sup ————
9eM yex |lallar llvllx

=>p,
(i1) B’ is an isomorphism from M" onto V° and
1B'qll = Bllallvr Ya € M,
(iii) B is an isomorphism from (X/V) onto M’ and
1Bl = Bllol vy Yo € (X/V).
|
Lemma 3.6 (/24], Theorem 9.45, pg. 361, Browder-Minty) Let X be a real, reflexive Banach

space and let T : X — X' be bounded, continuous, coercive and monotone. Then for any g € X'
there exists a solution u of the equation T'(u) = g; i.e., T(X) = X'. [

The main result of this section is now presented.

Theorem 3.1 There exists a unique solution (¢p,¥,p,u,\) € T X T;lw x P x U x R satisfying
(2.19)-(2.21).

Proof: Following the approach in [10], from Lemmas 3.4 and 3.5 (i) and (iii), with the associations
X =Ty xP, M =Ux R, B: X — M' defined by B((7,q)) := [C(T,q),(-,")], V = ker B = Z1,
we have that there exists (1,p) € (T, X P)/Z1 such that

[C(lb,p),(v,n)]:/gzv-fdﬁ, V(v,n) eU xR



with (%, 5) 17 pyjz < (1/e2)|Ellor- As the cosets in (T, x P)/Zy are closed, we can choose
. div
(Yo, p0) € (¢,p) such that

lbollzr + ool = @020l o= 1@ D)l pyyzy < WelElorr.  (317)

Let ¥ = 4 +1py and p = p+ po. Then solving (2.19)(2.21) is equivalent to: find (¢, 4, p) € T x Z;
such that

[A<¢>7 g‘] + [C, B*<’l~ﬁ,ﬁ)] = —[C, B*("pO’pO)] ) Vg € Tv (3'18)
[wawﬂn::—zb~m«nﬂx Vir.q) € 2. (3.19)

Introduce a subspace of T defined by
={seT:[¢,B(7,q)] =0,V(r,q) € Zi} ={s €T : [B(s), (1,9)] = 0,V(7,q) € Z1} .

Now, from Lemmas 3.2 and 3.5 (i) and (iii), through the same argument as above now with associ-
ations X =T, M = Z;, B: X — M’ defined by B(s) := [B(s),(-,")], V = ker B = Zy, there is a
¢ € T such that

[W%%ﬁﬂﬂZ—AﬁﬂﬁdeWﬂweﬁ,

with )
ol < EHUFHI—I/T‘,T,F‘ (3.20)

Then, solving (3.18)-(3.19) is equivalent to: find ¢ € Z, such that

[A( + ¢p).s] = —[s, B*(¢g.p0)] , Vs € Zs. (3.21)

Lemma 3.6 and the assumptions A1-A3 guarantee the existence of a ¢ satisfying (3.21). Uniqueness
of ¢ is implied by assumption A2, and this uniquely determines ¢ = ¢ + ¢o. Thus, Lemma 3.2
and (2.19) imply there exist unique (¢, ) € Z; that satisfies

[Cv B*('{b,ﬁ)] = *[C, B*('l»bOapO)] - [A([b + ¢O)a g] ) VeeT. (3'22)

This uniquely determines 1 and p. Then Lemma 3.4 and (2.20) imply there exists a unique (u, ) €
U x R such that

[(T:9), C*(w, N)] = _/I"(T n)-urdl - [B(¢), (1,q)], V(7,q) € Ty, x P, (3.23)
which completes the proof. [ |
Corollary 3.1 The solution (¢,,p,u,\) € T X T;w x PxU xR to (2.19)-(2.21) satisfies

Igllr+ulls + 1A < C (larlhoymr + 18167 (3.24)

1/r' 1/r
1l +lple < C( / /Q) : (3.25)

N

for some constant C > 0.
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Proof: Let ¢ = ¢y + (;Nb, P =1y + @Nb,p = po+ P, u, and A be as in the proof of Theorem 3.1. From

(2.2) we have that

& <||a)+¢ouzp + [ 186+ 606+ %\da) < [ 66+60): 6+ 00)d0

Using (2.16) and (3.26) with ¢ = ¢ we have

(3.26)

A(¢). 8] = /Qg(&swo):<?>d9=/ﬂg<&>+¢o>:<<?b+¢o>d9+/9g<&>+¢o):¢odﬁ

e (w sollp+ [ le@+ 90)l6+ 6 dfz)

. _ _ 1/r!
& (/Q|g<¢+¢o>||¢+¢o\d9) ol

€1 CQ

> Cill¢+ ol + <C’1

)/\g &+ o)l + ol d2 - jlnqson%.

Now we also have from (3.21), using Young’s inequality and the triangle inequality,

[A(d+ ), ] = —[B(&),(wo,poﬂ=/Q¢o:&>d9+/gpotr<<?>>d9

IN

ol | Bll + v |lpollpllelr

262

IN

IN

2
o (H¢+¢OHT+ Ibolz) + -

Combining (3.27) and (3.28), we have

(01—262) ||¢||T+<él C) / 2(6)][¢] d2

C 2
< <+) 1ol + e (Inbolly + v looll7)

Teq

Together with (3.17), (3.20) and choices for €;, €2 that ensure

2€9 A 6102

C’l——>o and Cy —

we have

=211l + (||¢0|V+fupo||p)
— (Isolly + v loll7)

>0,

lllr + / &)l d2 < C (JJurlly1/mrr + €157 -

for some C' > 0. From A3, (3.22), Lemma 3.2 and Lemma 3.5 (i) and (ii), we have that

~ ~ 1/r
[l + 16l = 1Dl cp < (H%HT # e+ ( [ le@lol ) ) .

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

Combining (3.17), (3.30), and (3.31) we obtain (3.25). Finally, (3.23), Lemma 3.4 and Lemma 3.5
(i) and (ii) complete the estimate (3.24) by bounding [|(u, A)|luxr with |[@|7 and [[ur|l;—1/,r. ™
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4 Finite Element Approximation

Let Q C R™ be a polygonal domain and let 75 be a triangulation of  into triangles (n = 2) or
tetrahedrals (n = 3). Thus
O=UK, KeT,,

and assume that there exist constants v1,v2 such that
1h < hi < ypx (4.1)

where h is the diameter of triangle (tetrahedral) K, pg is the diameter of the greatest ball (sphere)
included in K, and h = maxge7, hi. Define the finite-dimensional subspaces Tj, C T, TC/M n C Telh-v,
P, C P, and U, C U. Then the discrete formulation of (2.13)-(2.15) is defined as:

[A(dy), snl + [sns B @opn)] = 0,Ysn € Th, (4.2)
B, (o) + (7). € (un M) = = [ (om) - ur

V(Thyan) € Tgipp ¥ Py (4.3)

C @ pn) s (Vmomn)] = /th-fdQ,V(vh,nh) € Up xR. (4.4)

The corresponding discrete kernels of B and C are defined similarly. We have

AVIRSS {(Tm%) € Ty ¥ P 0 [C(Th, ) s (Viomn)] = 0, ¥(vi,m) € Up % R} :

and
Zop = {sn € T : [B(Sn), (Thyqn)] = 0, Y(Th,qn) € Z1n} -

4.1 Existence, Uniqueness, and A Priori Estimates

Theorem 4.1 Let g satisfy (2.2) and (2.3). Let (¢,,p,u,\) € T x Ty, x P x U xR solve (2.13)-
(2.15). Assume that
(1) There exists a positive constant ¢y such that

inf sup [Blsn), (Th, )] > c . (4.5)

(T han)EZ1n Sh€TH HChHT H(Tha Qh)HT;ivXP

(2) There exists a positive constant co such that

. [C(Thsqn) , (an, An)]
inf sup
(@ MEUXR (7, gerr op, 1(Ths@n) i cp (00, An) o

Z Co. (4.6)

Then, for f € (L”/(Q)>n and ur € (Wlfl/r”(lﬂ))n, there exists a unique solution
(P> ¥ns Py Uny An) € Ty X Ty, py X Pr x U X R to the problem (4.2)-(4.4).

12



Proof: With the assumptions as stated above, existence and uniqueness of
(1, Y1, PhyUp, Ap) € T X Tclh.v p X P, xUp, xR solving (4.2)-(4.4) follows directly from the continuous
solution approach outlined in Section 3 and summarized in Theorem 3.1. ]

It should be noted that the stability estimates shown in Corollary 3.1 carry over to the discrete case
as well. We now give the abstract a priori error estimate.

Theorem 4.2 Let
¢ — oyl ||*777

Pl + [l

Assume the hypotheses of Theorem 4.1 are satisfied. Also assume that for h sufficiently small, there
1s a constant cg3 > 0 such that

E(. ) = H (47)

o0

inf sup [B(sh); (Thsqn)] + [C(Ths qn) s (Vhs1n)]

(4.8)
(T0an) €50 % P (Snvnm) €Ty x U xR | Sk Vis i) lTxv s [ (Ths an)llgr o p

where ||(Sh, Vi, M) |lTxuxr = SullT + Ivillo + mnllr. Then

16— dull+ [ 1e(6) — (@)l 6~ byl
< C1 inf —sullF + E(D, @) || — snllh inf |ju—vy|?
<of it (16—l + .00 10— allr) + int fu—vil?
: o 2 : o 2
ot omild, o+ i ek} @)

Th€Ty 1

9~ bl +lp=pulo <C{_ it -7ully + i o= anle

Th€Tyy 1
1/r
T E(é, ) ( | le(@) el 1o - ) dﬂ) . (4.10)

and
la = uplly + A = Au| < Cllé = @pllr + inf u—villv, (4.11)
Vh h

for some constant C > 0.

Proof: Let (¢}, ¥y, pr, un, \p) satisfy (4.2)—(4.4), and note that the continuous solution (¢, ¥, p, u, \)
also satisfies (4.2)—(4.4). Define the following subspaces:

Zyp = {(Tthh) € Tyipp % Pr t [C(Th,an) s (Viymn)] = /th £dQ Y (vi,nn) € Up ¥ R},
and

Zop, = {ch € Ti+ [Blsw). () +msan). C(un )] = = [

(Tpm)-updl,Y(Th, qn) € Zm} -
r

13



Note that uj, € Zyy, and (20, pp) € Z1p. From (2.2) and the definition of A (2.16), we have ,

I — 2 o
TR T b / 8(¢) ~gonlle = ol

< / (8(e) — g(n) : (& — ) d2, (4.12)
Q

and

/Q (8(6) — &) < (6 — )Y = [A(d) — Aldy), ¢ — dn]

= [A(®) — A(¢n), & — sl
+[A(P) — A(Pn), s — &n] - (4.13)

We examine the first term on the RHS of (4.13). For £ given by (4.7), note that £(¢, ¢;,) < 1. From
(2.3) and Young’s inequality, we have

A(¢) — Aldy), ¢ —cn] = /Q (8(6) — &(dn)) - (¢ — sn) A2

IN

. 1/r
Co e, y) (/ g() - <¢h>u¢—¢h\d9) I — sllr

cr’
< 8 [ le6) (@l 1o - dul a2+ = E@ B I —hlli. (414)

For the second term on the RHS of (4.13), if g5, € Zop,, we have

[A(9) — A(‘ﬁh), Sh— &) [A(@), sh— Pp] — [A(Py), sn— &)

—[B(sn — @3), (¢,p)] +[B (Ch — &), (V5,01
B(¢

= [ (¢n —sn), (¥, p)] (as Sp, @y, € Zop) )
= [B(¢n —sn), (¥,p)] — By, — Sn),s (Th, )] (for (Th,qn) € Z11)
= [B(¢y —sn), (¥ — Th, 0 — qn)]

[

B(¢y, — ), (¥ —Th,p—qn) + [B(d —sn), (¥ —Th,p — aqn)]
=~ [@=): @ == |- a6

—/<¢>— o) : (9 — 1) d2 —/<p— a)tr( — n) d92
Q Q

< ¢ — dulirlle — 7ol +Vnllp — anllpllé — dullr
+llp — sullzllve — Tallyr +Volp — anllplld — sullr

62—|—63 64"‘55
=l — dullF + | — sullF

1 1 ,
— 4+ — — y —+ — — . 4.15
+(2€2+2€4>Hw Th||T+ﬁ(2€3+2€5)||p al (a.15

14



Combining (4.12)-(4.15) with €4 = 5 = 1 we have

él €2 + €3 9
— ——— | — o7
(H(l’H?p + llpnll7 2 )

+ (él _G 61>/Qrg<¢>—g(¢h)\ b — ¢y 9

T'/

1 r T
<|lp —snl> + e E(p, d1)" I — snllr

1

1 ) 11 )
) = N p—al>. (41
+ (262 + 2) It = Tall + v <2€3 + 2) Ilp—anllp. (4.16)

Choosing €1, €9, €3 small enough to ensure

él €2 + €3
2—r 2—r 2 > O’
ol + llenll7
.
(Cl — i/€1> >0,

16— dulld + /Q g<¢>—g<¢h>|\¢—¢h|d9gc{ inf (g — <nll3 + (b bn)” 16— snllp)

Sn€Zap

and

we have

bt (el - ) @)
(Than)€Z1n

The estimate (4.17) holds for (sp, Th,qn) € Zon X Zin C Th ¥ Tclh.v p X Pp. In order to show that

this estimate holds in all of T}, X T(;w p X Pp, we employ a lifting argument similar to that in [10].
Define the subspace

W = {ch & Th: [B(sh). (7. an)] + (71 1) C* (wn An)]
= —/(Th'n)'urdF Y (Th. ) € Tyiy,p ¥ Ph}'
T

We first show that (4.17) holds for all g5, € Tj. Then we show that (4.17) holds for all (7,qp) €
T(;iv h X P

Note that ¢, € Wh = Gp € Zgh. Thus, for vy, € Uy,

inf [|¢ —cpllr < inf |[(p,u) — (sh, va)lTxv - (4.18)
Srh€Zap ShEW

From the inf-sup condition (4.8), there exist operators IIy : T — T}, and Iy : U — Up, such that

[B(s — II76), (Th, qn)] + [C(Th ), (v = Tyv, \p) = 0, Y (Th,qn) € Ty X Pr, (4.19)

15



and
|(Trs, Tyv)lrxv < Cll(s,V)lTxv, Y(s,v)eT xU. (4.20)

Now, let (Shyvn) € T, x Uy, and set ¢ =g — II7(sp, — @) and @ := vy, — Hy(vy, — u). Note that
(¢, ) € T}, x Uy. Then for all (74, q) € Tc'lwyh X Py,

[B(®), (Th: qn)] + [C(Thsqn), (0, An)] = [B(®), (Th: qn)] + [C(Th: qn), (u, An)]
= — /(Th ‘mn)-urdl,. (4.21)
r
Thus ¢ € Wj,. Now, using (4.20), we have
1(é, 1) = (sn, vi)loxw = 1T (b = <), Iy (a = vi))[lrxv
< Cl(¢ —sn,u—vp)|rxv- (4.22)

Thus we have

IN

inf |l —cnllr inf (@, w) = (S, vi)llTxv
Sh€Z2n (Shyvr)EWRLXUp

inf (¢, ) = (. W)l 7xv

(Sh,vr)ETH XUy,

inf - ~a~ - ’
ot (1) = Snvillrew 116 8) = (uvi)lir)

(1+C) inf (&, 1) = (Sh, vi)llTxU (4.23)
(Ch,Vh)EThXUh

IN

IN

IN

which lifts the best approximation of ¢ from Zoy, to Tj,.
Now, we must also show

inf _ |[(¢.p) = (Than)llr o p <C inf 1, p) = (Than)llpr p- (4.24)
(T hsqn)€Z1n div (Tr.an)€T g, 1, %P div

From (4.6), we have the existence of operators IL,v : T(;w — Tcllw, , and Ilp : P — P, such that
[C(r —1Ly7,q —pq), Vh,mn)] =0, V(vp,mn) € Uy xR, (4.25)

and .
|0 o) g p < CHT @)yt (4.26)

Now for (7h,qn) € Tclh.v’h x Py, let ¥ := 1), — Ly (T, — ) and p := g, — Hp(gn — p). Note that
(b, p) € Tclh.v’h X Pp,. Then for all (vp,n,) € Uy, X R we have

(C(,5), (Vi )] = [C, ), (Vi) = /Q i £.d9. (4.27)

So (¥, p) € Zi5. Now, using (4.26) we have

5.5~ (rraly p = N0~ 72 e~ s,
CN'H(/ll)_Thap_qh)HTc’leP‘ (428)

IN
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Thus

inf _|[(4,p) = (Th, )l < inf (. ) = (3, 5)ll
(T hyan)€Z1n Taix P (Th,qh)GT;mthh TginxP
< b (18~ naly, o+ 16D~ Tradly, )
(Thoan)€Ty;, 1, X Pr div div
<1+0) it (@) = (Tl (4.20)

/
(Tthh)ETdiw X Pr

This lifts the best approximation of (v, p) from Zip to T;w x P. Thus, from (4.17), (4.23), and
(4.29) we have

16— dul +/ 18(6) — g(én)] [ — by d
Q

< (C{ inf —sullZ2+ E(p, &) b — sullr) + inf _ 2
= {girelTh(“b sulls +E(b b)) | — snllT) V;QU}LHU villor

T R LR VA PR A SR CE)

ThETdm, h

The proof of the remaining estimates will be outlined below, the reader is referred to [9] for complete
details. To obtain the a priori estimate for and p, we use with the discrete inf-sup condition
satisfied by B. It can be shown that, for (15,,q) € Z1p,

er (1= 7l + = sl

< s Ja(B(@®) —8(9) i a0
Sh€Th lsnllr

+ |9 — Tullyr +Vollp—anllp. (4.31)

The first term on the RHS of (4.31) can be handled using (2.3) and the definition of &:
Jo (8(¢n) —&(9)) : 51 dQ
sup

ShET) SnllT

. 1/r’
< Coe(. ) ( [ 18~ g6 16— 61 dﬂ) (s

Combining (4.31), (4.32), and an application of the triangle inequality imply

9= by, +lp=mlle < e (1o =7l + 10— anlle) |

(T hyan)E€Z1n
. 1/r!
L Cr () ( /Q &) — g(én)l 16— bl dﬂ) C(433)

Now the previously described argument to lift the best approximations of (74, ¢q,) from Zyp, to
T;iv p, X Pp, can be applied here. Thus we have, from (4.33)

it =l o+ inf o e

Th€ly n

A 1/r!
T CoEl ) ( | le(@) - ()11 - ) dQ) C (434)

I =il + o=l < 0
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From the discrete inf-sup condition for C, (4.30), and the triangle inequality we have
[u—wflo+A=A| < Cll¢ = @pllr + inf [Ju—vpllu.
vp €U

Thus the estimates (4.9)—(4.11) are proven. ]

Remark 4.1 Note that E(¢p, ¢y,) < 1. In addition, if 1/(|¢| + |¢py]) < C for some constant C > 0,
then

E(¢. dn) < min {1,C 6 — |7}
Furthermore, if ||¢ — ¢plloo ~ ||@ — @7, the estimates (4.9)-(4.11) may be written as

16 = bl + 19 = bullyy  + 1P = pallp + llu = sy + A = Al

< (C4q inf - + inf |ju-—
<cf int 16 - qlr+ inf a-vill

O N R R TR T S CE

Th€Ty

4.2 Approximation Using Raviart-Thomas Elements and Discontinuous Piece-
wise Polynomials

In this section we consider @ C R? and show that the approximating spaces of discontinuous piece-
wise polynomials and Raviart-Thomas elements are suitable for problem (2.13)-(2.15). Specifically,
we show that these spaces satisfy the inf-sup conditions (4.5) and (4.6) and then show that the error
estimate given in Theorem 4.2 holds.

4.2.1 Discrete Inf-Sup Conditions for B and C

Let K € T7;, and let P (K) be the set of all polynomials in the variables x1, x2 of degree less than
or equal to k defined on the triangle K. Let RTy(K) be the 2-vector of Raviart-Thomas elements
[23, 25] on K defined by

RIL(K) = (Bu(K)P + 22| Pu(r).
For k > 0, define the following discrete spaces:
T, = {peT:9¢|kec (P(K)*?, VKeT,},
T = {¢ € Toiw % = (1 )"k € RTH(K))?,
(Vir i2)T |k € RTR(K), Vie{l1,2}, VK¢ 7;1}

P, = {pEP:p‘KEPk(K), VKG%},
Uy, = {ueU:ulx e (P(K))?, VK€eT}.

18



Remark 4.2 There is no interelement continuity requirement on the spaces Ty, Uy, and Py.

Let s > 1 and let Zf : (Whe(0))>

operator [23, 6, 8], defined by, for row j = 1,2 of T € TCII

— Tclh.v p be the k-th order Raviart-Thomas interpolation

v

/(Tj—I,’ij)-neivkds = 0, Yo, €ePp(K), Ve €0K, i=1,23, VKeT,,

€

/(Tj—z,’frj).vkldf{ = 0, Yvi_€(P1(K))?, VKcT,,
K

where n.; denotes the outer unit normal vector to edge e; of K. Then, for 0 <m < k + 1, we have

|7 = ZfTllos 0 < CR™|T|mr (4.36)
|div (T — ZFT) |00 < CR™|div T q s (4.37)
and, for v € U,
/ v-div(t —Ifr)dQ=0, VreTy,. (4.38)
Q
In the lowest-order case, i.e., k =0, for (7p,qn) € Z1p,
P | r'/r—1 I

¢* _ ‘Qh + Th‘ (qh + Th) c Th- (439)

r'—1

The proof of the discrete inf-sup condition for B then follows as in the continuous case. However,
for higher-order approximations, ¢* defined by (4.39) for (71,qn) € Z1p is not a polynomial and
hence not in T}. In these cases a suitable projection of ¢* is required. Let IT : T — T}, = (Py)?*?
denote the L? projection operator, defined by I1(¢*) := ¢,,, where

/¢*3Tth:/¢htTth V1 € T},
Q Q

Lemma 4.1 Let ¢ € T and ¢, = I1¢p. Then there is a constant Cy > 0 such that

lonllr < Cill @Iz (4.40)

Proof: Note that, since T} is the space of 2 x 2 tensors whose components are discontinuous
piecewise polynomials of degree k on each K € 7, we have that,

op=T¢p= > [Mp)lx = > T(¢[x), (4.41)

KeTy, KeTy,

where ¢|k is the restriction of ¢ to K. Let ¢y = ¢|x. Let K € Ty, and let K denote the reference
element in 7;,. Let x represent the affine map from K to K. Then ¢ = ¢y o x is the representation
of ¢y on the reference element K.

Let m = dim((Pg(K))?*2) and let {‘/I\’Z}z’il be an L2 orthonormal basis for (Pj(K))2*2. Then we
can write



where the coefficients ¢; are given by

¢ = (o, ;) (4.42)

where (-,-) > represents the L? inner product over K.

1/r
Idnllorzc = </|¢MTdK>
1/r
- (/ﬁ¢m,mdx>

Now we have

1/r 1/r
K|
m |K‘ 1/r
< w0l @ly, <A> : (4.43)
i—1 K|
Now (4.42) implies R R
65 < @y, 71 Pillg 0 - (4.44)
We also have
1/7‘ |K T |K T
w=([ 1o ar) (/'¢ Ll ) _”¢%TK(UJ ,
which implies
~ \ 1/r
~ K|
ol 5 = <’K| [ bllo.rx - (4.45)
Combining (4.43)—(4.45), we have
m 1/r
r—1)/r K
Ipnlloss < mUD7> " o) @ o2 ( |
i=1 ‘K’
. |K
< mlh }juwb”aénoﬂKuzmrK( |
i=1 |K’
m ~\ 1/r 1/r
v K| = |K]|
= ml/ Z (m ||¢||O,T,K H(I)iHQ,»/KH(I) HOrK ﬁ
i=1
d xRN
= m"" ) @llorx <Z!‘I’z‘||0,r/,g\\‘§illo,r,;?> (A> (H)
i=1 | K|
= m""||Bllorx <Z !‘Pz‘\lo,wﬁ\\q’z‘llo,rﬁ> : (4.46)
i=1
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Now H@in 7 = 1 and since Pk(l? ) is finite-dimensional, the equivalence of finite dimensional
norms implies there exist constants ¢, and ¢, such that

1Billg, 5 < crlBillyn g = and [ Billy, 5 < erllBillyy = e

Thus (4.46) implies
1 #nllorr < Cullllorx (4.47)

for C,, = m* /" ¢,¢,s, which is independent of K. Therefore

1/r 1/r

Idnllr = D Idnllorr | < | D Cilldllo,x

KeT,, KeT,

1/r

=C | D I9lorn | =Culldlr, (4.48)

KeT,

and thus the result is shown. m

The constant C, in Lemma 4.1 depends only on the constants ¢, and ¢/, as the dimension m of
(Pr)?*? is fixed for k. The constants ¢, and ¢, that arise in the norm equivalences depend only
on the dimension of the space (which is m as well) and not on the size of the domain. A result
analogous to Lemma 4.1 holds for the L? projection from U onto Uy,. Let IIyy : U — U, be denoted
by Iyu* := uy, where

/u*'thQ:/uh'thQ Ywy, € Uy,
Q Q

Corollary 4.1 Let u € U and uy, = llgu. Then there is a constant Cyy > 0 such that

Juplly < Cosllully . (4.49)

Lemma 4.2 For the choices of Ty, Tclm’h, Py, and Uy, above, there exists a positive constant ¢y

such that B
i sy B@. (g
(Tranezin g o, 1Bl 1T man)lyr o

Cc1 .

Proof: Note that for (¢,,qn) € Zin, div Ty, = 0 implies 74|k € (Pp(K))?*? for all K € T;,. We
also have that (75, + quI)|x € (Px(K))?*? for all K € 7p,. Thus (T1,qn) € Z1p, implies 7, € T}, and
(Th + anl) € Th.
Assume that ||qn|p < ||7hllp - Let 79 =7, — Ltr(7)I, and

div

A ]l
Then ||¢*||r = 1, and let g5, = I1¢p*. From Lemma 4.1,

[sullr < Cill@™(|lr = C.
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Also [B(sp), (Th,pn)] = [B(¢"), (Th,pr)] for all (74, qn) € Z1j,. Continuing as in (3.7), the result is
shown as in Case 1 of Lemma 3.2, with the inclusion of the constant 1/C.
Now assume ||qp||p > ||l - Let

div

_ —lgnI + TR (g X + Th)
lgn + Tl

¢*

Again let ¢, = II¢p* and note that ||p|l0, < Cil|@*||r = C.. Continuing as in the proof of Case 2

of Lemma 3.2, the result is shown. ]

Lemma 4.3 For the choices of Ty, Tt;i’u n» P, and Uy above, there ewists a positive constant cg

such that . )
inf sup [ (Th7 qh) ) (Uh, h)]
(up,A\n)€EULXR (Th’qh)eT;ivyhXPh H (Th, Qh) HT;MXP H(Uh, )‘h) HUXR

> . (4.50)

Proof: As in the approach to the proof of Lemma 3.4 and of Theorem 3.1 of [15], we consider two
cases:

Case 1: |Ap| > |lunllu- /

The choice (T, qn) = (\L,0) € Ty, X P, shows the result as in Case 1 of the proof of Lemma
3.4.

Case 2: |Ap| < |Jup|lu- / /

Note that Lemma 3.3 applies to the subspace T, , C T, , thus we have

sup [C(Th,qn), (an, Ap)]

(Thoan) €Ty % Pr ”(qu’l)”T(’me TeT),

—fQ uy - diUTth

v,h ||Th”Tr/liv,h

>C sup

(4.51)

The proof then proceeds in a manner similar to that of Proposition 5 of [22] (as well as Proposition
3.1 of [11]), in which an auxiliary Laplacian problem is solved and the properties (4.36)-(4.38) are
used to bound the supremum in (4.51). See [9] for complete details. ]

4.2.2 FError Estimate

To apply Theorem 4.2, we must show that the inf-sup condition (4.8) holds for the chosen ap-
proximation spaces. To accomplish this, some properties of the Raviart-Thomas elements must
be presented. Let K € 7;, and let r € RTy(K). Then r can be written as r = r* + r*, where
r® € (P(K))? and the components of r* consist of polynomial terms of degree k + 1 only. In fact,
r* can be written as

[k
k Z i xlfijﬂ f%
IUERES
J=0 i
for some constants v;,7 = 0,...,k. We can also write divr = div r* + divr* |, where divrF is a

polynomial of degree at most k£ — 1 and divr* is a polynomial with terms of degree k only. It is
important to note that if divr = 0, then divr* = 0.
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The following lemma is a result from the general theory of finite-dimensional normed spaces (see
[20]).

Lemma 4.4 Let {vo,..., vy} be a linearly independent set of vectors in a normed space X of
dimension at least n + 1. Then, there is a constant C, > 0 such that for every choice of scalars
Y0, - - -, Yn, we have

ovo + -+ +mvall = Cullrol + -+ + ) -

For Raviart-Thomas elements we have that the norm of the gradient of the highest-degree terms
can be bounded by the norm of the divergence.

Lemma 4.5 Let K € Tp,, v :=r* +r* € RT,(K) where the components of r* consist of polynomial
terms of degree k + 1 only. Then there exists a constant C > 0, independent of K, such that

IVr*|or .k < C' || div rllo, K - (4.52)
Proof: Let the finite-dimensional vector space X be defined by

X = span{[il} xlffjxé, j:O,...,k:}: span {v;, j=0,...,k},
2

and v € X be represented as v = (v; wv2)T := Vo + - -+ + Vg Define the norms || - ||grqq and
I [ldsw on X by
001 801 81}2 6112 / 61)1 8@2
S I N B LN O L I LG o= [ |22 g
Mgraa = | ‘ ouly|oul |2l 2 Maw = [ |52+ 52
Note that [|V||graa = [|VV]l0,1,x and ||V]|giv = ||divv|o1,x. By the equivalence of norms on a
finite-dimensional vector space there exist constants C,Cs, and C5 such that
[Vvllos ik < C1l|[VVlo1,x < Calldivvlo1,x < Cslldiv o, k-
Thus for r* as defined above, there is a Cx > 0 such that
V1|0 x < Ck ||divr™|o, i (4.53)

for all K € 7;,. The dependence of Cx on K € 7 is due to the integral over K. The condition
(4.1) guarantees that 7}, is a quasi-uniform triangulation of €2, thus we can find a global constant
C, independent of K, such that

|IVr*

0w i < Clldive*|o, i (4.54)

for all K € 7},
Now, let 2 XF* be the finite dimensional vector space spanned by the polynomials of degree k only,
and let X = Py(K). Note that X = P,_1(K) ® X*, and that divr € X, divr® € Pp_1(K), and
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divr* € X*. Let {vo,...,Vg,...,Vn} be a basis for X where {vq,...,Vv.} is also a basis for X*.
From Lemma 4.4, there is a constant C, > 0 such that, for all v =~gvg+ -+ yvyn € X,

HVHO,T’,K > C*(|’70| + -+ |’Yn’) .

Define the norm | - ||« : X — R as |[v|lx := Ci(|70] + - + |m]). By the definition of r, r*, the
equivalence of norms on a finite-dimensional space, and the quasi-uniform triangulation 7y, we have
that there is a constant Cj4 such that

ldiv T o, i < Calldivr* |l = CaCullro] + -+ + )
< CuCi(lyol + -+ + || + -+ + |m]) = Calldivr|s < Calldivr|om k. (4.55)

Combining (4.54) and (4.55) the result is shown. ]
The above result can be applied to the tensor space T(;m ,, to obtain, for 7, = 7% + 7* where the
components of 7* consist of polynomial terms of degree k + 1 only,
IV o i < C ldivThllog i, YK €T (4.56)
Let IIj : Tc/lw, n — T, be the classical Lagrangian P}, interpolation operator ([8]) and define
F=7F 17 (4.57)

Note that 7| € (Px(K))**? for all K € Ty, and divT), = 0 implies 7* = 0 and + = 7. Then,
using (4.56) and standard polynomial approximation properties [5, 8], the error associated in the
approximation of 75 by 7 is given by

1/r'
lrn = #llogo = 7 = *llore < Ch | D IV Gk
KeTy,
1/r
<o [ S Claivrallyn | < CORdivThlora = ChlldivTalopa. (459)

KeT,

Lemma 4.6 For h sufficiently small, there is a constant c3 > 0 such that

inf sup [B(gh)7 (Th7 Qh)] —+ [C(Th7 Qh) ’ (Vh7 77h)]
(ThsGn) €T 330y X P (Sh, Vi) ETh xUp xR I(Shs Vs m)llTxuxr [|(Th, Qh)HT;pr

Z C3. (459)

where ||(Sn, Vi, n) [ Txuxr = |Sull7 + || Vello + | sl R-

Proof: The usual approach of considering two cases (as in Theorem 3.1 of [15] and Lemmas 3.2,
3.4, 4.2, 4.3 here) and constructing particular functions that lie in the appropriate finite element
spaces (using Lemma 4.1 and Corollary 4.1) is used, along with the property (4.58), to give the
proof of (4.59) (see [9] for details). ]
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From [6, 25] we have the standard approximation properties: for all (¢, 7,q,v) € (T/V’”’T(Q))2X2 X

) 22 , ) 2
(Wm”“ (Q)) x W' (Q) x (W™ (Q))? with div T € (Wm’r (Q)> , there exists (p, Th, qn, Vi) €
Ty, X Tc/liv,h X P, x Uy satisfying

Is —snlle < Ch™[sllmac, Vs € (W™ ()2, (4.60)
, 2x2
I = mullr < CR"|Tlmpa,  ¥re (W@) (4.61)
, 2
ldiv (1 — Tp)ll7r < CH™|divT|merq, ¥ (divT) e (W"” (Q)) , (4.62)
lg—anlle < Ch™[qllma 2 Vg € W(Q), (4.63)
Iv—=vily < Ch™|V]mra, Vv e (W™ (Q))? . (4.64)

! 2 !
Theorem 4.3 Letf ¢ <LT (Q)) andup € (WY 7(0)?. Let (¢, 4, p,u, ) € Tx T, x PxUxR
solve (2.13)-(2.15) and let (¢py,, ¥1,, Phy Up, M) € Th X Tclliv,h X Py x Up X R solve (4.2)-(4.4). Assume
, 2X2 ,
1<m<k+1 and (¢,,p,u) € (W™ ()22 x (WW (Q)) s W () x (W™ (Q))2 with

, 2
divp € (Wm”" (Q)) . Then there exists a positive constant C' such that

16— nllz < O{Ws<¢, P

+ K7 <H¢||m,r,ﬂ + [lallmr + 1% llme 0 + ldiv llme 0 + [lp]

m,r’,ﬂ) } , (4.65)

W’ - "thT;w + Hp - thP <Ch™ (Hlem,r’,Q + Hd“}d" m,r',Q + HpHm,r’,Q)
1/r'
+e@on ([ 186 - elonllo- o) . (o0)

lu—upllv+ A=A < Cllp—dplir. (4.67)

Proof: The result follows directly from Theorem 4.2, Lemma 4.6, and properties (4.60)—(4.64). =

Remark 4.3 The extension of Remark 4.1 to these approximation spaces is given by: If 1/(|¢| +
|pn]) < C for some constant C > 0 and ||¢p — ¢ppllco ~ ||P — @y, the estimates (4.65)—(4.67) may
be written as

16 = bl + 119 = bullyr  + 1P = palle + [lu = wnllv + A = Al

< ch““{uqb\

mr @+ [l + 19]lme .o + l|divep]

ma QT ||p”m77«/79} . (468)
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5 Numerical Experiments

In this section we describe numerical experiments that support the theoretical results outlined in
Sections 3 and 4. The first example illustrates the theoretical rate of convergence of the solution
method and the second example illustrates the computed approximation for a benchmark physical
problem. Computations are performed using the FreeFEM++ finite element software package [19].
All computations below are performed in the lowest-order case (k = 0).

5.1 Example 1

For this example (similar to one in [16]) approximations are computed for a Ladyzhenskaya law fluid
with v = 0 and v; = 1.0. The computational domain is Q = [0, 2] x [0, 2], with f and ur chosen so
that the exact solution of (2.10)-(2.12) is given by

u= [ul] and p=ux1 + 22,
Uz

with
up = —(4.0—xz1 —22)* and wug = —wuy

for o just large enough to ensure f = — div ) € W“—E”’/(Q). It should be noted that o = —% +1r +
—£- + ¢ ensures f € W”’T/(Q) for e > 0.

Computations are performed on uniform meshes of decreasing size h and for selected values of
r, a, and u. For 1 < r < 2, the resulting system of equations is nonlinear, and a fixed-point
iteration is used to compute approximations. The fixed-point iteration is terminated when the
pointwise maximum absolute difference in successive approximations falls below 107°. Results for
the velocity, u, the gradient of the velocity, ¢ (= Vu), and the total stress, 1, are shown in Table
5.1.

For this example, divy € W“_”'(Q) is the most singular of the quantities to be approximated.
The observed experimental convergence rate for ||divp — divapy||o,» of Ch* is in agreement with
that predicted by (4.35). The experimental convergence rates observed for ||¢— ¢y, ||r and [[lu—up ||
are both better than that given by (4.35).

5.2 Example 2

This example is the benchmark driven cavity problem. Driven cavity flows of power law fluids were
computed using a mixed method by Manouzi and Farhloul in [22]. (In [22] the authors explicitly
inverted the constitutive equation to obtain ®,(o) = Vu, which was used in their formulation.)

For Q = [0,1] x [0,1], we have that f = 0 in Q, ur = 0 on I' \ Tyop and ur = [I 0% on [gep,
where I'to, is the portion of the boundary satisfying 0 < xq < 1 and x2 = 1. Computations were
performed for a power law fluid with 1y = 1.0 and selected values of r. Figures 5.1, 5.2, and 5.3
show plots of the streamlines computed for h = 1/32 for r = 2, » = 1.5, and r = 1.1, respectively.
As the power r in the constitutive law is decreased, we see a movement of the central vortex toward
the top of the cavity, corresponding to an increase in viscosity.
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‘ h H |l — dnllor rate ‘ |divap — divapy|lo,r rate ‘ |lu—upllo, rate

1 2.5481 0.8014 37.3797
r=3/2 1/2 1.2633 1.01 0.4459 0.85 19.6284 0.93
w=1 1/4 0.6218 1.02 0.2426 0.88 9.8677 0.99
a=11/3| 1/8 0.3080 1.01 0.1299 0.90 4.9294 1.00
1/16 0.1534 1.01 0.0687 0.92 2.4623 1.00

1 1.3341 0.2556 10.5023
r=3/2 | 1/2 0.6899 0.95 0.1824 0.49 5.3111 0.98
uw=1/2 1/4 0.3405 1.02 0.1294 0.49 2.6503 1.00
a=238/3 | 1/8 0.1677 1.02 0.0917 0.50 1.3223 1.00
1/16 0.0832 1.01 0.0648 0.50 0.6605 1.00

1 2.6967 1.3410 4721.1800
r=>5/4 | 1/2 1.3109 1.04 0.7234 0.89 | 2553.9800 0.89
w=1 1/4 0.6325 1.05 0.3833 0.92 | 1285.9000 0.99
a=37/5| 1/8 0.3094 1.03 0.2007 0.93 | 635.6200  1.02
1/16 0.1533 1.01 0.1042 0.95 315.0940 1.01

1 1.4671 0.1661 363.2130
r=>5/4 1/2 0.7461 0.98 0.1176 0.50 191.1110 0.93
uw=1/2 1/4 0.3604 1.05 0.0832 0.50 94.7585 1.01
a=27/5|1/8 0.1746 1.05 0.0588 0.50 46.8215 1.02
1/16 0.0860 1.02 0.0416 0.50 23.2479 1.01

Table 5.1: Approximation errors and rates of convergence for Example 1.
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Figure 5.1: Streamlines for r = 2.0, driven cavity
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Figure 5.2: Streamlines for » = 1.5, driven cavity

Figure 5.3: Streamlines for » = 1.1, driven cavity

Lemma 4.1.
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