COMPOSITES OF HYPERELASTIC MATERIALS WITH PRESCRIBED LAVRENTIEV GAP FUNCTIONS Dedicated to Walter Noll and Jerry Ericksen in Honor of Their 80th Birthdays Victor J. Mizel Department of Mathematical Sciences Carnegie Mellon University

In 1985, J. M. Ball and V. J. Mizel raised the question of whether there exist nonlinearly elastic materials possessing a physically natural stored energy density [one which is independent of an observer’s coordinate frame (objective) and is invariant under a group of linear transformations (isotropic)] as well as physically reasonable boundary value problems for such materials, such that the infimum of the total stored energy for continuous deformations of the material meeting the boundary conditions (admissible deformations) and belonging to a Sobolev space W^{1,p2} for some p_2 > 1 is strictly greater than its infimum for those admissible deformations which belong to a Sobolev space W^{1,p1} with p_1 < p_2, despite the density of the former Sobolev space in the latter. The question was motivated by M. Lavrentiev’s 1926 demonstration of such a gap for 1-dimensional variational boundary value problems on a bounded interval whose smooth integrand satisfied the conditions of Tonelli’s existence theorem - as well as improved versions developed in the 1980’s. Thereafter, M. Foss demonstrated in 2000 that there are (nonphysical) model problems in which the infimum over W^{1,p} varies continuously with p. The positive (2-dimensional) resolution of the 1985 Ball/Mizel question was achieved by Foss, Hrusa and Mizel in 2003.

The present article constructs for each given positive continuous increasing function i on a compact interval [p^0, p^1] of the half axis (1, ∞) a “composite” of 2-dimensional hyperelastic materials such that for a certain continuous deformation of the composite satisfying prescribed boundary conditions the relation

(∗) E|_W 1,p = i(p) for all p in [p^0, p^1].

for the minimal stored energy E holds. The continuous deformation u will be constructed as the sum of an infinite series of mappings associated with i(·), each of which is defined on a proper subdomain of the domain Ω_α of u. That is, for specified α > β > 0 (with α < 2π) we present examples in 2-dimensions of deformations u ∈ A^{α,β}_1 = ⊕_{α′∈(0,∞]}W^{1,1}(Ω_α′ , R^2) where (in polar coordinates) the domains Ω_α, Ω_α′ and Ω_β are given by Ω_α = {x ∈ R^2\{(0, 0)} : r(x) < 1, θ(x) ∈ (0, α)} , Ω_α′ = {x ∈ R^2\{(0, 0)} : r(x) < 1, θ(x) ∈ (0, α^′)} , Ω_β = {u ∈ R^2\{(0, 0)} : r(u) < 1, θ(u) ∈ (0, β)} , and Γ_{3,α}, Γ_{3,α}′ , Γ_{3,β} denote the curvilinear boundaries of these domains. The deformations under consideration depend on a parameter q with q ∈ [q^0, q^{00}] for some specified q^{00} > q^0 > 1 and, using complex value notation, are defined by

(1) u_{P M,q}(x) = r(x)^{δq}e^{iγqθ(}x^) u_{AM,q}(x) = r(x)^{γq} e^{iγqθ(}x^) where

γ_q = 1 −^1_q − ϵ_q, δ_q = 1 −^{1+γq}_{2q−1} = 1 −^1_q +^{ϵq}_{2q−1} for a small ϵ_q > 0. We put

α^′_q = α when γ_qα > β, and we put α^′_q = β/γ_q otherwise, so α^′_q < α.

Thus the associated stored energy E := J_q[u] is expressed in terms of the

first derivatives of u = u + iv [employing complex notation] with ∂ ∂z (u + iv) = (u_x − v_y) + i(v_x + u_y) as

J_q[u] = ∫ Ω_α′_q ([| | ( cos θ(x)

∂u(x) ∂r(x) − sin θ(x) r(x)

∂u(x) ∂θ(x)

− sin θ(x)

∂v(x) ∂r(x) − cos θ(x) r(x)

∂v(x) ∂θ(x) )

+i ( cos θ(x)

∂v(x) ∂r(x) − sin θ(x) r(x)

∂v(x) ∂θ(x)

+ sin θ(x)

∂u(x) ∂r(x) + cos θ(x) r(x)

∂u(x) ∂θ(x) )| |^2 ]_q) dxdy

which leads to

(2) J_q[u] = ∫ Ωα^′_q [( ∂u(x) ∂r(x) − 1 r(x)

∂v(x) ∂θ(x)

)_2 + ( 1 r(x)

∂u(x) ∂θ(x) + ∂v(x) ∂r(x)

)_2]q dxdy

where α^′_q = α ∧ β 1 −^1_q − ϵ_q for ϵ_q > 0 sufficiently small. Hereafter we refer to

the stored energy density integrand in (2) as W_q(∇u), where u = (u, v).

It follows from (1) that

u_{P M,q} ∈ A^{α,β}_p , ∀p ∈ [ 1, 2 1 − δ_q ) = [ 1, 2q 1 − ϵ_q^q_{2q−1} ) , u_{AM,q} ∈ A^{α,β}_p , ∀p ∈ [1, 2 1 − γ_q ) = [ 1, 2q 1 + qϵ_q ) . Thus if we put p^∗_q =^{2q}_{1+qϵq} , p^{∗∗}_q =^{2q}_{1−ϵq} q_{2q−1} it follows that p^∗_q < p^{∗∗}_q with

(3) p^{∗∗}_q = p^∗_q + 2q ( 1 1 − ϵ_q^q_{2q−1} − 1 1 + qϵ_q ) ≈ p^∗_q +

4q^3 2q − 1 ϵ_q.

In addition (cf. [15]):

(4) ∇u_{P M,q} = r(x)^{− 1+γq2q−1} ( 1 −^{1+γq}_{2q−1} ) cos γ_qθ(x) −γ_q sin γ_qθ(x) ( 1 −^{1+γq}_{2q−1} ) sin γ_qθ(x) γ_q cos γ_qθ(x)

det ∇u_{P M,q} = γ_q ( 1 −^{1+γq}_{2q−1} ) r(x)^{− 2(1+γq)2q−1} > 0

Now it is easy to verify that (cf. [15]) the form of J_q for each

q ∈ [q^0, q^{00}] ⊂ (1, ∞) is given by

(5) J_q[u_{P M,q}] = ∫ Ω_α′_q [r(x)

2(δ_q −1) [(δ

q − γ_q)^2

]_q

dxdy =

α^′_q [ (δ_q − γ_q)^2

]_q 1 2q(δ_q − 1) + 2

=: K_q ∀p ∈ [1, p^{∗∗}_q )

J_q[u_{AM,q}] = 0, ∀p ∈ [1, p^∗_q ),

whereby, as indicated in [15], the infimum of J_q, for q ∈ [q^0, q^{00}] for some

q^{00} > q^0 > 1 is given by

(6) inf~_{Ap,α}′_q J_q[u] = J_q[u_{AM,q}] = 0, ∀p ∈ [1, p^∗_q )

inf~_{Ap,α}′_q J_q[u] = J_q[u_{P M,q}] = K_q, ∀p ∈ [p^∗_q, p^{∗∗}_q ) [actually, for ∀p ∈ (p^∗_q, ∞)].

In view of the constancy of “J_q[u_{P M,q}]”(·) we will henceforth express this function in terms of the characteristic function I_{[c,∞)} of an associated half axis. Now suppose that [p^0, p^1] ⊂ (1, ∞) is a prescribed closed interval and that i : [p^0, p^1] → R is a prescribed positive increasing continuous function. Our goal is to produce a “composite hyperelastic material of type I” such that its minimal stored energy function E satisfies

(∗∗) E|_W 1,p = i(p) ∀p ∈ [p^0, p^1].

The strategy to be utilized involves constructing an infinite series of functions with terms of the form

1 q_k ∫ Ω_α′ ( |∇u_{P M,qk} |^2

)_{qk}

dx dy q_k ∈ [ q^0, q^{00} ] ⊂ (1, ∞), where it is known (cf. [15]) that for each q > 1

“ ∫ Ω_α′

|∇u_{P M,q}|^{2q} dx dy”(·) is constant along the half axis p ∈ [q, ∞). Thus, our method is along the lines of an exercise in chapter 7 of Principles of Mathematical Analysis (3rd edition) by W. Rudin.

Utilizing the fact that u_{P M,q} is a solution of the Euler-Lagrange system for our variational problem we obtain

(7) inf_Ã

p,α′q

J_q[u] = “J_q[u_{P M,q}]” = K_q, ∀p ∈ [p^∗_q, ∞);

inf_{Ãp,α′q} J_q(u) = J_q[u_{AM,q}] = 0, ∀p ∈ [1, p^∗_q ) where p^∗_q = 2q 1 + qϵ_q . We proceed as follows under the assumption (to avoid a trivial conclusion):

(#) r = i(p^∗_q0 ) < i(p^∗_q00 ) := r + S with r ≥ 0, S > 0.

Step 1 Select an integer n_0 > 1 and let q_{0,1} be the smallest value in [q^0, q^{00}] satisfying

(i)_0 r +^1_{2n0} SI (·)_{[p∗}

q0,1 ,∞)

≡ i(p^∗_{q0,1} ),

(ii)_0 Next let q_{0,2} denote the smallest value in [q_{0,1}, q^{00}] satisfying r +^2_{2n0} SI (·)_{[p∗}

q0,2 ,∞)

≡ i(p^∗_{q0,2} ),

(iii)_0 Next let q_{0,3} denote the smallest value in [q_{0,2}, q^{00}] satisfying r +^3_{2n0} SI (·)_{[p∗}

q0,3 ,∞)

≡ i(p^∗_{q0,3} )

and continue this procedure until we arrive at (2^{n0} − 1)_0. Let q_{0,2}n0_{−1} denote the smallest value in [q_{0,2}n0_{−2}, q^{00}] satisfying r +^{2n0 −1}_{2n0} SI (·)_{[p∗}

q0,2n0 −1 ,∞)

≡ i(p^∗_{q0,2}n_{0−1} ).

It is readily seen that the function

f^0 = r +

2^{n0} −1∑

k=1 k 2^{n0}

SI (·)_{[p∗}

q0,k,∞)

is a step function on [p^0, p^1] which agrees with i(·) at the points {p^∗_{q0,k} } and that

(C_0) 0 ≤ i(·) − f^0(·) ≤ 1 2^{n0} S;

Step 2 Select an integer n_1 > n_0 and let q_{1,1} be the smallest value in [q^0, q^{00}] satisfying

(i)_1 r +^1_{2n1} SI (·)_{[p∗}

q1,1 ,∞)

≡ i(p^∗_{q1,1} )

(ii)_1 Next let q_{1,2} denote the smallest value in [q_{1,1}, q^{00}] satisfying r +^2_{2n1} SI (·)_{[p∗}

q1,2 ,∞)

≡ i(p^∗_{q1,2} )

(iii)_1 Next let q_{1,3} denote the smallest value in [q_{1,2}, q^{00}] satisfying r +^3_{2n1} SI_{[p}∗_{q1,3 ,∞)}(·) ≡ i(P^∗_{q1,3} ), and continue this process until arriving at step (2^{n1} − 1)_1: Let q_{1,2}n1_{−1} denote the smallest value in [q_{0,2}n1_{−2}, q^{00}] satisfying r +^{2n1 −1}_{2n1} SI (·)_{[p∗}

q1,2n1 −1,∞)

≡ i(p^∗_{q1,2n1 −1} ).

It is clear that the function f^1 = r +

2^{n1} −1∑

k=1 k 2^{n1}

SI (·)_{p∗}

q1,k ,∞

is a step function on [p^0, p^1] such that f^1 ≥ f^0 and f^1 agrees with i(·) at the points p^∗_{q1,k} and satisfies

(C_1) 0 ≤ i(·) − f^1(·) ≤ 1 2^{n1} S. By continuing in this fashion we produce a sequence of step functions f^j(·) which converge uniformly to i(·) on [p^0, p^1] and for which the associated points p^∗_{qs,j} are densely distributed outside intervals of constancy of the monotone

continuous function i(·). Now the results described in [14] and [15] imply

that for each q > 1 the associated “pseudominimizer” is given by

u_{P M,q} = r(x)^{2q−2−γq2q−1} ( cos γ_qθ(x) sin γ_qθ(x) ) = r(x)^{1− 1+γq2q−1} ( cos γ_qθ(x) sin γ_qθ(x) )

which [avoiding complex-valued notation] we abbreviate as

(8) u_{P M,q} = r(x)^{δq} ( cos γ_qθ(x) sin γ_qθ(x) ) , with

γ_q = 1 − 1 q − ϵ_q, δ_q = 1 −

1 + γ_q 2q − 1

= 1 − 1 q + ϵ_q 2q − 1

, for a small ϵ_q > 0.

Thus

∇u_{P M,q} = (r(x))^{−(1+γq)2q−1} ( δ_q cos γ_qθ(x) −γ_q sin γ_qθ( x) δ_q sin γ_qθ(x) γ_q cos γ_qθ(x) )

whence by equation (2) for u = u + iv we have

(9) W_q(∇u_{P M,q}) = [( ∂u(x) ∂r(x) − 1 r(x)

∂v(x) ∂θ(x)

)_2 + ( 1 r(x)

∂u(x) ∂θ(x) + ∂v(x) ∂r(x)

)_2]q .

= [||∇u||^2 − 2det ∇(u)]^q = r(x)^{−2q(1+γq)2q−1} (δ_q − γ_q)^{2q} .

Thus

J_q[u_{P M,q}] = ∫ Ωα^′_q [( ∂u(x) ∂r(x) − 1 r(x)

∂v(x) ∂θ(x)

)_2 + ( 1 v(x) ∂u ∂θ(x) + ∂r(x) ∂r(x)

)_2]q dxdy so that by (8)

(10)

E(u_{P M,q}) = “ ∫ Ω_α′_q Wq(∇uP M,q)dxdy” =

(δ_q − γ_q)^{2q} α^′_q ( 2 − 1 q + 2 2q − 1 ϵ_q

)_{−1} =: M_q with α^′_q > β γ_q , whence α^′_q < α for ϵ_q > 0 small enough.

It follows from (9) that for all p ≥^2_{1+γq} one has

E(u_{P M,q})|_W 1,p ≡ M_q.

We now consider a final issue in demonstrating the continuity of the mapping from the composite to the region Ω_β. For all exponents p^∗_{qj,k} ∈ [p^0, p^1] which arose in connection with the construction associated with i(·), we wish to ascertain those values q ∈ [q^0, q^{00}] which are associated with these exponents. Recall that for a given q ≥ q^0 > 1 we have γ_q = 1 −^1_q − ϵ_q, δ_q = 1 −^1_q ( 1 −^{ϵq}_{2q−1} ) for some ϵ_q > 0 so that u_{P M,q} = r(x)^{δq} ( cos γ_qθ(x) sin γ_qθ(x) )

must be such that the p values in [p^0, p^1] for which E|_W 1,p ≠ 0 must include p^∗_q =^2_{1−γq} =^{2q}_{1+qϵq} .

Thus for a given p^∗_l ∈ [p^0, p^1] one obtains

(11) q_p∗_l = p^∗_l 2 (1 − p^∗_l 2 ϵ_q)^{−1} so that q_p∗_l = p^∗_l 2 ( 1 −^{p∗l}_2 ϵ_{qp∗l} )

This ensures that on Γ_{3,α} αq_p∗_l > β, so that on choosing α^′_qγ_{qp∗l} = β one finds α^′_q < α. It follows that W_q(∇u_{P M,q}) ∈ L^1 if and only if γ_q = 1 −^1_q − ϵ_q, δ_q = 1 −^1_q +^{ϵq}_{2q−1} , whence δ_q − γ_q =^{2q}_{2q−1} ϵ_q. Thus E|_W 1,p ≠ 0 for all those values γ_{ql} with p^∗_{ql} =^1_{1− 1q−1 ϵ} corresponding to q_p∗_l ∼^{p∗l}_2 ( 1 + ϵ_{qp∗l} ) . This ensures that p_l → q^∗_{pl} is a continuous mapping from Γ_{3,α}′ onto Γ_{3,β}. Thus [for the case where i(·) has no interval of constancy] the mapping described here when applied to the dense sequence of exponents in [p^0, p^1] yields a dense sequence on a subinterval of [q^0, q^{00}], from which the continuity result for the mapping from the composite to Ω_β follows. [An adaptation to the case where i(·) has intervals of constancy can be easily achieved.]

In view of the brevity of the description provided for the construction which was referred to as a “final issue” it seems worthwhile to discuss matters in a bit more detail. First, given a small number e_1 > 0 it follows from our construction of the step functions f^0, f^1, . . . approximating the monotone continuous function i(·) on [p^0, p^1] (cf. (C_0), (C_1)) that for some sufficiently large k the step function f^k will satisfy the requirement

(12) f^k(p) =

2^k−1∑

l=1 (r + l 2^{nk}

SI (p)

[p_{qk,l}−∞)

= i(p) for p_{qk,1} ∈ [p^0, p^1], 1 ≤ l ≤ 2^k − 1

as well as

0 ≤ i(·) − f^k(·) ≤ 1 2^{nk}

S in [p^0, p^1], q_{k,l+1} − q_{k,l} < e_1 Since by (8) u_{P M,q} = r(x)^{δq} ( cos γ_qθ(x) sin γ_qθ(x) ) , ∇u_{P M,q} = r(x)^{δq−1} ( δ_q cos γ_qθ(x) − γ_q sin γ_qθ(x) δ_q sin γ_qθ(x) γ_q cos γ_qθ(x) )

with γ_q = 1 − 1 2 − ϵ_q, δ_q = 1 −

1 + γ_q 2q − 1

= 1 − 1 q + ϵ_q 2q − 1

, for some ϵ_q > 0, (9) yields

W_q(∇u_{P M,q}) = [||∇u_{P M,q}||^2−2det ∇u_{P M,q}]^q = r(x)^{2q(δq −1)}(δ_q−γ_q)^{2q} ∈ L^1(Ω_α′ ; Ω_β)

so that (10) yields

(13)

J_q[u_{pM,q}] = α^′_q

2q − 1 2qϵ_q ( 2q 2q − 1 ϵ_q

)_{2q}

= α^′_q ( 2q 2q − 1 ϵ_q

)_{2q−1} =:K_q. Thus by (∗∗) and (7)

E|_W 1,p = “J_q[u_{P Mq}](p)” = K_1 for all p ∈ [p^∗_q, p^{∗∗}_q ) [actually for all p ∈ [p^∗_q, ∞)]

We now consider one further item. For those exponents p_{qk,l} ∈ [p^0, p^1]

associated with the entries q_{k,l} ∈ [q^0, q^{00}] involved in constructing the function

f^k we find p ≥ p^∗_q =^{2q}_{1+qϵq} =^2_{1−γq} so that^{1+ϵqk,l}_{qk,l} <^2_{pqk,l}

This leads to q_{kl} ≈^{pqk,l}_2 so that the q values corresponding to the given

p values are close to one another – thus ensuring the claimed continuity of

the q mappings.

References

[1] Alberti, G. and F. Serra Cassano, Non-occurrence of gap for onedimensional autonomous functionals, Calculus of Variations, Homogenization and Continuum Mechanics, Marseille (1993), Series on Advances in Mathematics for Applied Sciences No. 18, G. Bouchitté, G. Buttazzo, P. Suquet (eds.)), River Edge: World Scientific Publishing Co., Inc., (1994) 1-17.

[2] Ball, J.M., Some open problems in elasticity, geometry, mechanics and dynamics, Springer, New York (2002) 3-59.

[3] Ball, J.M., Discontinuous equilibrium solutions and cavitation in nonlinear elasticity, Philos. Trans. Roy. Soc. London Ser A 306 (1982) 557- 611.

[4] Ball, J.M. Convexity conditions and existence theorems in nonlinear elasticity, Arch Rational Mech. Anal. 63 (1997) 337-403.

[5] Ball, J.M. and G. Knowles, A numerical method for detecting singular minimizers, Numer. Math 51 (1987) 181-197.

[6] Ball, J.M. and V.J. Mizel, One-dimensional variational problems whose minimizers do not satisfy the Euler-Lagrange equation, Arch. Rational Mech. Anal. 90 (1985) 325-388.

[7] Belloni, M., Interpretation of Lavrentiev phenomenon by relaxation:

The higher order case, Trans. Amer. Math. Soc. 347 (1995) 2011-2023.

[8] Buttazzo, G. and M. Belloni, A survey on old and recent results about the gap phenomenon in the calculus of variations, Recent Developments in Well-Posed Variational Problems, R. Lucchetti, J. Revalski eds., Kluwer, (1995).

[9] Buttazzo, G. and V.J. Mizel, Interpretation of the Lavrentiev phenomenon by relaxation, J. Functional Analysis 110 (1992) 434-460.

[10] Buttazzo, G. and V.J. Mizel, On a gap phenomenon for isoperimetrically constrained variational problems, J. Conv. Anal. 2 (1995) 87-101.

[11] Cesari, L., Optimization-theory and Applications, Berlin Heidelberg New York Tokyo: Springer-Verlag (1993).

[12] Clarke, F.J. and R.B. Vinter, Regularity properties of solutions to the basic problem in the calculus of variations, Trans. Am. Math. Soc. 289 (1985) 73-98.

[13] Dani, K., W. Hrusa, and V.J. Mizel, Lavrentiev’s phenomenon for totally unconstrained variational problems in one dimension, Nonlinear Diff. Eq. Appl. 7 (2000) 435-446.

[14] Foss, M., Hrusa, W., and Mizel, V., The Lavrentiev Gap Phenomenon in Nonlinear Elasticity, ARMA 167 (2003) 337-365.

[15] Foss, M., Hrusa, W., and Mizel, V., The Lavrentiev Phenomenon in Nonlinear Elasticity, J. of Elasticity 72 (2003) 173-181.

[16] Foss, M., Examples of the Lavrentiev’s Phenomenon with Continuous Sobolev Exponent Dependence, J. of Conv. Analysis 13 (2002) 445-464.

[17] Heinricher, A.C. and V.J. Mizel, The Lavrentiev phenomenon for invariant variational problems, Arch. Rational Mech. Anal. 102 (1988) 57-93.

[18] Iwaniec. T. and A. Lutoborski, Polyconvex functionals for nearly conformal deformations, SIAM J. Math. Anal. 27 (1996) 609-619.

[19] Lavrentiev, M., Sur quelques problemes du calcul des variations, Ann.

Mat. Pura Appl. 4 (1926) 107-124.

[20] Morrey, C.B., Multiple Integrals in the Calculus of Variations, Berlin Heidelberg New York Tokyo: Springer-Verlag, 1966.

[21] Necas Ciarlet, P.G., Injectivity and self-contact in nonlinear elasticity, Arch. Rational Mech. Anal. 97 (1987) 171-188.

[22] Sychev, M.A. and V.J. Mizel, A condition on the value function both necessary and sufficient for full regularity of one-dimensional variational problems, Trans. Amer. Math. Soc. 350 (1998) 119-133.

[23] Vekua, I.N., Generalized analytic Functions, Pergamon Press (1962).

ACKNOWLEDGEMENTS

First, I want to express my appreciation to Moshe Marcus for his encouragement in my efforts to pursue this line of research. I also want to express my appreciation to Mikil Foss for some challenging questions and to Bill Hrusa for his effort to educate me in the study of nonlinear elasticity. Finally, I want to express my appreciation to Walter Rudin, who as a C.L.E. Moore Instructor at MIT introduced me long ago to the beauty of rigorous abstract analysis, and who through his textbooks has succeeded in educating large numbers of scientists in the utility of abstract analysis.