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In 1985, J. M. Ball and V. J. Mizel raised the question of whether there ex-
ist nonlinearly elastic materials possessing a physically natural stored energy
density [one which is independent of an observer’s coordinate frame (objec-
tive) and is invariant under a group of linear transformations (isotropic)| as
well as physically reasonable boundary value problems for such materials,
such that the infimum of the total stored energy for continuous deformations
of the material meeting the boundary conditions (admissible deformations)
and belonging to a Sobolev space W1?2 for some p, > 1 is strictly greater
than its infimum for those admissible deformations which belong to a Sobolev
space W1Pt with p; < ps, despite the density of the former Sobolev space
in the latter. The question was motivated by M. Lavrentiev’s 1926 demon-
stration of such a gap for 1-dimensional variational boundary value problems
on a bounded interval whose smooth integrand satisfied the conditions of
Tonelli’s existence theorem - as well as improved versions developed in the
1980’s. Thereafter, M. Foss demonstrated in 2000 that there are (nonphysi-
cal) model problems in which the infimum over W' varies continuously with
p. The positive (2-dimensional) resolution of the 1985 Ball/Mizel question

was achieved by Foss, Hrusa and Mizel in 2003.
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The present article constructs for each given positive continuous increas-
ing function i on a compact interval [p°, p!] of the half axis (1, 00) a “compos-
ite” of 2-dimensional hyperelastic materials such that for a certain continuous
deformation of the composite satisfying prescribed boundary conditions the

relation

(%) Elw» = i(p) for all p in [p°, p'].

for the minimal stored energy F holds. The continuous deformation uw will
be constructed as the sum of an infinite series of mappings associated with
i(+), each of which is defined on a proper subdomain of the domain 2, of
u. That is, for specified « > § > 0 (with @ < 27) we present examples
in 2-dimensions of deformations u € AS” = @ Wh(Qy,R?) where (in

a’€(0,00]
polar coordinates) the domains Q,, 2, and Qg are given by

Qo = {x € RA{(0,0)} : 7(z) < 1, O(x) € (0,a)},

Qo ={xz e RA\{(0,0)} : r(z) <1, 6(x) € (0,a)},

Qp = {u € R2\{(0,0)} : r(u) < 1, O(u) € (0,3)},

and I's o, '3 o/, I's 3 denote the curvilinear boundaries of these domains. The
deformations under consideration depend on a parameter g with q € [¢°, ¢"°]
for some specified ¢”° > ¢° > 1 and, using complex value notation, are defined

by

Wansq(T) = 7(2) 1279 E)



where

qul—é—eq, 5q:1—;ﬁ§:1—%+2531 for a small ¢, > 0. We put

oy = a when y,a > 3, and we put o = 3/7, otherwise, so a; < a.
Thus the associated stored energy E := J,[u] is expressed in terms of the
first derivatives of w = u + iv [employing complex notation] with

2 (u+iv) = (up — vy) + (v + uy) as

(Cosg<m)GU(w)__Sh19ﬁv)8UKw) Ov(z) cose(w)av(w):>

%MZE%G or(x)  r(xz) 06(x)

, Ov(x) sinf(x)ov(x) . Ou(x)  cosf(x) du(x)
+i (COS 0<w)8r(m) " Trlz) 90(x) + sm@(az)a + )

which leads to

wi= [ |55 - ) (e o) | o
B

1
1-1—¢

the stored energy density integrand in (2) as W,(Vu), where u = (u,v).

where o/q =aA for €, > 0 sufficiently small. Hereafter we refer to

It follows from (1) that

2 2q
a’ﬂ _ = _
UPM,qEAp ,Vpell,l_(sq) [1’1—6 7 ),

q2q—1

2 2
):P” q ).
Vq I+ qeq,

UAM,q € Ag"ﬁ, Vp e [1, .

Thus if we put p; = HQ;]E , Py = 175% it follows that p; < p;*
q q

2g—1




with

— — ~ €q-
Pg = Pq 24 1—6,12(;%1 1+ qeq Pq 2¢—1"1

In addition (cf. [15]):

< ;ﬂ‘i) cos v,8( —7, sin,0(x)
_ 147 9
(4)  Vuppg =r(x) 21

<1 — ;qﬂi) sin ,0/( Vg €08 Y0 ()

2(14+v¢)

det Vuppg =14 (1 — ;;—ﬁ) r(x)” 21 >0

Now it is easy to verify that (cf. [15]) the form of J, for each

q € [¢°,¢"] C (1,00) is given by

;

Jq[uPM,q] = fﬂa{; [T(w)Q(éq_l) [(5q - 7q)2]q drdy =

(5) Oé; [(5(1 - 7(1)2}q m =: Kq Vp € [Lpz*)

L Jolwangl =0, Vp € [1,py),

whereby, as indicated in [15], the infimum of J,, for ¢ € [¢",¢"] for some

q® > ¢ > 1 is given by

(6).
pro/ J, [ ] - Jq[uAM,q] = 07 Vp € [17p;)

inf 4, o J Ju] = Jy[upng) = Ko, Vp € [}, p;*) [actually, for Vp € (p, 00)].



In view of the constancy of “J,[upnrq]”(-) we will henceforth express this
function in terms of the characteristic function I, ) of an associated half
axis. Now suppose that [p°,p'] C (1,0) is a prescribed closed interval and
that 7 : [p°, p'] — R is a prescribed positive increasing continuous function.
Our goal is to produce a “composite hyperelastic material of type I” such

that its minimal stored energy function F satisfies

() Elws» =i(p) Vp € [p’,p'),

The strategy to be utilized involves constructing an infinite series of func-
tions with terms of the form
1

A (IVuprrg )™ dedy g € [¢°,¢™] € (1,00),

where it is known (cf. [15]) that for each ¢ > 1

/Q Vuparg® de dy’ ()

ol

is constant along the half axis p € [¢,00). Thus, our method is along the
lines of an exercise in chapter 7 of Principles of Mathematical Analysis (3rd
edition) by W. Rudin.

Utilizing the fact that wpys, is a solution of the Euler-Lagrange system for

our variational problem we obtain



inf Jylu] = “Jylupnm,e]” = Ky, Vp € [py, 00);

P,y

(7)

2q
inf J,(u) =, =0, Vpell,p here p; = :
Al;}a; o(w) g[wanq] pellpy)  wherep 1+ qeq

We proceed as follows under the assumption (to avoid a trivial conclusion):

(#)  r=1iP)) <i(Pjo) =7+ S withr >0, 5> 0.

Step 1 Select an integer ng > 1 and let g be the smallest value in [¢°, ¢%]

satisfying

Mo r+55SI () =ilpg,,)
[PGo.1 120
00]

(ii)o Next let go 2 denote the smallest value in [go1,¢"] satisfying

r+ 55 ST () =i,
[P 5,50)
(iii)g Next let go3 denote the smallest value in [go 2, ¢*°] satisfying

r—+ 2%OSI (+)

A

1(Pg.)

and continue this procedure until we arrive at
(20 —1)o. Let ggano_1 denote the smallest value in [goano 2, ¢°°] satisfying

T+ 2;?1;15[ () = i(p:';ogno_l).

(PS4 2n0 1)
It is readily seen that the function

2m0—1 k
fo=rt > 508 O
k=1 pqo’k,oo)

is a step function on [p°, p'] which agrees with i(-) at the points {p}  } and

that



(Co) 0<i() - f0) < 528

Step 2 Select an integer n; > ng and let g1 ; be the smallest value in [¢°, ¢"]

satisfying

(i) r+ 2%ISI () = z'(p;m)

PGy 1)
(ii); Next let ¢ 2 denote the smallest value in [gy 1, ¢%°] satisfying

7"—1—2%51 (+) Ez’(pj;m)

[p;1,2’oo)
(iii); Next let ;3 denote the smallest value in [g; 2, ¢*°] satisfying

T+ 2%5’][]031’3700)(.) =i(Pr ),

q1,3
and continue this process until arriving at step (2™ — 1);:

Let q19n1 1 denote the smallest value in [gg on1 2, ¢*°]

r+4 2=lgy (+)

2™

satisfying

i(p:;l,Q"l 71)’

[P, 21 1)

2m1—1
It is clear that the function f! =1+ Z —S1I (-) is a step function
k=1

ny
2 PGy 4 ™

on [p’,p'] such that f' > f% and f' agrees with i(-) at the points p} , and

satisfies

(@) D<)~ 1) < S

By continuing in this fashion we produce a sequence of step functions f()

which converge uniformly to () on [p°, p'] and for which the associated points
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P, are densely distributed outside intervals of constancy of the monotone

continuous function i(-). Now the results described in [14] and [15] imply

that for each ¢ > 1 the associated “pseudominimizer” is given by

= 2022g [ cosygl(e) | _ -2 [ cosy,0(x)
upn g =1(T) ( sin7,0(x) ) =r(x) ( sin ()

which [avoiding complex-valued notation] we abbreviate as

sin y,6(x)
1 14 1 €
—1—=—¢. 6 =1— 4 -1 = 1 f e, >0.
Ve €404 201 q+2q_1,0rasma €q
Thus

B SR dq cos Y 0(x) —v,sinvy,0( x)
Vupig = (r(@)) ( dqsiny,0(x) Vq €S Y40 ()

whence by equation (2) for u = u + iv we have

—2q(14+vq)

= [[[Vul* — 2det V(w)]" = r(2) =T (6 — 7).




so that by (8)

(10) 1 2 -
=y (2= 1+ e ) = vt 2,
q

whence o < « for €, > 0 small enough.
It follows from (9) that for all p > ﬁ one has

E(uparg)lwir = M.
We now consider a final issue in demonstrating the continuity of the mapping
from the composite to the region {25. For all exponents pj;m € [p°, p'] which
arose in connection with the construction associated with i(-), we wish to
ascertain those values q € [¢°, ¢°°] which are associated with these exponents.

Recall that for a given ¢ > ¢° > 1 we have 7, = 1 — é — €qy 0g =

Y — (i [ €05 7a0(T)
1 - (1 2q_1> for some ¢, > 0 so that upy,, = r(x) ( sin ()

must be such that the p values in [p®, p!| for which E|y1.» # 0 must include

* 2 2q

by = 1—vg = l4geq”

Thus for a given p} € [p°, p'] one obtains

*

(11) Qpr = &(1 - %eq)’l so that g, = b

p*
2(1-%a,)
This ensures that on I's,  ag, > [, so that on choosing o/q%p? = [3 one

finds o) < a. It follows that W,(Vupase) € L' if and only if
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2q
2q—1

qul—%—eq,éqzl—%jt e whence 0, — vy, =

2q—17 €q-

Thus Ely1» # 0 for all those values v, with p} = i corresponding to
Qpr ™~ %? (1 + eqp?>. This ensures that p; — ¢;, is a continuous mapping from
I's oo onto I's 5. Thus [for the case where i(-) has no interval of constancy| the
mapping described here when applied to the dense sequence of exponents in
[p°, p'] yields a dense sequence on a subinterval of [¢°, ¢"], from which the
continuity result for the mapping from the composite to 5 follows. [An
adaptation to the case where i(-) has intervals of constancy can be easily
achieved.]

In view of the brevity of the description provided for the construction
which was referred to as a “final issue” it seems worthwhile to discuss matters
in a bit more detail. First, given a small number e; > 0 it follows from our
construction of the step functions f°, f!,... approximating the monotone
continuous function i(-) on [p°, p'] (cf. (Cp), (C)) that for some sufficiently

large k the step function f* will satisfy the requirement

2k—1

l .
(12) f*(p) = Z(T+27k51[p (p) = i(p) for pgey € [p°,p'],1 <1 <281
=1 gk, — OO

as well as

. 1 .
0< @() - fk() < QTkS m [poapl]y Aki+1 — Gk < €1

Since by (8)
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B 5, [ cosVeb(x) B g1 [ Ogcosvf(x) — ~gsiny,0(x)
upig = 7(2) ( sin vy,0(x) ) » Vtpig = 1(x) dysiny,0(x) Yq €08 Y40 ()

1—|—7q:1_1+ €q
29 — 1 qg 2q—1

1
with v, =1 — 5~ o 6g=1— ,for some €, > 0, (9) yields

Wo(Vup,) = [||VUPM,q||2_2det Vupnl! = T<m)2q(5q_1)(5q_7q)2q € Ll(Qo/; Q)

so that (10) yields

(13)

2—1( 2 2 2q 2a-t
Joluparg = @, 20c <2q — 1eq) = a (2q — 1eq) =:K,. Thus by (x*) and (7)
q

Elwie = “Jglupng|(p)” = K for all p € [p;, p;*) [actually for all p € [p}, 00)]
We now consider one further item. For those exponents p,, , € [p°, p']

associated with the entries ¢x; € [¢°, ¢*°] involved in constructing the function

Iteqp 2
— Rl 2
qk,l Paqy,

f* we find p > py = 1336(1 = ﬁ so that

Pqy 1
2

This leads to gy =~ so that the ¢ values corresponding to the given

p values are close to one another — thus ensuring the claimed continuity of

the ¢ mappings.
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