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1. Let n = 1 and consider the initial value problem

ẋ(t) = 2tx(t); x(0) = 1.

Find the Picard iterates x(m), m ∈ N.

2. Let n = 1 and define f : R × R → R by

(1) f(t, z) =











































0 , t ≤ 0,

2t , t > 0, z < 0,

2t −
4z

t
, t > 0, 0 ≤ z ≤ t2,

−2t , t > 0, z > t2.

(Note that f is continuous, but is not locally Lipschitzean.)

Consider the initial value problem

(2) ẋ(t) = f(t, x(t)); x(0) = 0.

Let x(0)(t) = 0 for all t ∈ R.

(a) Find the Picard iterates x(m), m ∈ N.

(b) Show that for each t > 0,
{

x(m)(t)
}

∞

m=1
diverges.

(c) Show that
{

x(2m−1)

}

∞

m=1
and

{

x(2m)

}

∞

m=1
converge uniformly on each bounded

interval I ⊂ R.

(d) Define x∗, x∗ : R → R by

x∗(t) = lim
m→∞

x(2m−1)(t), x∗(t) = lim
m→∞

x(2m)(t).

for all t ∈ R. Are x∗, x∗ solutions of (2)?
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3. Let n = 1 and define f : R × R → R by (1). Let I be an interval containing 0
and suppose that x(1), x(2) are solutions of (2) on I. Show that x(1)(t) = x(2)(t)
for all t ∈ I.

4. Let n = 1 and consider the initial value problem

ẋ(t) = t2 + x(t)2; x(0) = 0.

Put x(0)(t) = 0 for all t ∈ R.

(a) Use Mathematica or Maple to compute the Picard iterates x(1), x(2), x(5), x(10), x(20).

(b) Plot the graphs of x(1), x(2), x(5), x(10), x(20) on [0, 1].

(c) Plot the graphs of x(1), x(2), x(5), x(10), x(20) on [0, 2].

5. Let n = 2 and consider the autonomous system

(3)







ẋ1 = sin x1 + x3
2

ẋ2 = −x3
1x

2
2 − e−x1x2.

Let δ > 0 be given and assume that x is a solution of (3) on [0, δ). Show that
x is bounded on [0, δ). [Suggestion: Compute ϕ̇ for the function ϕ : [0, δ) → R

defined by

ϕ(t) =
1

4
x1(t)

4 +
1

2
x2(t)

2 for all t ∈ [0, δ).]
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