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ABSTRACT. The objective of this paper is two-fold. First, we establish new sharp quantitative estimates
for Faber-Krahn inequalities on simply connected space forms. In these spaces, geodesic balls uniquely
minimize the first eigenvalue of the Dirichlet Laplacian among all sets of a fixed volume. We prove that the
gap between the first eigenvalue of a given set Q and that of the ball quantitatively controls both the L!
distance of this set from a ball and the L? distance between the corresponding eigenfunctions:

M(Q) — M (B) 2 [QAB]? + / lug — usl?,

where B denotes the nearest geodesic ball to 2 with |B| = || and uq denotes the first eigenfunction with
suitable normalization. On Euclidean space, this extends a result of Brasco-De Phillipis-Velichkov; the
eigenfunction control largely builds upon on new regularity results for minimizers of critically perturbed
Alt-Cafarelli type functionals in our companion paper. On the round sphere and hyperbolic space, the
present results are the first sharp quantitative results with respect to any distance; here the local portion
of the analysis is based on new implicit spectral analysis techniques.

Second, we apply these sharp quantitative Faber-Krahn inequalities in order to establish a quantitative
form of the Alt-Caffarelli-Friedman (ACF) monotonicity formula. A powerful tool in the study of free
boundary problems, the ACF monotonicity formula is nonincreasing with respect to its scaling parameter
for any pair of admissible subharmonic functions, and is constant if and only if the pair comprises two linear
functions truncated to complementary half planes. We show that the energy drop in the ACF monotonicity
formula from one scale to the next controls how close a pair of admissible functions is from a pair of
complementary half-plane solutions. In particular, when the square root of the energy drop summed over
all scales is small, our result implies the existence of tangents (unique blowups) of these functions.

1. INTRODUCTION

Let (M, g) be a smooth Riemannian n-manifold, and let € be an open bounded subset of M. The first
Dirichlet eigenvalue, or principal frequency, of €2 is defined by

Vul?

A1(9) inf{fﬂf|u2 u € C’é’o(Q)} (1.1)
Q

Here and in the sequel, |Vu|?> = (V,u, V, u), and integration is with respect to the volume measure induced

by the metric g. The infimum in (1.1)) is achieved, and a minimizer uq satisfies the equation

—Aug =M (Qug in

(1.2)
un =0 on 0f,

where A = A, is the Laplacian with respect to g. Such a function ug is called a first Dirichlet eigenfunction
of  and A;(Q) is the smallest number for which a nontrivial solution to this eigenvalue problem exists. If
Q) is connected, then the first Dirichlet eigenfunction is unique up to constant multiples.

In Euclidean space, balls have the smallest principal frequency among subsets 2 C R™ of a given volume.
This fact, first established by Faber [25] and Krahn [35] in the 1920s, readily follows from the Polya-
Szego6 principle [42], which relies only on the on the coarea formula and the isoperimetry of balls. On all
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simply connected space forms (Euclidean space, hyperbolic space and the round sphere), geodesic balls
are isoperimetric sets for every volume. Consequently, on simply connected space forms, the Polya-Szego
principle holds and geodesic balls minimize the principal frequency among sets of a given volume. The
resulting inequality is known as the Faber-Krahn inequality: letting B denote a geodesic ball and |- | denote
the volume measure induced by the metric on either Euclidean space, hyperbolic space, or the round sphere,
we have

A1(2) > \(B) whenever || = |B.

It is known, moreover, that equality is achieved if and only if 2 is a geodesic ball, up to a set of capacity
zero. On the round sphere, the Faber-Krahn inequality was first established by Sperner in [43] and is often
called Sperner’s inequality. We refer the reader to [10, [7, 20] for a discussion of spectral inequalities and
symmetrization techniques in these settings.

Our first main theorem is a sharp quantitative stability result for the Faber-Krahn inequality on simply
connected space forms. Broadly speaking, a quantitative stability result in this context states that

AL(Q) — M (B) > e dist(Q, B)® (1.3)

for some o > 0, where B is a geodesic ball with |Q] = |B| and dist(Q2, B) is a suitable notion of distance
between ) and the nearest ball B. In the statement below, we let ug denote any first eigenfunction of ,
i.e. solution of , that is normalized so that uqg > 0 and f u?) = 1, and extended by 0 to be defined on
the entire space. We let AAB = (A \ B) U (B '\ A) denote the symmetric difference between sets.

Theorem 1.1 (Sharp quantitative stability for Faber-Krahn inequalities). Fizn > 2 and let (M™, g) denote
the round sphere, Euclidean space, or hyperbolic space. For any v > 0 (with v < |S™| in the case of the
round sphere), there exists a constant ¢ = c¢(n,v) such that the following holds. For any open bounded set
Q C M with |Q] = v, we have

A (Q) =\ (B) > ¢ inf <|QAB(J:)2 + /M lug — up() |2> ) (1.4)

Here B(x) is a geodesic ball centered at x with radius uniquely chosen so that |B(x)| = v, and B denotes
such a ball centered at any point.

Remark 1.2 (Optimality of the quadratic power). Considering ellipsoidal perturbations of a geodesic ball
(in normal coordinates in the case of the sphere or hyperbolic space) shows that the quadratic power a = 2
is optimal for both of the terms on the right-hand side of , in the sense that the result is false if 2 is
replaced by any a < 2.

On Euclidean space, quantitative stability for the Faber-Krahn inequality was first considered by Hansen
and Nadirashvili [30] and Melas [39]. Both of these papers restrict their attention to convex sets or simply
connected planar sets, and consider “L*” (Hausdorfl) type set distances dist({2, B). Among general open
bounded sets, simple examples show that even qualitative stability fails with respect to such a distance.
For this reason, the asymmetry, dist(Q, B) = inf,crn |QAB(z)|, is a more natural notion of set distance to
consider, and quantitative stability with respect to the asymmetry was conjectured in [I12] and [4I]. Non-
sharp versions of this conjecture (i.e. with o > 2 in (1.3))) were established in following years in [I1] and
[27]. All of these results are based on applying quantitative forms of the isoperimetric inequality to level
sets of eigenfunctions.

The first sharp quantitative Faber-Krahn inequality on Euclidean space was established by Brasco, De
Philippis, and Velichkov [I6], stating

A () = M\i(B) > cxien]an IQAB(z)|? (1.5)
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for all open bounded sets €2, where |B(x)| = |€2]. Their proof was based on a selection principle approach
introduced by Cicalese-Leonardi [21] (see also [I]) using the regularity theory for Alt-Caffarelli type function-
als. The selection principle is also the basis of the proof of Theorem [I.1] and we discuss these proofs further
in Section below. Following the work of [16], similar methods were used to establish sharp quantitative
stability for the p-Laplacian [28] as well as for the capacity [24] and p-capacity [40] inequalities. We refer
the reader to [I5] for an overview on spectral inequalities in quantitative form.

A shortfall of the asymmetry as a measure of the distance between sets is that it only detects modifications
up to sets of measure zero, while the eigenvalue sees modifications of a set up to sets of zero capacity. For
instance, if we let Q = B(0,1) \ {z; = 0} be a slit domain in R?, then the left-hand side of is strictly
positive while the right-hand side is zero. In contrast, the right-hand side of is strictly positive in this
example (and more generally, whenever the left-hand side is), and in this way, Theorem nontrivially
strengthens the result of [16] even in Euclidean space. This issue is discussed in the survey paper [15], and
in particular Theorem resolves [I5, Open Problem 3].

On the sphere and hyperbolic space, significantly less progress has been made toward quantitative Faber-
Krahn inequalities. These spaces lack the scaling invariance of Euclidean space, and certain computations
that can be carried out explicitly on Euclidean space cannot be done in these spaces. In fact, the ex-
plicit forms of the first eigenvalue and eigenfunction of geodesic balls are not known in closed form! Avila
established analogues of Melas’ aforementioned results for convex subsets of S? and H? in [9], following
quantitative estimates for other spectral inequalities in [44]. Qualitative stability results for the Faber-
Krahn inequality and other spectral inequalities on space forms is established in [8]. To our knowledge,
Theorem is the first (sharp or nonsharp) quantitative stability result for Faber-Krahn inequalities on the
round sphere and hyperbolic space that is valid for all open bounded sets ().

It has been understood in recent years that eigenvalue optimization problems are closely linked to the
study of free boundary problems. When optimizing functionals involving (linear combinations of) higher
eigenvalues, or of the first eigenvalue with respect to additional constraints, one can no longer expect to
explicitly characterize minimizers. Instead, one hopes to show that a minimizer exists in a weak class of
sets, and then show that the boundary of a minimizer is regular at most points. The paper [I7] considered
the minimization of A;(£2) among subsets Q of some fixed bounded open container. Here the authors
established regularity properties of minimizing sets by using the regularity theory of Alt and Caffarelli
[5] for the one-phase free boundary problem. More recently, minimization problems for functionals that
are linear combinations of Dirichlet eigenvalues have been recast as vectorial free boundary problems in
[36, B7, B8], [19], and regularity of minimizers has been studied through this lens of free boundary regularity.

In these examples, regularity theory for free boundary problems is used as a tool in the study of eigenvalue
optimization problems. In the next main result of this paper, the stream of tools will go in the opposite
direction: we apply the quantitative Faber-Krahn inequality of Theorem on the sphere in order to
establish new quantitative estimates for the Alt-Caffarelli-Friedman monotonicity formula, a powerful tool
in the study of various types of free boundary problems.

Fix n > 2 and let B, = B(0,7) C R™ denote the ball of radius r centered at the origin in Euclidean space.
Let uy,us € H'(B2) be two nonnegative continuous functions satisfying

S ; . = Q.
{Auz >0 in {u; >0} =: Q (1.6)

ul-u2:0 in32
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and assume that 0 € 9Q;. The Alt-Caffarelli-Friedman monotonicity formula (hereafter denoted ACF for-
mula) J : (0,1) — R is defined by

1
T(r) = Jlu, us) (r) = 7/ |vu1\2/ Vs ? (1.7)
™ JB, B,
when n = 2 and ‘ |2 | ‘2
1 Vu1 VUQ
— T e— 1-
70y = Tl = 5 [P [ (18)

for n > 3. Heuristically thinking, one can view J(r) as the product of the average Dirichlet energies of uy, usg
on B,. This quantity has the important property of being nondecreasing for r € (0,1). Note that this in
particular guarantees the existence of the limit

J(0F) = 711_1}(1) J(r).

Furthermore, if J(0T) is strictly positive, then J(r) is constant with respect to r if and only if

uy = Bi(z-v)", uy = Bo(z-v)",

for some v € S"~! and B, 32 > 0. Here f* and f~ respectively denote the positive and negative parts of a
function f. In other words, the ACF monotonicity formula is constant and positive if and only if u;, us are
linear functions defined on complementary half spaces 21 and Q.

Since its introduction in [6], the ACF monotonicity formula has proven useful in both free boundary
problems and harmonic analysis. One application of the ACF monotonicity formula is the following. Suppose
that a pair of functions uy, us satisfying have J(07) > 0, and consider any sequence ry — 0. There
exists a subsequence (which we do not relabel), constants 31, 82 > 0 and a direction v € S"~! such that

M_)&(x.yﬁ uz(rz)

™ - —>BQ($-V)_.

However, it is important to note that these blowup limits depend on the sequence r; and does not imply
that u; and usy or their interfaces €21, 22 have unique tangents at the origin. In fact, this need not be the
case! In [3] the first two authors gave an example of two harmonic functions defined on complementary
subsets of By, which have a slowly spiraling interface, where different sequences r; — 0 result in different v
in the limit.

Toward understanding conditions that do guarantee the existence of unique tangents for functions u; and
ug as in , we establish the following quantitative estimates for the Alt-Caffarelli-Friedman monotonicity
formula. Roughly speaking, this theorem says that if J(1)—J(0") is small, then u; and uy are quantitatively
close to linear functions $3;(x-v)*. Note that if J(07) is strictly positive, then up to rescaling we may assume
that J(01) = 1.

Theorem 1.3 (Sharp quantitative stability for the ACF monotonicity formula). Fiz n > 2 and let p €
[0,1/2]. There exists a constant C = C(n) > 0 such that the following holds. Suppose that uy,us satisfy
(1.6)). Then there exist constants 1,82 > 0 and v € S~ such that

2 -2 J(l) 2 2
/Bl\Bp (ur = Br(z-v)")" + (uz — Ba(z-v) ™) < Clog (J(P)> ; willfyizm,)-

Furthermore, there exists a constant ey = €g(n) > 0 such that if log(J(1)/J(0T)) < €o, then B; and v may
be chosen independently of p € [0,1/2].

This theorem is sharp, in the sense that the dependence on log % on the right cannot be improved; this

can be seen from the examples constructed in [3, Section 2].
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A direct consequence of Theorem [I.3]is the following corollary, which gives a criterion for naturally scaled
blow-ups of the functions u; at 0 to be unique. We believe this criterion is essentially sharp, for the same
reasons that Theorem is sharp. This resolves a question raised in [3].

Corollary 1.4 (Uniqueness of blowups). Fiz n > 2. Suppose that uy,us satisfy (1.6), assume J(0T) =1,
and let w(r) = J(r) — 1. Assume in addition that

dr < oo.

Then there exists a number B > 0 and a vector v € S~ such that

. 1
lim —/ lup — Br(v-2)4]? =0.
B,

N0 772

1.1. Proofs of the main theorems. Let us now discuss some aspects of the proofs of our main theorems.
We begin by discussing Theorem and particularly its connection to Theorem [T.1]in the case of the round
sphere. The proof of Theorem is accomplished by quantifying the following estimates when J(1) — J(p)
is small:

(1) For a large set of r € [p,1] and for i = 1,2, the restriction of u; to dB, is close in an L? sense to the
first Dirichlet eigenfunction of the spherical Laplacian on the set {u; > 0} N 9B, .

(2) For i = 1,2, the function u; is close in an L? sense to a one-homogeneous function in By \ B,.

(3) For a large set of r € [p,1] and for ¢ = 1,2, the first Dirichlet eigenvalue of the spherical Laplacian
on the set {u; > 0} N JB, is close to the first eigenvalue of a hemisphere in dB,..

The one-homogeneous extension of the first eigenfunction of a hemisphere in 0B; is a truncated linear
function (z - v)* for some v € S"~!. Theorem is established by combining the estimates above to show
that for ¢ = 1,2, the function u; is close to a constant multiple 5; > 0 of this linear function, for suitably
chosen v.

In the case when n = 2, the proof of Theorem [1.3] is significantly simpler than in higher dimensions,
fundamentally because the geometry of S*(r) = 9B, is sufficiently simple that much of the analysis can be
done in an explicit manner. In dimension 2, the estimate (3) for the the first eigenvalue of {u; > 0} N 9B,
immediately determines the length of the longest connected curve of {u; > 0} N 9B, as well as the explicit
first eigenfunction on {u; > 0} N OB,.

When n > 2, on the other hand, the estimate (3) contains less immediate information. Knowing the
first eigenvalue on {u; > 0} N JB, does not determine the shape of {u; > 0} N B, nor the eigenfunction on
{u; > 0} N B,.. It is here that we make crucial use of the sharp quantitive version of Sperner’s inequality
established in Theorem Theorem [1.1)applied to S"~1 = 9By, in conjunction with the estimate (3) allows
us to deduce that the restriction of u; to B is quantitatively close to the first eigenfunction of a spherical
cap of the same volume. We emphasize that for this application, it is essential that we have established the
improved form of stability that includes eigenfunction control in Theorem [T1]

Let us now make some further remarks about Theorem and its proof. We begin with some comments
about the statement and optimality of the theorem.

Remark 1.5 (Dependence of constants on the volume). In Theorem the constant ¢ in the quantitative
estimates depend on the volume. On Euclidean space, the scaling invariance can be used to state the Faber-
Krahn inequality without a volume constraint as A;(Q)|Q?/™ > A\;(B)|B|*»/™ where B = By, and similarly
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(1.4) can be restated in scale-invariant form as

2
2/n 2/n . |QAB(z,7)| . . 2
A1(Q)]9] M(B)|B]#" > ¢ <m1€n]1£’" o + zlen]l{” i |ug — up(e,r|
where ¢ is a constant depending on dimension only and r is chosen so that || = |B,|. On the sphere and

hyperbolic space, the constant can clearly be taken to be uniform for any compact subset of volumes. We
make no attempt to track the dependence of the constant ¢ = ¢(n,v) in as v — 0 or as v — [S"]| (in
the case of the sphere) or v — oo (in the case of hyperbolic space), though as v — 0 one expects that the
constants can be made uniform after the suitable rescaling.

Remark 1.6 (Optimality of the L? norm). It is natural to wonder if the L? distance between eigenfunctions
in can be strengthened to the H' distance. This is false, at least with the quadratic power. Indeed,
let B be a ball of maximal overlap with €2 and suppose by way of contradiction that there exists ¢ > 0 such
that A\1(Q) — A\ (B) > ¢ [ |Vuq — Vug[>. On B\ Q, we have Vug = 0 and [Vug| = 1. So,

/|VUQ—VuB\22/ |VuB|22c|B\Q\:E|BAQ|.
B\Q 2

This would imply that the eigenvalue deficit A1 (2) — A1 (B) controls the asymmetry linearly, which as we
have already discussed is false. It is not hard to show that qualitative stability holds for the H' norm and
we do not know if quantitative stability may hold with a different modulus of continuity, e.g. for some a > 2

in .

Remark 1.7 (Quotient spaces). Naturally, the Polya-Szego principle and thus the Faber-Krahn inequality
hold on quotients of Euclidean space, hyperbolic space, and the round sphere when the volume of €2 is small.
Theorem also generalizes to quotient spaces for the volume v beneath a suitable threshold.

The proof of Theorem like the proof of the quantitative Faber-Krahn inequality of [16], is based on
a selection principle argument. This global-to-local reduction tool, introduced by Cicalese and Leonardi in
[21] in the context of the isoperimetric inequality, is perhaps the most robust method to prove quantitative
geometric inequalities and allows one to trade the task of proving stability in the entire class of objects for
the task of proving stability among minimizers of some penalized functional, which typically enjoy strong
regularity properties.

Let us sketch the basic scheme of the selection principle argument. Suppose by way of contradiction
that the desired stability result ([L.4]) fails, and so there exist a sequence of open bounded sets 2; of a fixed
volume v with A1 (Q;) — A (B) and yet

dist (€2, B)?
n(@) - n(p) < THEEE (19)
where we let dist(£2, B) denote the distance on the right-hand side of (1.4). Now, consider a functional of
the form

Fi(9) = M(Q) + 7/ + (¢; — dist(92, B)2)2, (1.10)

where ¢; = dist(€2;, B)* which is designed so that a minimizer €; of F; among sets of a fixed volume satisfies
the same contradiction assumption . Theorem will then follow once we establish the following two
main ingredients for a selection principle:

(1) (Regularity) Minimizers 2} of the penalized functionals F; satisfy good e-regularity properties.
Combined with the (easily shown) fact that the (2} converge to a ball B in a weak sense, this will
guarantee that for j sufficiently large, the boundary of Q; is a small C% perturbation of the bound-
ary of B.
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(2) (Local stability) The quantitative stability estimate (1.4) holds for sets that whose boundaries are
small C%* perturbations of the boundary of B. This step is based on linear stability, i.e. strict
positivity of the second variation of A;(B) in non-translational directions.

In the context of Theorem significant challenges arise in both of these two steps. Let us describe
these challenges, and the new strategies introduced to deal with them.

Step (1): For an energy like (1.10) in which A1(€) (or the closely related torsional rigidity below) is
the dominant term, the functional F; can be realized as a perturbation of the Alt-Caffarelli functional
[5]. However, in contrast to [16], the presence of L? eigenvalue penalization in the distance makes this
perturbation a critical one and leads to significant issues for regularity. Step (1) is carried out in our
companion paper [4], where we consider a selection principle associated to the geometric inequality

)\1(9) + StOI‘(Q) > )\1(B) + StOI‘(B)

for a small number T > 0. Here tor(2) is the (negative of the physical quantity) torsional rigidity of an open
set  C R", defined and discussed further in Section [3:2] In Section [3:2] we will see how to connect this
selection principle with the one we need to prove Theorem |1.1] using the so-called Kohler-Jobin inequality.

Step (2): In nearly all selection principle arguments, including the quantitative Faber-Krahn inequality
of [16] in Euclidean space, Step (1) can be carried out using an explicit analysis of the second variation.
On the round sphere and hyperbolic space, these computations can no longer be carried out explicitly. To
overcome this challenge, we introduce a new technique, based on the maximum principle, to perform an
implicit spectral analysis. We exploit the symmetry of the minimizers, which are balls, (thus indirectly using
their explicit form), and use an ODE maximum principle argument to establish the desired spectral gap. To
our knowledge, this is the first time this method has been used in a quantitative stability estimate or in a
spectral analysis otherwise.

The remainder of the paper is organized in the following way. In Section [2] we prove the quantitative
estimates for the Alt-Caffarelli-Friedman monotonicity formula of Theorem We present the proof in the
cases n = 2 and n > 3 separately because the two-dimensional case is simpler and provides a basic outline
of the proof for higher dimensions. Corollary is also proven in this section.

In Section [3| we prove Theorem In the interest of clarity, we present the proof in the specific case of
the round sphere, which is also the essential case in our application to Theorem [1.3] The proof carries over
almost verbatim to Euclidean space and hyperbolic space, and we therefore only remark on the necessary
modifications to the proof in these cases. As we have mentioned, the regularity estimates of Step (1), as
well as the details of the selection prinicple, are shown in our companion paper [4]. Section [3|is thus largely
dedicated to proving Step (2) in Section with the regularity results of [4] recalled and the conclusion of
Theorem [Tl drawn in Section 3.2}

1.2. Acknowledgements. MA was partially supported by Simons Collaboration Grant ID 637757. During
the course of this work, RN was partially supported by the National Science Foundation under Grant No.
DMS-1901427, as well as Grant No. DMS-1502632 “RTG: Analysis on manifolds” at Northwestern University
and Grant No. DMS-1638352 at the Institute for Advanced Study. This project originated from discussions
at the 2018 PCMI Summer Session on Harmonic Analysis.

2. QUANTITATIVE STABILITY FOR THE ALT-CAFFARELLI-FRIEDMAN MONOTONICITY FORMULA

This section is dedicated to the proof of Theorem [I.3] and Corollary The cases n = 2 and n > 3 are
carried out separately in Sections [2.1] and [2.2] respectively. Corollary [[.4]is shown in Section [2.3]
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2.1. The two dimensional case. Throughout the section, we let n = 2 and let uy,us : By — R be two
nonnegative functions satisfying (1.6[). Let J = J[uq,uz] : (0,1) — R4 be the two dimensional Alt-Caffarelli-
Friedman monotonicity formula defined in (|1.7)).

To begin, we prove the monotonicity of the functional J(r) following [6l 18], along the way introducing
some notation and outlining the main ideas of the proof of Theorem [I.3] when n = 2. We directly compute

Jo, [V [? Jos, [Vua|? 4
fBr |Vuy|? fBr [Vug|2 7’

For each fixed 7 € (0,1] and for i = 1,2, we denote by {X .} and {Y} .} the Dirichlet eigenvalues and
eigenfuncti_ons of the Laplacian —d,, on the set Q% = {u; > 0} N dB,., with the eigenfunctions normalized
so that [|Y} |lr2(qi) = 1. Here and in the sequel, we let 9, denote the tangential derivative on 0B, so that

log(J(r))" = (2.1)

in polar coordinates (r,0) for R?, we have 9, = %89. The positivity set Q& comprises a union of circular
arcs in 0B,., and so the the first eigenvalue and eigenfunction of this set are the (explicit) first eigenvalue
and eigenfunction of the longest circular arc. More specifically, define 6;(r) € [0,27] so that the length of
the longest circular arc in Q¢ is r6;(r). The first eigenvalue and eigenfunction of Q% are given by (up to the
obvious rotation)

7T2

i i 2 : i *
A= 77291‘(7")27 Yi, = RNES sin (r )\17T0> . (2.2)

Here we have written the eigenfunction in polar coordinates (r,#) for R2. It is worth noting that for a
semicircle in OB,., the first eigenfunction is A = 1/r? and the first eigenfunction is Y = /2 /77 sin(0) ", whose
one-homogeneous extension is a linear function restricted to a half plane. Observe that 0 (r) 4+ 02(r) < 27
because the supports of u; and us are disjoint.

Now, we note that for : = 1,2,

/ Vu? = / (Oyu:)? + (0,u2)
OB, OB

T

= 8Tuz )\Z T 7.) + </ )\z o U; — 21/>\i Tuiﬁrui) + (/ 21/)\i Tuiarui) .
(/887\( ? ! oB, ! b dB, b

Using now the subharmonicity and nonnegativity of u; we have

/ |Vui|2§/ u;Or s,
B, oB,

T

so that dividing by fBBT |Vu;|?, summing in 4, and subtracting 4/r we obtain from and . ) that
log(J(r))" = da(r) +d5(r) + do(r), (2:3)

87' i 2 7“7"/ z2> 9
Z T (o, @0 [, v

. u? +/ Org)? — 24/ N T/ uiarul) ,
Z fB |VUz|2( b /QB,\ BBT( ) b dB,

The ACF functional J(r) is shown to be monotone in [6] [I8] by showing that each of d4(r), d5(r), and do(r) is
nonnegative; this is in particular a consequence of Lemma 2.1 below. The quantitative monotonicity formula

where we define
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of Theorem 3| will be established by quantifying the loss in each inequality d(.y(r) > 0 and integrating with
respect to 7. Let us informally discuss the information contained in each &.)(r )

The quantity J4(r) is nonnegative by the Poincaré inequality on Q%, and equals zero for a given r € (0, 1]
if and only if u; restricted to 0B, is equal to the first eigenfunction Yf)r of Q. By quantifying the positivity
of §4(r) in in Lemma below, we see that d4(r) quantitatively controls the distance of u; to the
eigenfunction on this set.

The term in parentheses in the definition of d5(r) can be realized as a square as in (2.5 in Lemma
below. This immediately shows that dz(r) is nonnegative for all » € (0,1). Furthermore, it provides
quantitative control on how closely the restriction of u; to 0B, behaves like a homogeneous function with

homogeneity 4/Aj /7.

The quantity dc(r) can be bounded below by square functions; see in Lemma below, which
in particular shows that dc(r) > 0. The estimate shows that the longest circular arc in Q¢ (and
thus Q¢ itself) is quantitatively close to a semicircle in dB,., and the corresponding first eigenvalue /\ir is
quantitatively close to the first eigenvalue 1/72 of a semicircle in 0B,..

The proof of Theorem roughly goes as follows. By integrating dz(r) and dc(r) from p to 1, we show
in Lemma that each u; is quantitatively close to the one-homogeneous function defined by ru;(1,6) in
polar coordinates. Then, in Proposition we apply the estimate for 64(1) to deduce that u;(1,8) is
almost equal to a multiple of first eigenfunction Yf’l of %, and applying the estimate once again, we
see that Yf,l is quantitatively close to the first eigenfunction of the semicircle. Finally, Theorem follows
from Proposition once we guarantee that the semicircles corresponding to u; and us do not have too
much overlap.

The following lemma provides basic quantitative lower bounds for each of § 4(r), d5(r), and d¢ (1) discussed
above. Since each of the right-hand sides of (2.4)-(2.6) are nonnegative, Lemmma[2.1]and (2-3) in particular
imply the monotonicity of J(r).

Lemma 2.1. For each v € (0,1] and i = 1,2, let Y}, be the eigenfunction defined in [2.2) and let 5}, =
faB uin,T. We have

Z To. _w?) fo (= BT (2.4
Z |Vul|2 /83 (\/Euz - 8r“z’)2 ) (2.5)
So(r) > ; 29 ((7;(;% _ g \/» <\/>_ i) . (2.6)

Proof. We fix r € (0, 1], and for notational simplicity omit the subscripts r in the remainder of the proof.
We first prove (2.4)). For i = 1,2, let 8 = faB u; Yy, so, expanding the term in parentheses of d4(r) in this
basis, we have

(9Tui2—)\i/ w2 =STN(BE)2 — i\2
/an R A WICHEEDIES

> (% - XD S (B2 = (A — X)) /a - Y2

k=2
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Dividing this expression by [, [Vu;|* and summing from i = 1 to 2 gives (2.4). Next, (2.5)) is immediate
by writing the integrand as a square. Finally, to prove (2.6)), recall that 65(r) < 27 — 61(r), and so

(01@ o 2)

( 272 _2> _ 4 (r —61(r))? .
01(r)(2m — 01(1)) r 01(r)(2m — 01(r))

oc (7‘) >

qIN 3N

The analogous expression holds with €5 in place of #. Summing these expressions and dividing by 2 gives
the first estimate in (2.6]). For the second, use (2.2) to see

fal((;;@fl—(re)l);r» N \/1E(27r —421@) < M- 1) - } <\E 1)

Again, the same expression holds with 65 in place of #3. Summing these expressions and dividing by 2 gives
the second estimate in ([2.6). This concludes the proof of the lemma. O

The following lemma makes use of the estimates for dz(r) and dc(r) in Lemma and shows that uq
and uy are quantitatively close to being 1-homogeneous.

Lemma 2.2. Let uy,us be as above. Then for a universal constant C > 0 and any p € (0, 1),

/ L ul1.0) (o) < €1 e (553) sl

Proof. Fix i € {1,2}. For notational simplicity, we omit the sub and superscripts ¢ in this proof.

We first note that

[ru(1,0) — A(r)u(1,0)]* + 2/ [A(r)u(1,6) — u(r, 8)]?

/ ru(1,6) — u(r, 6)]? < 2
Bi\B, B1\B, B1\B,

= () + (1),

where we define A(r) := e~ /2 VAt and X\(t) = Ay ;. We bound (II) in the following manner. Using that
1
u(1,0)A(r) — u(r,0) = / [ur(s,0) — /A(s)u(s, 0)]e Jr VB g
as well as that |e~/* VA9 <1 we have

1
lu(1,0)A(r) — u(r,0)? < / [ur(s,0) — \/A(s)u(s, 0)? ds. (2.7)
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Now to continue with (I7) we have

In order to bound (I) we first note that if \/A(s) > 2/s, then from (2.6)) we have that \/A(s) < 4d¢c(s),
so that max{+/A(s),2/s} < 4dc(s) +2/s. Now using that e~ is 1-Lipschitz for > 0 we have

‘A(’I‘) _ T| — ‘effrl\/k(s) ds _ efj: 1/s ds

< /Tl VA(s) = 1/s ds
([P ) ([ e
1/2 1/2

/Tl dc(s) ds) </r1max{\/@7 2/s) ds)

( / de(s) +2/s ds>1/2

(4- 21117“)1/2

so that

|A(r) — 7> < </Tl(50(s)> (4 —21Inr). (2.8)
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To continue with (I), we use the trace inequality on B; and the fact that r — (4 — 21lnr) is bounded for
€ (0,1] to find

/131\3,, [ru(1,0) — A(r)u(l,@)]2 = (/831 u2(1,0) d0> /pl rlr— A(r)]2 dr
< Cllul3rs s, /pl . (/1 5o (s) ds) (4 2mn7) dr
< CMunana<Bﬂt[f (/C150<5>ds) dr

1
S C||u||%V12(Bl)/ 66‘(8) ds
P
Recalling (2.3)) concludes the proof. O
This next lemma is a straightforward computation for sine functions that will be used in the proofs of
Proposition [2:4] and Theorem [I.3]
Lemma 2.3. There exists a universal constant C' > 0 such that for any g e [0,27) and any A > 0 with

1=V <1/2,
/S [sin(0 + )" —sin(0)]? < C6? (2.9)

/ [sin(VA0)T —sin(A) ]2 < C(1 — VA2 (2.10)
Sl

Proof. To estimate (2.9), from the bound |sin’(A)| < 1, one has (sin(f+6) —sin(#))2 < CH2. If sin(0+6) > 0
and sin(f) < 0, then (sin(6 + 6))? < §2. This is sufficient to conclude (2.9).

To estimate (2.10) we break up the integral over S* into the regions (0, 7) U (r, #) where we let 6 = 7/v/\.
If VA > 1, then it suffices to only consider the interval (0,7). We first have

/ [sin(VA8) T —sin(h)*]? < /ﬂ[sin(ﬁﬂ) — sin(6))?

0 0
B sin((vVA — 1)7) B sin(2v/A) N sin((vVA + 1)7)
V-1 4vV/\ VA+1
which is a smooth function in v\ and has a minimum of zero at v/A = 1, so there exists a universal constant
C such that

/ [sin(vVA0)F —sin(0)7]? < C(1 — VA)?

0
provided that [v/A — 1| < 1/2. Furthermore, using a change of variables and a Taylor expansion of sin?(-) at
# = 0, we have

sin?(VA) = /97r sin?(VA) < C(1 — V)3
0

for a universal constant C' when |[v/A — 1| < 1/2. We conclude (2.10)). O

Lhmf®$mﬁflﬁ

T

The next proposition contains the core of the proof of Theorem and shows that u; and wuo are each
well-approximated by a linear function in a quantitative sense. From Lemma we know that w; and
ug are each well-approximated by one-homogeneous functions. In this proposition, we show that these
one-homogeneous functions can be well-approximated by linear functions.
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Proposition 2.4. Assume log(J(1)/J(p)) < 1 with p € [0,1/2]. Fori = 1,2, let 3; = Bia = Jon, u;Yy

and let 5; = \/ﬁﬂAl/ﬁ There exists 0; € [0,27] such that if we let v; be the linear function defined in polar
coordinates by v; = rsin(f + 6;), then

)
u; — B < Clo < ) TH S
s i1 < g (5 ) oo

Proof. Let

e = log (jg;;) = /p1 log(J(r))" dr.

Since the integrand is nonnegative, it follows from Chebyshev’s inequality that log(J(r))" < 10e outside a
set of measure £/10. In particular, log(J(r))" < 10e for some r € (1 —¢/5,1]. So, by scaling we may assume
that

log(J (1)) < e. (2.11)

Fix ¢ € {1,2}. For the remainder of the proof, we omit subscripts ¢ for notational simplicity. After a
rotation, we assume that the longest arc on which u N 9By is positive is (0,0(1)). After this rotation, we
let v = rsin(d). Applying the estimate for 0c(r) with r = 1, we deduce that there exist universal
constants ¢ and C such that

Im—0(1)| < CVe, [VA=1<CVe, M—X>c (2.12)

Here and in the remainder of the proof, we let A = Ay 1, i.e. X is the first Dirichlet eigenvalue of §2;. Likewise,
Ao denotes the second Dirichlet eigenvalue of 2;. We now apply the triangle inequality to split the integral
on the left-hand side into three pieces as follows:

/ (u— But)? < 4/ (= ru(l, 0))2
Bi\B, Bi1\B,

+4/B , (ru(19) —rBYia)? (2.13)
+ 4/ (BrYl)l — Br sin(9)"')2 .
B1\B,

We apply Lemma to the first term on the right-hand side of (2.13]) to find that for a universal constant
C, we have

4/ (u —ru(1,0))? < CEHU||%,V1,2(BI) . (2.14)
Bi\B,

Next, we use the estimate (2.4]) for §4(r) with 7 = 1 to bound the second term on the right-hand side of
(2.13). Indeed, by (2.4) and the the uniform eigenvalue gap (2.12)), we see that

4/ (ru(1,0) — Brvia)2 < C [ (u(1,6) — Y1)
Bi\B, B (2.15)

< Clog(J(1))'|VullZap,) < Cel|VulZap,)

for a universal constant C'. In the final inequality we have made use of (2.11).
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Finally, the third term in (2.13)) can be estimated using the eigenvalue estimate in (2.12)) and the estimate
(2.10]) from Lemma Indeed, noting that 5 < |lullz2(9m,) < Cllullw1.2(B,), we conclude that

2
— z in(6)"
. Y171 \/;S (9) ‘|
. 2 2. 2

<Cp? /831 {sin(\ﬁ@)"‘ — sin(ﬁ)‘*‘}2 +Cp? (\/01(71) — \/1%> /8131 [sin(ﬁ@)Jrr

< CH (1= VN)? + OB (m — 0(1))* < Cellullrap,).
By combining (2.13)), (2.14)), (2.15)) and (2.16]), we conclude the proof of the proposition. O

4/31\]30(,37*5/1,1—,67“8111(0)+)2 < 52/6

We are now ready to prove Theorem [I.3]in the case n = 2.

Proof of Theorem[1.3 for n = 2. If log(J(1)/J(p)) > 1, then we may choose 3; = |ul|2(p,) and v = ey, and
the result immediately follows for large enough C' depending only on n. If log(J(1)/J(p)) < 1, then we may
choose for i = 1,2, the constants 3! and 6; be as in Proposition In order to conclude Theorem the
only issue is that the functions sin( + 61)" and sin(f + 62)* may not have disjoint support. However, from
(2.12) we point out that the overlap may not exceed Cy/e. Therefore, by Lemma we may rotate both
functions to have disjoint support and thus obtain the result. O

2.2. The n-dimensional case. We now move to the proof of Theorem in higher dimensions. Through-
out this section, let n > 3, let u;,us be as in and let J = J[uy,us] : (0,1] — R be the n-dimensional
Alt-Caffarelli-Friedman monotonicity formula defined in . The proof of Theorem follows the same
basic scheme as the proof in the two dimensional setting, wherein we estimate the positivity of log(J(r))’
on each sphere 9B,. Whereas in the two dimensional case the positivity sets 0B, N {u; > 0} were unions
of circular arcs, in higher dimensions the geometry of the positivity sets may be more complicated. In
particular, we can no longer hope to write the first eigenfunction and eigenvalue in an explicit way. The key
tool to overcome this difficulty is Theorem In this section only, we will use the notation B to denote an
(n — 1)-dimensional spherical cap (i.e. geodesic ball in S"~1), so as not to be confused with the notation B
used for a ball in n-dimensional Euclidean space.

To begin the n-dimensional setting, let us recall the proof from [6, [I8] that the ACF formula is
monotone. We directly compute
r2—n Vu |2 r2 Vusl|?
log(J(r))" = ffaBélllz | + ffaB§u2|2 i é (2.17)
B, [z|n=2 B, [z|n=?
For each r € (0,1) and i = 1,2, set Q] = {u; > 0} N 9B, . Let A{, and @, , respectively denote the first
Dirichlet eigenvalue and eigenfunction —A. on QF, where @;, is normalized so that H'ai)r||L2(Q;') = 1. Here
A denotes the Laplacian of B,.. For n > 2, we may no longer write )\Zi,r explicitly as we did in in the
two dimensional case. For a hemisphere in 0B, the first eigenvalue is \; = (n — 1)/r? with corresponding
eigenfunction given by the restriction a linear function on R™ to this set. (By symmmetry, one can see that
the first eigenfunction of a hemisphere is the restriction of the first spherical harmonic that vanishes on the
boundary of the hemisphere, which up to a rotation is the second spherical harmonic.)
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An important quantity in this setting is the characteristic constant oo = «;(r) € (0,00) of 27 defined by
ai(r)? 4+ (n — 2)ay(r) — 7"2/\37,. =0, (2.18)

see [20]. The characteristic constant is defined in such a way so that the o = «; () homogeneous extension
w(z) = r%U;, of 4;, is harmonic in the cone generated by Q7. Like the first Dirichlet eigenvalue, the
characteristic constant is monotone decreasing under set inclusion, and among sets of a fixed volume is
minimized by a spherical cap. A hemisphere in 9B, has characteristic constant o = 1.

Since u; is subharmonic and u;(0) = 0 we have [I8] that

Vu;|? n— 2 u?
/B ||$|nz|2 Srg_n/aB wiw), + “5 -t (2.19)

From (2.18)), we see that we can express Aj . as Aj, = r2a;(r)> + (n — 2)r~2a4(r). With this in mind,
we now write |Vu;|? in the following way for any point, where for a point x € dB,, we let V, denote the
projection of the gradient onto the tangent space of 0B, at x.

\Vui|2 = |VTui|2 + (8Tui)2 = |8Tui|2 — )\llu? + )\ﬁu? + (8Tui)2
n— 2u2
2r

2
; o o
2 i 2 i,2 i
= |0rui|” — ANu” + —ui +2—

2 yi, 2
= |0ru;|” — Aju
2

a;
i ,,2
+oguf 2

+ (arui)z

aiuz

u;)?

+ (9;
-2 5
—|—2 u13u1+2— uj.

2

Using this expression in the numerator of (2.17)), as well as the fact that |z|"~2 < r"~2 on B, and (2.19),
we see that log(J(r)) > 0a(r) + 05(r) + 6C(r) where

Z Ts IVul? |VuZI2 (/337,(8”“”)2 N /6Br uf)

ai(r)z 2 N2 O[z(’/‘) . .
Z fB |Vuz|2 </83 2 uy + (Oru;)* — 2 " w; Optl;

r

de(r) = 2 (1 (r) + 02(r) ~2)

In [6, 18], the ACF functional J(r) is shown to be monotone by showing that each of §4(r),d5(r), and
dc(r) is nonnegative, which we will see is a consequence of Lemma below. As in the two dimensional
case, the quantitative monotonicity formula of Theorem will be established by quantifying the loss in
each inequality d(.)(r) > 0 and integrating with respect to 7. Let us discuss the information captured by
each 0(.)(r).

The quantity d4(r) is the direct analogue of d4(r) in the two dimensional setting. It is nonnegative by
the Poincaré inequality on Qf, and equals zero for a given r € (0,1] if and only if u; restricted to 9B, is a
multiple of the first elgenfunctlon U;,» of Q. As in the case n = 2, §4(r) quantitatively controls the distance
of u; to the eigenfunction on this set; see in Lemma below.

The term in parentheses in the definition of d(r) can be realized as a square as in (2.21]) in Lemma
below, and so dp(r) is nonnegative for all r € (0,1). It quantitatively controls how closely the restriction of
u; to OB, behaves like a homogeneous function with homogeneity o;(r).
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The nonnegativity of §c(r) comes from the Friedland-Hayman inequality [26]. In (2.22) of Lemma
below, we show that dc(r) provides quantitative control over now close the characteristic constant a;(r) of
Q7 is to the characteristic constant o = 1 of a hemisphere in 0B,

Let us outline the ingredients of the proof of Theorem that make up the rest of this section. By
integrating d5(r) and do(r) from p to 1, we show in Lemma that each u; is quantitatively close to the
one-homogeneous function defined by 7u;(1,6) in polar coordinates (r,0) € Ry x S"~1 for R". Lemmas
and Lemma provide quantitative and qualitative information about the proximity of ! to a spherical
cap when d¢o (1) is assumed to be small. Lemmacompares the eigenfunctions of spherical caps of different
radii. In Proposition we apply the estimate for d4(1) to deduce that w;(1,0) is almost equal
to a multiple of first eigenfunction ﬂ’m of O}, and applying Lemma and Theor we see that ﬁil
is quantitatively close to the first eigenfunction of a hemisphere. Finally, Theorem ollows from Propo-
sition [2.10jonce we guarantee that the hemispheres corresponding to u; and us do not have too much overlap.

The following lemma is the higher dimensional analogue of Lemma and contains the quantitative
lower bounds for each of d4(r),dp(r), and dc(r) discussed above. Since each of the right-hand sides of
(2.20)-(2.22)) are nonnegative, Lemmma in particular implies the monotonicity of J(r).

Lemma 2.5. For each r € (0,1] and i = 1,2, let 4;, be the eigenfunction of QF as above and let Bir =
faBT u;t;,.. We have

5,4(7") > 3 7( %’T _ )\Zi’r) / ('U/Z — ﬂl ﬂl r)2 (220)
T & s IVul Jop, b
2 2
_ 1 ai(r)
op(r) = ; fBT E /;Br < ” Ui — 87-”2) (2.21)

o — 12
)2 Z rr|nax{az( ),2}’ (222)

with ¢(n) a dimensional constant.

Proof. The proof of (2.20) is exactly the same as that of (2.4) of Lemma and as in ([2.5)), we recognize
the integrand in dg(r) above as a square to see (2.21]).

Observe that the inequality in is straightforward when do(r) is large. Therefore, it suffices to
consider the case when dc(r) is small. It also suffices to consider the case when Q] and Qf are both
spherical caps. Indeed, let &; and as denote the characteristic constants of disjoint spherical caps of the
same volume as Qf and Qf respectively. Then by Sperner’s inequality (recall ), the corresponding
dc(r) can only decrease for by replacing Qf and Qf by spherical caps, and also using the Friedland-Hayman
inequality, we see

5(;(7“) =

That is, the deficit d¢(r) controls |ay — @1] linearly. Moreover, because the characteristic constant is mono-
tone with respect to set inclusion, we may assume without loss of generality that we have two complementary
caps.

1 1
;(‘041—071|+|052—0742|+071+072—2) (|a1—a1|—|—|a2—a2|) (2.23)

So, define the function & : (0,1) — R by letting &(t) be the characteristic constant of the spherical cap
of radius r = 27t. Let 6(h) = &(1/2+ h) + &(1/2 — h) — 2, so that by the Friedland-Hayman inequality we
have 6(h) > 0
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We claim that 6(h) > ch? for a universal constant c. It is known [I8, B1] that é& is convex with & (1/2) =
2¢ > 0, where ¢ is a universal constant, and therefore there exists hg such that &”(1/2 + h) > ¢ for all h
with |h| < hg. For the moment, we assume that |h| < hg. So, a Taylor expansion shows that

a(1/2 +h) > a(1/2) + & (1/2)h + gfﬂ

for any h with |h| < hg. Replacing h by —h and summing the corresponding terms, we conclude that
d(h) > ch? for all |h| < hg. By the convexity of a, it follows that d(h1) > d(hg) for any hy > hg. Therefore,
by assuming that d¢ is small enough, we also have necessarily that |h| < |ho|-

Finally, since & is a locally Lipschitz function, we have |a;(r)—1| < h, and arrive at (2.22]). This concludes
the proof. O

The following lemma is the higher dimensional analogue of Lemma Using the estimates for dp(r)
and d¢(r) in Lemma this lemma shows that u; and us are quantitatively close to being 1-homogeneous.

Lemma 2.6. Let uy,us be as above. Then

2 J(1) )
/Bl\Bp[rui(l,G) —u;i(r,0)]" < Clog <J(p)> [l () -

Proof. Fix i € {1,2}. For notational simplicity, we omit the sub and superscripts ¢ in this proof. The proof
follows the proof of Lemma using Lemmaﬁ but with A(r) now defined as A(r) := e~ Iy e, O

In Lemmal[2.5] we established a quantitative lower bound for dc(r) in term of the characteristic constants of
the regions Qf and Q5. In the following lemma, we prove some further quantitative estimates for d¢ (1) under
the assumption that - (1) is bounded above by one, which will be applied in the proof of Proposition
Recall that we let B denote an (n — 1)-dimensional spherical cap.

Lemma 2.7. Assume that (1) <1 and fizi =1,2. Let B; C By be a spherical cap such that |B;| = |},
and let X\ denote the first eigenvalue of B;. There exists a constant C(n) such that

sc(1) > C (Wi,l — N N = (- 1);2) . (2.24)

Proof. We fix i and suppress the dependence on ¢ and r = 1 in the remainder of the proof. Let & denote
the characteristic constant of B. Note that if dc(1) < 1 then by definition, o, & < 3. We already showed
in in the proof of Lemma that | — @] is linearly controlled by d¢(1). This combined with
shows the first estimate in :

A=) < (n—2)a—al+]a?—a% < Cla—al < Coc(1). (2.25)
Similarly, it follows from the proof of Lemma [2.5| that |& — 1| is quadradically controlled by d¢ (1), and using
(2.18)) in the same way, we conclude the second estimate in (2.24)) holds. O

The next lemma shows that for ¢ (1) sufficiently small, the sets Q1 and Q1 enjoy a uniform spectral gap.

Lemma 2.8. Fizn > 0. There exists g = eo(n,n) such that if 5c(1) < &g, then A\a(Q}) — A\ () > for
i=1,2.

Proof. We argue by contradiction. Suppose we may find a sequence of functions (uy x, ug ;) satisfying (1.6
such that 5C,k(1) — 0 and Q := {Ul,k > 0} N 9By has [A2(Qk) — A1(Q)| — 0.

By Lemma [2.7] we see that [A;(Q;) — (n—1)| — 0 and [A;(By) — (n—1)| — 0, where By, is a spherical cap
with [Bg| = |Qk|. The first fact shows that |\ () — (n—1)| — 0, and the second ensures that [Qx| — |B4],
where B, C S™~! denotes a hemisphere.
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Now, for each k, let @1 and @y 2 respectively denote first and second eigenfunctions of {1, normalized
to have L? norm equal to one and extended by zero to be defined on the entire sphere. So, there exist
Tioo,1, loo,2 € W12(S™71) such that after passing to a subsequence,

g1 — oo weakly in WH2(S™™1) strongly in L*(S"™!), pointwise a.e.,

g2 — Gioo  weakly in WH2(S™™1) strongly in L?(S"™1), pointwise a.e.,
and fﬂoo,l '110072 =0.

Let @ = {t1,00 > 0}. By lower semicontinuity of the norm, A\;(2) < n — 1. By Fatou’s lemma,
| < liminf|{tg1 > 0} = lim|Qx| = |B4|. From Sperner’s inequality and the monotonicity of A\; with
respect to set inclusion, we see that up to a translation, 2 = B and i1 is the first eigenfunction of B..

Now, let Q9 = {li2,00 > 0}. The same argument and the uniqueness of the first eigenfunction show that
lioo,1 = Uoo,2, contradicting their orthogonality. This completes the proof. O

Lemma 2.9. Fiz a compact interval [r1,r9] C (0,7), let vy < 1,7 < 79, and let B,B C B, denote spherical
caps of radius r, 7 centered at the north pole. Let A\ and X denote the first eigenvalue of B and B respectively,
and let v and v denote the corresponding first eigenfunctions extended by zero to be defined on the whole
sphere and normalized so that ||v||p2(gn—1y = ||0||p2(sn-1) = 1. There ewist constants C = C(ry,r2) and
¢ = &(r,7) such that

/ lev — o2 < C(A = N2
Sn—l

Proof. The functions v and v are radially symmetric, and so with a slight abuse of notation we let v, v
denote the radial part of the functions. These functions can be extended to (r,7), (7, 7) to satisfy

V'(6) + (n = ) S50 (8) = ~No(g) for 9 € (0.)
7(6) + (0~ ) S0 (8) = ~Xo(9) for 9 € (0.)

with v(r) = 9(F) = 0, v/(0) = #/(0) = 0 and v,7 > 0 on (0,r) and (0,7) respectively. Setting fi(t) =
¢v(cos~1(t)), where ¢ is a constant to be chosen later in the proof, we see that fy satisfies
(1= ) (1) = (n = DEAE) + Mfa(t) =0,
and likewise for f5(t) = v(cos™!(¢)). The solutions to the above equation are Legendre functions and are
well known. Expanding v = Z ar(\)(1—1)* as a series solution about ¢ = 1 we obtain the recursion formula
k=0

K+ (n—2)k— X
(k+1)(2k+n—1)
The series converges absolutely on the interval (—1,3). We normalize by choosing the zero order coefficient

ao for f to satisfy the constraint ||0||z2(gn-1) = 1 and by choosing the zero order coefficient ag of fx so that
ag = @y, in this way determining the constant ¢ in the statement of the lemma. Then

ar+1(N) = ar(N)

(2.26)

k . .
a0 =[] Frn=2)j-A (2.27)
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Taking the derivative of log ayx41 with respect to A we obtain

k
/ . 1
|ag 1 (A)] = |ak+1()\)|§) GAD@Z+n—1 < Mlag+1(N)]-

Furthermore, from (2.26)), we see that for any compact interval I € (Oioo)7 there is a constant C' = C(I )
such that |ag11(\)| < C/2% for all A € I. Therefore, |agy1(\) — arr1 (V)| < C|A — A|/2% for any A\, \ € L.
Then summing over k we obtain for any ¢ € [0, tg] with to < 7 that

_ o _
|Aat) = )] < A - )\|Z2—k < CIA=2Al
k=0

The conclusion then follows after changing variables back to ¢ and integrating over 0Bj. O

The next proposition is the higher dimensional analogue of Proposition It shows that each of the u;,
i = 1,2, is well approximated in L? by a linear function.

Proposition 2.10. There exist g = €9(n) and C = C(n) such that the following holds. Assume log (%) <

g0 and 0 < p < 1/2. Let v be the first eigenfunction of the spherical cap of radius /2 in 0By, extended by
0 to be defined on OB;y. For i =1,2 there exist 5; = B;(u;) such that, up to a rotation, we have

5 J(l)) 5
’/‘ﬁﬂ} — U; < C'lo ( U; 1,2 .
/B ¢ ) & (5057 ) Ieslienecs,

Proof. Let ¢ = log(J(1)/J(p)). Since e = fpl log(J(r))' dr and the integrand is positive, it follows that

log(J(r))" < 10e outside a set of measure £/10. In particular, log(J(r))" < 10e for some r € (1 —¢/5,1]. By
scaling we assume that log(J(r)) < e at r = 1.

Fix i € {1,2}. For the remainder of the proof, we omit subscripts 7 for notational simplicity. Let
Q= 0By N{u > 0} and let @ denote the first eigenfunction of €2, normalized so that ||| 2 = 1 and
extended by zero to be defined everywhere on dB;. Let B C 0B; denote a spherical cap centered at the
north pole such that |B|] = |Q, and let © denote its first eigenfunction with the normalization ||o]12(z) = 1
and extended by zero to be defined on the whole dB;. Up to a rotation, we may assume that the infimum
over z € S" !in of Theorem is achieved at the north pole. Lemmas and guarantee that for
dimensional constants ¢ and C,

A1 — A(B)| < Ce, M (B) = (n—1)| < CVE, Ao — A1 >, (2.28)

Let B =p = f831 ut be as in (2.20]), and let ¢ be as in Lemma applied to r = 7/2 and the radius 7

of B. Let 3 = ¢3. We use the triangle inequality to see that

— Brou)? U — ru 2 ru — fri)?
/BI\BPm 8 )<4/31\Bf (1,0)) *4/31\3,,( (1,6) - fra) -

+ 432 /B - (ri —rv)? + 43 / (ro — rew)?.

B1\B,

We can estimate the first two terms on the right-hand side of (2.29)) precisely the way we estimated their
two-dimensional analogues in the proof of Proposition Indeed, by Lemma for the first term we have

4/ (u —ru(1,0))? < Cz-:||uH%/V1,2(Bl). (2.30)
B1\B,
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For the second term on the right-hand side of (2.29), we use the estimate (2.20]) for d4(1) < ¢ and the
uniform eigenvalue gap of ([2.28)) to see that for a dimensional constant C' we have

4/ (ru(1,0) — Bri)? < c/ (u(1,0) — Bit)* < Cellulfyrp,) - (2.31)
B1\B, 9By

To estimate the third term on the right-hand side of (2.29)), we call upon the quantitative form of Sperner’s
inequality established in Theorem

4/ r? (0 —10)* < 032/ (i —7)% < CB% (M — M (B)) < Cellullfrz s (2.32)
B1\B, 9B

where in the final inequality we recall ([2.28) and that 3 < llull20B,) < Cllullwrz(s,)-

Finally, we estimate the fourth term in (2.29). Applying Lemma with r = /2 and 7 the radius of B
followed by ([2.28]), we see that

432/ (ro — ro)? < 052/ (0 — cv)? < CB (M(B) — (n = 1)) < Cellullfyzp,). (2.33)
Bi\B, 0B,
Combining (2.30)—(2.33)), we conclude the proof of the proposition. O

We now prove Theorem in the case n > 3.

Proof of Theorem[I.3 for n > 3. Let ¢y be as in Proposition If log(J(1)/J(p) > €o, then we simply
choose B; = |lui|z2(B,) and v = ey, and the result follows trivially for large enough C. Let now ¢ =
log(J(1)/J(p) and assume € < €. As in the proof of the two-dimensional case, Theorem [L.3] almost follows
from Proposition [2.10] but it remains to show that the truncated linear functions obtained for each of uy, us
in Proposition can be taken to have disjoint supports. We also repeat the following notation from
Proposition ow emphasizing the dependence on i = 1,2: let Q; = {u; > 0} N 9By, let B; C 9B, be
the spherical cap of the same volume as €’ with center achieving the infimum over z € S"~! in of
Theorem and B; the hemisphere with the same center. We first show that

|BIAB,| < Cel/2. (2.34)
Indeed, we repeatedly apply the triangle inequality to find
|B1ABy| < (|B1AB:| + [BoaABs|) + (|B1AQ | + |B2AQs|) + (21 AQ,] .
Since the supports of u; and ug are disjoint, |21 AQy| = 0. Next, we can apply Theorem to 1 and 9

and use (2.28)) to see that
1BLAQ | + [BaAQy| < C (A1 (1) = M (B2) Y + (M(Q) — M(Ba))? < Cel/2.
Next, using (2.28]), we see that

[BiABI| + [B:AB,| < C (

ra=2[) < C(MB) — (= D] + 0B — (n— 1)) < C=12

Together these estimates prove the claim (2.34]).

W’
r——=|—
2

Without loss of generality we may assume that Bs is centered at the south pole. Let zy be the center of
Bi; from (2.34) it follows that d(xg,0) < Ce'/? where o is the north pole and d(-,-) denotes the distance on
the sphere. Let wy be the truncated linear function corresponding to u; provided by Proposition (so
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w is defined in polar coordinates by w(r, ) = Srv(6)) and let w; be its rotation so that {w; > 0} N 9By is
the hemisphere centered at the north pole. Since |w;| < Cllusl|w1.2(p,), we see that

[ -l < Cellulfnsgpy + [ fan -
B1\Bp B1\Bp
< Cellulfinagyy + Cllullysagod(@o. 0 < Cllulns e

So, choosing w; and the truncated linear function wy corresponding to us provided by Proposition [2.10]
completes the proof of the theorem. O

2.3. Uniqueness of blow-ups when the ACF formula decays fast. Here we sketch the proof of
Corollary The argument gives a precise modulus for the convergence of the blow-ups as well.

Proof of Corollary[1./} We omit the subscripts 1,2 in wuj,us below to simplify notation; any statement
involving u or 3 is valid for both u = u; and u = us, up to replacing (v -z)" by (v-z)~ if i = 2.

For k = 0,1,2,..., consider the rescalings u”*(z) = "(Z::z). Recall that w(r) = J(r) — J(01). We will

show, by induction on k, that there are numbers 3% > 0 and unit vectors v, € S"~! such that
/ ¥ — B (.- a)*|* < Crw(2 ) (2.35)
B;\B
and

185 = B 4 vy — i1 P < Cow(27F7Y), (2.36)

where the constants C; and Co depend on n and [|u;[[w1.2(p,) but are independent of k. For each k, the
vector v for ¢ = 1 will equal to —vy, for @« = 2. For k = 0 this follows from a single application of Theorem

L3
Assume ([2.35)) and ([2.36]) hold for all j < k — 1. Then we may apply Theorem (with p = 0) to u*, as
Juk ub](r) = J[ug,u2](27%r) < 1+ € by assumption:

2
/B [ — B ) < Cw @)Y i s, -
1 =1

The main point now is to estimate ||uk||W172(Bl) in a manner independent of k, and then show that 8% is
close to *~! (and similarly for vy).

We apply the Caccioppoli inequality to u* to give
[u¥|lwrzip,) < Cllu”||L2(B,),
recalling they are subharmonic. From (2.35) with k£ — 1, we have that

_ 2n/2+1 Hukil ||L2(B1)

< 2n/2+1Huk—1 . Bk_l(Vk—l _$)+||L2(Bl) + 03571

<C [\/Clw(Z—k—l) + B’H]
<c[Voe+5.

¥ £2(,)
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Now applying ([2.36) for every j < k — 1, we have
k—1

Bl < B0+ 3 |8 -
j=1

g—k—1

k—1
< Cllullwsaqa + VG Y vVezT ) <(1+ [ <) <
j=1 0

Choosing C; large enough and then e small in terms of C; gives
Gy
||Uk||%/vly2(31) <ClCie+1] < TR

This implies (2.35) for k.

To control 8%, we change variables:

/ I 7 R R / [t = B (- 2) | < Cwzh).
Byjs B

Then
/ |8 (v - )" = B (ra '$)+|2 < Cw(27F71)
By /o

by combining with (2.35) with k — 1. Direct evaluation leads to
185 = B* 1P + [k — v ]? < Cow(27F7),

and so ([2.36)) holds for k.

We are now in a position to conclude. From (2.36) the numbers 3* and vectors v* have
> 1 /0N
w\r
SOIBE = B+ ok — vea| < C(s+/ %dr) < 00,
k=0 0

so the sequences converge to some §;,v. Set
2r  /
w(r) =w(r)+ 701(7") dr,
0 r
which a nondecreasing function tending to 0 at 0. Then from (2.35]),
[ =) < coe),

B

and so changing variables,
2<n+2>k/ lu—Bv-z)*? < Co(27F).
B2_k
This may be rewritten to give
1
—Bw-2)t]? < Ca

o /B lu—Bv-2)7]* < Co(2r) — 0,

r

concluding the proof.
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3. QUANTITATIVE STABILITY FOR THE FABER-KRAHN INEQUALITY

We now turn toward the proof of the quantitative Faber-Krahn inequality, Theorem As we discussed
in the introduction, the proof is essentially identical in the cases of the round sphere, Euclidean space, and
hyperbolic space. To keep the notation from becoming unreasonably heavy, we will therefore present the
proof in case of the round sphere, and include remarks throughout the proof guiding the reader through any
modifications needed to generalize the proof to Euclidean or hyperbolic spaces.

All three simply connected space forms share the property that balls centered at any point minimize the
first eigenvalue. It it clear, then, that any stability statement must involve the distance to a nearby ball
to Q. In , we chose to “mod out” by this symmetry by taking the infimum over all x in the space of
the distance to balls B(z) centered at x. It turns out to be more convenient to prove the slightly stronger
statement given below as Theorem [3.1] in which we get rid of the translational invariance by choosing a
particular “set center” of a given set (2, defined in the following way.

Consider the standard embedding of the round sphere S™(1) C R™*! and let yo = £, y dvoly(y) € R**1.
Provided yq # 0, we define the set center xq of Q2 by

Yo
ro = ——
lyel
It is worth noting that there are other possible ways that one may define a notion of “barycenter” of a set

Q C S™. Another possible notion is given in [I3].

Throughout this section, given a set 2 C S™, we let uq denote its first eigenfunction extended by 0 to be
defined on all of S™ and normalized so that ||uql|z2q) = 1.

Theorem 3.1. Fizn > 1 and v € (0,]S™]). There exists a constant ¢ = ¢(n,v) such that the following
holds. Let Q C S™ with || = v be a set for which xq € S™ is defined. Letting B denote the spherical cap
centered at xq with |B| = v, we have

M(Q) =M (B)>¢ (|QAB|2 + /n lug — uB2> : (3.1)

Remark 3.2 (Sets with no barycenter). The statement of Theorem may look restrictive compared to
Theorem However, if 2 is a set for which the barycenter is not defined, then necessarily A\ (2) — A1 (B) >
¢, and so (|1.4)) holds trivially in this case. In particular, Theorem implies Theorem in the case of the
round sphere.

Remark 3.3 (Set centers on Euclidean space and hyperbolic space). On Euclidean space, an open set
Q C R™ has a uniquely defined barycenter xq = fQ xdz. For an open set 0 C H™ in hyperbolic space, the
set center xq = argming ¢ g [, d(,20)? dvol(z) is well defined. The analogues of Theoremhold in each
of these two spaces with xq defined in this way; the proof will be identical up to the obvious modifications.
Once more, the analogues of Theorem [3.1] for Euclidean and hyperbolic space imply Theorem [I.1] on these
space forms.

We will work in spherical coordinates (6, ¢) € S*~! x (0,7) on S™, in which the round metric takes the
form gsn» = d¢? + sin?($)dh?, where df? is used to denote the round metric on S*~!. A point (8, ¢) € S™
has geodesic distance ¢ to the north pole o € S™. The Laplacian of a function f in spherical coordinates
(0, ¢) is given by
n—lal

A £16.6) = (i)' 2 (o1 7

9 ) + (sin @) "2 Agn-1 f. (3.2)
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Remark 3.4 (Coordinates on hyperbolic space and Euclidean space). On hyperbolic space, we similarly use
polar coordinates (6, ¢), so that the metric is expressed in these coordinates by gpy, = dé? + sinh?(¢)d6?,
where once more we let df? denote the round metric on S"~1. A point (0, ¢) € H" has geodesic distance
¢ from the distinguished point from which the polar coordinates are centered. The Laplacian of a function
f: H™ — R in these coordinates is given by

Apn f(0,¢) = (sinh ¢)1fn6% <(Sinh o %

On Euclidean space we use standard polar coordinates (6, ¢), where ¢ is the distance to the origin and the
Laplacian of a function f: R™ — R is given by .

o lfnﬂ
B f16.0) = 0" 5

> + (sinh ¢) 2 Agn-1f.

¢n71ﬁ

-2
o)+ o As

Throughout this section, we will use the shorthand B, = B(o, p) to denote the spherical cap of radius p
centered at the north pole. We will frequently make the identification of the boundary of a geodesic ball,
dB(o, p), with the sphere S"~!, noting that the induced metric on dB(o, p) is sin?(p)df?, where df? is the
round metric on S"71.

We proceed in two steps: in Section[3.1] we establish Theorem [3.1] for sets that are small perturbations of a
spherical cap, and in Section we call upon results from our companion paper [4] to conclude Theorem
in the general case.

3.1. Stability for nearly spherical sets. The main goal of this section is to establish Theorem [3.6] below,
which is Theorem restricted to a class of sets in S™ that are small C%® perturbations of spherical caps.

The class of nearly spherical sets given in the following definition will be our main objects of interest in
this section.

Definition 3.5. Given p € (0,7) and & € C**(9B,) with ||&||c2.e08,) < €, we define the following:

(1) A set Q C S™ is parametrized by & over B, if in spherical coordinates 02 takes the form

90 ={(0,(1+&(0))p) : (0,p) € 9B, }.

(2) A set Q C S™ is a nearly spherical set if Q0 is parametrized by & over B, such that || = |B,| and
the barycenter xq of ) is the north pole o.

Note that the barycenter of a set parametrized over B, is always defined provided that ¢ is taken to
be sufficiently small depending on n and p. The following theorem establishes quantitative stability for
Sperner’s inequality among nearly spherical sets.

Theorem 3.6 (Quantitative stability for nearly spherical sets). Fiz n > 2 and v € (0,7/2). There exist
postitive constants ¢ and € depending only on n and v such that the following holds. Let |p — /2| < v and
let Q2 be a nearly spherical set parametrized by & over B, with ||||c2.«@5,) < €. Then

M (Q) —M\(By) > ¢ <QAB,,|2 + /S lug — quz> : (3.3)

The basic idea of the proof of Theorem is the following. In Section we show that the deficit
A (2) — M (B,) of a nearly spherical set is equivalent to the second variation of A;(B,), up to an error
that can be made arbitrarily small by taking ||{]|c2.c(s5,) to be small; see Theorem Section
contains the core of proof of Theorem in Theorem m we establish a gap in the spectrum for the
second variation operator. As we discuss in the introduction, this spectral analysis is carried out through
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an implicit argument based on the maximum principle. Theorem is then applied in Theorem [3.14] to
show that the deficit A;(€2) — A;(B,) of a nearly spherical set controls the H'/? norm of the parametrizing

function &. Finally, in Proposition below of Section we show that the right-hand side of (1.4) is
controlled linearly by ||§||§{1/2(63).

Recall that the H'/? seminorm of a function ¢ : 9B, — R is defined by HEH%[I/Z(BB )= [ |Vhe]?, where
P P
he is the harmonic extension of &, i.e. the unique solution to
Ahe =0 in B
¢ e (3.4)
he =¢& on 0B,.
The H'/? norm of a function ¢ : 9B, — R is defined by ”ﬂlil/?(aBP) = ||£||2L2(3Bp) + ”€”§¥1/2(830)' Among

functions £ € H'Y/? (0B,) with faB € =0, the H'/2 norm and seminorm are equivalent.
P

3.1.1. The deficit and the second variation. The first eigenfunction up, of a spherical cap B, is radially

symmetric and decreasing. We let u,(¢) = up, (0, $) and note that |[Vup, (0, ¢)| = —u,(¢) = [u},(¢)|. In the

sequel, we will use the shorthand |uj,| to refer to number |u},(p)| > 0 and will let A\, = A\1(B,,).

Given a function £ € H1/2(8Bp) with faBp £ =0, let we : B, — R be the solution to

—Awe = Aweg  in B,
we = |u,|§ on IB, (3.5)
pr wguBP =0.

Such a solution exists and is unique by the Fredholm Alternative and is continuous by [29]. For such a
function &, the second variation 62X (B,)[€, €] of A1 at B, in the direction [¢, €] is given by

S (B,)[E €] = 2/B (Vw2 = Ajw?) d + Mo, ot /63 € do. (3.6)

Here HB,, is the scalar mean curvature of 0B, with the sign convention that HB,, > 0 for p < w/2 and
Hp, <0for p € (m/2,7). On Euclidean space and hyperbolic space, the second variation takes the analogous
form.

Let L, : H/2(8B,) N {[op € =0} = L?*(0B,) denote the Dirichlet-to-Neumann map corresponding to

the problem (3.5)) translated by the zero order term %’H B, |u;|2. More specifically, given & € HY/ 2(8B,) with
faB,, £ =0, define 1
Lpf = 8,/(115 =+ §HBP|U,;)|2§, (37)

where we is the unique solution to (3.5) and v is the outer unit normal to B,. In this way, we can express
the second variation on the ball as

FaBED =2 [ el
4B,
The following theorem shows that the deficit in Sperner’s inequality for a nearly spherical set is equal to the
second variation, up to an error depending on [|[|c2.«(aB,)-

Theorem 3.7. Fiz v € (0,7/2). There is a modulus of continuity w depending only on n and v such that
the following holds. Fixz p with |7/2 — p| < v and let Q@ C S™ be a set parametrized by & over B, with

12| = ‘Bp|' Setting é =& faBP &, we have

M)~ Mi(B,) = 5N (B[EE] +w (Illcnom, ) 1€ 2 o, (35)
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Theorem [3.7| was established in the Euclidean setting in [23, Theorem 1] (see also [22] Theorem 1.4] for
the C%“ norm replaced by the WP norm for p > n). Adapting the proof to the spherical and hyperbolic
settings requires only technical modifications, which we omit.

Remark 3.8. For a function & € H'/2 (0B,) with nonzero mean, the Fredholm Alternative implies that no
solution exists to the problem ([3.5)) (even without the orthogonality constraint |’ B, Weup, = 0), and for this

reason the second variation is only defined for mean zero functions. However, for a nearly spherical set {2,
a Taylor expansion of the volume constraint shows that

0=10 — |B,| = / €+ o([1€]l20m,):
a8,

see, for instance, [I3]. This implies that || — é|\L2(33P) = o([[€llz2(a8,))- In particular, [[€[|g1/2(58,) =
1€l e1/208,) + o(lléll2o8,)) and

1 ~
§||€||cz=a<aBp> < |€llczaom,) < 2[€llc2a08,)-

Therefore, the conclusion of Theorem [3.7] above may be equivalently written as

1 .
M) = M (By) = 58 M(B) €] +w ([Ellcneomp) €120, (3.9)

3.1.2. The spectral gap. We study the spectrum of the shifted Dirichlet-to-Neumann operator L, introduced
in and establish a spectral gap in Theorembelow. In contrast to the Euclidean case, the spectrum
cannot be computed explicitly and therefore the spectral analysis replies on implicit methods based on the
maximum principle.

We let {Y;}5°, be the orthonormal basis for L?(9B,) of spherical harmonics, i.e. solutions to the eigenvalue
equation Agn-1Y; = —p;Y;, or equivalently App,Y; = — sian(p)uiY;, on 0B, with each Y; normalized so
that |, 5B Y? = 1. The eigenfunctions are ordered such that p; < p; 41 for all i. Recall that

P

po =0
P == p, =(n-1) (3.10)
bnt1 = 2N.

The unique spherical harmonic corresponding to pg = 0 is constant, and thus for each ¢ > 1 we have

/ Y; =0. (3.11)
aB,

We let w; denote the solution of (3.5) with ¢ =Y;. That is, w; € H'(B,) N C(B,) is the unique solution
to
—Awi = )\Bpwi in Bp
w; = |u,|Y;  ondB, (3.12)
pr wiup, = 0.

The following lemma shows that the solutions w; take a particular form that will be crucial to our spectral
analysis.

Lemma 3.9. For each i > 1, the unique solution w; of (3.12) takes the form
w;(,0) = Y;(0)g:(4) (3.13)
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in spherical coordinates, and g; satisfies the following three properties:
(1) 4i(0)=0
@) gilp) = )
(3) gi(¢) >0 for0< ¢ <p.

Proof. Fix ¢ > 1 and the corresponding spherical harmonic Y; and solution w; of (3.12). We omit the
subscript ¢ in the remainder of this proof for notational simplicity. Let us make the ansatz that w takes the
form (3.13) in spherical coordinates. Then w(#, p) = Y'(0)g(p) on 0B, so w satisfies the boundary condition
in (3.12) provided g(p) = |uj,|. Furthermore, thanks to the orthogonality (3.11)), we have

[ wun = [ [ @ 0)) un(oate) sy s =o,

P
so w satisfies the orthogonality condition in (3.12)). Finally, from the expression (3.2)) for the Laplacian of a
function f in spherical coordinates (6, ¢), we see that g(¢) satisfies the ordinary differential equation

2

d®g cos ¢ dg I
— -1 —= A — —5— ] g=0. 3.14
d¢2+(n )Sin¢d¢ P sin2¢ g ( )
Under the change of variable t = cos ¢, the solution g is a solution to the associated Legendre equation,
which are well-known special functions. Thus, up to choosing a constant multiple of g so that the boundary
condition is satisfied, this function is the unique H'(B,) solution of (3.5).

Next we verify properties (1)—(3). Property (2) holds by our choice of constant multiple of g. As a
solution of (3.12)), w is nonconstant and continuous, so it follows that ¢(0) = 0 and thus (1) holds. Finally,
to show (3), we suppose by way of contradiction that g(p1) = 0 for some 0 < p; < p. Then we see that
w € H(B,,) solves

me |Vwl|?
——— = A,
J5,, w*
By,
Thus, Ay, < A,; however, since B,, C B, we have that A\, < A,,. This gives a contradiction and we see that
¢ is nonvanishing in (0, p). Together with (2) this proves (3). O

Using Lemma we show in the following corollary that the spherical harmonics for ¢ > 1 are eigen-
functions of the Dirichlet-to-Neumann operator (3.7)).

Corollary 3.10. Each spherical harmonic Y; for i > 1 is an eigenfunction of the Dirichlet-to-Neumann
operator L, defined in (3.7) with eigenvalue n; given by
1
n = 6i(p) + 5 M, lupl%, (3.15)
where g; is the function given in Lemma . If p; = pig1, then n; = nip1. Furthermore, n; > 0 for alli € N
andn; =0 fori=1,...,n.

Proof. Making use of Lemma we compute that L,Y; = g/(p)Y; + sH B, \u;|2Yi where g; is the solution

to (3.14]) found in Lemma In particular, Y; is an eigenfunction of L, with eigenvalue n; as in (3.15)). If
Wi = li+1, then we see from (3.14) that g; = g;+1 and thus 7n; = n;11 by (3.15).

The next two claims follow from geometric considerations. Suppose by way of contradiction that n; < 0
for some ¢ > 1. For ¢ > 0 and small, let Q; be the set parametrized by & over B, where & = tY; + s(t)Y)
and s(t) is the function defined such that || = |B,|. By Sperner’s inequality and Theorem

t2
0 < Ai() — M(By) = t?mi + °w (| Yillc2e(o8,)) ||Y1'H§{1/2(83p) < 5m <0,
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where the penultimate inequality holds for ¢ sufficiently small depending on Y;. We reach a contradiction
and conclude that n; > 0 for all 4 > 1.

We sketch the proof that n; =0 for s = 1,...,n. Note that 71 =...n,_1 by so it suffices to show
that 7 = 0. Let e;...,e,41 be an orthonormal basis for R"*!. Consider the standard embedding of S™
in R"*! such that the north pole is e, 41. The spherical harmonic Y = Y; is the restriction to B, of the
linear function z - e; on R™*+1,

For t € (—¢,¢), let x;y = exp(te1) and let Q; = B(xy, p). For ¢ sufficiently small, there is a smooth and
uniquely defined one-parameter family of functions & such that

99 ={(0, (1 +&(0)p) : (6,p) € OBy}

in spherical coordinates. Moreover, for ¢ sufficiently small, & takes the form & = >":° a;(¢)Y; with

d . .
a1 (t) =t/p, and %‘tzoai(t) zggr(l)ai(t)/t—Oforz;é 1.

Because A1(€;) = A (B,) for all ¢, we have, in particular,

d2
for all ¢ sufficiently small. The expression for second variation at €2; changes smoothly with respect to t. So,

dividing (3.16]) by t* and letting ¢t — 0, we use the expression (3.6) to arrive at

. 1 d2 . > az(t) 2
o=ty i (gh@0) = fiy Son (7)<

i=1

This concludes the proof of the corollary. O

Corollary shows that Yi,...,Y},, € kerL,. The following theorem is the key point in our spectral
analysis: we establish a spectral gap to show that the kernel of L, consists only of the span of {Y;}7_;.

Theorem 3.11 (Spectral gap). Fiz n > 2 and p € (0,7). Let {n;};2, be the eigenvalues of L, given in
(3.18). Then np4+1 > np =0 and so

M > NMnt1 >0 for alli>n—+1.

Furthermore, given any v € (0,7/2), there exists 7] depending only on n and v such that n,41 > 7 for
lp—m/2[ <~.

Proof of Theorem[3.11 As noted in Corollary if p; = pit1, then n; = mip1. Let w; = Y;(0)gi(¢) be
the solution to (3.5). We consider h = g, — gn41. From properties (1) and (2) in Lemma we have
that h(p) = h(0) = 0. Furthermore, from and property (3) of Lemma we see that h is a strict
supersolution to the equation that g, satisfies. That is,

dg? sin ¢ d¢ sin? ¢ sin? ¢
We will show that h > 0 for ¢ € (0,p) and h'(p) > 0. Notice that in the case of the hemisphere p = 7/2,
we have A\, = n and p,,41 = 2n (recall ([3.10)), hence the zero-order term (A, /2 — ppt18in>(¢)) < 0 for all
¢. Moreover, there exists € depending on dimension n, such that for p € (7/2 — ¢, 7), the zero-order term
(Ap— Pont1 sin72(¢)) < 0 for all ¢. From we have h,, is a strict supersolution, and from the comparison
principle we conclude that A > 0, and so g, < gn4+1 on (0,p). Furthermore, from the Hopf principle we
conclude that A'(p) < 0.

gn-1(9) <0. (3.17)
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We will now show the same two properties for any p € (0, 7). If h, is the function associated with p, then

define the set
A:={pe(0,m)|h,>0in (0,p)}.

We will show A is both relatively open and closed in (0, 7). We have shown already that A D (7/2 — €, 7),
and therefore A is nonempty. Since h, is the difference of two Legendre functions defined on the whole
interval (0,7), then h, varies continuously with p in C? on [0, ¢o] for any ¢9 < m. Suppose pr € A and
pr — p € (0,m). Then by uniform convergence h, > 0. If h,(¢) = 0, then ¢ is a local minimum, and
so h),(¢) = 0 and hj(¢) > 0. But from we have h}(¢) < 0, which is a contradiction. Therefore,
hp(¢) > 0, and so h, € A. This proves that A is closed.

To show A is also open, we will use the fact (shown below) that if h, > 0, then h/(p) < 0. Suppose by
way of contradiction that p € A and there exists a sequence pi, — p and ¢, € (0, pi) such that h,, (¢x) < 0.
Since h,, converges uniformly to h,, it follows that for a subsequence, either ¢, — p or ¢ — 0. If ¢, — p,
then from the uniform convergence, there also exists a second sequence ¢ — p, such that h,, (¢1%) = 0.
From the mean value theorem, there exists a third sequence ¢ — p, such that h;)k((bg,k,) = 0. From the
C" convergence up to the boundary point p, we would then have that h’p(p) = 0 which is a contradiction. If
instead ¢, — 0, then from the uniform convergence, there exists a second sequence of local minima ¢; ; — 0.
But for ¢ close to zero, the zero-order term (A, — ftn41 sin"?(¢)) < 0, so from the comparison principle, we
have a contradiction. We thus conclude that A = (0, ).

We now show the claim that h’(p) < 0. This claim is not only necessary for the proof above, but we will
also use it to show the eigenvalue gap. We only need to consider the situation when (A, — i1 sin"?(p)) > 0
and necessarily p € (0,7/2 — €). Under appropriate conditions one may still apply the Hopf principle;
however, in our one-dimensional case, we give the following simpler argument.

Since h > 0 and the zero-order term is positive in (p — , p) we have that
h" + (n—1)cot ph’ = ((¢) <0 for ¢ € (p— 4, p). (3.18)
Assume by way of contradiction that h'(p) = 0. Then applying the explicit representation formula for first
order linear equations to (3.18)) together with the initial condition A/(p) = 0, we have that

P 5
h(¢)—p(¢)/p p(s5)¢(s) ds >0 (since ¢ <0 and ¢ < p),

and where p(s) > 0 is the integrating factor given by

p(s) = Bxp {/p(n —1)cott dt} .

Then A’ > 0 in (p — 4, p). Since h > 0, we must then have that A’ = 0, so that h =0 on (p — 4, p). But this
is a contradiction since as already noted h is a strict supersolution to the equation that g,,41 satisfies. We
must then conclude that h'(p) < 0.

Consequently, we have g;, 1 (p) > g;,(p) and thus 9,41 > 7,. In particular, n; > 1,41 > 0 for all i > n+1.
Finally, from (3.14)), we see that 7,41 depends continuously on p, and so 7,41 = Nnt1(p) > 7 for p in any
compact subset [7/2 — v, 7/2+ 7] of (0, 7). O

Theorem will allow us to easily show that the second variation controls the L? norm squared of any
function £ € H1/2(8Bp) that is orthogonal to Yy, ...,Y},,_1; see the proof of Corollary below. In order
to improve this L? control to H'/? control, we need the following lemma.

Lemma 3.12. Fizn > 2 and v € (0,7/2). There exists a constant C' depending only on n and v such that
the following holds. Let |w/2 — p| <~ and let ¢ € H'/?(OB,) with Jop € =0. For the solution we of (3.5),

we have ||well2(s,) < €ll22(08,)-
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Proof. Let w = we for notational simplicity. Let ¢ be the unique solution to the following auxiliary problem:

(A =X)p=w on B,
=0 on 0B,
fB,, quBp = 0.

Such a solution exists and is unique by the Fredholm alternative. We multiply the equation by w and
integrate by parts twice to find

/ w? = / w(=A—=X)p=— O, pw +/ O, wp + / (A= X)w = — O, ow.
B, B, 0B, aB, B oB,

P

Then by Holder’s inequality and the trace embedding (see [2 Theorem 5.22]) respectively, we see that

/ w? < N|0uell2om,) U llIEl 20,) < CIVellm ) WlIEl208,) < Clellnzs,)lulllElzos,),

P
where the constant C' > 0 depends on n and p, but is uniformly bounded above for |7 /2—p| < 7. By standard
elliptic estimates (see [29, Theorem 9.13]), we have |¢||g2(B,) < Cllw|/z2(s,), where again C' > 0 is uniformly
bounded above depending on n and 7. Since additionally |u,| is bounded by a constant C' = C(n,v), we
find that

/1f§CWwaMmmwmy
Bp

Dividing through by [|wl|[z2(p,) establishes the claim. O

From Theorem and Lemma we can conclude that the second variation controls [|€[|%,, 129 for
any function £ € H'/2(0B,) that is orthogonal to Yy, ..., Y, 1:

Corollary 3.13. Fixn > 2 and v € (0,7/2). There is a positive constant 7} depending only on n and 7y
such that the following holds. Let p € (0,7) satisfy |7/2 — p| <. For any § € H1/2(8Bp) with faBp &Y; =0

fori=0,...,n, we have
MBI, €] = MlE3/20,)- (3.19)

Proof. We express { = > < 41 @iY; in the basis of spherical harmonics. By the linearity of L,, we see that
L,¢ = Zi:n_H n;a;Y;. Thus, Theorem shows that

*52>\1 Z lea >77n Z CL —77||§||L2(8Bp)a (320)

1=n—+1 1=n—+1

where 7] depends only on n and 7. In order to improve this estimate to replace ||{[[12(a5,) With [€][g1/2(08,),
let he denote the harmonic extension of [u),|¢ as defined in (3.4) and note that

0, PIE sy = [ (TR < [ Vel

B, B,

Therefore, using the expression (3.6 for the second variation and then applying Lemma to we, we have
20 P€ 5, <2 [ Vel
BP

sﬁhwmmﬂ+H®M%P/ 52*””/ e
dB,

P

sﬁkw»mﬂ+0438,
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where C' = C(n,v). Noting that |u;,| > 0 depends continuously on p and thus |u;,| > c(n,v) > 0, we apply
the estimate (3.20) to the second term on the right-hand side to conclude the proof. O

Finally, we can combine Corollary [3.13] with Theorem [3.7] to obtain the following theorem.
Theorem 3.14. Fixn > 2 and v € (0,7/2). There are positive constants € and 1} depending only on n and
~ such that the following holds. Let |w/2 — p| <~ and let Q be a nearly spherical set parametrized by £ over
B, with |[£]|c2.2a,) < €. Then

A(Q) = \i(By) > 77“5”511/2(83,,)'

Proof. We express ¢ in the basis of spherical harmonics as { = Y7:° ) a;Y; where a; = [, Y;€. The volume
P
constraint and the set center constraint respectively imply that

@ =0(I¢l320m,) .  abad =0 (I€13x0m,) (3.21)
with the o(-) term depending on n and «. Indeed, as we noted in Remark the first fact is a standard
computation that can be found in [I3, Theorem 3.1]. To see the second, consider the standard embedding of

S C R*! with the north pole 0 = e, 11, and fix a basis vector e; for ¢ = 1,...,n. In spherical coordinates
we may write e; = (1,0, 7/2) for some § € S"~!. So, from the barycenter constraint zo = e, 1, we have

(14£0)0)
Ozei./gxdwﬂ:/an/o ’ ((6-0)sin¢) sin" ! ¢ do db
e
:/ (9-9)/ sin” ¢ do> d6
sn-1 0
= [ @0 F o) .

where F(t) = fot sin(s)™ ds is a smooth hypergeometric function and 6 - @ indicates the inner product with
respect to the standard metric on S”~!. A Taylor expansion of F' and Hélder’s inequality thus show that

0= /SH (6-6) (F(p) +C€(0) + 0 (Il€ll L2 (o5,)) ) do
=0 SH(H -0)£0) 8 + 0 (||€]| 120,)) -

So, we see that for i —1,...,n, we have a; = [, (0-0)£(0)) = o(||€]| 12(sn—1)) and conclude (3.21)). Define
the functions

=t—apYy, £=£(-) aYi.
i=1
As a consequence of (3.21)), we see that

1€l z1r2ae8,)) = €l m172(58,) + 0 (H§||2L2(GB,,))

= lEllzzv/z(08,) + 0 (1€32om,) )
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By Theorem and applying Corollary to &, we have
A(Q) — \i(B,) > %52 {l+o (Iléllimz aBP))
= 152 f+o (||§||H1/2(aB ))
||5||H1/2(3Bp) t+o (HgnHl/2 83;))

= e saqom, 0 (IElron,) ) -

Choosing ¢ sufficiently small depending on 7 (and thus on v and n), we may absorb the second term on the
right-hand side to conclude. O

3.1.3. The H'/? norm controls the distance. Thanks to Theorem we will conclude the proof of Propo-
sition as soon as we can show that the terms |[QAB,| and [, |ug — up,| are controlled linearly by
€]l z71/2()- This is the content of the following proposition.

In the case of Euclidean space and hyperbolic space, the proof of this proposition will be identical up to
replacing the coarea factor sin” ! ¢ with ¢"~! and sinh™ ' ¢ respectively in various integrals throughout
the proof.

Proposition 3.15. Fiz n > 2 and v € (0,7/2). There are positive constants ¢ and C' depending on n and
v such that the following holds. Let |m/2 — p| < . Let Q C S™ be a nearly spherical set parameterized by &
with ||§||C2,a(33p) S € and /\1(9) — /\1(Bp) S 6)\1(3,,). Then

QA5+ [ o=, < Cllnon, (3.22)
Proof. The fact that [QAB,| < C||¢|L298) < Cll€lla1/2(98,) is a standard computation; see [2I, Proof of

Theorem 4.3] or [16, Lemma 4.2]. Establishing fS"
be carried out in several steps.

ug —up,|* < C||£||§{1/2(BBP) is more involved and will

Step 1. First, we define a diffeomorphism between B, and € and express the equation solved by ugq pulled
back by this diffeomorphism. To this end, let h : B, — R be the harmonic extension of § in B, defined in
(3-4). Let ¥ : B, — S™ be the smooth map defined by

U(z) = (14 h(x))exp,(z), (3.23)

where exp,(z) is the exponential map at o. In normal coordinates {z*}, the differential d¥ has coeflicients
ove 0

- = (1 & . <. .24

= (L4 h(@)6 + 5 h(z)e (3.21)

Since h is harmonic and |Vh|? is subharmonic, the maximum principle ensures that |h(z)|,|Vh(z)| <
I€llcram,) < Cliéllc2a@op,) < Ce for all x € B, : where C' = C(n,p). The metric coefficients g;; are

uniformly bounded uniformly bounded above, so |2 a7 h(2)| < Ce as well. We thus see that
‘8\11‘1

— 0| < Ce, (3.25)

oxt
where C' is a constant depending only on n and «. In particular, the differential d¥ is non-vanishing on B,,
so U is injective and hence a diffeomorphism onto its image. Since ¥ maps 0B, to 0€, it follows that €
is the image of B, under ¥ and so ¥ defines a smooth diffeomorphism from B, to 2. We let ® : Q@ — B,
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denote the inverse of W.

Recall that ug denotes the first Dirichlet eigenfunction of €2, normalized so that f u? dr = 1 and extended
by 0 to be defined on all of S*. We define g : B, — R to be the pullback 4q(z) = ua(¥(z)) of ug by ¥.
Then ug, satisfies the equation

A—,C'LALQ = m)\QﬁQ in Bp (3.26)
un =0 on 0B,.
Here and in the remainder of the proof we use the short-hand Aq = A1(Q2), and L is the a linear divergence

form operator given by

Lf = div(AVf), (3.27)

where A = mA for A(x) = d®(¥(z))(d®(¥(z))* and m = 1/vdet A. From the definition of £ and the
coordinate expression (3.24)), we see that the coefficients satisfy the pointwise estimates

|A—1d| < C(h+ |Vh|), m —1] < C(h+ |Vh|) (3.28)
for all z in B,, where C' is a dimensional constant. Furthermore, we have
A —1d[|coes,) < Clhllcras,), [m —1]co.a(p,)y < Cllhlcre(s,)- (3.29)
In particular, by (3.25) and by [29, Corollary 8.35], we have
[ualler.a@) < C, laallcr.es,) < C. (3.30)
Additionally, we have
A —1d||2,) < Clhllwi2s,) < Clélaires,)- (3.31)

Step 2: We now prove the following integral estimate for ug — uq:
[ lun = daf? do < C 1€l 20 (3.32)
We argue in three separate regions: B, NQ, Q\ B,, and B, \ . First, given any « € B, N, we have
o (x) — ua(r)] = [ua(¥(2)) — ua(@)| < [uallor(@)d(z, ¥(z)) < Ch(z).
The final two inequalities follow from and the definition of ¥ respectively. So, squaring and integrating

this pointwise estimate and applying Lemma (or more specifically, the analogous statement with A,
replaced by 0), we have

| o ol do < Cllon, (3.33)
B,N9

Next, for any x € Q\ B,, note that 4o = 0 and so |ug(x) — o (x)| = ua(xr). Thanks to the estimate
and the fact that ug vanishes on 99, we see that uq(z) < Cd(x 0R). Thus, in spherical coordinates
(9 ¢) we have uq(6,¢) < C(1+&(8) — ¢/p). Hence, using the coarea formula, we have

(1+§)p
/ ud dr = / / $)?sin(¢)" "t do db
Q\B, {e>0}

(1+&)p
< Csin(p)"! /{ Y / (1+£(6) — 6/p)* dodb

= C’sin(p)"*lp/ £%do < C’P||§||%2(aBp)-
{£>0}
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where the penultimate equality comes from the change of variable 1 + £(6) — ¢/p = s. The analogous
argument on B, \ Q using @q in place of ug. Together, these estimates along with (3.33]) show (3.32).

Step 3: Finally, we show that

[ i =, P d < Ul (3.34)

P

Let us begin with the following simplification. Let aq = f 5 Uqup,. Then
P

/\ag—qu\Qda:gzl/ |1lQ—aQqu|2dx,

P By

since the left-hand side is equal to 2(1 —a2) while the right-hand side is equal to 1 — 3. It therefore suffices
to show that

/B lig — agup,|* dz < C||g\|§,1/2(830). (3.35)

P

To this end, set v = g — agup. The idea behind showing ([3.35) is that v solves an equation with right-hand
side controlled in terms of £&. More specifically, we see that v satisfies the equation
—Lv = —Lig + agLlup,
= miqlg — OtQ)\pqu + OLQ([: — A)’U,Bp
= AU + OéQ()\Q — )\p)qu —+ OéQ(,C — A)qu + (m — 1))\9@@.

We multiply this equation by v and integrate over B,. On one hand, note that (3.28) ensures that A >
(1 — Ce)Id. So integrating by parts, we find that

—/ oLy > (1—05)/ Vol2. (3.36)
B, B,
On the other hand, note that f g vup, = 0 and v vanishes on 9B,, and thus v satisfies the improved Poincaré
inequality

/ Vol do > /\2/ v? dx (3.37)

3 By

where Ay = A\2(B,) is the second Dirichlet eigenvalue of B,. So, again using the orthogonality of up, and v,
we find that

—/ vLy = / v{dav + ag(Ag — Ap)up, + ao(L — A)up, + (m — 1)Aqla}
B B

P

= {)\(2’1)2 —+ CVQ(,C — A)UBPU + (m - 1))\Q'LALQ’U} dx (338)
B,
)\Q 2 ~
< = [Vo|” + aq (L—=A)up,v+ g [ (m —1)igu.
A2 JB, B,

Provided e is sufficiently small with respect to the spectral gap A1/A2, we may combine (3.36)) and (3.38)
and absorb the first term on the right-hand side of (3.38) to find

c/B |Vo|? < aQ/B (L= A)up,v+ AQ/ (m — 1)agv. (3.39)

3 P By



SHARP QUANTITATIVE FABER-KRAHN INEQUALITIES AND THE ACF FORMULA 35

Now, we bound the two terms on the right-hand side of (3.39) separately. For the first term, we integrate
by parts and then apply the Cauchy-Schwarz inequality and the bound (3.31)) on the coefficients to find

aQ/B (E—A)quv:aQ/ ((A—-1d)Vup,, Vo)

P Bp
a0 a0
< 1% |Vo|? 4 —||qup\|Lw(Bp)/ |A —1d|? dx
2 B, 21 B,
nag 2, Q0 2
<5 ,, Vol + %HWB,}Hmw,))llﬁ\lm/zw&)-

Here (-,-) denotes the inner product on S™ with respect to the round metric. Provided that 7 is chosen to
be sufficiently small, we can absorb the first term to the left-hand side of (3.39). In a similar way, for the
second term on the right-hand side of (3.39)), we have

N A N
da [ (m-1aav <22 [ = 1P+ danliali, [
B n Ja, B

P P

Ao
< 22€l3 s pm,y + danC [ o

P

14+e)A
”5”371/2(33,,) + %HC’/ \Vv|2.

Ao
n
Choosing 7 to be sufficiently small, we then find that

1 a0
1)L 190P < G2V, e €0 0, (3.40)

<

B,

This, together with the Poincaré inequality on B, establishes (3.35) and thus (3.34). We combine (3.34))
and ([3.32) to conclude the proof of the proposition. O

Finally we can prove Theorem [3.6]

Proof of Theorem[3.6, Together Theorem and Proposition directly imply the theorem when \(€2)—
A(B,) < eX(B,), while the result holds trivially when A(€2) > (1+¢)A(B,) by choosing the constant ¢ to be
sufficiently small. O

3.2. Torsional rigidity, the Kohler Jobin inequality, and Quantitative Stability for the Faber-
Krahn inequality. Thus far, we have proven Theorem in the special case of nearly spherical sets.
The remainder of the proof of Theorem relies on a selection principle argument, as described in the
introduction. The proof of the selection principle is carried out in our companion paper [4]. We restate the
main result there, stated only in the generality needed here, in Theorem below. For regularity reasons
discussed in [4], the functional involved in the selection principle involves an additional, possibly unexpected
term: the torsional rigidity.

Given an open set 2 C S™, the torsional rigidity of €1 is defined by

for(Q2) = inf{/ﬂéWuF —/Qu: e Wol’Z(Q)} . (3.41)

Naturally, the same quantity can be defined for an open subset on any Riemannian manifold. We note that
our sign convention for the torsional rigidity differs by a sign from the definition stated in other contexts such
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as [33 [14]. With our sign convention, tor(£2) < 0. Note also that tor(Q2), like the first Dirichlet eigenvalue,
is decreasing under set inclusion. The infimum in tor(2) is achieved by the unique solution to the equation
{—Au =1 inQ

3.42
u=20 on 0f2. ( )

Applying the Polya-Szegd inequality to any function in the minimization problem (3.41)), one sees that balls
minimize the torsional rigidity among all quasi-open sets of a fixed volume:

tor(§2) > tor(B) if vol(Q2) = vol(B). (3.43)
Since the Polya-Szegd principle holds on Euclidean space and hyperbolic space, balls also minimize the

torsional rigidity among sets of a fixed volume in these spaces.

Combined with the Faber-Krahn inequality, we see that balls uniquely minimize the functional A;(£2) +
Ttor(Q) for any T > 0 among sets of a fixed volume. In our companion paper, we establish the following
global-to-local stability theorem; see [4, Corollary 1.2 and Remark 1.3].

Theorem 3.16 (Selection Principle). Let M denote the round sphere, Euclidean space, or hyperbolic space.
Fiz n > 2 and an interval [vg,v1] € (0,|M|). There exist Top > 0 and € > 0 depending on n, vy, and vy such
that the following holds.

Suppose there exists a constant ¢ > 0 such that for all v € [vg,v1], T < Ty and for every e-nearly spherical
set parametrized over B where |B| = v, we have

c <|QAB2 + /M lug — uB|2> < A1(92) — A (B) + E(tor(22) — tor(B)) . (3.44)
Then for all open sets Q with || = |B,
cliél{/[ (|QAB($)|2 + /M lug — uB(x)|2> < A1(Q) — A (B) + Z(tor(2) — tor(B)), (3.45)
where B(x) is a ball of the same radius as B.

Although the form of Theorem does not appear to be immediately compatible with proving Theo-
rem an essential point is that the quantities

() = M(Q) — A (B), 5() = M(Q) — M\ (B) + % (tor(Q) — tor(B)) (3.46)
are equivalent. While it is immediate that §(Q) < &
Theorem below, to show that §(Q) < CH(Q).

(©2), we must call upon a result of Kohler-Jobin,

Polya and Szegd [42] conjectured that among sets  C R™ of a fixed torsional rigidity tor(§2), balls
minimize the first Dirichlet eigenvalue A;(€2). This conjecture was proven by Kohler-Jobin through the
introduction of a new symmetrization technique in [33] [32] (see also [34], as well as [14] for extensions to the
p-Lapace energy). Fundamentally, the proof is underpinned only by the coarea formula and the isoperimetry
of balls. Basic modifications of Kohler-Jobin’s argument show that this fact, now known as the Kohler-Jobin
inequality, holds on all simply connected space forms.

Theorem 3.17 (Kohler-Jobin inequality on simply connected space forms). Let M denote the round sphere,
FEuclidean space, or hyperbolic space. Fiz an open set 0 C M and let B, C M denote a geodesic ball with
the unique radius such that tor(QY) = tor(Bg). Then

A1(Q) > M (BS)- (3.47)
Equality is achieved in (3.47)) if and only if Q is a ball of this radius.
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Theorem [3.17] allows us to deduce the following comparison between the Faber-Krahn deficit and the
torsional rigidity deficit and in particular show that 6(Q2) and () are comparable.

Corollary 3.18. Let M denote the round sphere, Euclidean space, or hyperbolic space and fix 0 < v < V<
vol(M). There exists a constant C = C(9,V) > 0 so that for any Q C M with vol(Q) = vg € [1, V],

C (A1(R2) — A\1(B)) > tor(Q) — tor(B) (3.48)
where B is a geodesic ball with vol(B) = vg. In particular, §(Q) < C6(Q), where C =1+ C%.

Remark 3.19. One may use the scaling invariance of FEulcidean space to more directly conclude Corol-
lary from the Kohler-Jobin inequality; see [16, Proposition 2.1]. For the sake of a unified approach, we
simply include Euclidean space in Corollary

Proof of Corollary[3.18 As in Theorem [3.17} let B, denote a ball with the uniquely chosen radius such that
tor(£2) = tor(B§). Theorem implies that

A1) = A(B) = [M(Bg) — Ai(B)] + [ () = M(Bg)l = Au(Bg) — A(B),

and so to establish (3.48)), it suffices to prove that C(A\1(Bg&) — A\1(B)) > tor(Bg) — tor(B). Noting that the
radius of B¢, is smaller than that of B, the corollary will be proven once we establish the following claim.

Claim: Fix 0 <7 < R, with R < 7 if M = S™, and for each R € (7, R), define the functions
fr(r) = M(B;) — M(Br),
gr(r) = tor(B;) — tor(Br) .
There is a constant C = C(7, R) such that for all » € (0, R),
gr(r) < Cfr(r). (3.49)
We first establish with a constant depending on R. Notice that lim, o fr(r) = 400 and gr(0) =

—tor(Bg). So, we may find ¢ = £(R) such that gr(r) < fr(r) for all r € (0,¢]. Next, observe that the
functions fr and gg are strictly decreasing and differentiable. Define the constants

m = min{—fx(r) : r € [g, R]} > 0,
M := max{—gx(r) : r € [,R]} < x.
By the fundamental theorem of calculus and f(R) = g(R) = 0, we see that

R
fr(r) = / —fr(rydr >m(R —r),

R
ar(r) = / g dr < M(R ~ 1),

and so gr(r) < fr(r) x M/m for r € [, R]. Letting C = max{M/m,1} > 0, we see that (3.49) holds for
C = C(R). Finally, by compactness, it is clear that we may choose C' uniformly for all R € [rg, Ro]. This
completes the proof of the corollary. O

Together Theorem [3.6] Theorem [3.16] and Corollary lead to the proof of Theorem

Proof of Theorem[3.1 Combining Theorem we see that (3.44]) holds for nearly spherical sets, and so
by Theorem we see that (3.45)) holds for all open sets Q with |Q2| = |B|. Corollary applied to the
right-hand side of (3.45) concludes the proof. O
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