BUBBLING WITH L2.-ALMOST CONSTANT MEAN CURVATURE
AND AN ALEXANDROV-TYPE THEOREM FOR CRYSTALS

M. G. DELGADINO, F. MAGGI, C. MIHAILA, AND R. NEUMAYER

ABSTRACT. A compactness theorem for volume-constrained almost-critical points of elliptic inte-
grands is proven. The result is new even for the area functional, as almost-criticality is measured
in an integral rather than in a uniform sense. Two main applications of the compactness theorem
are discussed. First, we obtain a description of critical points/local minimizers of elliptic ener-
gies interacting with a confinement potential. Second, we prove an Alexandrov-type theorem for
crystalline isoperimetric problems.

1. INTRODUCTION

1.1. Overview. The study of critical points in geometric variational problems often calls for the
understanding of bubbling/concentration phenomena. Classical examples are discussed in the
seminal papers of Brezis-Coron [BC84] and Struwe [Str84], where the authors investigate immersed
disks with almost-constant mean curvature and conformally flat metrics with almost-constant scalar
curvature. As illustrated by the monographs [Str00, Heb14], this kind of result plays an important
role in various contexts.

Here we are interested in sets with almost-constant mean curvature, that is to say, in sets that
are close to being critical in isoperimetric problems. Such sets arise in various contexts of physical
and geometric importance, like capillarity theory and mean curvature flows. Depending on the
application one has in mind, different ways of measuring almost-criticality are appropriate. For
example, in the study of capillarity problems, one is naturally led to consider surfaces whose mean
curvature is uniformly close to a constant. In geometric applications, we have a more complicated
situation, as uniform proximity to constant mean curvature should be replaced by L?-proximity.

Our starting point is the paper [CM17], where, as illustrated in more detail below (Section 1.2),
Ciraolo and the second author obtained a compactness result for boundaries whose mean curvature
is uniformly close to a constant. In our main result, Theorem 1.1 below, we obtain two critical
improvements of the compactness theorem from [CM17], which require a substantial rethinking of
many technical aspects of the original argument.

A first improvement consists of replacing uniform proximity with L?-proximity. The main dif-
ficulty here is of course that uniform proximity to constant mean curvature, unlike L2-proximity,
carries information on the size of the mean curvature oscillation at every boundary point, and thus
allows one to exploit powerful sliding/maximum principle arguments.

A second major improvement consists of replacing the area functional with a surface energy for
a generic elliptic integrand. Elliptic integrands model anisotropic surface tensions and are thus of
importance in numerous applications. From the mathematical viewpoint, the area functional is
quite exceptional among elliptic integrands, and there are various steps in the argument of [CM17]
where this fact was exploited.
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Referring to Section 1.3 for more comments on the proof of Theorem 1.1, we now discuss some
applications of physical and geometric interest.

We start with Theorem 1.3, where we obtain a description of critical points and local minimizers
in elliptic capillarity problems. This theorem is stated in Section 1.4, where we also provide
additional context on this type of problem.

In Section 1.5, we state Theorem 1.4, an extension of Theorem 1.1 to sequences of almost-critical
points corresponding to elliptic integrands with degenerating ellipticity. The latter property allows
these elliptic integrands to converge to an arbitrary (i.e., possibly non-smooth and non-elliptic)
convex integrand, and our result proves convergence of almost-critical points (with sufficiently
fast convergence of the first variation to a constant) to (possibly multiple copies of) the Wulff
shape of the limit integrand. We propose an interpretation of this result as a suitable formulation
of Alexandrov’s theorem for generic anisotropic energies. Let us recall that for smooth, elliptic
anisotropic energies one has a pointwise notion of mean curvature for which an exact analog of
the classical Alexandrov’s theorem holds [HLMGO09]. The situation is quite different for generic
anisotropic energies, like crystalline energies, as in those cases the first variation of the energy
does not even define a linear functional on the space of variations. In the proposed interpretation,
we circumvent these difficulties by defining critical points of generic anisotropic problems as the
accumulation points of almost-critical points of smooth elliptic anisotropic problems.

1.2. Compactness in the Euclidean case. We start by recalling the situation in the basic
Euclidean case. The starting point is Alezandrov’s theorem: if € is a smooth bounded connected
open set with constant mean curvature, then 2 is a ball of radius (n+1)|Q|/P(Q2) = n/Hq. Here, |Q|
and P(2) = H™(0N2) are the volume and the perimeter of €2, while Hq is the scalar mean curvature
of 2 with respect to the outer unit normal vq to 2, with the convention that Hg () = n/r if B.(x)

is the ball of radius r in R"*! centered at a point z. In [CM17] the Alexandrov’s deficit 5*(2) of Q

g P (1.1)

0" () = Hﬁg—llmm) SNCESVI

is introduced as a measure of how far €2 is from being a critical point in the Euclidean isoperimetric
problem. It is then proven that, if {Q;}ren is a sequence of smooth bounded open sets in R™1
normalized to have H) = n and satisfying, for some L € N and o € (0, 1),

P(Qy) < (L+0)P(By) VheN

and if
lim §*(Q) =0, (1.2)
h—o00

then there exists an open set {2 consisting of the union of at most L disjoint balls of radius one
such that

lim |P() — P(Q)| + [2,AQ] = 0. (1.3)
h—o00

Allard’s monotonicity formula [Sim83, Section 17] can then be exploited to deduce Hausdorff con-
vergence (therefore, if the sets €, are connected, then the balls in £ are mutually tangent). Then,
by exploiting Allard’s regularity theorem [Sim83, Section 23] and a calibration-type argument, one
obtains the C'**-convergence of 02, to 92 away from the tangency points of the limit balls. A
quantitative analysis is also possible, both in the bubbling case (with non-sharp decay rates, see
[CM17]) and in the one-bubble case L =1 (with sharp decay rates, see [KM17]).
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This type of compactness result is crucial for addressing the shape of critical points in capillarity
problems. To illustrate this point, consider the capillarity energy

P(Q)—i—/gg(m)d:ﬁ, Q= v, (1.4)

of a liquid droplet occupying a region Q C R"™*! of fixed volume v under the action of a confinement
potential g. If v is suitably small with respect to g, then the surface energy P(Q) = O(v"/ (1)
dominates over the potential energy term (of order O(v)). By direct comparison with balls and
by quantitative isoperimetry [FMP08, FMP10, CL12] global minimizers are seen to be L!-close
to balls (quantitatively in terms of the size of v), and then a variational analysis proves they are
actually C2-close and thus convex [FM11]. But direct comparison with balls is not available for
addressing the shape of critical points, or even of local minimizers, and this is why a compactness
theorem like the one proved in [CM17] is needed to get this analysis started. And indeed, in [CM17,
Corollary 1.4] it is shown that critical points of (1.4) are quantitatively close close to compounds
of mutually tangent balls with same radii, and that local minimizers are close to single balls, for
m small.

1.3. The anisotropic setting and the elliptic compactness theorem. In various situations
of physical and geometric interest (see, e.g., the survey paper [Tay78]) one is led to consider energies
like (1.4) with P(Q2) replaced by an anisotropic surface energy of the form

F@) = | Flwo)di".

Here F': S™ — (0,00) is a convez integrand: namely, the one-homogenous extension of F' is convex
on R"1. As was proven in [Tay74, Tay75, Fon91, FM91, BM94], the isoperimetric problem for F
is uniquely solved by translations and scalings of the Wulff shape Kr of F.

= T gy V)¢, )
KF_VQn{ c R™* < F( )} (1.5)

This translates into the Wulff inequality,
F(Q) > (n+ 1) |Kp/V/OH) /() 0 < 10] < 00, (1.6)

where the right-hand side equals F(r Kr) for r = (|Q|/|Kr|)"/"*) and where equality holds if
and only if Q = 2 + r K for some x € R*"!. The Wulff shape is always a bounded open convex
set containing the origin; and, conversely, every bounded open convex set containing the origin is
the Wulff shape of some F'. Of particular interest is the case when F' is a smooth elliptic integrand,
that is, F' € C*°(S™; (0,00)), and there exist constants 0 < A < A < oo such that, for every v € S™,

Md < V?F(v) <AId  onvt =T,S". (1.7)

In this setting one has a natural anisotropic extension of the notion of mean curvature. More
precisely, the anisotropic mean curvature Hg : 00 — R of a set Q C R™! with boundary of class
C? is defined by

HE = div? (VF o vg) = tr(V2F(vo) Vig), (1.8)
where div?? denotes the tangential divergence along 99, and Vg is the second fundamental form
of O} with respect to vg. For the Wulff shape, K one has

H}?F:n.
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An anisotropic version of Alexandrov’s theorem was shown in [HLMGO09]: if Q is a bounded smooth
connected open set in R™*! with constant anisotropic mean curvature, then Q = z+r Kp for some
z € R"! and > 0. In order to formulate a compactness theorem in this setting we introduce the
scale invariant quantity

1 HE 2 1/2 n F(Q
Sp(Q) = (F(Q) /m ’Hgo - 1) F(l/Q)dH") HEO = (n+§)l)ﬂ\ (1.9)

as an anisotropic generalization of (1.1), and then state the following theorem.

Theorem 1.1. Let F' be a smooth elliptic integrand; see (1.7), and let {Qp}ren be a sequence of
bounded open sets with smooth boundary normalized to have

F0
HQh =n.
If, for some L € N, 0 € (0,1), and k € (0,1)
sup diam(§2) < oo, sup F(Qp,) < (L +0) F(Kp), th > Kkn on 0y, ,
heN heN
and if
lim 5F(Qh) = O, (1.10)
h—o00

then there exists an open set £ consisting of the union of at most L-many disjoint translations of
Kp, such that, up to translations and up to extracting subsequences,

Jim | F(Qn) — F(Q)| + |%AQ] =0. (1.11)
—00

Remark 1.2. Setting 6(Q2) = dp(2) for FF = 1, and recalling the definition (1.1) of 6*(2), we
obviously have that §(Q) < 0*(2), with Hq > k HY provided §*(2) < 1 — k. In particular,
Theorem 1.1 contains the fact that (1.2) implies (1.3), i.e., the key conclusion of [CM17, Theorem
2.4]. As explained in Section 1.1, passing from the C? to the L? deficit is non-trivial because a
key argument in the proof of [CM17, Theorem 2.4] is a sliding argument based on the maximum
principle for the mean curvature operator (see the argument right after [CM17, Equation (2.48)]).
For this kind of argument to work, it is crucial that whichever the contact point produced in the
sliding argument is, the constant mean curvature deficit contains information at that point. This
works naturally when using the C%-deficit 6*(£2), but it is clearly more delicate for the L2-deficit
5(£2). We bypass this problem by exploiting the vanishing deficit assumption for obtaining a family
of Pohozaev’s-type identities of different homogeneities; see in particular step six in the proof of
Theorem 1.4, Section 3.6. We also notice that considering the L?-deficit in this kind of problem
is not merely done for the sake of generality, but is particularly significant in view of possible
applications to the analysis of mean curvature flows.

We now describe some additional aspects of the proof of Theorem 1.1. As we are going to see, a
key tool will be a new potential theoretic proof of the anisotropic Heintze-Karcher inequality, done
in the spirit of [Ros87].

Let us first recall that the classical Heintze-Karcher inequality states that if €2 is an open bounded
connected set with smooth boundary and positive mean curvature, then

/ dHm > (n+1)[9) (1.12)
aa Ha
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with equality if and only if € is a ball. This inequality has been exploited by many authors
[Ros87, MRI1, Brel3] as an effective starting point for proving the classical Alexandrov’s theorem
and its generalizations to higher order curvatures and to non-Euclidean ambient spaces. The
relation is seen, also in the context compactness problems, if one considers the simple inequality

n(2) < 5°(9) (1.13)
between the Alexandrov’s deficit (1.1) and the Heintze-Karcher deficit
(n+1)|Q]
n(€) =1- :
Joq(n/Hq) dH™

In particular, (1.13) says that if © has constant mean curvature, then (2 is an equality case in (1.12)

(and thus a ball).

The compactness result obtained in [CM17] starts from Ros’ proof [Ros87] of (1.12), which
exploits the celebrated Reilly’s identity [Rei77] in order to relate the Heintze-Karcher deficit and
the torsion potential u of €2, i.e., the unique solution of

Au=1 in Q,
{uzO on 0N).

For instance, a key estimate on u in terms of 7(€2) implied by Ros’ argument takes the form

cololn® = [ [vu- =

(1.14)

where [T = (3, Tfj)l/ 2 for a matrix 7. This inequality expresses, in a rather direct way, the
proximity of the torsion potential of Q to the torsion potential (|z — z¢|?> — 72)/2(n + 1) of a
suitable ball B,(zp). The other known proofs of (1.12), namely [MR91, Brel3], provide control
of the almost-umbilicality of 92 in terms of 7(€2). As explained in detail in [CM17, Appendix],
almost-umbilicality is more difficult to exploit than direct information on the torsion potential
to get compactness results in this setting. This is reflected in the fact that the current results
concerning almost-umbilicality do not describe bubbling phenomena; see [DLM05, DLMO06, Per11].

The proof of Alexandrov’s theorem for elliptic integrands in [HLMGO09] is based on an anisotropic
version of (1.12), which states that if F' is smooth and elliptic and €2 is an open bounded connected
set with smooth boundary and positive HE, then

n
/mHgF(UQ)dH” > (n+ 1)), (1.15)
with equality if and only if Q = x + r Kp for some & € R™! and r > 0. Alternative proofs of
(1.15) are obtained in [MX13] and [XZ]. These arguments provide a control on the anisotropic
almost-umbilicality of 92 in terms of an anisotropic Heintze-Karcher deficit. Anisotropic almost-
umbilicality has been recently addressed in [DRG17] under a convexity assumption, which of course
prevents the possibility of bubbling into multiple Wulff shapes.

Our approach to Theorem 1.4 will pass through a new proof of (1.15), based on an adaptation
of Ros’ argument that allows us to control the suitable anisotropic variant of the torsion potential
in terms of the anisotropic Heintze-Karcher deficit np of €2,

L (n+ 1)
1) = L P HE)
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(We consider np(£2) only for sets with HE > 0 on 99, and we also notice that np(2) < §p(Q2)/k

provided Hg > Hﬂg’o; see Lemma 3.6 below.) The right notion of anisotropic torsion potential is
found by solving

u=20 on 0f).

where Ap denotes the Finslerian Laplace operator, defined by

Apu = div (V(F?/2)(Vu)).

{Apuzl in Q,

The operator is non-smooth at {Vu = 0}, and particular attention must be paid in many parts of
the argument in managing the critical set of w.

We now make some more technical comments on the proof, which should also be interesting in
connection with our subsequent discussion of the role of ellipticity in the compactness theorem (see
Section 1.5 below). As already mentioned, Ros’ proof of (1.14) crucially exploits Reilly’s identity
[Rei77]. Similarly, in Proposition 3.3 below, we prove the following anisotropic version of Reilly’s
identity (which, apparently, has not been previously stated in the literature):

/Q(AF’LL)2 —tr ((V(Vruw)?) = ” HE F(Vu)*F(vq) dH™, (1.16)

where Vru = V(F2?/2)(Vu). Armed with (1.16) and with a global Lipschitz estimate for u inde-
pendent of the ellipticity constants of F' (see Proposition 3.5), we generalize (1.14) to

c) 9e@ > [ [vivrn - 2"

(1.17)

Here we set || A]|? = Z?:ll 12 where p; are the eigenvalues of and A. Unless we are in the isotropic
case, the matrix A = V(Vpu) (which satisfies A = V2F(Vu)V2u on {Vu # 0}) is not symmetric,
but is real diagonalizable. In particular (1.17) does not provide direct control on the norm of A.
However, such an estimate can be expressed if one allows the ellipticity constants of F' to appear
in the estimate, which then takes the form

Cn) 10l 3 e = [ [9(7p0) - [ (1.13)

This simple but delicate point is the only step of the proof of Theorem 1.1 where the ellipticity
assumption is used.

1.4. Critical points and local minimizers of anisotropic energies. A natural and important
application of Theorem 1.1 is the quantitative characterization of critical points and local mini-
mizers of anisotropic surface energies under the action of a confining potential and with a small
volume constraint. More precisely, the kind of energy we consider takes the form

8<Q>=f<ﬂ>+/gg,

for a convex integrand F' and a smooth potential g : R"™! — R. When g(z) — oo as |z| — o
volume-constrained minimizers of £ exist for every volume v. Of particular relevance in capillarity
and phase transition models is the case when v is small, and thus the surface energy F dominates
the minimization.
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We say that a bounded set of finite perimeter €2 is a volume-constrained critical point of £ if

d
a1 e =0 (1.19)
tli=o
whenever f; is a curve of diffeomorphisms such that fo = Id and |f;(Q)| = || for every ¢ in a

neighborhood of ¢ = 0. We say that Q is a volume-constrained ro-local minimizer of £ if there
exists rg > 0 such that

E(Q) < &) whenever || = [Q| and QAQ CC Ljgj1/mi1) ,, (0) . (1.20)

Here, I.(E) = {z € R"*! : dist(x, E) < r} denotes the r-neighborhood of a set E C R"*!.
Obviously, local minimizers are critical points.

As an application of Theorem 1.1, we analyze volume-constrained local minimizers and critical
points of £.

Theorem 1.3. Let F be a smooth elliptic integrand, g : R — R be a smooth function, M > 0,
and let Q C Bys be an open connected set with smooth boundary such that

F(Q)ntt diam(€2)
< — <
NG <M, G <M.
Then the following holds:

(i) for every e > 0 there exists ve = v(e,n, M, F,g) > 0 such that if Q is a volume-constrained
critical point of € with

19| < v,
then

L gEo
‘Q*AU(:L‘MLKF)’Ss where Q* = 3 Q,

i=1
for some L > 1 (which is a priori bounded from above in terms of F' and M) and {x;}£, C R"+!
such that the sets {z; + Kp}L | are mutually disjoint.

(ii) given ro > 0, there exists vo = vo(ro,n, M, F,g) > 0 such that, if Q is a volume-constrained
ro-local minimizer of £ with

€] <o,
then there exists xo € R™1 such that, setting K = x4+ s Kp with s = (|Q|/|Kr|)"/"*D, one has
QAK
S < mg )/, L21)
hd (092, 0K) (1)
— <
QL) = C(n, F,g, M) |9 . (1.22)

This result was shown for volume-constrained global minimizers of £ in [FM11, Theorem 1]. The
key difference between the case of global minimizers and the case of critical points/local minimizers
addressed here is that (1.19) and (1.20) do not immediately allow the comparison of the energy
of Q0 with that of a Wulff shape with same volume. This direct comparison was the key step in
[FM11] to exploit the quantitative Wulff inequality from [FMP10] and to deduce the L!-proximity
of any global minimizer to a Wulff shape.
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Volume-constrained critical points of £ turn out be volume-constrained almost-critical points of
F thanks to a variational argument, so Theorem 1.1 allows one to deduce that € is close in volume
to a finite family of Wulff shapes. In the case of local minimizers, using volume density estimates
we can show this family consists of a single Wulff shape, and then 9 is close to the boundary
of this Wulff shape in Hausdorff distance. But this implies that a Wulff shape of the appropriate
volume is an admissible competitor in (1.20), which in turn enables us to exploit the quantitative
Waulff inequality and obtain (1.21) and (1.22); see Section 4.

In [FM11, Theorem 2| it was proven that a volume-constrained global minimizer Q of £ is
actually convex with

HV2F(VQ*)VVQ* - Id‘

2/(n+3)

o) < C(n,F,q)|Q] . (1.23)
(Let us recall here that V2F(vk,)Vvg, = Id on dKp.) In our setting of connected volume-
constrained local minimizers, once (1.22) is proven, one can also repeat all the remaining analysis
from [FM11]. In particular, arguing as in [FM11, Appendix C], one can show that 9 is a C'-small
normal deformation of K with quantitative bounds on the C''-norm of the normal deformation
in terms of explicit powers of |2|. Then, one can also repeat the argument from [FM11, Theorem
13] to show that (1.23) holds and thus that € is convex. As this part of the argument would be
identical to that of [FM11], we omit it and simply remark that, thanks to Theorem 1.1, all the
small-volume regime properties of volume-constrained global minimizers of £ proved in [FM11]
hold for connected local minimizers as well.

1.5. Weak Alexandrov’s theorem for convex integrands. A way to look at the classical
Alexandrov’s theorem is to consider it as a convexity property of the volume-constrained perime-
ter functional; Alexandrov’s theorem says that the only critical points of the volume-constrained
perimeter are its global minimizers. The property that global minimizers are the only critical
points is a characteristic consequence of convexity.

The same can be said about the anisotropic Alexandrov’s theorem for smooth elliptic integrands
[HLMGO09]. Once again, we have an energy functional whose only critical points are its global
minimizers. A natural question is whether this property depends on the assumption that the
anisotropy is smooth and elliptic. Indeed, anisotropic energies that fail to be either smooth or
elliptic (or both) are of great interest in applications, and the anisotropic isoperimetric problem
is totally unaffected by the lack of smoothness or of ellipticity (recall that Wulff shapes are the
unique isoperimetric sets of every convex integrand). Therefore one conjectures that Alexandrov’s
theorem should hold, in some proper formulation, for every anisotropic energy. This conjecture
seems open in ambient space dimension 7+ 1 > 3. A result of Morgan [Mor94|, which proves that
Waulff shapes are the only anisotropic critical immersion of a curve in the plane, is an indication
in favor of this conjecture. Of course, there is a substantial difference between the planar case
and higher dimensions, because in the planar case criticality implies convexity of the connected
components.

With this premise in mind, we now discuss a generalization of Theorem 1.1, namely Theorem
1.4 below, which serves as a sort of weak version of Alexandrov’s theorem wvalid for arbitrary convex
integrands.

Theorem 1.4 (Weak anisotropic Alexandrov theorem). Let {Fj}nen be a sequence of smooth
elliptic integrands that converges pointwise to a limit function F, and assume that, for some positive
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constants m, M, X\, and A, (m and M independent of h)
m< Fp, <M on S™,
, . (1.24)
A Id < V2F,(v) < ApId onv—, Vv es".

Then the following holds: If {Qn}nen is a sequence of bounded open sets with smooth boundary,

normalized so that HgZ’O =n with
ng > Kkn on 0, sup diam(§2) < oo, sup ]W <L+o (1.25)
heN neN Fn(KFR,)
for some k >0, L € N and o € (0,1), and if
lim max {i ﬂ} nE, () + 85, () = 0 (1.26)
h—o00 )\}21 "\ " h ’

then there exists an open set £, which is the disjoint union of at most L-many translations of Kp
such that, up to translations and up to extracting subsequences,

Jim | Fn () — F(Q)| + 12,40 = 0. (1.27)
—00

Remark 1.5. The assumption (1.26) is implied by max{1/\2, A, /An} 05, () — 0 because np <
0r/k (see Lemma 3.6 below). In particular, Theorem 1.1 is a corollary of Theorem 1.4 if one takes
F to be smooth and elliptic and Fj, = F.

The interpretation of Theorem 1.4 as a weak version of Alexandrov’s theorem for general convex
integrands is the following. Clearly, every convex integrand F' can be approximated by smooth
elliptic integrands Fj, as in (1.24), as the ratio max{1/A?, \,/A} is allowed to vanish in the
limit as A — oo. Theorem 1.4 thus asserts that (unions of) Wulff shapes of F' are the only
possible accumulation points of sequences of almost-critical points of the approximating Fj, with
anisotropic Heintze-Karcher deficit vanishing faster than the rate of degeneracy of the ellipticity
constants. This fast convergence assumption may be purely technical in nature. In our argument,
it arises exactly in the derivation of (1.18) from (1.17), as previously explained.

Theorem 1.4 immediately leads to the following delicate question: given a convex integrand F' and
a bounded open set 2 with Lipschitz boundary that is a critical point for the volume-constrained
anisotropic energy JF, is it possible to construct a sequence of smooth elliptic integrands F} and
smooth open sets €, such that Fj, converges to F' as in (1.24) and €, satisfies (1.25), (1.26) and
|Q,AQ| — 07 Whenever this is possible, of course, Theorem 1.4 implies that finite unions of Wulff
shapes are the only critical points for the convex integrand F'.

2. BASIC FACTS ON INTEGRANDS

We recall without proof some standard facts about convex integrands and their gauge functions.
By convex integrand we refer to a positive function F' on S™ with a convex one-homogeneous
extension to R"*1. The gauge function of F is defined by

Fi(z) =sup{z-v:F(v) <1} r € R (2.1)

and is itself a convex integrand. By convexity of F, one has (Fy). = F. Moreover, the Fenchel
inequality holds:
x-v < Fi(z) F(v) Vo, v € R"H, (2.2)
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If we denote the minimum and the maximum values of F' on S"™ by

mF:HSﬂn F, MF:néaxF, (2.3)
then we have
mp < |VF(v)| < Mg (2.4)
whenever F is differentiable at v (that is to say, at almost every v € R™*1), and moreover
1 1
= — Mp, = —. 2.5
mE. = 4 R (2.5)

By (1.5), (2.1) and since (Fy), = F,
Kp={F. <1} Kp, ={F < 1}. (2.6)
Recall that the subdifferential of F at v € R"*! is defined by
OF (v) = {x ER"™M Fw)>Fw)+z-(w—v) Ywe R”“} :
so OF(v) = {VF(v)} if F is differentiable at v. We immediately see from (1.5) that
Kr = 0F(0), K, = 0F,(0)
and hence, by one-homogeneity of F,
0Kp={F.=1}=|JoF(v), 0Kp ={F=1}=|]0F(x). (2.7)
v#0 z#0
(Notice that we use the same symbol 0 both for topological boundaries and for subdifferentials.)
If F € CY(S") and is strictly convex, then F, € C'(S") and is strictly convex, and therefore
OF(v) = {VF(v)} and 9F.(x) = {VF.(x)} for every v,z # 0. Under these assumptions, using
(2.7), one deduces the useful properties
F(VF.(z)) =1, Fi.(z)VF(VF.(z)) == Vo #0,

F(VEW) =1, FOVE(NVFW)=v Y40, (28)

A short explanation of the vector identities in (2.8) is as follows. By {Fi < 1}, the normal to Kp
at VF(v) € 0Kp (for v # 0) is parallel to VF,(VF(v)). At the same time, by exploiting (1.5) and
the one-homogeneity of F', we see that the normal to Kp at VF(v) is parallel to v itself. Thus
VF,(VF(v)) = av and then one finds a = 1/F(v) thanks to F(VFy(z)) =1 for z # 0.
We conclude with some remarks about the functions F?/2 and F2/2. First, an important
consequence of (2.8) is that
V(E2/2) = [V(F2/2)]70 on R™1\ {0} (2.9)
Indeed, for every z € R*+1,
V(FI2)(V(F?/2)(2)) = F.(F(2)VF(2)) VE.(F(2)VF(2))

= F(2)F.(VF(2))VF.(VF(z)) = F(z)

Moreover, (2.9) holds for generic convex integrands in the sense that

2 € O(F%/2)(x) <= z € d(F2/2)(2). (2.10)
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When F' € C°°(S") is an elliptic integrand (so that (1.7) holds with constants A and A), one has
that F2/2 € CHH R N C°(R™ 1\ {0}) with

F(v)VF(v), itv#0,
v = {,) il 211
V3(F?/2)(v) = VF(v)®VF()+ Fw)V*F(v) ifv#0,
and
A Id < V3(F?/2)(v) <A Id on R\ {0} (2.12)
for positive constants A\, and A.. By (2.11), we see that we can take
A = mp min{\, mp} Ay =2Mpmax{Mp,A}.
We have the identity
V2(F?/2)(v) o V3(F2/2)(VF(v)) =1d Vv eS". (2.13)
To conclude this section, we note that will sometimes use the shorthand
Vru(z) = V(F2/2)(Vu(z)) (2.14)

3. PROOF OF THE MAIN THEOREM

This section contains the proof of Theorem 1.4. Section 3.1 and Section 3.2 serve to introduce,
the anisotropic signed distance function and the anisotropic torsion potential on a smooth bounded
open set respectively. In Section 3.3 we prove an anisotropic version of Reilly’s identity, while in
Section 3.4 we obtain a Lipschitz estimate on the anisotropic torsion potential that is interestingly
independent of ellipticity. In Section 3.5 we exploit the torsion potential to give a proof of the
anisotropic Heintze-Karcher inequality of [HLMGO09] in the spirit of Ros’ argument. The key
result is identity (3.23), which relates the gap in the anisotropic Heintze-Karcher inequality to the
properties of the torsion potential. Together with the Lipschitz estimate, this is a key fact to obtain
compactness. This is finally done in Section 3.6, where we prove Theorem 1.4.

3.1. The anisotropic signed distance function. In the next proposition we collect some useful
facts on the anisotropic signed distance function from a bounded open smooth set.

Proposition 3.1. Let F' be an elliptic integrand, let ) be a bounded open smooth set, and define
the F'-anisotropic signed distance function of €0 by

v(z) =inf {Fu(z —y):y € Q} —inf {F(y —2) : y € O}, e R, (3.1)
Then there exists an open neighborhood N of 02 such that v is smooth in N and
va(y)
Vyly) = =——~ Yy € 0€). 3.2
)= Flualy) 32

Proof. Note that v < 0in Q, v > 0 in Q¢ Since {2 has smooth boundary, it satisfies uniform
exterior and interior balls conditions. Since F' is a smooth elliptic integrand, the Wulff shape
Kp = {F, < 1} is uniformly convex, and K, = {z € R""! : F,(—z) < 1} is uniformly convex as
well. Combining these facts, we see that there exists r > 0 with the following property: for every
y € 0F), there exist z, € Q2 and z, € Q¢ such that

{weR"™ : F(w—my) <r}cCQ, Fily—xy) =7, (3.3)
{weR"™ : Fi(—(w—2z)) <r}cCQ, Fi(—(y —zy)) =1;
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VE(va(y))

FIGURE 1. The uniformly convex sets K1 = {F.(- — z,) < r} and Ky = {Fi(z, — ) < r}
touch 2 at y, respectively, from inside and from outside. The point y lies on the segment
joining centers x, and z,, which is parallel to VF (vq(y)).

see Figure 1. We claim that y —x, and z, —y are parallel to VF(vq(y)). Indeed, by (3.3), VF,(y—
zy) = avg(y) with o > 0; applying F' to both sides and exploiting (2.8), we find a F(vq(y)) =1
and so

vo(y)
An analogous argument shows that —VF,(z, —y) = —fvq(y) for some § > 0, which satisfies
B =1/F(vq(y)) thanks again to (2.8). Thus

va(y)

Folzy —y) = ———.
VIS = Fn)
Applying VF to both sides of (3.5) and (3.1) and taking (2.8) into account, we find
Y— Ty 2y —Y
— = =VF(vqly) = ———, 3.6

as claimed. Now consider the projection map p : R**!t — 99 defined by

{ye@Q:F*(y—:):):—fy(x)} ifxe,
p(z) = . . (3.7)
{yed: Fi(z —y) =~(z)} itz e Q°.

Fix y € 02. By the first claim, if € [zy,y] or z € [y, 2], then p(z) = {y}.So there exists a
constant ¢ > 0, depending only on mp, Mp and the C? norm of F, such that

¢ < min {|zy —yl, |z, — y[}.
Hence there exists rg such that if we set

N = U {y—l—tVF(l/Q(y)) ] < ’I“o}

yeoN)

then for every x € N there exists a unique y € 99 such that p(z) = {y}, with
z=y+7@)VF(ray)).

Exploiting the implicit function theorem as in [GT83, Lemma 14.16], we find that - is smooth on
N. Now, if zy € Q, then

y(z) > —Fi(p(wo) — ) Vo€, Y(zo) = —Fi(p(w0) — 70)
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so that Vv(zg) = VFi(p(xg) — xg) for every xy € . By (3.5),

) = va(p(7o)) '
F(va(p(zo)))

Letting g — y € 012, we obtain (3.2). O

VA (zo

3.2. The anisotropic torsion potential. Let F' be an elliptic functional and € a bounded open
set with smooth boundary. The F'-anisotropic torsion potential of ) is the unique minimizer
u € HY(Q) of the strictly convex functional

R

The Euler-Lagrange equation

/ V(F2/2)(Vu) - Vi = - / o VpeClQ) (3.8)
Q Q

holds, that is to say, u is a distributional solution of
Apu =1, on {2
u=0, on 0f).

Here, we have introduced the Finslerian Laplace operator
Apu = div (V(F?/2)(Vu)).
Notice that the Finslerian Laplace operator satisfies the classical comparison principle:

V1,02 € H&(Q)
—Apv1 > —Apvg on € = 1 > vg on (. (3.9)
V1 > U9 on 0f?

Indeed, setting w = max{vy — v1,0} we find

0

v

/w(—AFv2+Apvl):/Vw- (V(F?/2)(Vve) — V(EF?/2)(Voy))
Q Q

> )\*/ (Vg — V|2
{Uz>v1}

thanks to (2.12). Based on classical regularity arguments, one can prove that u € C1*(Q) N H?(Q)
for some a € (0, 1), see, e.g. [CS09, Proposition 2.3]. The critical set

C={zeQ:Vu(z)=0}

is thus closed in Q and, since F?/2 € C®°(R""!\ {0}), u is smooth in a neighborhood of each
x € Q\ C. The following proposition collects some further properties of u.

Proposition 3.2. The critical set C of the anisotropic torsion potential has Lebesgue measure
zero. The torsion potential u is negative in 0 with positive outer normal derivative along 0. In
particular, u is smooth in a neighborhood of 0S).
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Proof. Step one: The function f : R"*! — R"*! defined by f(v) = V(F?/2)(v) is Lipschitz with
f(0) = 0. Setting v = Vu € H*(;R*""), we have fov € H!(Q; R*™!). In particular, (3.8) implies
that

tr(V(fov)) =1 a.e. on §). (3.10)

Let us denote by L, the affine n-dimensional space L, = v(z)+ Vv(z)[R*"!]. By the Sobolev chain
rule for vector valued Lipschitz functions [ADM90] (see also [LMO07, Theorem 1.1]), for almost every
x € Q we have that (f ov)|r, is differentiable at v(x), with

V(fouv)(@) =V ((fov)lL,)(v(z)) o Vu(z).

Since Vv = 0 almost everywhere on €, we conclude that V(f o v) = 0 almost everywhere on C.
This fact, combined with (3.10), implies that |C| = 0.

Step two: We show that
Fi(x)?
h(z) = -— R

satisfies Aph = 1 on R""!. Indeed Vh(z) = Fi(z)VF.(z)/(n + 1), so, by one-homogeneity of F
and by (2.8), we have
F(F.(z)VF, F, F
(F@VE@) _ Flo) pgp () = B0),
n+1 n+1 n+1
At the same time, by zero-homogeneity of VF and again by (2.8),

F(Vh(z)) =

x
Thus V(F?2/2)(Vh(z)) = z/(n + 1) for z € R*1\ {0}, and the desired result follows.

VE(Vh(z)) = VF(VF,(z)) =

Ve #£0.

Step three: We use translations of h as barriers to prove Hopf’s lemma and the negativity of u in
Q. As seen in Proposition 3.1, for every yy € 02 we can find zy € 2 such that

| e ) = o)
ylenécF*(y—wo)—F*(yo 0) VE.(yo — o) F(va(yo))

Corresponding to this choice of zy, we have that
B = inf {h(y —x0) 1y € QC} = h(yo — o), Vh(yo — o) - va(yo) > 0.

If we set v(x) = h(z —x¢) — 8 for z € Q, then v > 0 on 92, and Apv =1 in Q. By the comparison
principle (3.9), we find v > w in 2, and since v(yo) = u(yo) = 0 with Vo(yo) - va(yo) > 0 we
conclude that

<0.

vo(yo) - Vulyo) = lim ulyo — tra(yo)) = ulvo) _ 1\ v(Wo ~ talyo)) — v(yo)

t—0+ t t—0T t
This proves that vg-Vu > 0 on 9. Since 92 = {u = 0}, we have that |Vu| > 0 on 9. Therefore,
because u € CH*(Q), we find dist(€,0) > 0. Since u is smooth on €\ €, we conclude that u
is smooth in a neighborhood of 9€2. Thus, u is strictly negative in a neighborhood of 9f2, and
therefore on the rest of 2 by the comparison principle. O
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3.3. The anisotropic Reilly’s identity. The goal of this section is to prove an anisotropic
variant of Reilly’s identity. Let us recall that if {2 is an open set with smooth boundary and F' is
an elliptic integrand, then the F-anisotropic mean curvature of {2 (with respect to the outer unit
normal vq) is defined as
HE = divI*(VF(vq)) on 0.
The anisotropic mean curvature shares many basic properties of its isotropic counterpart. Of
particular importance to us will be the anisotropic variant of the classical identity
Au — Vulvg, vo] = |Vu| Hg on 092,

which holds when 9 is the level set of a smooth function uw with non-vanishing gradient on 0f).
The anisotropic counterpart of this formula involves the Finslerian Laplace operator and takes the
form

Apu — V*u[VF(Vu), VF(Vu)] = F(Vu) HS ~ on 0Q. (3.11)
This formula is derived, under different conventions, in [WX11, Theorem 3|. For the sake of clarity
we recall the short proof. First, we claim that

HE = div (VF(Vu)). (3.12)
Indeed by vq = Vu/|Vu| and the zero-homogeneity of VF| we have
HE = div?(VF(1q)) = div?*(VF(Vu)) = div (VF(Vu)),
provided that
Vu - V(VF(Vu))[Vu] =0.

To prove this last identity, we denote by superscripts components and by subscripts partial deriva-
tives, and compute

(V(VE(VW)? = (Fe,(Va))a, = > Fee, (VU)o
k

(V(VE(VW)[Vu) = Y Fee (Vi) ta, |
ik

> Feye (V) 0, s,
ijk

= D tantn, ) Fee (Vu)ua,
ik j

The last sum over j is equal to zero because V2F(v)[v] = 0 for every v € S". Indeed, F, (tv) =
Fy, (v) for every t > 0 and v € S". This proves (3.12). Then,

Apu = div(F(Vu)VF(Vu) =Y (F(Vu)Fe,(Vu)),

3

Vu -V (VF(Vu))[Vul

= Y Fe,(Vu)Fe, (V)i 2, + F(Vu)Fee,(Vu)tg iz,
ij
= VZ2u[VF(Vu), VF(Vu)] + F(Vu)div (VF(Vu)),
and thus (3.11) holds thanks to (3.12). We now exploit (3.11) in the proof of the following
anisotropic version of Reilly’s identity.
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Proposition 3.3 (Anisotropic Reilly’s identity). If Q2 is a bounded open set with smooth boundary,
F is an elliptic integrand and w is the F-anisotropic torsion potential of €2, then

/(AFU)Q—tr (V(VFu)?) :/ HE F(Vu)?F(vq) dH", (3.13)
Q o0

In (3.13) we use notation introduced in (2.14). Notice there are no regularity issues in (3.13) as
u € H%(Q) and is smooth in a neighborhood of 9Q (Proposition 3.2). We first prove the following
lemma:

Lemma 3.4. If V. € HY (R is such that divV = co, then S = (divV)V — VV[V] €
LY (R ) with div S € LY(Q) given by

div S = (div V)% — tr((VV)?). (3.14)

Proof of Lemma 3.4. Since div V is constant we immediately find div ((div V)V) = (div V)2, First,
we assume that V' is smooth. If ¢ € C¢°(12), then

LoV =3 [ vivie, =3 [ vivien. - [ pu(wv2),

where

%:/{ZVJJ (VVg)e, = —%:/Qvi (Vi) ara, _%:/QV;Z' (Vig)a,
= Cozj:/Q(VjsO)xj =0

as VJigp =0 on 9. This proves that if V € HY(Q) N C>®(Q2), and divV is constant, then
/VV[V] V= —/ ptr(VV)2), Ve Co(Q). (3.15)
Q Q

Now let V € H(Q2) with divV = ¢y. Fix ¢ € C°(Q) and consider an e-regularization V. = V * p.
of V', so that V; is smooth on Q. = {x € Q : dist(x,9Q) > e}. Since div V; = (div V)% p, is constant
on €., we can apply (3.15) to V% if ¢ is small enough to have spty CC €. Since V. — V in H'
on an open neighborhood of spty, we can pass to the limit as € — 0 and deduce that (3.15) holds
without the smoothness assumption on V. ]

Proof of Proposition 3.3. Since u € H*(Q), we apply Lemma 3.4 with V = Vru to find
/ (Apu)? —tr (V(VEu))?) = / div (ApuVpu — V(Vpu)[Veu) .
Q Q

Since u is smooth in a neighborhood of 02 with v = Vu/|Vu| we can apply the divergence
theorem to get

/ (Apu)® — tr (V(Vru))?) = / (V(Vru)[Vru] — ApuVpu) - 155\ .
Q (o))
By V%z(Vu) -Vu = F(Vu)? and (3.11), we have
— | ApuVpu- Vu HE F(Vu)?F(vq) — V2u[VF(Vu), VF(Vu)] F(Vu)? .
00 Vul  Jaq V|
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Thus, in order to complete the proof, it suffices to show that
V(Vru)[Vpu] - Vu = F(Vu)? V2u[VE(Vu), VF(Vu)]. (3.16)
We have that
[V(VFU)]U = (F(Vu)Fg, (VU))% = Z F(Vu)Fgg, (Vu) Uy + P (Vu) Fg, (vu)u%xk :
k
Hence
V(VFEu)[Veul - Vu = Y (V(VFu)[Veu]) v,
= F(Vu)) [V(Vru)7 Fe,(Vu)ug,
(]

= F(Vu)2 Z F, (vu)uxkxj Z Fee,,(Vu) ug,

kj i
+F(Vu) Y Fe, (Vu)Fe, (V) g0, > Fe, (V) tg, .
kj i

Again, VF(v)[v] = 0 by homogeneity, so
Z Feie, (V) ug, = V2F(Vu)[Vau,e] = 0.

At the same time, ), F¢,(Vu) uy, = VF(Vu) - Vu = F(Vu), so (3.16) is proven. O

3.4. Universal Lipschitz estimate. We now turn to the proof of the following gradient bound
for u, which is notably independent of the ellipticity constants of F'.

Proposition 3.5. If F' is an elliptic integrand, §2 is a bounded open smooth set with Hg >0 on
0 and u is the F-anisotropic torsion potential of (2, then

1
mpg Hg;

inf

sup |Vu| < (3.17)
Q

where Hg,inf denotes the infimum of Hg over 05).

Proof. Recall from Proposition 3.1 that the F-anisotropic signed distance function « of €2, defined
in (3.1), is smooth in a neighborhood of 92 with v < 0 in €2 and

VA(y) = F(VZ)(Z(J;)) Yy € 9.

Hence, F(Vv) =1 on 99, and so
Apy = div (F(Vy)VF (V7)) = div(VF(vq)) = H;  on 99
by the zero-homogeneity of VF and (3.12).

Step one: We show that ~ satisfies Apy > H&inf in the viscosity sense in ). Indeed, let P denote
a second order polynomial touching v from above at some x € 2, i.e., for some r > 0, P > ~ on
B, (z) C Q with P(z) = y(x). We want to prove that

AF‘P(‘T) > Hg,inf .
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Let y € p(x), where p is the projection map as defined in (3.7), and note that z; = z+¢ (y—z) €
for all t € (0,1). In particular, let r, € (0,7) be such that B,,(x;) C . We claim that the second
order polynomial @); defined by
Qi(z) =Pz —x¢ + ) + Fu(zy — ), z € R

is such that

Qu(we) = (@), Qu(z) 2(2)  Vz € Br (). (3.18)
Indeed,

Qi(xt) = P(z) + Fulzy —x) = v(2) + t Fuy — ) = (1 = t)y(2) = 7(21)

while if z € By, (z¢) then z — xy + x € B.(z) C Q, and thus

Qi(z) > Y(z—a+a)+ F(ry—2)=—inf {F(w— (z -2+ ) : w € Q) + Fu(zy — )

; —inf {F*(w —z)iwE€ QC} — F(zy — ) + Fy(zy — ) = v(2)

as z € (). Now, if ¢ is close enough to 1, then z; lies in the neighborhood N of 92 in which ~ is
smooth. Hence, for ¢ close enough to 1, (3.18) implies that

ApP(z) = ApQi(zt) > Apy(zt) .
Letting ¢t — 17, we find ApP(z) > Apy(y) = HE(y) > ng,inf’ as required.

Step two: We claim that

v(z) < Hginf u(z) Vo e Q. (3.19)
Both functions are equal to zero on 0f) and are strictly negative in €, so the claim follows by
showing that, for every a > 0,

0(@) = (B — o)u(x) —7(x) 20 Ve Q.

In turn, since v is continuous in ©Q and v = 0 on 91, it suffices to show that v has no interior
minimum points in 2.

Arguing by contradiction, let g € 2 be a local minimum point of v in Q. If Vu(zg) # 0, then
u is smooth nearby xg. Moreover, since xg is a local minimum of v, we have that

(Hfing — @)u — [(H s — a)ul@o) —(x0)]
touches v from above at z, and thus, by Step one,
Hg,inf < AF[(Hg,inf - a)“] (5130) = (Hg,inf - Oé) AFU’(:CO) = Hg,inf -«

a contradiction to o > 0. This implies that Vu(xzo) = 0. Hence v cannot be differentiable at xo:
otherwise Vu(xzp) = 0 would imply V~(zo) = 0, whereas Vy = (vq o p)/F(vq o p) # 0 at every
differentiability point of ~.

We are thus left to consider the possibility of a local minimum point zg € Q of v, where
Vu(zp) = 0 and ~ is not differentiable at xy. By local minimality, for every v € S™ and ¢ > 0 small
enough, we have

u(zo +tv) —u(xog)  y(xo +tv) — v(x0)

(Hg,inf - Oé) n - ; >0.

So Vu(zg) = 0 implies
i Y0+ V) = v (x0) <o0.
t—0+ t
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Since ~ is not differentiable at zq, there exists vy € S™ such that

lim inf V(@0 +tro) — (o) <0
t—0+ t ’
which in turn implies
t —t -2

t—0+ 12

We will now obtain a contradiction to (3.20) by proving that for every x € Q) there exists a second
order polynomial P touching v from below at z.

Indeed, since v is smooth in a neighborhood N of 02, there exists C' > 0 such that for every
z € N there exists a second order polynomial P, with the properties

P,(z) =~(2), V2P, > -CId, ~v(w) > P,(w) for every w near z .

Choose x € 2 with B,(x) C , let y € p(z), and set x; = x + t(y — x). For ¢ sufficiently close to 1,
x¢ € N and we can find r; € (0,r) such that By, (z:) C Q and, setting P, = P,,,

Py(y) = (), VP, > —C1d, Y(w) = Py(w) for every w € By, (x¢) .
Set
P(w) = P(w — (z — z)) +7(x) — y(z1) -
Clearly P(z) = v(x). If w € B,,(x) C Q, then w — (x — ;) € By, (z¢) and thus
Plw) <7y(w = (2 = 20)) +7(x) = (1)
=7y(w—(z—z)) —ty(@) =y(w— (. —2¢)) —t Fi(y — x).
Now, since w — (x — x¢) € By, (z¢) C Q, by definition of 7 there exists w € 0 such that
Y(w—(z—z)) = —Fu(® — (w— (z — z)))
so that, by the subadditivity of Fi,
P(w) < —Fu(0 — (w — (z — 1)) — Fi(t(y — 2))
=—F (0 — (w+tly—x)) - Fltly — 2))
< —Fo(w —w) <y(w),

again by definition of v in 2, and thanks to w € 2. This completes the proof of step two.

Step three: We claim that if u is the F-anisotropic torsion potential of {2, then
1

sup |Vu| < ———. 3.21
up [Vl i o (3.21)
First, let us pick € Q and y € 9. By (3.19), —u(z) < —v(x)/HE, ;, thus
u@) ~u(e)] _ —ulx) _ 1 @)
|z —yl o —y| = HEp lo =yl
so, first using |x — y|/mp > Fi(y — x) = —7y(z) and then letting x — y, we have proven
1
sup |Vu| < ———. 3.22
u [Vl i HE oy (3.22)
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We now prove that |Vu| (which is a Holder continuous function on ) achieves its maximum on
09Q. Recall that u is smooth and solves 1 = Apu pointwise on 2\ €, with

Apu=Y" (F(vu) Frie, (V) + ng(Vu)ng(Vu)) Ui, -
]
Since the operator Ap is smooth on 2\ €, by [GT83, Theorem 15.1], the maximum of |Vu| is
attained on 9(2\ €). Then, since |Vu| =0 on C,
1

F
mp H Q,inf

sup |Vu| < sup|Vu| <
Q o0

O

3.5. The anisotropic Heintze-Karcher and bounds on the torsion potential. In this sec-
tion we give a proof of the anisotropic Heintze-Karcher inequality (1.15) that uses the properties of
the anisotropic torsion potential, in the spirit of Ros’ argument [Ros87]; see Proposition 3.7 below.
We recall from the introduction the definitions, for an open set with smooth boundary €2,

B (n+ 1)
Joo (W F(va) [HE)

00 = (g [ =1 7o) ™

where Hg’o =nF(Q)/(n+1)|. We have the following relation between np and dp :

np(Q) = 1 if HY >0,

Lemma 3.6. If k > 0 and Q is a smooth bounded open set with Hg > mHg’O on 0X), then

@) < s | )fgo 1| Flvg).

In particular,

nr(Q) < 0r(Q)/k.
Proof. Since (n+1)[Q| = [, nF(vq)/HE®, we find

B 1 nF(q) [ nF(v)

= L _ H§ \ F(va)
 Joa(F(ra)/HE) /8§l< H{;O) HE

: _HE g,
kHY? [oo(F(va)/HE) /an1 HSI;,O‘F( Q)
(n+1)|Qf 1 mE L
Joo(nF(ra)/HE) £ F(Q) /89 ‘1 Hg,o’F( )

where the first factor is less than 1 exactly by the anisotropic Heintze-Karcher inequality. The
proposition now follows from Hoélder’s inequality. O
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Proposition 3.7. If F € C*°(S") is an elliptic integrand, Q is a bounded open smooth set with
Hg > 0, and u is the F'-torsion potential of ), then

n U U u 2
(- wenm) = [ ([ weean - CEE) e
F(I/Q) F 9 _ " , 2
+ /m HE o, T (Vu)F) ( | E(Vu)F( Q)) .
Moreover:

(a) The right-hand side of (3.23) is non-negative, so (3.23) implies the anisotropic Heintze-
Karcher inequality (1.15);
(b) If the right-hand side is equal to zero and Q) is connected, then Q@ = x + r Kp for some

r>0;
(¢) We have
A, Id 2
Conzt (@ = [ [(vr) - =] (32
C(n) > (Ff/Q)(VF(VU)) 2
> — .
e Qnr(Q) = /Q)Vu o ) (3.25)
and, if 6p(Q) < 1/2 and HE > /{Hg’o for some k > 0 on OS2, then
C(n) [@)r+2)/ 5r($)? / (n/Hy") >
— 2 — - : :
e L B e A0 R (3.26)

Proof. Step one: We prove (3.23), following Ros’ argument in [Ros87]. By the divergence theorem,
since vg = Vu/|Vu| on 09, we have

o = (o~ reowres =, Y~ ([ o)
< HE F(Vu)? F(va) F<V§3)
20 oo Hg

By the anisotropic Reilly’s identity,

HE F(Vu)*F(vq) dH" = /Q(Apu)2 —tr (V(VFu))?)

o0
n u)?
= 2 [ [ CEF ()
n _ n|Q|
= n+1/Q(AFu)2_ n+1’

where the last inequality follows from the following linear algebra consideration. Set A = V2(F?2/2)(Vu)
and B = V?u, so V(Vpu) = AB and therefore

tr((V(Vru))?) = tr((AB)?).
Since A is positive definite and symmetric on  \ €, A2 and A~1/2 exist and

AI/QBAI/Q _ A—I/Q(AB)AI/Q
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is symmetric. Hence, there exist an orthogonal matrix O and a diagonal matrix L such that

AYV2BAY? = 07LO. (3.27)

So,
AB = AY207'LOA™Y?2 | (AB)? = AY207'L20A7/? (3.28)

and
B—A"'=A"207 (L —1d)0A~Y/2 . (3.29)

Because the trace operator is invariant under conjugation,
tr(AB) = tr(L), tr((AB)?) = tr(L?).
By Holder’s inequality, (n + 1) tr(L?) > tr(L)? so that
oy (Apw)? oo (trL)?
tr((V(Vruw))?) ] = tr(L*) T

We have now shown the anisotropic Heintze-Karcher inequality and the identity (3.23) for the
anisotropic torsion potential u.

>0,

Step two: We prove (3.24), (3.25), and (3.26). Let us first notice that if v and w belong to a Hilbert
space with norm |- | and v - w > 0 then

w2 |lwl* = (v-w)? > |v||w]| (‘UHU” (v-w)) = ‘U ’!Z) ’Z
|U|2 Jwl
) 1 (3.30)

Given ()\,;)Z-jil such that >, \; = 1, we can apply (3.30) to w =), A\je; and v =), e; to obtain
)\2 1/2

NI (a2 = g [ eS|

N . 2 PRV 2 N 1 2

> S = 3 () =3 (5N

A2 < JnF DA, ATV < ,/”T“.

By (3.28), if we set N =n + 1 and denote by \; the eigenvalues of L, then

v

V

Thanks to (2.12),

Id 2 A, d |2
- | < i _
V(Vru) ~ | < Om) T |L n—l—l‘
A, 1 2 A, 5 tr(L)?
< E: —-\) < . .
—C(n)A* - (n—l—l )") C()A <tr(L) n+1>

Hence, by (3.23),
n |9
n+1

() 2/Qtr((V(Vpu))2) (jiul > /)v (Vpu) —i ?
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This proves (3.24). In the same way, using (3.29) and recalling (2.13) to express A~!, we have
V2(F2/2)(VF(Vu)) ‘2 L Cn) ‘L _Id 2

Viu —

n+1 A2 n+1
C(n 1 2 _C(n tr(L)?
() )
So, again by (3.23),
n u 2 2 u
2 @) 2 [ aw(vp - B s T [ o, SEEHTO)E,

proving (3.25).
Similarly, (3.23) implies

12 / n F(vq) 2012 2
Q > — (v -
@ | St 2 Pl - - w)

where v = (H5)™Y/? and w = (HE)Y2F(Vu) are seen as vectors of L?(F(vq)H™.09). Writing
down (3.30) we find

S [ [ [ - e Ee] o),

n+1 HE 72 Jaq HE Joa!llv| (HE)/?
After simplifying we have,
jw| 1 2 F
C(n QnFQE/‘— VU’HFVQ)
(n) [€2 np(€2) oo | o] HE (Vu)| Hq F(
and hence
|w\2/ 1 112 r jw| 1 2 F
c(m) {19 + el - —x| HEFo)} > [ |2 V)| HE Flvg).
i@+ [ s = gyl B0} > [ [ - R A P
Thanks to (3.13) we have |w|? < |Q], so that by 1/HE < 1/k HYY,
|w2/ ‘ 1 ‘2 F |Q\ / HE 2 F(ro)
i YR W 5
o JoalHS®  HE o Fl) Joa Fva) [HG Joo | H® Hpy
Q] / ’HF 1)
KHYY [o0 Fva)/HE Joo | HY
Q 1) |2 Q
u (n+ )| | F6F(Q)2 < u(SF(Q)Q
K [oqnF(ra)/H K

where in the last step we have used the anisotropic Heintze-Karcher inequality. Thus,

2 w
C(n)|Q{nF(Q)+W}2/a Jwl 1 —F(vu)ngF(m). (3.31)

" ool BED

Exploiting again Hg > ,%Hg’o
1 2
/ ol 1 _ (Vu)’ HE F(vq) > IQHS};’O inf
oN

2
o inf 89‘ —F(Vu)’ Flvg). (3.32)
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By the divergence theorem, the optimal ¢ is given by the average

_J PVWEea) _ foAru _ j0]  (n/HE)

Joq Fva) FQ) — FQ) n+1
Thus by combining (3.31), (3.32), and the last identity, we have
[ Op(2) / n/Hg" ’
Q)+ ——5 > — _F F .
Cn) o @)+ 252 [ [58 — Fu) F), (3.33)
where by the Wulff inequality (1.6),
€2 2 |Q(m+2)/ (et )
< <
HEO = C(n) F) = C(n) K p /D)

We thus conclude the proof of (3.26).

Step three: We finally notice that if the right-hand side of (3.23) is equal to zero and €2 is connected,
then Q = x + r Kp for some # € R*"! and r > 0. Indeed, in this case, (3.24) gives

Id
= — Q
V(Vru) I on
so that, for some g € R**1,
Tr — X
pu— Q .
V ru(x) T Vo €

Since Vpu(x) = V(F?2/2)(Vu), by (2.9)

- V(F)* (2 — o)
= V(F2/2 (3” xo> — Q.
Vulz) = VIE T 2(n + 1) Ve €
In particular, for some ¢ € R we have
F.(z — 20)?
u(z) =c+ 2+ 1) r € Q,
so that uw = 0 on 9 implies that 0 is a level set of Fi(- — x¢), as claimed. O

3.6. Proof of Theorem 1.4. Step one: We first recall our setting. We consider a convex integrand

F that is the pointwise limit of a sequence {F}, }ren of smooth elliptic integrands with
m<F, <M on S™,

2 1 (334)

A Id < V2F,(v) < ApId onv—-,Vves",

where m, M, \,, and Ay are positive constants (m and M independent of h). Notice that, by
convexity,

Fy, — F uniformly on compact subsets of R?!. (3.35)
We also consider a sequence {0, }ren of bounded open sets with smooth boundary with
HEW =n,  HE > kn on o, (3.36)
and
sup diam(§2) < oo, Fn(Qy) < (L +0) Fn(KF,) (3.37)

heN
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for some k > 0, L € N and o € (0,1). Moreover, we assume that

. L Ay
lim max {A% Th} 5, () + 6, () = 0. (3.38)

We want to prove the existence of an open set 2, which is the disjoint union of at most L-many
translations of Kz, such that, up to translations and up to extracting subsequences,

Jim | Fn () — F(Q)| + [2,A0Q] = 0. (3.39)
— 00

colorblueWe now turn to the proof of (3.39).
Step two: Next colorForestGreen

Step two: We now turn to the proof of (3.39). Next we obtain some immediate compactness
properties for the sets €. Since (3.34) implies F,(E) > mP(E) for any set of finite perimeter E,
(3.37) implies

sup || + P(2) < 00. (3.40)
heN

By (3.37), up to translations, we may assume €, C Bp for some R > 0, and since supjcy P(£2p,) <
00, the compactness theorem for sets of finite perimeter implies that, up to subsequences, there
exists a bounded set of finite perimeter € such that [Q,AQ| — 0 as h — oo.

Step three: We show that, if uy, : R*™! — (—oc0, 0] denotes the Fj-torsion potential of Q extended
by zero outside of €2, then, up to extracting further subsequences,

uj, — u uniformly on R™**!
where [{u < 0} \ Q] =0 and

Fu(x — ;)% — 52
) = 3 min {4 2<n+”)1) Lol wermt, (3.41)
JjeJ

where .J is an at most countable set, z; € R"*! and s; > 0. Indeed, by (3.24), (3.26) and (3.38)
we have that

Id |2
I ‘ ——‘ —0, 42
Jim o, V(VEg,un) o 0 (3.42)
i 1 Fr(V 2F 0 3.43
i o, ‘n+1 — Fy( Uh)‘ n(va,) =0, (3.43)

2((Fn)«/2)*(VF 2
lim )v%h— VA(FL)/2)"(V h(wh))) —0. (3.44)
h—o0 Q n + 1
By the universal Lipschitz estimate of Proposition 3.5 and by (3.36),
1
Lip(up) < e < C(n,m, k). (3.45)
mHQh,mf

Since {uy, > 0} = Qy C Bg, it follows that u; — u uniformly on R"*! for a non-positive Lipschitz
function u. We notice that

[{u<0}\Q|=0. (3.46)
Indeed, by uniform convergence, for every e > 0 we have {u < —e} C Qp, if h is large enough.
This last fact, combined with (3.42), implies that {V(V g, up)}nen is bounded in L?({u < 0}). In
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addition, |V, up| < C on R™! thanks to (2.4), (3.34), and (3.45). Since {u < —¢} is bounded
and € > 0 is arbitrary, we find that

Veu, —v  in L2({u < 0}) (3.47)

for some v € H'({u < 0}; R"*1). Now, f(M) = |M —1d|? is a convex function on R"*! @ R"*1 so
that

/Af(Vw) glihn_1>i£f/A fF(Vwp)

whenever A C R""! is open and wy, — w in L'(A4;R"*!) for some w € WhHi(A; R ). Applying
this to wy, = Vg, up, and thanks to (3.42), we find that

2
/ Vv — 1d ‘ =0 Ve > 0,
{u<—e} n+1
and thus
Vo= 4 n {u < 0}
v—n+1 on {u .

Therefore, if {A;},cs are the connected components of the open set {u < 0} (here J is an at most
countable set), then there exists z; € R"™! such that

.T—CL'j

v(x) = o Vo e Aj. (3.48)
We now need to translate (3.48) in terms of u. To this end, we claim that
v(x) € (F?/2)(Vu(z)) for a.e. x € R**1, (3.49)
Indeed, by the convexity of F? and since 2V, up(z) = V(F2)(Vup(x)), we have that
Fp(2)? > Fy(Vup(2))? + 2Vgup(z) - (2 — Vup(z)) V2 e R*ML. (3.50)

By (3.35), (3.47) and the uniform Lipschitz bound on the potentials uy, (3.50) implies that, for
almost every x € R"*! and for every z € R"t!,

F(2)? > F(Vu(2))? 4+ 20(z) - (2 — Vup(z)) + o(1) as h — 00 (3.51)
where o(1) — 0 as h — oo. Handling Vuy, is more delicate, because we only have Vu;, — Vu in
LQ(R”H) However, by Mazur’s lemma, for every h € N there exist N, > h and {alh}l v C [0,1]
with Z . ol = 1 such that

Np,
> afVu - Vu  in L*(R™!) and a.e. on R™ (3.52)
l=h
In particular, thanks to (3.52), this implies that by convexity of F? and by (3.51), for almost every
r € R"! and for every z € R"™! we have

Ny, Ny,
F(2)?=> alF(2)> > o] F(Vup(z))® + 2Za, (z — Vup(x)) + O(1)
l=h l=h
Np,
2F<Zathuh(x)) +2v(z) - (Z—Zal Vup(x ) )) +0O(1)
l=h

= F(Vu(z))? 4+ 2v(z) - (z — Vu(z)).
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This proves (3.49). Inverting (3.49) using (2.10), we have that
Vu(z) € O(F2/2)(v(z)) for a.e. x € R"*1.
By (3.48), and since F is differentiable almost everywhere on R"*!, this implies that
Vu(z) = V(F2/2)(z — x;) for a.e. x € Aj.
We thus conclude that there exist ¢; € R such that
Fi(x — x;)?
2(n+1)

Since u < 0 in A; and v = 0 on 0A;, we deduce that ¢; > 0 and A; = z; + s; Kp. Hence (3.41)
follows.

u(z) = +¢j for a.e. x € Aj.

Step four: The next few steps of the argument are devoted to showing that s; = 1 for every j € J.
To begin, we prove that

lim [ By (Vup)? = / F(Vu)?. (3.53)
h—o0 Qn {u<0}
First note that by the convergence of F}, to F' (3.35) and the Lipschitz bound on uj (3.45), we have
/ Fr(Vup)? = / F(Vup)?* +o(1) as h — oo (3.54)
Qh Q}L

where o(1) denotes a vanishing sequence. Since {u < —e} C §y, for h large enough, by Vu;, — Vuy,
in L? and the convexity of F, for every € > 0 we have

liminf/ F(Vup)? > liminf/ F(Vup)? >/ F(Vu)?.
Qh {u<—5}

h—o00 h—o0 {u<—e}
Letting ¢ — 0 we see that, by (3.54),
liminf [ Fj,(Vuy)? > / F(Vu)?. (3.55)
h—oo Jo, {u<0}

To prove the opposite inequality, we recall that uy is the unique minimizer of fQ F,(Vv)? among
v e Wy?(Qp). Setting

=— inf = _e W),
€n Rnirll\ghu, vp = (u+ep) 07 ()
we find that
/ F(Vuy)? g/ F(Vup)? —/ F(Vug)? +o(1) —/ F(Vu)? +o(1) (3.56)
Qp Qp Qp {u<—en}

where in the first identity we have used the convergence of F}, to F' (3.35). Combining (3.56) with
(3.55), we prove (3.53).

Step five: We show that

im [ F(Vuy)® = / F(Vu)®  Va>0. (3.57)
h—oo Jq, {u<0}

Notice that this would be obvious if we had the strong convergence of Vuy to Vu, and that in that
case, one could actually assert (3.57) with any non-negative locally bounded function H replacing



28 DELGADINO, MAGGI, MIHAILA, AND NEUMAYER

F®. However, we only have that Vu, — Vu in L®(R"*1). To obtain (3.57), we will exploit the
strict convexity of t € (—1,00) + F((1 + t)v)? through the theory of Young measures.

Let us recall that, by the uniform Lipschitz bound (3.45) and since spt u;, C Bg for R independent
of h, we can apply the fundamental theorem of Young measures [Eva90, Chapter 1, Theorem 11]
to find a measurable family of probability measures {v;},cgn+1 such that

| e@uu@)de— [ o) [ @dn(©) Ve Ll(Br).b e CARM™).

Rn+l Rn+l

In particular, we easily deduce that
Vu(z) = / Cdva(€)  for ae. x € RIFL. (3.58)
Rn+1

By (3.53) and by convexity of F2, if p denotes a measurable selection of 9F?(Vu) on R*! (that
is, p : R""1 — R"*! is a measurable map with p(z) € 0F%(Vu(x)) for almost every x € R*"H1),
then

/ F(Vu)> = lim F(Vup) dx—/ d:c/ )2 dvg (€)
Rn+1 h—oo Jrn+1 Br Rn+1

> /BR & /ﬂwl F(Vu(@))? + p(@) - (€ = Vu(@)) dva()

= [t [ [ )@ vunane = [ o,

where in the last identity we have used (3.58). Hence, for every measurable selection p of 0F?(Vu),
almost every x € R, and v,-almost every ¢ € R™*!, we have

F(€)* = F(Vu(x))? + p(x) - (Vu(z) — &) for a.e. * € R" and .

Ast s F(v+t2)? is strictly convex and increasing on ¢ > 0 whenever z is an outer normal direction
to {F < F(v)} at v, this in turn implies that for almost every z € R"*!

spt(vz) C {F = F(Vu(x))}.
Consequently, for any g € C°(R*™!) with g(0) = 0, we have

lim g(Vup,) dx—/ da:/ €)dvg (€ ):/ g(Vu).
h—o0 Rn+1 Rn+1 Rn+1 Br

/ Fr(Vup)® = / F(Vup)® + o(1) as h — oo
Br Bg

and setting g = F'%, the claim follows.

Recalling that

Step siz: We prove that if a > 0, then
1 2
n—i—+2a/ F(Vu)® = n—i——i—a/ F(Vu)*t. (3.59)
(n + 1) Rn+1 n+1 Rn+1

Indeed, let us consider the vector field

Oan = Fn(Vup)® Vi, up .
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Recalling that Vg, up, = Fj,(Vug)VEL(Vuy), we have

V(Fn(Vun)*™) - (Ve,un) = (@ + 1) Fy(Vup)* V2 us [V FL(Vun), VL (Vug)]
so that div (Vp,up) = 1 yields
divOor1n = Frn(Vup)®™ + (@ + 1) Fp(Vup) T V2us [V FL (Vug), VFL (V)]

a+1
= (1 g o+l
< +n+1> n(Vun)

V2 [(F3)+ /2 (VER(Vup))
n+1

+(a +1) Fj,(Vuy)* (v%h - ) [VE,(Vuy), VE,(Vuy)],

where we have used the identity
V2[H?)2|(W)[v,v] =1  with H = (F},), and v = VEF,(Vuy).
By (3.44), and taking into account the Lipschitz bound (3.45), we find

2
/ divOosp= 212 / Fo(Vun)®™ 4 o(1)  ash — oo, (3.60)
Q, n+1 Jo,

At the same time, by the divergence theorem, the Lipschitz bound, and (3.43), we find

/ div Opq1 = / Fp(Vu)* Vg u - v,
Qp o0y,

1

= Fr (V)Y e -
1 Ly, TR,

1 (07

1

= i), AR, o)

1
= / div 0, + 0(1), as h — oo.
Qp

n+1
By using (3.60) with « and a + 1 we thus conclude that

n+2—|—a/ n+1l+a
_— F(Vu,) = ——— 1 —
n+1 Jq, n(Viin) (n+1)2

which implies (3.59) thanks to (3.57) if a > 0. Notice that (3.61) holds also when a = 0 and that,
in this case, it implies

/Q Fp(Vup)* 4+ o(1) as h — oo (3.61)

2 Q

ne2 [ s 19 Hu<o)
n+1 Jpos n+1 n+1

where the limit on the left-hand side is computed by (3.57), the limit on the right-hand side follows

by [Q,AQ| — 0, and the inequality is a consequence of (3.46).

, (3.62)

Step seven: We finally complete the proof. We recall from (3.41) that {u < 0} is decomposed
in at most countably many open connected components A; = z; + s; Kp, j € J, with u(z) =
(Fu(z — xj)* — s?)/Q(n +1) for € A;. Hence, by (2.8),

F(F.(x =) VF.(w — ;) _ Fu(o—a;)

F(Vu(z)) = 1 ] Ve e Aj,
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and by scaling, we have that

1
F(Vu)® = ———— ) gttite F2 . 3.63
V0" = e 2 .

Rn+1

Moreover, thanks to Kp = {F, < 1}, the coarea formula, and the zero-homogeneity of VF,

1 dH"™ 1 dH™
F = / o dt / ARt / e gt / H_ Ok
Kr 0 (r=ty IVE] o oy IVE| n+l+a

provided we set
dH"
Cx = / -

Ck
F o= nlta 64
/Rn+1 (V) (n+1)*n+1+a) = 5j (3.64)

Hence, (3.63) becomes

Combining (3.59) with (3.64), we find that

Ok et 1t / P(Vuy = r2te / F(Vu)ot!
(n+1)at2 a7 J (n+1)? Jgan n+1 Rr+1
Ck +2+
T (n+1)ot2 > s
jed

that is
Z 8;}+1+a _ Z S;L+2+a Va > 0.

jedJ jeJ
In particular, by the arbitrariness of «,

sttt = Y gneZ e was,

jeJ jeJ jedJ
and thus
S;HrlJra(Sj _ 1)2 _ S?+3+a + S;L+1+a -9 5?+2+a =0.
jeJ jeJ
This implies that s; = 1 for every j € J. Using (3.62), we get
Ck ni2 n—+2 |Q| |{u<0}| Ck nil
(n+1)?2 5= n+1/Rn+1F(vu) TadlT ntl  mrlp 5 (365)

Jje€J Jj€J
which, combined with s; = 1 for every j € J, implies the finiteness of J as well as || = [{u < 0}.
In particular, (3.46) implies

Q={u<0}
up to modifying 2 in a set of Lebesgue measure zero, which proves the conclusion that |2, AQ| — 0
for an open set ) consisting of a union of finitely many disjoint translations of K. In turn, from
this last property, we have (n+1)|Q = F(Q), so (n+ 1)|Q| = Fin(Q,) implies Fp(25) — F(2) as
h — oo. Finally, F,(Q,) < (L + o) Fr(KF,) gives

#JF(Kp)=FQ) < (L+0)F(Kp)
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so # J < L. This completes the proof of Theorem 1.4.

4. PROOF OF THEOREM 1.3

We start by recalling our assumptions. We consider a smooth elliptic integrand F' and a smooth
potential g. We let M > 0 and consider an open connected set with smooth boundary €2 such that

F(Q)rt! diam(Q)
< — <
o <M, /) <M, Q C By (4.1)

In case (i) we assume that €2 is a volume-constrained critical point of £, so that, by smoothness
and by the area formula, there exists a constant £ such that

HY +g=¢ onoq. (4.2)
Then a first variation argument allows one to compute that

— gk # iv(g(x) x)dx
0= 0 + e [ div(a@)a) de. (43)

see e.g. [FM11, Appendix A.1]. Let us now set

0 =tQ, t= - .
n (n+ 1)

By (4.1) we easily find
HE =n,  FOQ) <M,  diam(Q) < M/
By the Wulff inequality (1.6),

1 (n+1)[Q 1/(n+1)
—=—"—X ) |Q/\" 4.4
A R GRR (4.4)
so that ©Q C Byy, (4.2) and (4.3) imply
Hg 1/(n+1
| i U oony < €0 F) (Igllcogsy + M1 9glcoy) ) 19100, (45)

and thus

6p () = 6p(Q) < O(n, F, M, g) | /"1
By Theorem 1.1, for every € > 0 there exists v. depending on n, F, g, M, and ¢, such that if
Q| < ve, then

L
‘Q*A Ui+ KF)‘ <e, (4.6)
i=1
for some L > 1 (bounded from above in terms of F and M) and {z;}%; C R"*! such that the sets
{z; + Kp}L | are mutually disjoint. This proves statement (i).
We now assume that €2 is a volume-constrained ry-local minimizer of £, that is

E(Q) <E(A) whenever [A| = [ and QAA CC I, g/ (0) . (4.7)
We shall apply statement (i) with a choice of £ depending on rg, n, F, g and M, and then we shall

assume || < vy for a suitable vy depending on rg, n, F'; g and M. We now divide the argument
into steps.
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Step one: We claim that there exist constants py (depending on n, F, g, M and r9) and S
(depending on n, F, and M) such that Q* is a (.9, pg)-minimizer of F in R™*! that is,

F(Q") < F(GQ) + S |GAQY whenever diam(GAQ*) < pg . (4.8)

(This will be used in the next step to get density estimates, see (4.16) below.) In proving (4.8) we
can assume without loss of generality that

F(G) < F(QY), GAQ* CC By, (xo) for some zp € 00" . (4.9)
We first show that, if we let

_ <"QC;‘|‘>1/(71+1)

then we have

Q*AG n
-t < 0 SR ad 1< con P (4.10)
Indeed, by (4.6) and provided ¢ < |KF|/2, we have
1
(L—§>|KF| < || < (L+1)|Kp]. (4.11)
So, if po is small enough to have |B,,| < |Kr|/4, then (4.9) implies
3 O Kp| 3
G121 = Bl > (L= 2) 1Kp) = 2L ana o <o+ B8 < 2o
1 8 1 =2
hence 0*AG 0*AG
lu—1] < C(n) <Cn) —a:7>
G| €2

that is, the first estimate in (4.10). The second estimate immediately follows by combining the
first one with (4.11) and |Q*AG| < |B,,|. Now we set, for zo € 9Q* as in (4.9),
A*
A" =p(G—z0) +ao, A=,

and claim that A is admissible in (4.7). By definition of p we have |A*| = |Q*|, so that Q* =¢Q
implies |A| = |2|. We thus need to check that

QAA CC Iro |Q|1/(n+l)(89) .

We first claim that
QAA" CC 1), (07). (4.12)

The argument is entirely elementary, but we include it for the sake of clarity. Let us first pick
y e A*\ QF and let z € G be such that y = pu(z — z¢) + xo. If z € B,y (z0), then

dist(y, 0Q%) < |y — zo| < p|z — x| < ppo < 2po,

where we have used the second inequality in (4.10) and have assumed py small enough to get p < 2.
On the other hand, if z & B, (x¢), then G\ B, (z0) = Q* \ By, (z0) implies that z € Q*, so that a
point on the segment joining y and z lies on 002*, and

dist(y, D) < |2 — y| = |u — 1|z — o] < diam(") |u — 1| < po,
where we have used again the second inequality in (4.10) and the smallness of py. This proves that
dist(A* \ Q*,00%) < po .
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Now let us pick y € Q*\ A*. If y € G, then, by (4.9), y € B, (x0) and thus dist(y, 02*) < po.
Otherwise, y € G\ A*, which means that the point z defined by y = u(z — z¢) + z¢ cannot lie in
G. Thus the segment joining z and y meets a point in the boundary of G, so that, again by (4.10),

. — T . *
dist(y, 0G) < |y—z| = |p—1|[z—zo| = [p—1 ‘yﬂo < 2[p—1[|ly—=zo| < 2diam(Q") [u—1] < po,

provided pg is small enough. By 0G C I,,(0€2*) we get
dist(y, 0Q*) < po + dist(y, 0G) ,

and thus dist(Q* \ A%, 9Q*) < 2pg. The proof of (4.12) is complete.
By || = |A*|, (4.12), Q* =t and A* =t A we obtain that

Q] = |A]  QAACC I, 4(09). (4.13)

By (4.4), if po is small enough with respect to rg, n, M and F, then (4.13) implies that A is
admissible in (4.7). By £(Q) < £(A), and assuming without loss of generality that ro < M, we
deduce that

F () < F(A) + llglleo s, 1NAA]. (4.14)
Multiplying by ¢, this becomes

F) < .7-“(A*)+Hg”a)t(BW)]Q*AA* < F(A) + O, F) glleo(myn vo " |07 AAY|
< F(A")+ |0 AAY|

where we have used first (4.4), and then the smallness of vg. Now, F(A*) = u" F(G) so that by
the first estimate in (4.10) and by F(2*) = (n + 1) |Q2*|, we obtain

) < (14 coran BE 76 < ey + o ran T g
< F(G)+C(n,F,M)|Q"AG]|. (4.15)

Similarly, by F(G) < F(*) < M and by [Magl2, Lemma 17.9],
GAA"| < Cln, M) |5 — 1| P(G) < C(n, F, M) [ji — 1| F(G) < Cln, F, M) [ AG]

so |U*AA*| < C(n, F, M) |Q2*AG| by triangular inequality. Combining this last estimate with (4.4),
(4.14) and (4.15) we conclude that (4.8) holds.

Step two: We show that L = 1in (4.6). Starting from (4.8), and assuming without loss of generality
that pp < 1/S, a standard argument shows the existence of x € (0,1) depending on F' and n only
such that
K|By(x)| < [N By(z)| < (1 —k)|By(z)], Vo e 0", p < po. (4.16)
(See, e.g., [Magl2, Theorem 21.11] for the case when F is the classical perimeter and use the
constants mp and Mp bounding the anisotropy to adapt the proof to the anisotropic case.)
Let us introduce the shorthand Ko = (JX, (z; + Kr), and let € Q* be such that

ho = dist(z, 0K() = sup dist(z,0K)y).
2€00*

If x € K§, then by the lower density estimate in (4.16) and (4.6),

k|B ()| <|Q"NB ()] < |9\ Ko| <e.

min{ho,po } min{ho,po}
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If instead = € Kj, then the analogous argument using the upper density estimate in (4.16) shows
that | Buin{hg,p}(2)| < € in this case as well. Taking e small enough with respect to pp and &,
and therefore with respect to rg, n, F, g and M, we find that hg < pg and in particular that

hgtt < C(n,F)e.
Furthermore, up to possibly decreasing vy, we find that

APt = sup dist(z,00) < C(n, F)e
z€0Ky

as well. Indeed, otherwise, we could find r > 0, a sequence {{2;,} converging to Ky in L' and = € Kq
such that B, (z)N0$Y, is empty for h sufficiently large. Clearly, K satisfies a lower perimeter density
estimate. Pairing this estimate with the ellipticity of F' and the lower semi-continuity of F implies
that
e < F(Ko; Br(z)) < liéninf}"(Qh;BT(x)) =0,
—00

yielding a contradiction. We conclude that
h = hd(8Q*, 0Ky) < C(n, F) /(1) (4.17)

Since {2 is connected, so is 2* C UiL:1 In(z; + Kr). Hence, if L > 2, then (up to relabeling the
x;8) we have
In(x1+ Kp) N Ip(ze + Kr) #0.
In particular, if z; € 1+ 0K and z3 € 29+ 0K are such that |21 — 29| = dist(x1 + Kp, 29+ KF),
then |21 — 22| < 2h < C(n, F)e'/™*t1). Moreover, by (4.17) there exists 2 € 9Q* such that
|21 —z| < C(n, F) e/ Thus there exist w; and wy such that wy + (z1+ K) and wy+ (29 + Kp)
are disjoint, with a common boundary point at = and
max{|wi |, |ws|} < C(n, F)e'/+D), (4.18)

By the upper estimate in (4.16), we find that for every p < po

KIBys(@)] < |Byya(@)\ ] < |Byya(a) \ Ko| +¢
< ‘Bp/z(a:)\((x1+KF)U(x2+KF))‘+£
< |Bop(@)\ (w4 21+ Kp) U (ws + a2+ Kp)) |+ Cn, F) /04D (4.19)

where in the last step we have used (4.18). By definition of w; and wy and by smoothness of Kp,

lim palfn}Bpo/Q(l') \ (w1 +x1 + Kp) U (wa + 29 + KF))‘ —0.

po—0+

Hence if ¢ is small enough with respect to pg, (4.19) leads to a contradiction. This shows that
L = 1. As a consequence, Ky = z1 + K satisfies upper and lower volume density estimates, so
arguing as above, we find that

< CO(n.F)el/nt) « "0
= O, F) ~ 2C«(n,F)
where the last inequality is obtained by further decreasing ¢ in terms of 7o, n and F', with Cy(n, F)
as in (4.4), that is to say, by taking t=* < C.(n, F)|Q|"/(*1. In this way, we obtain

70

< <
hd(@Q,pl —|—8(KF/t)) 20*(n,F)t 5 |Q| R (421)

/(1)
‘ (4.20)

hd (6(2*,3:1 + 8KF> < O(n, F) ’Q*A(ml + Kp)
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where p; = x1/t. This fact will be used in the next step.

Step three: We now prove (1.21) and (1.22) by comparing Q* with a scaling of the Wulff shape of
the same volume. To this end, we introduce the scale invariant Wulff deficit of Q C R™+1, defined
by

F(Q)
ow () = —1.
w (€) (n + 1)K p| /(D |Q[n/(n+1)
We first claim that
ow(Q) <C(n, F)|QVA(z1 + Kp)| < C(n,F)e. (4.22)

Indeed, F(Kr) = (n+ 1)|Kp| and F(Q*) = (n + 1)|Q*| (as H5? = n), so that
[F(Q) = F(Kp)| < (n+ D]|Q7] = [Kpl| < (n+ 1) [Q"A(z1 + Kp)],
while
‘]:(KF) _ (n + 1)|KF|1/(n+1)’Q*|n/(n+1)’ C(’I’L,F) “KF|n/(n+1) _ ’Q*|n/(n+1)’

wr1|m/(n+1
C(n, F) ||Kp| — |||V
C(n, F)|QU"A(z1 + Kr)|,

VANVANR VAN

thanks also to (4.11). Again using (4.11) and the scaling invariance of dy (£2), we deduce (4.22).
This said, let s = (|Kp|/|Q))V/™+). By (4.21),

1 1

hd (99, p1 + O(Kp/5)) < Q10D+ C(n F) |7 - -

where by (4.4) and (4.22) and provided we take € small enough in terms of r,

LY = oy /) (@) (4.23)

t s
< % ‘Q’l/(n—i_l) _

We have thus shown that
hd (99, p1 + A(Kr/s)) < 1o /0D,

and since |p; + (Kr/s)| = |9, this implies that A = p; + (Kp/s) is an admissible competitor in
(4.7).

We can thus obtain (1.21) by the quantitative Wulff inequality of [FMP10] by direct comparison
with the Wulff shape, as in the case of global minimizers [FM11]. We repeat the simple argument
for the convenience of the reader. By (4.7), we get £(2) < E(Kr/s), which in turn implies

) R -
i) = Fo s Fwers | /p e
= m”g”CO(BzM)|QA(p1+(KF/s))\. (4.24)

Notice that x1 = tp; could have actually been chosen so to satisfy

QA + (Kr/s)| = min, QAP+ (Kr/s)].
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Correspondingly, by the quantitative Wulff inequality of [FMP10],

o (@) > cn) (R ERI

so that

2
(‘QA(pl + <KF/5))’> < C(?’L, F,g,M) |QA(p1 + (KF/S)N |Q|1/(n+1)7
€] 12
and (1.21) follows. Returning to (4.20) we have
1/(n+1)
hd (aﬂ, p1+0(Kp /t)) < CO(n, F) ‘QA(pl + Kp/t) , (4.25)
while by (4.23),(4.24), and (1.21),
1 1

t Cln, F) b (@) |1/
S

IQA(p1 + (KFr/s))
€2

IN

< C(n,F,g,M) | Q2D < C(n, F, g, M) |QY (D

By (4.4) and [Magl2, Lemma 17.9]
191 1
|01+ K /$)A(p1 + K /1) < O(F) o |5 = <| < Cn, Fg, M) /074D [ /040
while

1 1
hd(p1 + O p /1)1 + 0K /9)) < O(F) | = £| < O, Fog, M) /)

By (4.25), we conclude
hd (aQ, p1+O(Kp /s)) hd (aQ, p1+O(Kp /t)) hd (pl +O(KF/t),p1 + I(KF /s))
Q0D = Q[0 + Q0D
QA (p1 + KF/t)|>1/(”“)
€2
< C(n, F,g, M)|QY/07D7
where in the last inequality we have used (1.21). This proves (1.22).

|Q‘3/(n+1)
|Q|1/(n+1)

< C(TL,F)( +C(n7FagaM)
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