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In this file we collect some additional material and comments that we receive
from readers.

e The following modification of Theorem 2.112 for p = 1 was proposed and
written by Nguyen Huy Chieu. With respect to the original proof, it has
more details and is more precise in terms of precise representatives. See
also the file "Corrections and Improvements" for additional comments.



Theorem. Let (Q, A, 1) be a measured space with a o— finite measure, and let E be a
separable Banach space. The following holds.
(1) If L € (L1(Q2; E))* then there exists a unique v € LY (Q; E*) such that

L(u) = / (0(w), u(w))dp (0.1)

for all w € (Y E). Moreover, ||L|| = ||v|| w 0;5+)-

(17) Every functional of the form (0.1), where v € LY (€; E*), is linear and continuous
on Li(Q; E).
Proof. (i) Let L € (Li(Q2; E))*. Since E is separable, there exists {e,} C E\{0} such
that {e,} = E. For each n € IN,

L,(u) := L(ue,) Yue€ Li() = Li(Q; R)

is linear and continuous and

| L(ue,)|
HLHH(Ll(Q))* = sup i S HLH(LI(Q§E))*
e @\{oy [ullz. ()

By the Riesz representation in L;(€2), there exists v., € L () such that

L(ue,) = /Qven(w)u(w)d,u Yu € Li1(Q). (0.3)

We have

[ Lnllzi @) = Vel L) < LMz @0 [lenll e

Similarly, for each o, 8 € Q and 7,5 € IN, there exists a unique vae,1ge; € Loo(£2) such
that

L(u(ae; + Bej)) = /Qvaeﬁﬁej (Wu(w)dp  Yu € Li(2).

We have

[Vaeit8e; | Loo(@) < L2y ) [|es + Bejll g

SINCe Ve, 1 ge; 1s unique and L is linear,
Ve, (W) 4 Ve, (W) = Vae,+8¢; (W) o — a.e., (0.4)

which implies that

|awe, + Bve, | L) < 1Ll (Ly(0sm))- llaes + Bej| - (0.5)
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Put

Q = {w € Q ¢ owe, (W) + Bue, ()| < L2y @)~ loei + Bejl| g,
Oé’Uei (w) + ﬁvej (U)) = Ua@i-f—ﬁ@j ((.U) VZ,j € W? va?ﬁ S Q}

From (0.4) and (0.5) it follows that Q € A and p(Q2\Q) = 0. Take any e € E. Since {e,}
is dense in £, there exists a sequence {e,,} converging to e. For each w € Q, {ve,, (W)}
is a Cauchy sequence in IR. Hence {v., (w)} converges to some v.(w) € IR. Obviously,
ve(w) does not depend on the particular sequence {e,;} provided that {e,,} converges to

e. Since w € Q,

[Ven; ()] < [ Ll @impy-llven, |l V5 € N

Taking 7 — oo, we have

€||E Yw € Q

[ve(w)] < | L(z, (:2))

Hence v, € L(€2). Take any e,é € E. Suppose that sequences {e,,} and {e,} converge,

respectively, to e and é. We have

en, — €|l Vi €N, Yw e Q.

Ve, (W) = ey ()] < Ll
Letting 7 — oo, we have

e—élg YweQ. (0.6)

Ve (w) = ve(w)| < 1Ll (Ly@:m)

This implies that for each w € Q the function £ 3 e — v.(w) is continuous. For any
a,f € IR, there exists (o, ;) € Q x Q such that (ay, 5;) — (o, ) as j — oo. Take
w € Q. We have

ajve, (W) + Bijves, (w) = Uajen, +8en,; (w) VjelN.
Note that the function £ 3 e — v.(w) is continuous, taking j — oo, we have
ave(w) + Pvz(w) = Vaetpe(w).

Hence for each w € Q the function E 3 e — v,(w) is linear and continuous. Replacing n

by n; in (0.3) and then taking j — oo yields

L(uy) = / ve(w)u(w)dp  Yu € Li(9). (0.7)
Q
Consider the function v : 2 — E* defined by

vw): E— R,

e Ve(w).
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Since {e,} is dense in E and for each w € Q, v(w)(+) is linear and continuous on F,

e = sup 0@ endl _ Ve (@)

n HenHE n HenHE

[v(w)]

< Lz (0E))-

for all i w € Q. For each e € E the mapping Q 3 w — (v(w),e) = v.(w) is measurable,

thus v is weak star measurable. We have

[Ve, (W)

Joll iy = esssup o) - = esssup (sup S ) < 1Ll

By Theorem 2.110(i) and the density of {e,} in F, the class S of integrable simple

functions of the form

s = Z XF,Ci€, (0.8)
i=1
where c; e Rv F; € A (i =1,...,n), is dense in L;(Q; E). Hence

|L(s)|
Ll (zym)) = sup :
s€S\{0} ||3||L1(Q;E)

Take any s € S of the form (0.8). By (0.3) and Holder’s inequality,

|L(s)|

|ve
Cﬂ)eld,u‘ < Z fF |CZ|H61||E 1|}|e |r;3

” [vey, (@)l
< Ja (;mwncﬂnein]ﬂ) sup [y

< |8z, (:p) ess sup (Sup |7ﬁ€€z;(”;\>

Hence

|Uek (w)l

L(s

s€8\{0} ||3||L1(Q;E)

and thus

1Lz (0:m)) = 1V]| L (%)

Since for each w € Q the mapping E 3 e +— v.(w) is linear,

Z fF szel d,LL Z fF Uclel d/L Z fF Vs( w) ,u

= Jo Vs (@)dp = [v(w)(s(w))dp = [ (v(w), s(w))dp.



Take any u € Ly(€2; E). Then there exists {s;} C S such that
lim [|s; — |z, @) = 0.

We have
L(u) = lim L(s;) = lim [ v, ) (w)dp.

J—00 J—00

From (0.6) it follows that

Vs, () (W) = V(o) (W)| < L2y @:m))- |Is5(w) — u(w) || &

for all w € . Hence

and (7) is proved.

(i7) Let v € LY (Q; E*) and L is the functional of the form (0.1). We need to prove
that L is linear and continuous on L;(Q2; E). Indeed, since v € LY (€2; E*), there exists
M > 0 such tha [|v(w)]

g <M p—a.e.. Hence

L@ = | fofol@), u@))du| < J, Ko@), u(@))|dp

< Jo (W)

for all u € L(£2; E). Note that Q 5 w — (v(w), u(w)) is measurable and L is linear. Hence

u(W)lpdp < M|jull

E*

L is linear and continuous. The proof is complete. O



