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What is ‘H*?
Add probing term T x = T.

X=T X T conv
X conv X conv

AXX — (AXX)T =T  converges

(Axxx)(Ax.xx)  diverges
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What is H*?

convergent

distinguish
divergent

(AX.XX)(AX.XX)

S
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What do we want out of a foundation?
Simple syntax combinators

Full extensionality H*

A universe for all math varies...



Intro  Computation (SKJ) Probability (SKRJ) Predicative Math (SKJO) Implementation %

Outline
Intro
Computation (SKJ)
Probability (SKRJ)
Predicative Math (SKJO)

Implementation



Intro Computation (SKJ) Probability (SKRJ) Predicative Math (SKJO) Implementation %

H* for A-join-calculus

Generalize to order

VC[ |. C[x] conv <= CJy] conv
H F x=y




Intro Computation (SKJ) Probability (SKRJ) Predicative Math (SKJO) Implementation %

H* for A-join-calculus

Generalize to order

VC[ |. C[x] conv. = CJy|] conv
H F XCy




Intro Computation (SKJ) Probability (SKRJ) Predicative Math (SKJO) Implementation %

H* for A-join-calculus

Generalize to order, traces C[x]=x M; ... M,

VC[ |. C[x] conv. = CJy|] conv
H" - XCvy




Intro Computation (SKJ) Probability (SKRJ) Predicative Math (SKJO) Implementation %

H* for A-join-calculus

Generalize to order, traces C[x]=x M; ... M,

VM. x M conv. — y M conv
H" - XCvy




Intro Computation (SKJ) Probability (SKRJ) Predicative Math (SKJO) Implementation %

H* for A-join-calculus

Generalize to order, traces C[x]=x M; ... M,

VM. x M conv. — y M conv
H" - XCvy

Add binary join:  (X|y)z=Xxz|y z



Computation (SKJ)

H* for A-join-calculus

Generalize to order, traces C[x]=x M; ... M,

VM. x M conv. — y M conv
H" - XCvy

Add binary join:  (X|y)z=Xxz|y z

X | y conv whenever x conv ory conv
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Types-as-closures

closures | C a=aoa,
X:a < a X=X

universe: V=JXa. l|a]aca]...,
exponentials: a—b = M.bofoa,
powertype: P = \a,b. V(a|Db)

products: Prod, unit, semi,

coproducts:  Sum, nil, div,
lower powerdomains:  Sset
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Dropped and Lifted types

T nil {T

unit
[ semi div
1

1

nullary nullary
products coproducts
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Simple types are definable

Theorem
For each simple type 7,
there is an SKJ-definable closure [7] s.t.
for any SK-term x
x:7 syntactically iff [r]x =x mod H*.

Conjecture
...for any SKJ-term x...
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Trick: Close over section-retract pairs

Simple f=V (
fil
| (X x T) (AX,y. X)
| f (A x L) (Ay. x|divy)
| Simple)a,a’. SimpleXb,b’. f (&’ —b) (a—b’)
)

e.g. booleans r=a—a—a..

1, K, F, T : Simpleha,a’. a—a—a’
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Trick: Disambiguation

K|F : Simpleha,a’. a—a—a’

disambiguate := Ag. q(qg L T)(q T 1)
- LK,)F — L
. T,K|F — T
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Feature: Problems of specific complexity

x=1,x=K areNj-complete
- _ . o
unit x =1 isonly 1]
. . . 0
semi x =1 isonly Aj

bool x=K isonly AYin testbool x = |
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H* for randomness

Generalize to random convergence

VM. P[x M conv] < Py M conv|
H F xXCy

Add random bit:  (X+Yy)z=Xz+y z



Probability (SKRJ) =

H* for randomness

Generalize to random convergence

VM. P[x M conv] < Py M conv|
H' F xCvy

Add random bit:  (X+Yy)z=Xz+y z

P[x conv] + P[y conv]

P[x+y conv] = >
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Convex Sets of Probability Distributions

Plails] =1/2 + ¢ | \

Plheads] =1/2 F ¢
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Intro  Computation (SKJ)

Mixture Distributes over Join

Y
. -
X e | > X & Y|z
y
X+Y o .0
e e
el -
e B SO
X+7 ~0 ~O
X+(Y|Z) = X+Y|X+Z
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A Monad for CSPDs

lower powerdomain probability
Ol¢—¢)—0¢—0y  O(p—1)—0Op— Oy
¢—Uo ¢—Og
O0¢— O OO0¢— O¢
OO¢—O0¢

0O = Fuzzy, for CSPDs
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Lifting Church-style terms

liftapy : (@a—Fuzzy b) — Fuzzy a—Fuzzy b
|iftb00|7b f x= X(f K)(f F)

compatible with simple types
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Loose end: SKRJ-definable simple types?

Disambiguation fails:

disambiguate(K +F) = (T+ 1) + (L+T)
= 14T
£ T

Section-retract pairs must be head-affine:

(M. X T) , (AX,y. X) ok

Ay xyy), (Ay,z. x(y[z)) ok
(M. x 1), (Axy. x|divy) bad

eg, K| L+T=K+T
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Adding logical strength (SKJO)

¢:nat—bool is total

K

Vx::test.nat. ¢ X —
K «—

dx::testnat. ¢ x

e
ASHRSH

=}

> 5
~
-
I
=
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Adding logical strength (SKJO)

¢:nat—bool is total

vx:testnat. ¢ x=K << ||, ¢ n LIl=1
dx:testnat. ¢ x=K <« [|, ¢ nl L=I
T T

x_fl. |
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A Ti-complete semi-oracle

T ifdn:testnat. ¢ Nn=T
On{¢} =<1 ifVn:testnat. ¢ n=I
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A Ti-complete semi-oracle

T ifdn:testnat. ¢ Nn=T
On{¢} =<1 ifVn:testnat. ¢ n=I
L ifdn::testnat. ¢ n=_1

Oy := O{test nat}

bool x=K is Afintestbool x = |
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Comonadic codes: problem

GOdel codes take up space
S K=K 1 but {SK}#{(KI}

Ideal 1-1 coding operation

XxX=y <= {X}=1{y}
...but that is inconsistent...
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Comonadic codes: solution

Quotient WRT provable equality

Prix=y) < X =1{y}
Let a,b:V, and [a = Code{a}.
Apply{a}{b} : O(a—b)—DOa—0b
Eval{a} : Oa—a

Quote{a} : Da—0O0a
Code{a}{x} : Oa
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Comonadic codes: solution

Quotient WRT provable equality

Pr(x

Let a,b:V, and

Apply{a}{b} :
Eval{a} :
Quote{a} :
Code{a}{x} :
Fix{a} :

y) = {xp={y}
Oa = Code{a}.

O(a—b)—0Oa—0b
La—a

Ua—0O0a

Lla

O(0a—a)—0a

31
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Intro

Computation (SKJ) Probability (SKRJ) Predicative Math (SKJO) Implementation

Implementation

Adapts Todd-Coxeter to SKJ, C

Reasons with support A,

CCAXxA

(- -):AxA—A

Saturation complexity: (|A|? space)x (|A]® time)

1 day,

A|=10k, 5% application + 95% order known

31
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Translating SK« \-let-calculus: problem

Easy to reason about
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Translating SK« \-let-calculus: problem

Easy to reason about

Sxyz=xz(y z) K Xxy=x fx=qgy

Easy to write
let s:=(An,f,x. f(n f x)). let z:=(A—,x. x). s(s(s(2)))

S(S(K S)K)(S(S(K S)K)(S K K))(S(S(K S)K))(S K)

Impossible to read
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Translating SK« \-let-calculus: solution
(1) find simple/simplest I,K,F,B,C,W,S-term
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(1) find simple/simplest I,K,F,B,C,W,S-term
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Translating SK« \-let-calculus: solution
(1) find simple/simplest I,K,F,B,C,W,S-term
S(S(K S)K)(S(S(K S)K)(S K K))(S(S(K S)K))(S K)
= S B(W B)(S B)F.

(2) decompile into A-let-calculus

S B(W B)(S B)F
— let a:=(Ab,c,d. c(b c d)). a(a(are,f. f))

» affine-(3-n-reduce whenever possible
» combine copied subexpressions via let-in
» be generous with variable names;

e.g. favor A\a.\b.b over \a.\a.a
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Automated conjecturing

Problem: H* is M3-complete.

Solution: Mine for missing equations.

(1) Define probability distribution
over inequality proofs.

(2) Propagate evidence of unprovability
among ~ 108 pairs.

(3) Find ~ 100 pairs with most evidence.
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Learning an optimal basis

Problem: sensitivity to basis weights

{app©@0.5, S©@0.3, K@0.2}
—Versus—
{app@0.6, S©0.2,K@0.2}

Solution: Locally minimize corpus complexity

Empirically most useful terms:
B, C, K, (CI), I S J V,Y, (CB), F, P, W
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Loose End: Better Verification

integrate with Knuth-Bendix

additional knowledge representations
o:AXA—A
|:AXxA—A

embarrassingly parallel rule search
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Thanks to:
Rick Statman, Dana Scott,
Kevin Kelly, and James Cummings
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Thanks to:
Rick Statman, Dana Scott,
Kevin Kelly, and James Cummings

Questions?
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