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Abstract
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1 Introduction

Counting independent sets in graphs is one of several combinatorial counting problems which
have received recent attention. The problem is known to be #P-complete, even for low degree
graphs [5]. On the other hand, it has been shown that, for graphs of maximum degree A =4,
randomized approximate counting is possible [9, 5]. This success has been achieved using the
Markov chain Monte Carlo method to construct a fully polynomial randomized approrimation
scheme (fpras). This has led to a natural question as to how far this success might extend.

Here we consider in more detail this question of counting independent sets in graphs with
constant maximum degree. We prove two results. The first, in Section 2, shows that the
Monte Carlo Markov chain method is likely to fail for graphs with A = 6. This leaves open
only the case A = 5.

Our second result gives an explicit value of A above which approximate counting, using
any kind of polynomial-time algorithm, is impossible unless RP = NP. The bound we obtain
is A = 25, though we suspect that the true value is in single figures, probably 6.

We note that Berman and Karpinski [2] have recently given new explicit bounds for the ap-
proximation ratio for the maximum independent set and other problems in low-degree graphs.
These directly imply an inapproximability result for counting. (See Luby and Vigoda [9],
specifically the proof of their Theorem 4.) However, the bound on A obtained this way is
larger than ours by at least two orders of magnitude.

The questions we address in this article could also be studied in a more general setting in
which vertices included in an independent set have weights or “fugacities” other than 1. In
this setting, the weight of an independent set of size k is deemed to be A¥, for some constant k,
and the goal is to compute the sum of the weights of all independent sets. One could then
ask, for each A, at what exact A an fpras ceases to exist (assuming such a A exists). This
question is a more precise version of the one we ask, which is: for A = 1, what is the largest A
for which an fpras exists?

A reasonable guess is that the critical A just identified is greater than 1 when A < 5, and
less than 1 when A > 6. One might even rashly conjecture (though we shall not do so) that
this critical A is the same as that marking the boundary between unique and multiple Gibbs
measures in the independent set (hard core gas) model in the regular infinite tree of degree A
(the so-called Bethe lattice). Brightwell and Winkler have computed the fugacity A at which
multiple Gibbs measures appear in the Bethe lattice [3]. The only observation we offer here
is that our results are consistent with the critical A’s being the same in both situations.

2 Markov chain Monte Carlo

For a graph G, let Z(G) denote the collection of independent sets of G. Let M(G) be any
Markov chain, asymptotically uniform on Z(G), with transition matrix Pg. In this section G
will be a bipartite graph with a vertex bipartition into classes of equal size n. Let b(n) < n
be any function of n and suppose we have Pg(o1,02) = 0 whenever |01 @ 02| > b(n), where &
denotes symmetric difference. We will say that M(G) is b(n)-cautious. Thus a b(n)-cautious
chain is not permitted to change the status of more than b(n) vertices in G at any step. Ideally,
for ease of implementation, we would wish to have b(n) a constant (as in [9, 5]). However,
we will show that no b(n)-cautious chain on Z(G) can mix rapidly unless b(n) = Q(n). Thus
any chain which does mix rapidly on M(G) must change the status of a sizeable proportion



of the vertices at each step.

Before stating our result, we need to formalise what we mean by mixing, rapid or other-
wise. Let M be an ergodic Markov chain with state space (2, distribution p; at time ¢, and
asymptotic distribution p,, = 7. Let g €  be the initial state of M, so that py assigns unit
mass to state zg. Define the mizing time 7(zo) of M, with initial state xo € 2, as the first ¢

for which drv(pe, 7) def %Hpt — m||; < e71; then define the mizing time T as the maximum of
7(zo) over choices of initial state zg. We are able to show the following.

Theorem 2.1. Suppose A > 6 and b(n) < 0.35n. Then there exists a constant v > 0 and a
bipartite graph Gy, regular of degree A, on n + n vertices (more precisely a sequence of such
graphs parameterised by n) with the following property: any b(n)-cautious Markov chain on
Z(Go) has mizing time T = Q(e’™).

Since, of course, there does exist a 2n-cautious chain which mixes rapidly, our result cannot
be strengthened much further. Although we do not identify a specific initial state ¢ satisfying
7(z9) = Q(e’™), our proof does provide a definite (and natural) initial distribution py from
which 7 = Q(e™) steps are required to achieve drv(p,,7) < e~!. The remainder of this
section is devoted to the proof of Theorem 2.1.

The counterexample graph G is just a random regular graph of degree A. Specifically, let
K, », denote the complete bipartite graph with vertex bipartition Vi, V3, where |Vi| = |V2| = n,
and let G be the union of A perfect matchings selected independently and uniformly at
random in K, ,. (Since the perfect matchings are independent, they may well share some
edges.) Denote by G(n,n,A) the probability space of bipartite graphs G so defined. Where
no confusion can arise, we simply write G for this class below. Note that G is a class of
graphs with degree bound A. It is well known (see [1]) that, provided A is taken as constant,
A-regular graphs occur in G(n,n,A) with probability bounded away from 0. Since we prove
that almost every graph G € G(n,n,A), for A > 6, has the property we seek, it will follow
that almost every A-regular graph (in the induced probability space) has the property too.

Let 0 < o, B < 1 be chosen values. For G € G, we consider the collection Zg (e, 8) of o €
Z(G) such that [cNV1| = an and |[cNVa| = Bn. We will call o € Zg(a, 8) an («, 3)-set. Using
linearity of expectation, we may easily compute the expected number &£(a, 8) = E(|Zg(a, 8)|)
of (a, B)-sets in G: it is just the number of ways of choosing an an-subset from V; and a Bn-
subset from V5, multiplied by the probability that all A perfect matchings avoid connecting
the an-subset to the Sn-subset. Thus, using Stirling’s formula,

cwn= ()2 /()

(1 — B)(A—l)(l—ﬂ)(l _ a)(A_l)(l—a) n(1l+o(1))
a®BBf(1 — a — B)Al-a=ph)
= e‘p(aaﬂ)n(l-ﬁ‘o(l))’ (1)

where
(o, B) = pa(a,8) = —alna — fInB - A(l—a—F)In(l —a—B)
+(A-1)((1-a)In(l - a) + (1 - B)In(1 - §)). 2)

Mostly A will be treated as constant, and we shall suppress the subscript of ¢ except when
we want to emphasise the dependence on A.



We shall treat ¢ as a function of real arguments a and (3, even though a combinatorial
interpretation is possible only when an and Bn are integers. Then ¢ is defined on the triangle

T={(e,8): 2, >0and a+ 5 <1},

and is clearly symmetrical in «, 8. (The function ¢ is defined by equation (2) on the interior
of T, and can be extended to the boundary by taking limits.) Moreover, the following facts
are established in the Appendix about the stationary points of ¢ on T:

Claim 2.2. (i) The function ¢ has no local minima in the interior of T, and no local
mazxima on the boundary of T .

(i3) All local mazima of ¢ satisfy a + 8+ A(A —2)aB < 1.
(ii3) If A <5, ¢ has only a single local mazimum, which is on the line a = 3.

(iv) If A > 6, ¢ has ezactly two local mazima, symmetrical in o, and a single saddle-point
on a = . The mazimum with o < B occurs at (e, ) ~ (0.03546955,0.40831988), when
A =6, and at (o, 3) = (0.01231507,0.45973533), when A =T7.

Suppose, for the sake of discussion, we had the additional information that the number
|Zg(a, B)| of (a, B)-sets is reasonably well concentrated about its expectation £(a, 3). Then
it would follow from (iii) and (iv) that a “typical” independent set in a random graph G €
G(n,n,A) undergoes a dramatic change in passing from A =5 to A = 6. For A < 5, a typical
independent set o would be balanced, i.e., the sets |oc N V;| and |o N V3| would be of nearly
equal size, whereas for A > 6 it would be unbalanced.

Unfortunately, we have not been able to prove a concentration result, and it is unclear
whether such a result should be expected. Therefore, in examining the first (apparently)
unbalanced case, A = 6, we must make a slight detour. First observe that a knowledge of ¢
does at least provide an upper bound on |Zg(a, )| via Markov’s inequality. In this way we
can bound from above the number of (a, 3)-sets that lie in the strip |a@ — 8| < 7 for some
n > 0. Then we use a quite crude lower bound to show that the number of (a*, 3*)-sets —
for some chosen o*, 8* with 8* — a* > 1 — is much greater that this.

We shall deal first with the boundary case A = 6. Once this has been done, it will be
easy to dispense with the remaining cases, i.e., A > 7, which are less finely balanced. So
suppose for the time being that A = 6. Consider the function ¢ restricted to the region
D=Tn{(e,B) : |a —B| <n}, where n = 0.18. Since the two local maxima of ¢ on T lie
outside D (see Claim 2.2(iv)), it must be the case that the maxima of ¢ on D all lie on one
or other (and hence, by symmetry, both) of the lines |& — 8| = 7. Numerically, the (unique)
maximum with 8 — a = 7, achieved at («,3) ~ (0.10021227,0.28021227), is a little less than
¢ = 0.70824602. (The uniqueness of the maximum may be verified by calculus; then the
location of the maximum may be found to arbitrary precision by repeated evaluation of the
derivative of ¢(a, a+ 0.18) with respect to a. Only simple function evaluations are required.)

Now define

0(a) = —alna—(1—-a)ln(l —a)+ (In2)(1 - Aa).

for Aa < 1. Then, for any graph G € G, the total number of independent sets o with
o N V1| = an is (crudely) at least

Ta(a, %)] > el@n—o(1),



(Choose an vertices from Vj; then choose any subset of vertices from the at least (1 — Aa)n
unblocked vertices in V5.) Set a* = 0.015. Then, by numerical computation, 6(a*) is little
greater than 0.70864644 > c. Thus, with high probability, the number of (e, 8)-sets in G € G
lying in either connected component of 7 \ D is greater than the number lying within D by an
exponential factor, specifically e?”, where v = 0.0004. The graph Gy of Theorem 2.1 is any
graph Gy € G that exhibits the exponential gap just described. (A randomly chosen graph
will do with high probability.) The remainder of our argument concerns Gy.

Now consider a 0.35n-cautious chain M(Gp) = My, on Z(Gy). Let A comprise all (e, 3)-
sets with a > g3, i.e.

A={oe€I(Gy) : loNWV4| > |o N Va|},

and assume, without loss of generality that A is no larger than its complement A = 7 \ A.
Denote by M the set of (a, 3)-sets with (o, 8) € D. Since My is 0.35n-cautious, it cannot
make a transition from A to A except by using a state in M. Now, we have already seen that

|A] > ™ |M]. 3)

Intuitively, since M is very small in relation to A, the mixing time of My must be very large.
This intuition is captured in the following claim, which is implicit in a line of argument used
by Jerrum [7].

Claim 2.3. Let M be a Markov chain with state space 2, transition matriz P, and stationary
distribution w. Let A C Q be a set of states such that w(A) < %, and M C ) be a set of states
that form a “barrier” in the sense that P;j = 0 wheneveri € A\ M and j € A\ M. Then the
mizing time of M 1is at least w(A)/8n(M).

For completeness, a proof, using “conductance”, is provided in the Appendix. Theo-
rem 2.1, in the boundary case A = 6, follows from Claim 2.3 and inequality (3), since the
sets A and M we defined earlier satisfy the conditions of the Claim. Note that the proof of
Claim 2.3 actually provides an explicit initial distribution pg from which the mixing time is
large, namely the uniform distribution on A.

Finally, suppose A > 7. We shall see presently that

oa(a,B) <0.6763 <In2, forall A>7and (a,8) € D. (4)

On the other hand, there are at least 2" (a, 3)-sets in either connected component of 7 \ D:
this comes simply from considering independent sets with &« = 0 or = 0. Once again, with
high probability, the number of (e, 3)-sets in G € G lying in either connected component of
T \ D is greater than the number lying within D by an exponential factor, specifically e,
where v = 0.015. Theorem 2.1, in the general case A > 7, follows as before.

It only remains to verify (4). By calculus, pa(a, ) as a function of A is monotonically
decreasing over the whole region 7 thus we need only check the case A = 7. (The partial
derivative 9 pa (o, 8)/OA is a function of @ and S only; it is zero on a = 0 and monotonically
decreasing as a function of 3.) We now argue, as before, that the maxima of ¢ on D all lie
on the lines |a — 8| = 0.18. (Here we again use Claim 2.2(iv).) Once again, by calculus, ¢
has a unique maximum on each of these lines, and direct calculation yields (4).



3 Hardness of approximate counting

The result of the previous section implies that the usual approach to approximating the
number of independent sets in a low-degree graph must fail when A > 6, at least in the
worst case. Here we show that, if the degree bound is somewhat larger, then any approach
to approximating the number of independent sets is doomed to failure, under a reasonable
complexity assumption. Precisely, the remainder of this section is devoted to proving the
following

Theorem 3.1. Unless RP = NP, there is no polynomial time algorithm that estimates the
logarithm of the number of independent sets in a A-regular graph (A > 25) within relative
error at most € = 1074,

We give a randomized reduction from the following problem E2LIN2, analysed by Hastad.
The input is a system A of m equations over Zs in n variables z1,x2,...,Ty,, such that
each equation has exactly two variables. (Thus each equation is of the form z; + z; = 0 or
z; +x; = 1.) The objective is to find a maximum cardinality consistent subset of equations
in A, i.e., to assign values to the variables so as to maximize the number m¢ of satisfied
equations. Hastad [10] showed, using the powerful theory of probabilistically checkable proofs
(PCPs), that it is NP-hard to estimate m¢ within any constant factor smaller than 12/11.
Therefore consider an instance A of E2LIN2, as above. We will construct (by a randomized
algorithm) a graph G = (V, E), regular of degree A. We then show that, if we can approximate
the logarithm of the number of independent sets in G to within the required relative error,
we can (with high probability) approximate the size of m¢ in A, to within a factor 12/11 —e¢.
Theorem 3.1 will then follow.

Let us write [n] = {1,2,... ,n}. We construct the graph G = G(.A) as follows. We assume
m > n, otherwise A is decomposable or consistent. Let M = m® and, for each i € [n], let
A; be the multiset of equations containing z;, with (multiset) cardinality d;. We represent z;
by a regular bipartite graph H; of degree § = A — 1, with vertex partition (L;, R;) and edge
set F;. Here L; = |J,¢ 4, Liay Ri = Uae 4, Ria where the sets L; 4, R;q partition L; and R;
respectively, and for all 4,a, |L;q| = |R;a] = M. Thus H; is bipartite with both its vertex
sets of size Md;. Later, we will associate L; with the assignment z; = 0, and R; with x; = 1.

The graph H; = (L;, R;, F;) will be sampled from G(Md;, Md;,d), where G is the class of
random graphs defined in section 2. Just as in that section, and for the same reason, we are
at liberty to reject graphs which are not §-regular. Clearly, the property of being §-regular
can be checked in polynomial time.

The equations a of A determine the edges connecting the H; in G, as follows. If a is the
equation z; + z; = 1 (z; + x; = 0 resp.), we add an arbitrary perfect matching between L; ,
and L;q (Rjq resp.) and another between R; , and R; 4 (Lj, resp.). Thus G is a regular graph
of degree A. We will show that approximating the logarithm of the number of independent
sets in G to within a factor (1 + 10~*) will allow us to approximate the E2LIN2 instance
within the Hastad bound.

Before returning to the issue of approximation, we will need to establish some crucial
properties of the “typical” independent set in G. For this purpose, let I be sampled uniformly

!In other words, determining a number in the range [(11/12 4 ¢)mc, mc] is as hard as determining m¢ ex-
actly. Following convention, Hastad normalises approximation ratios to be greater than 1, taking the reciprocal
in the case of a maximisation problem.



from Z(G), the set of all independent sets in G. First we show that I “occupies about half
the available space” in each L; 4 or R; ,.
Let L;q be the set of vertices in L; , with no neighbour in I and let £; = {J,¢ A Lig.

Lemma 3.2. Suppose I is sampled uniformly at random (u.a.r.) from I(G). Then, except
for probability e~ ™) either |Lial <m* or |Ligl = (2+£0(1/m))|IN Lig|

Proof. If we condition on I N (V' \ L; ;) then I N L; 4 is a random subset of L; 4. If |£; o] > m?
then Chernoff’s bound implies that

1 1 1
Pr|l0 Lial ¢ 5 (14 ) 121l < 2ex0 (= gm?),
r|{|[IN ,|¢2 :l:m |Lial| < 2exp 3™
from which the Lemma follows. O

Clearly we may define R; , and R; symmetrically and prove an analogous result. It is also
clear that we may claim Lemma 3.2 for all 4, a simultaneously, since there are fewer than m?
such pairs. Now imagine that we choose an independent set I € Z(G), u.a.r., in two steps:
first the part of I that lies outside H;, followed by the restriction of I to H;. We now deduce
from Lemma 3.2 that, with high probability, at least around half of L; is “available” to I in
the second step.

Let L. be the set of vertices in L; with no neighbour in I outside of H;.

Lemma 3.3. Suppose I is sampled u.a.r. from Z(G). Exzcept for probability e_ﬂ(mz),

L3 > (3 — O(1/m))|Lil. (5)

Proof. 1If L;, is joined by a matching to V;, (V € {L,R}) then, from Lemma 3.2, M >
(2—-0(1/m))|INV;,|. Hence

[{v € Lig : {v,w} € E\ F,; implies w ¢ I}| > (3 — O(1/m)) |Li4|.
Summing this over all a € A; gives the Lemma. O

Again, we may define R} and prove a corresponding result. We now show that for each ¢
either |£;| or |R;| is “small”. We will temporarily drop the suffix ¢, and write H rather than
H; etc. Let N = |L| =dM <m', a = |L'|/N, b= |R'|/N. Write 0 = I N H, where I is a
uniformly chosen independent set in G. We will say that o is an («, 8)-set if |0 N L| = aaN,
|o N R| = BbN.

Lemma 3.4. Let § > 24. If I is a uniformly chosen independent set in G then, except for
probability e_Q(mz),

min(|£;], |R;i[) < AN, (6)
where A = 0.009.

Proof. We focus attention on a particular H in G (corresponding to a particular variable in
the E2LIN2 instance). Suppose that the whole of G aside from the edges within H has been
fixed (i.e., the random choices have already been made), but that we have not chosen the
edges of H itself. Ultimately, we want to argue about a random independent set I. However,
for the time being, suppose that we simply fix the portion of I that lies outside of H; doing



this fixes the sets £’ and R’ of vertices in H that have no neighbour in I. About I, we assume
only that it satisfies inequality (5) of Lemma 3.3, so that a > b > %— O(1/m), where, without
loss of generality, we have taken a > b.

We now reveal H and examine the number of extensions of I to H, as a function of «
and B. It is easy to see that there are at least 2*V independent sets in H in total. We will
show that, for a, not satisfying the condition of the Lemma, the number of (a, 3)-sets is
so much smaller than this that they appear with probability e~Um*) | Tt will be sufficient
to show that the expected number of (a, 3)-sets in such a case is gaN *Q(mz), since Markov’s
inequality will then imply the required inequality for the actual number. Now the expected
number of («, B)-sets in H is

st = (20) () [0 /(2]

() (o [

aaN ) \BbN (caN)! NaaN

aN bN aadN
= (aaN) <,3bN> (1 —65)

(a2 - )t ) " (870 - p) ) e e
= ¥ (@AN(1+o(1)) (7)

N(1+0(1))

IN

where an underlined superscript denotes “falling factorial power”, and

Y(e, B) = —a(alna+ (1 — a)ln(1l — a))
—b(BInB + (1 —B)In(1 — B)) — aBabs. (8)

Note that 7 is defined in the unit square Y = {(a, 8) : 0 < e, 8 < 1}. As before, we shall treat
a and B (and indeed a and b) as real variables, even though a combinatorial interpretation
requires alN, bN, aaN and BbN to be integers. The key property of i is captured in the
following claim, whose proof can be found in the Appendix.

Claim 3.5. Let § =24, n > 0 be sufficiently small, and suppose % —n<b<a<l. Forany
(o, B) € U, the inequality ¥ (e, B) > aln2 — n entails min{aa, b} < 0.004.

Recall the crude lower bound 2*V on the total number of independent sets o extending I
to H. The Claim tells us that only very unbalanced independent sets — those with either
o N L| <0.004 or |[oc N R| < 0.004 — make a significant contribution to that total. All of
the above argument was for an independent set I that is fixed outside H, so we have not
yet proved Lemma 3.4. Nevertheless, all the key calculations are out of the way, and we can
complete the proof with a little algebra.

Let Z be the set of all independent sets on V/(G)\V (H). Let Zgo0a C T be the independent
sets I that satisfy inequality (5) of Lemma 3.3, and ZTpaq = Z \ Zgooa- Let N(I, H) be the
number of independent sets in H consistent with I, and N*(I, H) the number of such that
do not satisfy inequality (6) of Lemma 3.4. Denote by # the (multi)set of all possible choices
for the graph H viewed as a disjoint union of § perfect matchings. (Thus each possible
graph H will occur with multiplicity u, where y is the number of 1-factorisations of H — i.e.,
decompositions into disjoint perfect matchings — of H. Note that our reduction requires us



to select uniformly from H.) For convenience set € = e m*) We have shown in Lemma 3.3
that

Y N(I,H)<e) N(I,H), forall He%. (9)
Ierad IeT

(Note that the sum on the r.h.s. is the total number of independent sets in G, while that
on the Lh.s. is the number violating inequality (5).) We will show below that a random H
satisfies

> N'(I,H)<e Y N(I,H), (10)
IEIgood Iezgood

with high probability, specifically, with probability at least 1 — . Putting (9) and (10)
together, a random H satisfies

EIEI N* (I’ H) € ZIeIgood N(I’ H) + ZIel—bad N(I’ H)
EIeIN(IaH) N ZIeIN(LH)

<e+4e =2,

with high probability, which is what we require.
We now prove (10). Claim 3.5 taken in conjunction with Lemma 3.2 shows that

N*(I,H =
ZHE'HlHl( ’ ) < 52N(I) (I GIgood)a

for some N(I) satisfying N(I) < N(I, H) for all H € H (specifically, N = 29V will do here).
Summing this over I € Zgq0q gives

%Z > NUILH)<E > N,

HeH IGIgOOd IeIgood
giving
2 Z ZIEIEM N*(1, H) < g2
T = = ’
|H| HeH ZIEIgood N(I)
which implies
1 2100 N (L H) < 2 (11)
— <&~
|7-L| HcH ZIEIgood N(I’ H)
Let
W = {H eH: Y N(LH)ze > N(I,H)}.
IEIgood IeIgood
Then, from (11),
1
— | H*| < €2,
]
SO -
<eg,
1|
as required to establish (10) and complete the proof. O



We now establish the relationship between the number of independent sets in G and the
maximum size of a consistent subset of A. Let Z = Z(G). For o € T let S, C [n] be defined
by

Se={i: |LyNno| > |R;No|, i € [n]}.
For SC[n]letZg ={oc€Z: S, =S} and let ug = |Zg|- Recall that m is the number of
equations in A.

Lemma 3.6. For S C [n], let 0(S) be the number of equations in A satisfied by the assignment
z,=1(€8),zi=0((¢S) Then

AMOS)ZM(m—=6(5)) < ) < 4MOS)FM(m=0(S)2AmM (1 1 (1)), (12)

where A is as in Lemma 3.4.

Proof. Fix S C [n| and for 0 € Zg we let J, = o N (Uies L;u Ui¢5 Ri). Informally, J,
restricts o to the left or right of each subgraph H;, according to which side contains the larger
part of o. Let

fis =|{Jo: 0 € Is}| < us.
We show that

fis = 4M0(S)3M(m70(S))- (13)

This immediately proves the lower bound in (12). Furthermore, Lemma 3.4 implies that for
a fixed value J of J, there are (up to a factor (1 + e 2(™*)) at most

H PAdM _ 9gAM ¥, d; _ 92dmM

1€[n]

sets o € Zg with J, = J. The upper bound then follows.
To prove (13) we consider the number of possible choices for J N L;q, J N Riq, J N Ljg
and J N R;, for every equation a : z; + &; = zq (24 € {0,1}). For given S, let us define

Xia:

’

Li,a, ifi e S;
Ria, ifig 5.

Then there are two cases, determined by the status of a.

(1) Equation a is satisfied by the assignment derived from S. Then there are 2™ choices
for each of J N X 4, J N Xj 4, giving 4M in all.

(2) Equation a is not satisfied by the assignment derived from S. Then the subgraph of
G induced by X;, U Xj 4 is a matching of size M, and hence contains 3M independent
sets.

Multiplying the estimates from the two cases over all a € A proves (13) and the Lemma. [

We now proceed to the proof of Theorem 3.1. Let Z; = Z;(G) denote the logarithm of
the number of independent sets of G(A). Let Z¢ = Z¢(.A) denote the maximum number of
consistent equations in A.



Let Y7 be some estimate of Z; satisfying |Y7/Z; — 1| < ¢ = 10~%. Using Y7 we define

Y 1.001
Yo=|——ml _ .
c (M "”‘3) In(4/3)

A simple calculation will then show that 1 < Y¢/Z¢ < 12/11 — ¢, so that Yo determines Z¢
with sufficient accuracy to beat the approximability bound for E2LIN2.
From Lemma 3.6 we see that

Y; > (1 —e)M(Z¢1n(4/3) + mIn3).

Hence, since Z¢g > m/2,

Ye/1.001 > (1 —¢)Z,

smln3> eln12
¢ In(4/3) =7

——— ] >0.9991Z
n(4/3))_0999 c,

which implies Yo > Zo. On the other hand Lemma, 3.6 also implies that
Y1 < (1+¢)[M(ZcIn(4/3) + mIn3 + 2mAln2) + nln2|,
where X\ < 0.009. Hence

emIn3 (1+¢)2mAln2 (1+¢)ln2

Yo/1L001 < (1+€)Z0 + i + —1na/3) nln(4/3)
2¢In3  4(In2)(14+¢€)A 1
< Z¢ <1+€+ln(4/3)+ In(4/3) +O<ﬁ>>
<

1
Zc (1.0877+ o) (—2>) ,
n

which implies Y¢/Z¢ is bounded away from 12/11 for n large enough. Summarising: the
existence of a polynomial-time algorithm, meeting the specification in Theorem 3.1, for esti-
mating the number of independent sets in a 25-regular graph would entail the existence of a
randomized (two-sided error) algorithm for approximating the solution to an E2LIN2 instance
with relative error better than 12/11. (The algorithm is randomized because the reduction
is.) Since the latter problem is NP-hard we could deduce NP C BPP. But this inclusion in
turn implies RP = NP (see Papadimitriou [11, Problem 11.5.18]). Thus we have established
Theorem 3.1.
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Appendix

Proof of Claim 2.2. We start by computing partial derivatives of ¢ up to order two:

op _

50 —lna—(A-1)In(l—a)+ Aln(l —a—f), (14)

g—g=—lnﬂ—(A—l)ln(l—B)+Aln(1—a—,B), (15)
0% 1 A-1 A
W:_a+l—a_l—a—,3’ (16)
Py 1 A-1 A
6—,82__B+1—B_1_a_ﬂ, (17)
O A (18)

9008 1-a-g

Parts (i)—(iv) of Claim 2.2 may then be verified as follows.

(i) From (16), it can easily be checked that 8%¢/0a? < 0 on the interior of 7, and hence ¢
can have no interior local minima. On a = 0, ¢ has a maximum at 8 = % using (15), but
then from (14) we find dp/0a = 400 at a = 0,8 = % Similarly 8 =0. Ona+ 8 =1,
both d¢/0a, 0¢/IB = —o0, so ¢ can have no maximum.

(i) Since both 8%¢/8a?,0%p/0B? < 0, ¢ has a maximum if and only if the Hessian of ¢

has positive determinant. The condition for this is & + 8+ A(A — 2)af < 1, as may be
checked from (16)—(18).

11



(iii) From (14) and (15), the conditions for a stationary point of ¢ may be written

B=fla), a=f(B),

where

f@) =1—z—a21 —2)"V2 = (1 -2) ll—< = )I/A] 0<z<1).

1—=z
Thus at any stationary point

a= f(f(a)). (19)

Clearly f(z) < 0 for z > %, so a < % at any stationary point. Similarly 8 < % To

study the roots of (19), the change of variable y = (a/(1 — a))'/? proves convenient.
With a little calculation we may express «, f(a), and f(f(a)) in terms of y:

y
o= T+ 48 (20)
1-y
fle@) = (- -1= ;%
and
F(F(@) = (1 = f(@) = (Fl@)@ - f@)*)2
_ y (1 -y+y*)AH)"°
_<a+1+yA>_ 1+yA
Y -y +yaHa Ve
e ( y )
and hence (19) is equivalent to
4yt = (0<y <), (21)

Note that the implicit mapping from « to y is a bijection, so we may legitimately study
the solution set of (19) through that of (21). Note also that (21) has a root y’ satisfying
y + y® = 1, and this exists for any A > 0. The reader may check that y + y® = 1 is
equivalent to @ = f(a), and thus y' satisfies @ = 3. To analyse (21) in general, let

9(y) = (A—1)In(1+y*"!) +1n(1 — y) —Iny,

so g(y) = 0 has the same roots as (21). Then one may check that ¢’(y) = 0 if and only
if
def —
h(y) = AA -2)y> 7 = (A -1’2 —1=0.
But h(0) = —1, h(1) = —2, and h has a single maximum on [0, 1] at y" = (A—2)/(A-1).
Now h(y") = (A—2)2/(A—1)2"1—1 > 0 if and only if A > 6, and h(y") < 0 otherwise.
Therefore h has two roots in [0, 1] if A > 6, otherwise no roots. Thus g has a single root

12



in [0,1] if A < 5, otherwise at most three roots. In the latter case, however, g(0) = +o0,

g(1) = —o0, g(y') = 0 and a simple calculation shows
A-1)21-y)2 -1
Sy = B2 1
y(1-y)

if and only if A > 6, and ¢'(y') < 0 otherwise. These facts imply that g has exactly
three roots if A > 6.

Now the reader may check that the point (o', ') corresponding to y' (i.e., given by
solving y' = (o/ /(1 — o/))'/2) satisfies

a+B8+AA-2)aB <1,

() (5)>0

if and only if ¥/ > y”. This holds if and only if A < 5. Thus this point is a maximum
for A <5, otherwise a saddle-point.

ie.

Thus ¢ has one stationary point in 7 (on a = ) if A <5, and this is a maximum.

(iv) By the above, if A > 6, ¢ has no boundary maximum on 7' = {(a,8) € T : a < }
and therefore has a maximum in the interior of 7’ by continuity. By symmetry there
is also a maximum in 7\ 7’. Thus, when A > 6, ¢ has two symmetrical maxima and
a single saddle-point on the line a = 3. Numerical values for the two maximum points
can be obtained by solving (21) for y. Since we are assured that (21) has exactly three
roots, we may locate these roots to arbitrary precision by repeated function evaluations.
Once y is known to adequate precision, & can be recovered from (20).

O

Proof of Claim 2.3. Let Q = {1,... , N} be an enumeration of the state space. When z is an
N-vector and P an N x N matrix, we will use 4 to mean the vector (z; : i € A), and Pap
to mean the matrix (Pj; : ¢ € A,j € B). First note that

drv(pes1, pe) = drv (PP, pe—1P) = } ”n|t|1a)§1(pt —pt_1)Pz

< 3 max (pt — pt—1)w = dov (e, Pr—1),
[[w]loo <1

since ||Pz||co < ||2|/co- Hence, by induction, drv(pt+1,p:) < drv(p1,po) and hence, using the
triangle inequality, drv(pt, po) < tdrv(p1,p0). Now, for § C S C Q, define

8(8)=> ) mP;/x(S).
i€S je§

Thus ® = min{®(S) : S C Q and 0 < n(S) < 3} is the “conductance” of M. (Conductance
is normally considered in the context of time-reversible Markov chains. However, both the
definition and the line of argument employed here apply to non-time-reversible chains.) Now

Z?‘riPZ‘j < Z ™ P + Z m Py < W(ZﬂM)-{-ﬂ'(AﬂM) =n(M).
icA icA icANM
jeA jeAnM e
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So setting (po)4 = wa/7(A), (po)z = 0 we have
drv(p1,p0) = 3llma — waPlly/|lmally = ||maPyzll,/llmally = ®(A) < n(M)/x(A).
But drv(m,po) > 1, since 7(A) < 1, and hence
drv(m,pt) > drv(m,po) — drv(pe, po) > § — tB(A).
Thus we cannot achieve drv(m,p;) < e~ ! until
E> (L= e)/® > n(4)/x(M).

By an averaging argument there must exist some initial state 29 € A for which 7(z¢) >
w(A)/8w(M). O

Proof of Claim 3.5. Differentiating (8) we have:

g—:ﬁ =a(—Ina+ In(1 — a) — Bb)),
Z—Z =b(—InpB +1n(1 — B) — aad), (22)
and
0%y . —a 0%y . —b 0%y B
0a?2  a(l—-a)’ B2 B(1-p)’ 0adB —abo. (23)
The following three facts about v are easily verified.
P(a, ) > P(1-a,B) ifa<j (24)

P, B) = P(B, ) ff<a<l-p (26)

We wish to determine the regions where 1) > aIn2. These are connected neighbourhoods
of the local maxima of ¢. From (22) we see that 1) has no boundary maxima for «, in
the unit square . Thus, from (23), ¥ has only local maxima or saddle-points in U, and a
stationary point is a local maximum if and only if

a(l — a)B(1 - B) < 1/(abs?). (27)

Thus, at any local maximum, either 8(1—3) < 1/(bd) or a(1—c) < 1/(ad). If the former, this
and b§ > 11.5 (which holds for n sufficiently small) imply 8 < 0.1, and hence 8 < 1.2/b5. An
identical argument holds for a. Let us denote the rectangle [£y, ua] X [£g, ug] by [la, ua | €3, ug].
Thus any local maximum of ¢ must lie in the region [0,1]0,1.2/b6]U[0,1.2/ad | 0, 1], and hence
in the enclosing region [0,10,1.2/b6] U [0,1.2/b6|0,1]. (Recall that a > b.) In the square
[0,1.2/b6|0,1.2/b6], we have «, 8 < 1.2/b6 < 0.11 and hence

P(e, B) < 2a(—0.111n(0.11) — 0.891n(0.89)) < aln2.

Then, from (24) and (25), we also have ¥(a,5) < aln2 in [1 — 1.2/b6,1|0,1.2/b6] and
[0,1.2/b6 |1 — 1.2/b6,1]. Now, if 5 < 1.2/bd, let p =1 — 2 and consider the upper bound

(e, B) < U(p, ) & a(ln2 — §p?) + bB(1 — In ) — 1(1 — p)Babs. (28)
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For fixed (3, it is easily shown that ¥ is maximized if p = %b&ﬂ < 0.6. If 08 = 1.2, then
p=0.6 and

max ¥(p,[) <a(ln2 —0.18) + 0.11a(1 — In(0.11)) — 0.24a < aln 2.
p

Thus ¢ < aln2 everywhere on the boundary of [1.2/bd,1 — 1.2/b6|0,1.2/b6] (but not
including the shared boundary with U{). Hence, by (26), ¥ < aln2 everywhere on the
boundary of [0,1.2/b6|1.2/b6,1 — 1.2/bd]. Moreover ¥(a, ) > (B, ) for all points (e, )
in [1.2/b6,1 — 1.2/b6|0,1.2/bd]. It follows that it is sufficient to determine B* such that
(e, B) < aln2 everywhere in [1.2/b6,1 — 1.2/bd | B*,1.2/b6]. To this end again consider

To(B) = max ¥(p,8) =aln2+bB(1 —InB) — 3abB6s + gab’B>5>.

Now ¥y < aln2 if
b36% — 46 +8(1 —InpB)/a < 0.

This inequality is satisfied provided

2(1—\/1—21;5(1—1115)/(1) < bBs < 2<1+\/1—2b,8(1—lnﬂ)/a).

The right hand inequality is clearly irrelevant since we are assuming 8 < 1.2/bd. Thus we
need only consider the left hand inequality, i.e. for fixed v = b8 < 1.2/4, we require

vé > 2malL)x (1— \/1—27(1—1n’y+1nb)/a),

where the maximum is over % —1n < b<a<1. Considering first b, the maximum occurs when

b= a. So we have

v6 > max 2(1—\/1—27(1—ln’y+lna)/a). (29)

3—n<a<l

But, since a > 7, the maximum now occurs when a = % — 1. Thus it is enough to require

75>2(1— \/1—47(1—1117—1112)),

since this will imply (29) provided 7 is sufficiently small. To achieve y = 0.004, it is sufficient
that § > 23.9. O
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