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Abstract

Let graph G = (V, E) and integer b > 1 be given. A set S C V is said to
be b-independent if u,v € S implies dg(u,v) > b where dg(u,v) is the shortest
distance between u and v in G. The b-independence number a;(G) is the size of
the largest b-independent subset of G. When b = 1 this reduces to the standard
definition of independence number.

We study this parameter in relation to the random graph Gy ,, p = d/n. In
particular, when d is a large constant. We show that whp that if d > d.,
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1 Introduction

Let graph G = (V, E) and integer b > 1 be given. A set S C V is said to be b-independent
if u,v € S implies dg(u,v) > b where dg(u,v) is the shortest distance between u and v
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in G. The b-independence number «a;(G) is the size of the largest b-independent subset
of G. When b = 1 this reduces to the standard definition of independence number.

We study this parameter in relation to the random graph G,,,, p = d/n. In particular,
when d is a large constant. Now a,(G) = a(G®) where G* = (V, E) and u,v are
adjacent in G iff dg(u,v) < b. If d, b are not too large then the average degree in G%  is
approximately d” and so one might expect that Gﬁ’% d/n and G, g/, are similar. We show
in this paper that this is true for the b-independence number.

Theorem 1 Let b be a positive integer constant and let € > 0 be given. Assume that d
is a constant, greater than some fized d.y. Then whp
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The case b = 1 was treated in Frieze [4] and so we will assume that b > 2 from now
on. Nierhoff [8] considered this problem and its relation to the k-centre problem of
Operations Research. In particular, he proves the upper bound implied in the theorem
and is off by a factor of 2 in the lower bound for d = n°"). This is to be expected as
he proves his lower bound via the analysis of a greedy algorithm. Duckworth [2] proved
a high probability lower bound of .2048n for the 2-independence number of a random
cubic graph.

We will follow the method described in [4]. See also the discussion in Janson, Luczak and
Rucinski [6] where the proof is somewhat simplified by the use of Talagrand’s inequality.

2 Proof of Theorem 1

We start with the following lemma, which will prove useful in bounding a,(G,, ) from
both above and below.

Lemma 1 Let K,L C [n], |K|=|L| =k, |KNL| =1 be given. Then if

_d(d 1)
Pd="0 "

we have
(a)
(1-— pd)@) < Pr(K is b-independent ) < (1 — pd)<§) exp {O(K*n?3p?~ 1)},

(b)
Pr(K, L are both b-independent ) < (1 — pd)2<§)7(é> exp {O(K3n?~3p? 1)},



Proof (a) We can use Janson’s inequality [1]. To establish notation, let Py, P, ...,
Py, N = (’2“) S (n—2)(n—3)---(n—r) enumerate the edge sets of paths of length at
most b in K,, which join vertices of K and whose internal vertices are not in K. Let P;
be the event that the path corresponding to P; exists in G, for ¢ = 1,2,..., N. Then
K is b-independent if and only if none of the events P; occur.

Let

A= Y Pr(PNPy).

i#£j: Piﬂpj7£®
Then Janson’s inequality states that

N

[[@-Pr(P)) <Pr (ﬂ ) < et H(1 — Pr(P))). (1)

i=1

Now

N b (2)
[T -Pr(p)) = (H(l—p@(“)"‘"“)

i=1

b (5)
_ (1 _ Zpini—l) 6O(l) (2)

=1

The €M term in (2) is at least 1 and this gives the lower bound in (a). For the upper
bound we need to show that
A = O(k3n2b_3p2b_1) (3)

and apply the upper bound of (1). To obtain this we observe that

a3 (B 30 3 (4 et g

a;=2 as=a; t=1

Explanation: Fix a path length a; > 2 and then the term (g)n‘“ 1p% bounds the
weight of choices for P;. Then choose another path length as > a; and let t be the size
of |P; N Pj|. For a given set of ¢ edges in P;, kn®~""1p®2~t hounds the weight of the
paths P; which share these edges with F;.

(3) follows from (4) when d is sufficiently large. This completes the proof of the upper
bound in (a). The upper bound in (b) is proved in the same manner. O

We prove a high probability upper bound on a,(G,, ) by the first moment method.



Lemma 2 Let € > 0 be a constant and

2n loglogd log2b 1 €
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Proof Let X} denote the number of b-independent sets of size k found in G, .

Then, using the upper bound in Lemma 1(a) and putting k& = k;, we obtain

E(X,) < (”) (1 - pa)® exp {0 (K2nP-2p*-1))

k
ne k (log d)?
< log — — = .
< oxp{k g~ S0 (2 )
Now
ne log log d
log— = 1—1log2b+ blogd — loglogd + O
k log d
and k log d
oPd = 1—log26+blogd—loglogd+e+0(%)
and so
E(X}) < e™h/? (6)
for d sufficiently large. O

To prove a lower bound on «(G? ), we partition the vertex set [n] into sets of size
m = [%—‘ or m — 1. There will be n' = LWJ sets Py ... P, in the partition.

A set I C [n] is said to be P-independent if

(i) I is b-independent.

() InP|<lforl<i<n.

Let (3, denote the size of the largest P-independent set. Now let X, denote the number

of P-independent sets of size k found in G,,,. It is clear that 3, < o and also Xj >
0 implies 3, > k.

Following the method of [4], one can put a lower bound on ay(G,, ;) by proving two
inequalities: Let 3, = E(6,(Gnyp)).

Pr(’ﬁb—ﬁ_b’Z;—Z) < 2€XP{Q<—%)}- (7)
Pr(x,, > 0) > exp{o( - "8y )

4



log 1 log 2
where ky = 2 (logd — Seksd — s 44 ),

Then when d is sufficiently large, (7) and (8) imply |3, — k2| < & and then Theorem 1
follows from (7). O

2.1 Proof of (7)

When b =1 ([4]), one can use Azuma’s inequality to prove (7). For b > 2 we find that
the random variable (3, does not have a small worst-case Lipschitz constant. This rules
out the use of Talagrand’s inequality [9] too. Furthermore, the new inequalities of Kim
and Van Vu [7], [10] will not do the job either. The modifications due to Godbole and
Hitczenko [5] also fail to help. Instead, we follow the proof idea of the Azuma inequality
and patch it up where necessary. Simply put, we estimate the moment generating
function without giving too much away and then apply the Markov inequality.

As usual we use the inequalities

Pr(B,— 3 > )
Pr(3, — (B, < —t)

6—AtE(€A(ﬁb—Bb)) (9)
e ME(MNP—)) (10)

VARVAN

valid for all A > 0.

We will divide the proof into three cases. The general line of attack is the same in all
cases, but for the larger values of b we need to solve a couple of extra technical problems.

2.1.1 The Case b=2
We begin with the simplest case, b = 2. We will leave b in formulae so that they can be
used later for b > 3.

Now let Y;,i =1,2,...,7n/, denote the set of edges of G,,, which connect a vertex in P;
to a vertex in Ujgi P;. Define Z; = Z;(Y1,Ya,...,Y,) by

Zi=E(fy | Vi, Yo, ..., Y:) —EBy | Vi, Y. ... Y1), i=1,2,....0
so that B
By— By =214+ Zn. (12)
Let Y, = (Y1,Ya,...,Y,) for £ =0,1,...,n and let
A =2003""2+1.
We will prove by (backwards) induction on ¢ that for £ =n/,n' —1,...,0,
t=en/d’, \=¢/(10A%*(logd)?) and O, = exp{—Mt + (n/ — £)(3A%X* + O(N\*))}, (13)
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d sufficiently large,
B ¢
Pr(B,— > 1) <Oy Pr(Yy) [[ e + (0 — e, (14)
Y, =1

Using (12) we see that when ¢ = n’, this is simply (9). So assume that (14) is true for
some ¢ < n'. Let Gy denote the subgraph of G,,, induced by [n]| \ P,. Define the event:

4bn log d}

&= {ﬁb(Ge) <Iy= 7

Going back to (5) with € = blogd + loglogd + log2b — 1 and k = I we see that

Pr(3y(Ge) > Ip) < exp {k {log e 0 (pranb?’kQ)} }

k2
< exp{k[loglogd — 2blogd]}
5b%n(log d)?
< exp{_%} (15)

for d sufficiently large.

Define Yg, e ,Yn/ to be independent copies of Yy, ..., Y, . Fori > ¢ let Y/ be the subset
of edges from Y; which join P, and P, and let V)" = Y; — Y/. In the following, let

~

Y =V =", Y/ and let Y = Y, UY’, Y = Y, UY". Then

~

Zf: Z [ﬁb(}/la"'7}/éa}>f+la"'7}>n’)_6b(Y'17"'7}/E—17YA'K;"'7YA'7L’)]PI‘(}A/57"'7YH’)

?4 ,,,,, Y,
- Z [ﬂb<Yf—17 )/6*7 YZ) - ﬂb<Yf—1> Y/Z*a ?2,)]Pr<%*> }/Z*a YA‘?)
VY Yy

7! (SN 1
where Y7 = (Y/,,...,Y)).

y

We see that Gy is defined by Y,_, YQ’ . So let
S/I(Ygfl) = {YAvg : Gg € ég}

and

4 2b%n(log d)?
gg = {Yg_l . PI‘(G@ c gg | Yg_l) Z 1-— exp {—%}}

It follows from (15) that

20°n(log d)? } ‘ (16)

Pr(Y, 1 ¢ &) <exp {— 7



Using (14) and the independence of Y, 1, Y, write

-1

Pr(B,— 3 >t) < 0,) [[MPr(Yia)) Pr(Yy) + (0 — )"

Yyoq1i=1 Y,

-1
O > J[eMPr(Yi1)d e Pr(vy)

Yo 1€& =1 Ye

+MPr(Yoy ¢ &)+ (0 — Oe ™. (17)

IA

Now Y,_; € & implies

. b*n(log d)?
Pr(Y ¢ £7(Yi)) < e {020 (13
So if we fix Y,_1 € &,.
Zy= Y [B(Yeer, YY) = B(Yeor, Y7, Y Pr(Y], YY)

* Pk
oYYy
Yileg/ (Y1)

0 (e {2

We now estimate in (17), the term

> e Pr(Yy) = Ey, (M)

Yo
and use (19) to restrict our attention to the case Y7 € £”(Y_1).

Fix Y/ € £/(Y,_1). Let S be a maximum size subset of [n]\ P, which is P-independent
in Gy and let I = |S|. Let S be sub-divided into S; = Smuf;llPi and Sy = SQU?;KHH-,
with I; and I5 denoting |S;| and |Ss| respectively. For v € Py let §;(v, .S) be the number
of edges from Y} joining v to 51, and let d5(v, S) be the number of edges from Y” joining
v to Sy. Let §(v, S) be the total, §;(v,S) + d2(v,S). Let S(U,S), 51(21,5), and SQ(U,S)
be defined similarly, using the edges of Y, and Y.

Define W, = 6(v, 5)15(,5)>2- If we define W = 3, W,, we can produce a P-
independent set, S, in G by removing no more than W vertices from S. If, for every
v € Py, we remove W, neighbors of v from S, then every v € P, has either one or zero
neighbors in S*. Thus, no path of length 2 exists between any pair of vertices in S*
because there are no paths through P, and S was 2-independent in G,. Define W in an
analogous way using the edge-set Y, in place of Y;. Now observe that

[—W <B(Yo 1, YY) <T+1
[ - W S ﬁb(YZfla}A/E*7YA'2/) S [ + 1



and so

A

Zy < By (W) + Ey (W) + 1 (20)

In computing Ey (1) and Ey. (W), it is important to note that Ip = O(d**logd) — 0
as d grows. Therefore, we disregard terms where Ip is raised to a sufficiently high power
since those terms will be dominated by Ip and I*p?.

E;.(W,) = Ip(1—(1—-p)")
— IQPQ . O(ISPB)
< I*»? (21)

So,
Ey. (W) <ml*p® < A, (22)

Let W, = Ey:/(W,|Y,), and let W = Ey,(W|Y,). Note that
Ey,(W) = Ey; (W) = Ey.(W).
W’U = (51 (Uv S) + [2p - (1 - p)Iz 151(1;,5'):1 - [2P<1 - p)IQ_llél(v,S)ZO (23>

For d sufficiently large and A < 1/logd,
EYe(e)\WU) = EYe (eXp {)‘<§1(Uv S) + Iop — (1 - p)12151(v,5'):1
- 12p(1 - p)billﬁl(v,S):O) })

Iy
I _ _
= Mop [Z < 1)6)‘tpt(1 — )"t Fexp {/\ - A1 - p)b}(l —p)" T hp

+exp {—ALp(l —p) (1 - p)h]

= 14+ (7 + L +20L1L)p* N+ (IT + I)p*\* + O(I*p*\?)
< 14 PPN+ PPN + O(1*p*\3) (24)

The W, are independent of one another, so

Ey, (M) = Ey ()"
< (L4 AP+ NPpP 4+ O(NIPp?)"

m2

= 14+ mI?p* + X*mI?p* + )\2714]94 + O(N\?) (25)



We now turn to Ey, (e*?7).
/\k
Ey,(e*) = By, (Z5)

k!
k=0

= 1+ Z HEYZ(Zf) since Ey,(Z;) =0
k=2

1+§: Z()AJrl’”En(Wl)

from (20), (22), . | o k-1
A =1

= ey g 3 BETIE

k=1,k>2
= 14+ (e)\(AJrl) — 1= )\(A + 1)) + )\EYZ(W)( (A+1) 1)

e l
+ GA(A—H) Z %EYZ(WZ)

=2
= 1+ (D 1 XA +1)) + AEy+ (W)(eX*D — 1)

+ MADE (AW AW — 1)

AUTVEy, (M) — By (W) — M(A + 1)

9
— XmI?p® + O(I*p?)) —

2[44 A 12
u+(14+1)m12p2+%

2]4])4
— o MAtD (1 1+ AmIp? 4+ N2 I?p? +)\2 —1—0()\3))

= 14\ <m]2p2 +
< 1434202+ 0\

Going back to (17) and using (15) we see that

-1
Pr(,— 0B, >t) < O, Z H MPr(Yo_ 1) + (0 — 0+ 1)e M

Y, q1=1

-1
= O/ Z H A Pr(Yo_y) + (0 — L+ 1)e ™,

Y, i=1

completing the induction.
For ¢ = 0 we read (17) as
Pr(B,— 3 >1) < O+n'e "

{2 (i)

9

IN

) + O(\?)

(26)

AA + 1)

(27)



if we make the substitutions of (13) for ¢, A, ©,.
A similar argument handles Pr(3, — 3, < —t) and (7) follows.

2.1.2 The Case 3<b<5)

We proceed with the case 3 < b < 5, letting Y;, Z;,t, A\, A and ©, be defined as above.
We will use a similar strategy of inducting on ¢ to prove,

¢
Pr(f, — 5, > 1) < O, Z H MPr(Y) + (0 — f)e ™. (28)

Y =1

To deal with the larger value of b, we need to expand the definition of &, to include
several properties of GGy, each of which occurs with high probability. Let £ be the event
that all of the following occur:

&1 = {B(Gy) < Lmjped
& = {In Gy, any set of size k > % has no more than 3dk neighbors }.

& = { Gy contains no more than nd edges }.

c‘fl is equivalent to the event é’g in the b = 2 case. The other two events can be analyzed
by comparing G, to G, ,. Since Gy is derived from G, , by removing edges and vertices,
if the latter satisfies the criteria for & and & then the former must also satisfy those
same criteria.

Lemma 3
(a)

A n
Pr(G, ¢ &) < exp {—W} :

(b) .
PI‘(G( g_ﬁ 83) S €_nd/6.

Proof (a) Given a fixed set K, each vertex is independently a neighbor of K with
probability ¢ = 1 — (1 — p)¥ < kp. Applying the Chernoff bound,

Pr(B(n,q) = ang) < (E)Cmq,
«
with a = % > 3,
Pr(|N(K)| > 3dk) < Pr(B(n,q) > ang) < (e/a)™ < (¢/3)*"* < em™/1,
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Therefore, the probability of finding any set of size k¥ > Z with more than 3dk neighbors
is:

& Y\ _ak/11 - ne _;n1\* - —dk/12 n
<2 (k‘)e M ) (?'6 / ) <2 e SeXp{_lgdbfl}‘

k=n/db k=n/db k=n/db

(b) Pr(&;) can also be bounded using the Chernoff bound. O
So, from (15) and Lemma 3,

(29)

5 4b?n(log d)?
Pr(G, ¢ &) < exp {—%}

As in the b = 2 case, let R X
E"Y1) =Y}, : Goe &}

and

4 20*n(log d)?
gg = {Yg_l : PI‘(G@ c gg | Yg_l) Z 1-— exp {—%}}

Equations (16) and (18) still hold.

As in the b = 2 case, we will condition on whether or not Y,_; € & and we see that
(17) continues to hold.

We now fix Y, € & and Y} € £/(Y,). Let S be a largest subset of [n] \ P, which is
P-independent in Gy and let I = |S|. Let S; = {v : dist(v,S) = j in G}, for j > 0.
1AISO7 let ng = Uj'Sij" Then

4bnlogd
1< =5
4bnlogd - 4(3)7bnlogd
|51 — (3d) = o
j .
5(3)’bnlog d
RET ]+;\5j\ =

Let 0,(v, S;) and d;(v, S<;) be defined similarly to d;(v, S) for i = 1,2. Also, let (v, S;),
d(v, S<;) be defined similarly to d(v,S). Let W, = (v, S<|p/2-1))0, where 0, = 0 if v
has a single neighbor in S;, for some j < [b/2 — 1|, and no other neighbors in S<;_o_;.
Otherwise 0, = 1.

The construction of the P-independent set, S*, is not quite as simple as in the b = 2
case. If, for every v € P, we remove W, vertices from S which are distance [b/2] or
less from v then we have eliminated all b length connections which pass through a single
vertex in P,. However, there may still be a b length path linking two vertices in S* if that

11



path passes through vy, vy € Py such that W,, = W,,, = 0. If such a path exists, it must
contain a sub-path linking v; and v, which lies entirely outside of S<|;/2—1j. For every
such sub-path linking vertices of P, there can be at most one < b length path connecting
vertices of S which is not eliminated by the removal of the W, elements of S distance
|b/2] or less from v. Let T be the number of vertex pairs in P, connected by a path of
length b— 2 or less, lying entirely outside of S<|5/o—1). If we let W = Zvepl W, +T then
we can create a b-independent set, S*, in G with no fewer than I — W vertices. Define
W= Y e P, W, + T in an analogous way using the edge-set Y, in place of Y,.

Inequality (20) still holds true for Z,.

[b/2-1
Ep.(W,) = [S<ppylp— D 195p (1 — p)lS<v-2i=t
=0
[b/2-1]
= 9" D 1SillS<h2-51+0(1)
=0
206°3"~2 (log d)”

T can be over-estimated by the total number paths of length b — 2 or less, which connect
a pair of vertices in F;.

A A

EY[ (W) = mEWF<Wv) + EY[ (T)

- 32200 (log d)*
Ey. v) <
mEy (V) S iogay db
< 20p3°2
= A-1
Ep.(T) < <m>p + (m) np? + <m> 2n°p’> = O(n™")
¢ 2 2 2
So, R
Ey. (W) < A (30)

As in the b = 2 case, let W, = Ey/(W,|Y;) and W = Ey.(W|Y,).

W, = 01(v, S<|p/2-1)) + P|S<|p/2-1]2
|b/2—1]

Sey i
- Z 15, (0,8,)=1,61 (v,5<y_;_2\5;)=0(1 — p)lSsb-i=2b
=0

[b/2—1]

- Z 151(U7S§b—j—2):0|5j‘2p<1 - p)|5§bij72 .
=0

12



For d sufficiently large and A < 1/logd,

[S<(b/2-1111 ’S ’
AW, AS _ <[b/2—1J11 \ At ¢ S 1t
Eyl_,(e ) —  MS<pa—1yl2p E ( eMp (1 _p)l <lb/2—1/h

t=0 t
lb/2-1)
— Z (e* —exp {A — (1 — p)\Sgb—j—zlz}) plS;|1 (1 — p)lFse-2-sh—1
7=0
b/2—1]
= Y (1= exp {=AlSjap(1 — p)l¥=p-2-3k}) (1 — p)lFp-2-il
7=0
T, AQ 2 2 A2 2 2
= 14 2By, (W) + 07 |S<iprz-1)i = 52712213
5 b/2—1]
+7P2 > (1851118 <h-2-5h +15513) + ON*p*|S<ppya—1 ).
7=0

T also depends on edges from both Y; and Y’, and we need to calculate T(Y;) =
Ey/(T|Y;) and Ey,(e*). Let Ty be the number of vertex pairs in P, connected by a
path of length b — 2 containing at least one edge from Y}, and let T5 be the number of
vertex pairs from P, connected by a path of length b — 2 containing at least one edge
from Y’. Some vertex pairs may be counted in both T} and T, but clearly T < T + T,
and since 7' is small relative to > W, it is sufficient to approximate T by T} + T5.

T < T+ Ey(Ty)

Ey, (e)\T) < Ey, (e)‘Tl )e,\EY,(Tg)
m?/2

e/\EYx(Tz) Z 6’\tPr(T1 _ t)
t=0

2
e/\Ey/(Tz) (1 + exp { )\m

2
Ay (T2) (1 + exp { m

= 14+0(n™"). (31)

IN

IN
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Since T" and the W,’s are independent of one another, we can write:
By, (") = By, (") By, ()

_ 1 _
= 1+ A\Ey,(W)+ 5AQEYZ(W)Q

\2 [b/2—1]
+m§p2 |S<b/2-1)|T — [S<(p/2-1) 15 + Z [Sihi1S<b-2-5h
=0
b/2—1] 2
+m2\%pt Z 1Sil|S<pja-1] | +O(N?)
=0

As in the b = 2 case, we can derive, in a similar manner to (26),

E (M) < HADE, (M) AEy: (W) — XA+ 1)

b/2—1
1 1 _
= 1+ §A2(A+ 1%+ 5/\2EYZ(W)2 +mN(A+1) ) (p°1S)]1S<b/o-1])
=0
\2 1b/2—1]
+m7p2 [S<ipo—yylt = [S<po-ul3 + D 18il1lS<b-2-th
=0
[b/2-1] ?
+mNpt [ Y [S)][S<hpal |+ O
=0
< 1+3A%)°

for d sufficiently large.
Going back to (17) and using (29) we see that

-1
Pr(B— B >1) < Oy [[Pr(Y)+ (0 — 0+ 1)e ™",
Y =1
completing the induction.
As in the b = 2 case, letting ¢ = 0, and substituting in ¢, A\, and Oy yields equation (7).
2.1.3 The Case b > 5
In the case b > 5, we will condition on the event that, in G, A < logn, which we will
denote &. The probability that G has any vertices of degree greater than logn is o(n™?2).

Since Pr(&) — 1 as n — oo, proving both (7) and (8) conditioned on & is sufficient
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to prove Theorem 1. The proof follows the same course as the 3 < b < 5 case, but the
following changes need to be made in order to convert the appropriate probabilities into
conditional probabilities.

Inequality (28) becomes:

Pr(B, — By > t1€) <O, > H AMPr(Y|E) + (' — O)e ™. (32)

Ye&y i=1

Conditioning on & will change the probability of Y, ¢ & and Y, ¢ &. However, we can
< Prvige)
Pr,c)’
&>. This only introduces a constant factor, and the probabilities remain exponentially
small.

over-estimate the new probabilities, using Pr(Y, ¢ &£|&) < and likewise for

&3 is no longer necessary and can be replaced by the claim that G' contains no more than
n(logn)® paths of length a. Given that we are conditioning on &, this will always be
true.

Inequality (17) becomes:

-1
Pr(3, — B, > t|&) < Oy Z H AMPr(Y|&) Z M Pr(Yy|&)

Y, i=1 Yes.t.(Ye,Ye)€EE0
b
+ (n' — £)e /4

< Oy HeAZPr Y/|&) Zempr ()

Y, €& i=1
+ M Pr(Y, g El&) + (0 — 0)e ™ (33)

We can overestimate Pr(Y,|&) with 1;’11.-((?))’ and substituting this approximation into
0

(32) yields:

Pr(B, — B > t|&) < E 2 H MiPr(Y) Y e Pr(Y))

Y, €& i=1 Yy

+e’\”,Pr(Yg ¢ El&) + (' — O)e .

1 . .
The factor of Pr T can be not greater than Prie) which is no more than a

constant. A Constant factor will not alter the order of magnitude of Pr(3, — 3, > t)
which we are trying to bound in equation (7).
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The only remaining change which must be made for the b > 5 case is that we now need
to account for paths of length greater than 3 when evaluating 7" in equation (30).

Ey,(T) = Ey.(T) < (;”) p+ @) np? + sz (Z) 2n(logn)*p? = O <(1°’5‘;;17”)b) .

So, following the argument for (31) we obtain

Ey, () =140 ((logn)b) .

n

2.2  Proof of (8)
We divide the proof of (8) into two cases, rather than three. There is no difference
between the b = 2 and b = 3,4,5 cases, but we need to introduce the conditional

probabilities in the b > 5 case so that (7) and (8) can be properly combined to prove a
lower bound on f,.

2.2.1 The Case b <5

One can prove the inequality (8) using the lower bound:

Pr(X; >0) >
Applying Lemma 1 we obtain
/
E(X,) > (” )mk (1—pa)®)

E(X?) (2) Zk: (’;) (72 - f) mF (1 = pg) 2G)=()) exp {O(kPn2-2p2 1)}

IA

5 = S )
34

Once we have an inequality of this form, we can appeal to [4], which contains the same
calculation for the b = 1 case. In the b = 1 case, with n/, m; to distinguish them from
n',m we have
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o <3 et <o o (5 )}

To apply this result to the b > 1 case, we perform a change of variable.

Pnew = Pd
dnew = NPnew = db(l + O(dil)

Putting these values into (34), we get:
[(z»m(l?l e ><é>] wofo (V5]
0g Upew 5/2p, 0 3n
(o)
o el (5
{ 0

E(X?) b

IN
o
[

i)

Pr(X; >0) > exp

2.2.2 The Case b > 5

We can introduce the conditional probabilities into the proof of inequality (8) with
relative ease. We aim to put a lower bound on Pr(X; > 0|&), but we can appeal to
the FKG inequality [3] to relate this quantity to Pr(X; > 0), which we have already
bounded in the b < 5 case. Since both the events, X; > 0 and &, are monotone
decreasing, increasing in probability with the removal of edges, the FKG inequality
shows that:

E(X4)’

E(X})

Therefore, our previous calculations are sufficient to prove (8) for the b > 5 case as well.

Pr(X; > 0/&) > Pr(X; > 0) >
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