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1 Introduction

In this paper we discuss the expected performance of the simplest of matching

algorithms i.e. the GREEDY (or myopic) algorithm. Given a graph G the
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algorithm repeatedly chooses an edge e and deletes it along with its end
vertices until the graph remaining has no edges. The set of chosen edges

forms a matching. More formally the algorithm proceeds as follows:

GREEDY
begin
M + 0;
while E(G) # 0 do
begin
A: Choose e = {u,v} € E
G + G\ {u,v};
M+ M U {e}
end;
Output M
end

(G \ {u, v} is the graph obtained from G by deleting the vertices u, v and all
edges incident with them.)

The algorithm is simple and yet basic to combinatorial optimisation. Con-
sequently, knowledge of its performance is important. The first analysis of
this algorithm was from the point of view of its worst-case performance-see
Korte and Hausmann [5]. They showed that in the worst-case the size of the
matching produced was one half of the size of the maximum matching. There
has been more interest of late in the average performance of this algorithm.
Dyer and Frieze [2] considered a randomised version in which the edge e in
statement A is chosen randomly from the available edges. The input graph

is arbitrary, not random, and it is shown that, at least for sparse graphs, the
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likely performance is noticeably better than worst-case. Dyer and Frieze also
discusssed the performance of this randomised version on a tree and they
found that the trees with the worst expected ratio of size of matching found
to maximum size are caterpillars in which case the ratio is about .769... .
The average performance of GREEDY when the input is random has also
been analysed by Tinhofer [10]. He considered its performance on the ran-
dom graph Gy, (the p-model) in which each edge of the complete graph is
independently included with probability p. He only considered the dense case
where p is fixed independent of n. In this case it is fairly easy to show that
the algorithm produces a near perfect matching with high probability. The
algorithm is deceptively simple but it requires a non-trivial analysis to handle
the conditioning introduced at each stage. Unfortunately Tinhofer makes an
incorrect assertion and the analysis is consequently flawed. (The statement
Prob(M | G) = 1/m! on p244 is incorrect). In this paper we consider sparse
random graphs. We deal with the random graph G, ,,, which has vertex set
[n] = {1,2,...,n} and m = icn random edges where ¢ > 0 is a constant,
the study of which was pioneered by Erdds and Rényi [3]. Closely related is
the p-model with p = ¢/n. (In both models the average degree is asymptotic
to c¢.) Let X = X(n,m) (X (n,p) resp.) be the random number of edges in
the matching produced by GREEDY applied to G, m (Gnp resp.) when the
edge choice in statement A is uniformly random. We will not only compute
an asymptotic formula for the mean, but also for the variance and we will

establish the asymptotic distribution. Let
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Theorem 1 Asn — oo (X (n,m)—neo(c))/y/np(c) converges in distribution
and with all its moments to the standard normal variable with mean zero and

variance one.

|

Roughly X (n,m) is asymptotically Gaussian with mean n¢(c) and variance
ny(c). As one should expect, ¢(co) = 1/2 which corresponds to a (near)

perfect matching.

Using a general rule, which relates G, ,,, and G,,,, (Pittel [9]), we can assert
then that X (n,p) is asymptotically Gaussian as well, with the same mean
ne¢(c), and variance

3+ 3¢ + 3¢

() +26(6/(0)") = s

We also discuss the performance of GREEDY on a randomly chosen labeled
tree. So now let Y = Y,, be the random number of edges in the matching

produced by GREEDY on a random labelled tree with n vertices. We prove

Theorem 2

31 1
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Furthermore (Y —2n)/\/ssn converges in distribution to the standard normal

variable with mean zero and variance one.



This should be compared with the result of Meir and Moon [8] who showed
that Y* &~ (1 — p)n, in probability and mean, where Y,* is the size of the
largest matching in a random labelled tree on n vertices and p = .5671---
is the unique solution to xe® = 1. The above results mean that with high
probability Y,,/Y.* ~ .87,i.e. GREEDY falls short of the mark by about 13%

most of the time.

It is possible to modify this algorithm without considerable complications,
so as to improve its likely performance. Perhaps the simplest modification is

to first choose a vertex v at random and then to randomly choose an edge

incident with v. We refer to this as MODIFIED GREEDY.

MODIFIED GREEDY

begin
M « 0;
while E(G) # 0 do
begin
B: Choose v eV
C: Choose u € T'(v) and let e = {u, v}

G + G\ {u,v};
M «+— MU {e}
end;
Output M
end

We have analysed the performance of MODIFIED GREEDY in the same
settings as for GREEDY. First of all, let X = X(n,m), (X(n,p)) be the
random number of edges in the matching produced by MODIFIED GREEDY
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Theorem 3 As n — oo (X(n,m) — ng(c) /W ) converges in distribu-
tion, and with all its moments, to the standard normal variable with mean
zero and variance one. (Here ﬁ(c) is the solution of the differential equa-
tion (50) below, whose closed form solution, if any, has eluded us, Maple
and Mathematica.) Consequently X (n,p) is also asymptotically normal with
mean né(c) and variance n(ih(c) + 2¢d'(c)?).

|

MODIFIED GREEDY was also discussed in Tinhofer [10] as well as Gold-
schmidt and Hochbaum [4] who proved probabilistic lower bounds on the size
of the matching produced in Gy, ,. In particular Goldschmidt and Hochbaum
prove a probabilistic lower bound of n(1 — (1 +¢)/c)/2 for any fixed € > 0.

Since ¢(c) > (1 — ¢7!)/2, Theorem 1 already provides a better lower bound
for the matching number. Since, for any ¢ > 0, qAS(c) > ¢(c) Theorem 3 yields

a further improvement.

We have also analysed the performance of MODIFIED GREEDY on random
labelled trees. Let now Y = Y, be the random number of edges in the
matching produced by MODIFIED GREEDY on a random labelled tree with

n vertices. We prove

Theorem 4

- e—1 3e — 2¢? 1
EV — _ 0(—),
2e—1" 22e—1p 7 \n

Vary = 6n+0(1).
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where
18e* — 42e3 + 32¢% — 9e + 2

b= (2e — 1)*

A

Furthermore (Y — £=n)/v/0n converges in distribution to the standard nor-

mal variable with mean zero and variance one.

|

Here (e—1)/(2e — 1) = .3873- - -, i.e. MODIFIED GREEDY performs (with
high probability) about 3% better than GREEDY.

We note that Karp and Sipser [6] have considered a similar greedy type of
algorithm to ours. Their algorithm chooses an edge incident to a vertex of
degree 1 while there is one and otherwise chooses a random edge. They show
that this algorithm is asymptotically optimal in the sense that with high
probability it finds a matching which is within o(n) of the optimum size.
What this optimum size actually is remains mystery, except when 0 < ¢ < 1.
In this case Pittel [9] has shown that the maximum size of a matching is
asymptotically normal with mean n(1 — (3 + 3?)/c) where (3 is the solution
to Be? = c.

The main techniques employed in this paper are diffusion type approxima-
tions to moment generating functions for establishing normality and the anal-

ysis of regular generating functions in the case of trees.



2 Greedy on G, ,

In this section we prove Theorem 1 on the behaviour of randomized greedy
applied to the random graph G, ,,. We assume that m = |1cn], where c is

a constant. Thus ¢ is (approximately) the average degree of the graph.

Generically, let X, ,, be the (random) number of matching edges delivered by

the algorithm in G, ,, and let f,, be its moment generating function. Thus

fu,u(z) — E(eZXV,p,)
ER(E(ez(HXWzWFR) |R)),

= &)Y fozu1--(2) Pr(R=7), (1)
where R is the random number of edges in G, adjacent to the chosen edge.

(When a chosen edge e and R adjacent edges are deleted, we are left with a
random graph G'. Conditioned on e = (v1,15) and R = r, G’ has the same

distribution as G,_2,—1—, up to a relabelling of vertices.)

Let us denote the number of edges in the complete graph K,,_; by N; = (”;Z)
fori=0,1,.... We will simply write N for Ny. Now, since there are 2(v — 2)
of edges of K, adjacent to a given edge, N, edges in K, 5, and u—1 edges still

to be chosen in G, once any one is fixed, it follows that R has distribution

2(v—2) No
PI“(R = 7-) — ( T ]z(flT)
(=)
= pr(]/’ ,U,),
say. If r = O(y/7) and € = 2u/v = O(1), then

(00) _ Ne(Wo—1)- - (Np—ptr42)
() = W=D -2 # T B e



- (1if(é))w1((1+0(i))fV)T((HO(Z))M)T
- (10 (Z)) e

Also, we have

<2(u—2)> 2v—4)2v—5)---(2v—-3—r)

r

Thus

wiun=(1+0(2) 52 (5 = (10(2)) =2

We will only need an upper bound on Pr(R > r) for large r. Let A be
the maximum vertex degree of G, ,. A straightforward application of the

“first-moment method” now gives

Pr(R>2r) < Pr(A>r) (3)
v—1\ pp—1)---(p—r+1)
e

INA
Py
<
3|
—_
N—
=
VS
=
N——
%

< V(u;;nf (y:)’"

-2 (@
It now follows easily from (2) and (4) that
E(R) =2+ 0(1/v), E(R*) =2+48+0(1/v), (5)
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and more generally, for any fixed k, E(RF) = O(1). We will denote E(RF)
by rk.

In our analysis of the randomized greedy algorithm, we need to assume that
the average degree of the graph “remains bounded” as we select sufficiently
many edges. Suppose that at a general stage of the algorithm we have v
vertices and ;v edges remaining, so our graph is G, ,. We wish to have a

constant cg such that 2u/v < ¢ if v is “large”. To make this precise,

Lemma 1 Let vy = [y/n/Inn]| and ¢y = 6 max{2c,1}. Then
Pr(3v > vy such that 2u/v > ¢) < exp(—Vnlnn)

for all large enough n.

Proof Let £ be the event that there exists any induced subgraph G, ,
of Gy, such that 2u/v > ¢y and v > vy. Then clearly

e < £ () (%)
)T GE)T)

e (5 ()

IA

IN
N

AN
NE

IN
(1=
~—
s
~——
<
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(i)

- 25nInn
S e—\/nlnn’
for large enough n. This is clearly sufficient to prove the lemma. O

Remark 1 In fact, we can prove the following stronger result, using an
inductive method similar to the proof of Lemma 2 below. Let ¢y > ¢ and
0 < v < 1 be arbitrary constants. Then there exist positive constants A(cg, )
and (¢, cy,7y) such that the probability of having 2u/v > ¢y at any stage in
the algorithm is at most A exp(—/An?). We omit the proof, since this stronger
result is not true for all choice rules A in GREEDY. It fails, for example, for
that used in MODIFIED GREEDY.

3 _ £B+9

, = which
2(1+¢) Vo) 6(1+&)*
appear in the mean and variance of X, ,,, in the statement of Theorem 1. We

We turn now to the functions ¢(§) =

observe that these satisfy the differential equations

1-2¢-2¢(1+&) = 0, ¢(0)=0 (6)
—¢ =Y (1+€) +4(¢)° = 0, (0)=0 (7)

Note that ¢, 1) are “well behaved”, i.e. they, and all their derivatives, are

uniformly bounded on [0, 00). In particular ¢(co) = £, ¥(c0) = 0.

We now proceed to analyse the approximation which will enable us to prove
Theorem 1. Let g, m(2) = exp(n(z¢(2m/n) + 12*¢(2m/n))). We will show
that

Fagn(2) = o (2)(1 + O(n~2logn)), (8)
provided z = O(n~'/2). This will imply Theorem 1, that X, ,, is asymp-

totically Gaussian with mean n¢(c), variance ni(c), by a limit theorem on
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moment generating functions due to Curtis [1]. As we will see, the func-
tions ¢, 1) are chosen to ensure that g, , satisfies (1) up to terms quadratic
in z. Thus, let us choose ¢y = 6 max{2¢, 1} as in Lemma 1, and consider a
stage of the algorithm at which we have v > vy = /n/Inn vertices, u edges
remaining, with 2u/v < ¢y. Then

Lemma 2 For z = un~? (u # 0),
3 1) 1(2) = (14 O(2/)) g (2).

Proof We will estimate the sum

> e (Vs (€ Gu-2-1-1/ Gus)-

Using the quantities

e=mp, =220 gy

_9 V—Q(é—_l_r)’

we may write

Jr—2u-1-1(2) = exp((v — 2)(26(&) + 329 (&)))-

Using Taylor’s theorem, we may easily establish

6(6) = 0(©) + 6O 2 1= +0 (%) )
we) =@ +v©2e-1-n+0(L), (10

uniformly for £ € (0, ¢p). Thus, using (9) and (10),

ln(ezgu—Z,u—l—T/gu,u) = 2+ (v —=2)(2¢(&) + %ZQ'LM&‘))

— v(26(8) + 52°¥(6))
= 2(1-26(&) +26'(§) (€ — 1 — 1)) + 32°(—20(¢)
+20(€)(E —1- 1))+ 0(r*z/v). (11)
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Denote the right side of (11) by 7(r). Thus we wish to show that
S pe( e =1+ 0(2/v). (12)

We deal first with large r in the sum of (12). Specifically this will mean

r > n'/3, say. Note, since r < 2v, and z = o(1),
r?z/v < 2rz = o(r),
and hence 7(r) = o(r). Then, using (4),

S pe<n Y (gek)/rl =, (13)

r>nl/3 T>%n1/3

say, since the first term dominates the sum and its denominator dominates
its numerator. Thus large r do not effectively contribute to the sum in (12).

But now, if r < n'/3,
7(r) = O(rz) = O(n™'/%),

since z = O(n~/?). Thus we can expand (") uniformly over 7 in this region.

Therefore, using (13),

Zprer(r) — Z pre'r(r) + n—Q(n1/3)

r<nl/3

= 3 pll+2(1-26+2¢(€—1-7))

r<nl/3
+ 322+ 20 (E -1 —7)+ (1 =20 +2¢'(~1~1))%)
+0(r*2%) + O(r*z/v)] + n~ )

= 142(1-204+2¢'(E—1—7)) + 327 (-2 +2¢'(( — 1 — 7)
+ 3 (1 =26+ 2¢' (€ — 1 —1))%) + O(r3z°) + O(r2z/v),

(14)
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We will now examine in turn the coefficient of z, of %22 and the remainder
terms in (14). By comparison with (5), we have 7 = 2§ + O(1/v). Thus the

coefficient of z is
1—2¢—2¢'(1+ &)+ O(1/v) = O(1/v),
on using (6). Now, the summation in the coefficient of 12? involves

(1 =20 +2¢'(§ — 1 —1))* = 4(¢')*(r — 2€)?,

on using (6) again. Thus the summation is

4(¢') 30 (r — 26)pr = 8€(¢)” + O(1/v),

T

on expanding the bracket and using (5). Thus the coefficient of 322 is, on

substituting for 7,
=2+ 29/ (€ — 1 = 26 + O(1/v)) + 8(¢')* + O(1/v) = O(1/v),
in view of (7). Finally, for the remainder terms,
O(r3z%) = O(2%) = O(z/n) = O(z/v), O(r?z/v) = O(z/v),

using z = O(n/?), v < n and the boundedness of r* for fixed k, (r* is
defined immeditely following (5)). Combining these results we see that the
right side of (14) is (1 + O(z/v)), completing the proof of the lemma. O

We are now in a position to prove Theorem 1. Applying Lemma 1 we can
assert that the event 2u/v > ¢ will rarely be encountered during the algo-
rithm until v < vy = 4/n/Ilnn. We may therefore use an “approximating”

stochastic process X',,,u, defined for 0 <v <n,0 < p < (’2‘) as follows,

v = 1+ XU—Q,,LL—I—R if 2/,6/1/ S Co, and v > L,

= Y, , otherwise,
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where R is an independent random variable with distibution p, (v, 1), and Y, ,
is a Gaussian random variable with mean v¢(2u/v), variance vy (2u/v). We
can think of this as running GREEDY until v < v or possibly 2u/v > ¢y and
then adding Y, , to the edge count in place of the number of edges found by
GREEDY on the remaining G, ,. Note that Y, , is the constant zero if 4 =0
in view of the initial conditions in (6) and (7). Clearly, f,,(2) = E(e*Xvr)

satisfies, for 2u/v < ¢y and v > vy,

Let now & refer to the event that in applying GREEDY we reach a point

where v > v and 2u/v > ¢p. Lemma 1 tells us that
Pr(€) < exp{—Vnlnn}.
Now let
Xnm = Xr(zar)n + Xflbzn

where X,(L“T)n counts the edges added before v < 1. Define a similar decom-
position for X,,,, except that if £ occurs then X,,, = )N(,S“g and otherwise

X,% =Y, where v < 1. Then dropping the subscripts n, m,

E(e*X) = B(eX")E(E*")
= (1+0(1)E(e™*™)
since X® < .

Similarly

E(eX) = (14 o(1))E(eX").
But
E(eX”) = B | €)Pr(€) + E(eX™ | &) Pr(€)
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= O(e V" /2) L B(e*X" | £) Pr(€),
since X = X(@ if £ does not occur,

= (1+0(1))E(X™).

Therefore E(e*X) ~ E(e*X). Hence it is sufficient to show that the asymp-
totic distribution of Xv,u is as described in Theorem 1. But this is now easy.

Let us prove by induction that f, ,(z) = E (e¥Xvn) satisfies

e~y (2) < fu(z) < etClhvg, (2), (16)

for some constant C; > 0. If 2u/v > ¢, this is true by definition. Otherwise
if v < 3, say, then u < 3 and hence g, (%), E(e**v#)are both ¢°). Hence,
by suitable choice of Cy, (16) will be true for » < 3. Now, for v > 3, from

Lemma, 2 there is a constant Cy such that
6_C2Z/Ugyyu(z) S 62 Zpr(l/, M)gu*27“7177‘(2) S e+CZZ/VgVaN(Z)
T

We will assume without loss that C > %02. Hence, by induction, for v > v,

and 2u/v < ¢o we have (see (15)):
fu,u(z) = ¢ Zper—Q,u—r—l

O Y g ()
T

+C1z1n(v—2) e+C'22/V

IN

VAN

e gv,u(z)
exp(+Ciz(In(v — 2) + 1/2v)) g, .(2)

e—I—Clzlnu

IN

IN

gv,u(z)-

Similarly f,,,“ > e Gzlnvg  (2), proving (16).

But, putting v = n, 4 = m in (16) gives (8) and completes the proof of

Theorem 1.
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3 Greedy on random trees

We will devote this section to the proof of Theorem 2. Our first task is to
prove the claims about the mean and variance of Y,,, the number of edges in

the matching produced by GREEDY on a random tree. So for n > 1 let
falz) = E(z™)
denote the probability generating function for this random variable and let
Qk,dy={aclk—1" a1 +ay+...a0 =k — 1}.

The deletion of the edge e = {u, v} chosen in statement A produces two trees,
one containing v and the other v. If the degrees of u and v in those trees
are d and 0, respectively, after deleting the edges incident to e in the original
tree, two forests of trees will be left, of sizes a € Q(k,d), b € Q(n — k,9)
for some k,d,d, where the sub-trees with sizes in a,b are associated with
different endpoints of e. Let 7(a, b) denote the probability of the occurrence

of a particular unordered pair a, b.

Now let
1 n\ (k! & qor—1 (n—k)! & bt
b - - v r s
plab) = Gy <k> (d!}_l a,! )( 5! 1;[1 b!
= p(b,a)
Then for n > 2
7(a,a) = '0(0;’ a)

and

_ pla,b) + (b, a)
2

17



for a # b.

Explanation: there are (n — 1)n"~2 (tree,chosen edge) pairs in total; (Z)

counts the choices for a set K of k vertices; k& counts the choices for a vertex

u € K; (k;!l)! ¢_, L5 counts the ways of partitioning K\ {u} into the subsets

!
of cardinalities a € Q(k, d); [1%_, a® ! counts the number of ways of forming
trees of sizes ai, as,...,aq and designating the vertices (roots) in the trees
which will be attached to u; the final factor in p(a, b) is constructed similarly.

When a = b there is a double counting but there is none when a # b.

Now, the deletion of the edge e, chosen uniformly at random, produces a
forest of random trees, which—conditioned on their vertex sets—are indepen-

dently uniform. So, in distribution,
d 5
Yo, = 1+ZYM+ZY;U
i=1 j=1

where the variables on the right side are independent.

It follows then that we have for n > 2

n—1 co oo

P d )
FO=3EYS Y S e @I AE 07

k=1d=06=0 acQ(d,k) beQ(s,n—k)

We can simplify the above expression by introducing two bivariate generating

functions )

n=1 n:
and ,

G(z,2) = Z n J:”(z)x”

— n!

Observe that
0
F(z,2z)= $%G($, z)



We multiply (17) by Mw and sum from n = 2 to co. The left side
becomes F'(x,z) — G(x,z). The right side becomes

0 1 & Jbbg

F(EiE £ A0 (£15 5 1% A0

k=1a€eQ(d,k) r=1 k=1beQ(d,k) s=1

_ % (g:o %F(x,z)d) (gjo %F(w,zy) :

So we have the equation

F(z,z) — G(z,2) = % exp{2F(z,2)}. (18)
Even though the equation appears to be extremely hard to solve in a closed
form, it is ideally suited to determine (asymptotically) the mean and variance
of Y,,. For example we will first use it to derive a differential equation (23) for
E(x) in terms of T'(z), the tree function ([11]) defined for |z| < e™!, which
is easily solved (24). Using Cauchy’s formula, we can now write E, as a
contour integral which we can then estimate. Now for the details.

Let E, = E(Y,) and

[e] nn—l

n=1

Since E, = f!(1) we have

and if E(z) = X2, En%fm" = 9% (1 1) then

Also




the tree function referred to above. It is well known that
T(z) = zeT@), lz] <e! (21)
and so

dar  T(z)

dr = 20— T@)’ lz| < e . (22)

Differentiating (18) with respect to z gives

OF 0G _ ,p (2> , OF

Putting z = 1 and using (19)-(21) we obtain

x 2 dz
or . ,
dt. -~ T
— 2 - —_
z(1—-T7) . E 5
and on using (22)
dE - T?
TA+T)— — E=—. 2
(+n% - B=" (23)

Now E(0) = T(0) = 0. Solving (23) with this initial condition gives

2
E-_1
21+17)
We then apply (20) and (22) to obtain
2
B T*(T +2) (24)

20+ T)2(1-T)

Thus
n! 1 T*(T + 2) dx

~ 1 2mi Jo 2(1+ T)2(1 — T) gt

Ey,

20



where Cj is a circle of small radius (less than e™*

around the origin in the
complex z plane). We now make the substitution x = te~* and work in the
complex t plane. (Since Cy has a small radius the transformation is well
behaved.) Cancelling (1 — ¢) in the denominator and in dz = (1 — t)e 'dt,

we arrive at
n! 1 24+ 2t e

" o Jo, 21 +1¢)2 ¢
where now C'; is a simple contour around the origin in the complex ¢ plane

(25)

which does not enclose the point ¢ = —1. To estimate the integral, we use

an identity

k

_ 1 t—=1* . k i V!
I’“_%/cl =2 ;)= (n—i—1)!

i=0
which follows from

1 nt m—1
—/ e—dtzniformZI.
2mi Joy t™ (m—1)!

Putting uy = n,’f—lllk we find in particular that
5 6
up =mn;ur = —lLjug = -1+ —ju3 = — — —. (26)
n n o n
Suppose now that C' is the circle of radius 1 around the origin and £ is fixed.

On putting ¢ = e

2mi

1 — 1)k ™
/(ttin)e"tdt‘ - 0(/ It 1et |1 — 1]+ do)
C -7

— O(en /07r e—n(l—cosﬂ)gkzde)

since [1—e?| < |0]. Now 1—cos# > 6?/4for @ < 3/2 and 1—cosf > 1—cos 3/4
for 3/4 < 6 < 7 and so substituting v = 6/n we obtain

2T tn 0

1 t—1)* o0 2
_/ ( ) entdt‘ — O(enn—(k+1)/2/ e U /4ukdu)
(&
= O(e"n~k+1/2), (27)
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Hence
up, = O(n~ *k-1/2),

It is easy to see that (27) remains valid if C has a circular dent of a sufficiently

small, but fixed, radius at t = —1. We return to (25) and expand the function

242t

2(1+1) around ¢ = 1 to obtain

?+2t 3 t—1 3(t—-172 (t—-172 (@(t—-1)*2t+3)

21+0? 8 8 32 16 32(t +1)2

Integrating over the dented C' and using (26), (27) we obtain

3 1 3 1
E, = guo—i-gul——32uQ+—16u3+0(n_1)
3 1 .

(Note that (f_ﬁi’g is bounded on the integration contour.)

We now estimate the variance of Y,,. So let

Vn = E(Yn(Yn - 1)) = f'rlzl(l)a

00 n”_l 62F
V = Vn "= 51 ’
(z) ngl n! v 0722 (z,1)
and
[e%9) nn—2
V(z) =) Va—a"
n=1

_ .av
so that V = T

Differentiating (18) twice with respect to z gives

2F  0°G  ,p (. ,0F ., (0F\® , 8°F
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Putting 2z = 1 we obtain

av - dv

which becomes on using (22)

v -
T+ T)d—T ~V =2T°E(E +1). (28)
The boundary condition for V comes from V3 = 0 (Y = 0 always.) Integrat-
ing (28) gives

2T T
=T E(T)(E(r) + 1)dr

_ T*(6T*+13T + 8)
120 -T)(T+ 1) (29)

<
Il

Now

|
Vo, = n—/vd:r
Co

nn—l 211 xn—l—l

1—t. e™
= —V—dt
nn=12mi /01 /

n! 1 dV et
= — ——dt. 30
n" 127 Jo, dt 7 (30)

It follows from (29) that

dv 9 _@+11(1 — t)+(t — 1)2(44¢* + 211¢% + 333t% + 223t + 41)
dt  64(1—1t)2 384 96 384(t + 1)°

(The absence of a term (1 —¢) ! is crucially important.) Now

1 1 et n et
REY SN S
2mi Joy (1 —1t)2 tn 2mi Jo, tntt

n+1

n!
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where the first equation comes from integrating by parts. Thus using (26),
(27) and (30) we obtain

1
Vo = gn2 + ﬁn +O(1).

Now
Var Y, =V, — E> + E,

and the expression for Var Y,, in the statement of Theorem 2 follows.

The equation (18) can be used in principle to find the higher moments of Y.
Fortunately, there is no need for these increasingly arduous computations.
Once we have established asymptotic linearity of the mean and variance, the
asymptotic normality of Y;, follows from the recurence (17) for the moment

generating functions (cf. Mahmoud and Pittel [7].) For u € R let
gn(u) = E(e"™)
be the moment generating function (m.g.f.) of ¥;, and
hi(u) = exp{Enu + sW,u?}

where

W, = Var Y,.

hn(u) is the m.g.f. of a normal variable with the asymptotic mean and

variance of Y,,. In particular for n fized and u — oo
gn(u) = hy(w)(1+ O(u?)). (32)
We must show that if u = O(1/4/n) then g, (u) = h,(u) as n — oco.

For 2 <v <nlet

Q= U UQF,d) xQ(,d)).

k+l=v—2d,6
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Then, see (17),

gu(u) =e" > (a, b)I:IIQaT(U)I:IIQbS(U)- (33)

u,bEQV
Substituting (32) in (33) we obtain

gu(u) = Z m(a,b)T(v,a,b)(1 + O(u3)) (34)

a,beN,

where

T(v,a,b) = €* H ha, (1) H hy, (1)

r=1 s=1

d
|A1(Vaaa b)| = |1+2

T

5
Eo, +) Ey, — E,|

s=1

= hy(u)exp{uli(v,a,b) + su’As(v,a,b)}, (35)
1

< Ai(d+9)
for some absolute constant A,

and similarly,

d [
|A2(V’a:b)‘ = ‘ZWGT+ZWbS_WV|
r=1 s=1
< Ai(d+9)

Now (34) and (35) imply that as u — 0

g,(u) = hy(u) Y w(a,b)(1+ul; + %uQ(Af + Ay)) (1 + O(u?)).

a,bEQu

Comparing with (32) we obtain two identities for E,,, W,,(m > 2):

> 7(a,b)Av(v,a,b) =0, (36)

a,beQ,
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> w(a,b)(A (v, a,b) + As(v,a,b)) =0. (37)

a,beQu
From now on let u = v/4/n where v is a constant. Then consider

oo(u) = > 7(a,b)7(v,a,b)

a,be,
= T + T2,

where

T = > 7(a,b)7(v,a,b).
d,0<+/n/logn
The degree sequence of a random tree di,ds,...,d, is such that
di—1,dy—1,...,d,—1 have the joint distribution of the occupancy numbers
in the uniform allocation of v — 2 distinct balls in v distinct boxes (see e.g.
Moon [11]). So in particular d; has distribution 14+BINOMIAL(v — 2,1/v).

Thus,
6
= exp{—Q(y/nlogn)}.

But for u = O(1/y/n), 7(v,a,b) = e°V™ and so

vl
=
S
AV

SH

[l

|
j
~

o
(05
3

—_—

IA

m = e9VMPr(dor § > d)
= exp{—Q(y/nlogn)}.
Now if d,0 < \/n/logn then uA; = O(1//logn),i = 1,2, and so
T(v,a,b) = hy(u)[1+uli(v, a,b)+ su* (A (v, a,b) + As(v, a, b)) + R(u, v, a, b)]

where

\R(u,v,a,b)| < Aslul*(d+6)?
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for some absolute constant A,. Applying (36) and (37) we obtain

o,(u) = hy(u) > w(a,b)(1+ uli + 3u* (AT + Ay) + R)
d,0<+/n/logn

+h,(u) > w(a,b)exp{ud; + tu*A,}
REST

= hy(u) +h(u)> 7(a,b)R
+h,(u) Y 7(a,b)(exp{ul; + 2u”As} — (1 +ul; + Ju’(A] + Ay)).

Now the second sum is h,(u) exp{—(y/nlogn}.

Also, where d,,,; is the maximum degree of a random tree,

S c@hR < Y @R
d,0<y/n/logn d,0<+/n/logn
A’ Y 7(a,b)(d+6)°
d,0<y/n/logn
Ay’ > w(a,b)(d+6)?

d,0eQ,
8A2 U3E(d3 )

max

IA

IN

IN

< Asud(logn)?

by an easy computation. Thus for some A4 > 0,

- {_A4(logn)3} g J,,(u; < oxp {A4(logn)3}'

n3/2 ,(u n3/2

It is precisely because of the possibility to bound this ratio without having
to take absolute values first, that we work with real u, avoiding the complex

valued characteristic function.
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We can now easily show that

Ayv(logn)? g (u) Ayv(logn)?
exp { ~HATERL | < S < o {0

We proceed inductively, starting with go = hy, to get the base case. Then by
(33)

d J ogn)?
E() < e ¥ w(a,b)l:Ilhar(U)[[lhbs(u)exp{fh(:bai/i)(dj%)}

a,beR,

< e {2501 -]

and we have our upper bound for g,/h,. The lower bound is proved similarly.

Setting v = n, we have finally

E(e"™) = exp

3

—N—
w

Substituting u = v//n we see that

E(ev(Yn—(ES/S)n)/\/ﬁ) — ev2/192+0((logn)3/\/ﬁ)

_3
for every real v and so Yo \/;fn converges to N (0, %), together with all its

moments, and the proof of Theorem 2 is complete.

To illustrate the power of this result, notice that it leads, for instance,to an
asymptotic formula for E(Y;?), exact up to a remainder O(n%2). A direct
computation would have required plenty of work, without giving a clear idea

of why the final result is so simple.
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4 Modified Greedy on G,

Here we give the proof of Theorem 3. In fact, the method of proof of Theo-
rem 1 carries over with only minimal changes, so we will elaborate only the
points of difference. The notation will correspond with that in Section 2. We
will use “hats” to indicate quantities which differ from their counterparts in

the proof of Theorem 1.

Most importantly, of course, we have a different distribution for R, the num-
ber of edges deleted at each step. Here it is possible that no edge is deleted,
since the random vertex choice may select an isolated vertex. We could of
course avoid this but it is convenient to allow it in order to simplify the anal-
ysis. Thus we must allow R=-1. (Recall that the number of deleted edges
was R+ 1.) We will determine the distribution of R. Clearly

()
()

For R > 0, suppose that the first vertex selected has degree r; +1 > 0, and

Pr(R=—1) = (38)

its chosen neighbour has degree 79 + 1 > 0. There are

v—1 v—2
1 + 1 T2
ways of selecting the (r;1+72+1) edges attached to the chosen pair of vertices,

and then ( o ) ways of selecting the rest. Thus

p—ri—r2—1

PI(R =r) = Z (?‘1:-1) ( rs )(u—r—l)

RN )
L) s () e
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SEGER)() o

o

where, in the last equality, we have made use of the simple combinatorial
identity known as Vandermonde’s Convolution. Thus, using approximations

similar to those leading to (2), we obtain

Pr(R=-1) = e ¢(1+0(1/v)) (41)
R §T+1(27‘—|—1 _ 1)6726 9
Pr(R=r) = 1) (I1+0(r*/v)) (r>0) (42)

From these we may obtain by straightforward computations
E(R) = 2 —&e $+0(1/v), B(R’) =46 *+26—Le *+0(1/v). (43)

provided that £ = O(1). We now let g, ,(z) = exp(u(zé(?u/u)—i—%z%ﬁ(Zy/u))),
and we will derive the differential equations analogous to (6) and (7) which
qg,ﬁ must satisfy. We will show later that (in the complex domain) these
functions are analytic on an open region containing the nonnegative real
axis. Hence they and their derivatives are uniformly bounded on the interval

[0, ¢o]. This will justify the Taylor expansions (c.f. (9) and (10))

&) = () + 02 —1-n) +0 (1) (44
ite) =i+ 0% -1-n+0(5). (49

Hence (c.f. (11))

In(€*Guzpmi—r/Guvyu) = 2(1—20(€) +2¢'(€)(E—1—1)) + 32°(—29(€)
+ 21[1'(5)(5 —1-r)+ O(T‘zz/l/). (46)
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A similar calculation leads to

(G- 1,0/ o) = 2(£0' () — B(€)) + 222(EW'(€) — ¥(€)) + O(z/v).  (47)

Now (c.f. Lemma 2) we must examine

ﬁ—l(.@u—l,u/gu,u) + Zﬁr (ezgqu,,uflfr/gu,u)-
r>0

As in the proof of Lemma 2, we may ignore r > n!/® in this sum. (Note
that the estimate in (4) remains valid here.) Then we expand uniformly for

r < n'/3, giving

Poa(L+2(60" — @) + 222((€¢' — 8)* + (&4 — ) + O(z/v))
+Y p (1421 =20 +2(6 = 1=1)¢) + 522((1 — 20 +2(£ — 1 —1)')?

r>0

=20 +2(6 = 1= r)Y') + O(r’z/v)) (48)

We need this quantity to be (14 O(z/v)). The conditions for this are clearly

that the coefficients of 2z and 22 in (48) must be zero. The coefficent of z is
(€D~ 9) + (1 —e7) (1 — 20+ 264) — 20'E(R).
Equating this to zero, substituting for E(R) using (43) and rearranging gives

1—et
2—e ¢

A

£+ =

(49)
Similarly, the coefficient of 2? is

e (60 = 9)* + (&' = ) + (1 = € *)((1 = 20 + 264)* — 20 + 2¢¢)
—4(1 - 29 + 264 )<15 (R) +4E(R)(¢)* — 20'E(R)
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Again equating this to zero, substituting for E(R), E(R?) using (43) and

rearranging gives

€+ = (- 22+ (e —
_ £2,-¢ _ A N A
G TR b oy g1 — 26 + 26)0

(50)

We have the initial conditions ¢(0) = ¥(0) = 0. Equation (49) clearly has
solution
- 1 61 —e"

1 -
$6) = ¢ [} gomsin = 5p(€ (2~ ) (1)

as claimed in the statement of Theorem 3. Now consider (50). If its right

hand side is denoted by u(€), then it is clear that u(0) = 0. Then (50) has

the solution
“ 3
=L [ o
& Jo

such that $(0) = 0. Also, ¢)(co) = 0 since [ u(z)dz converges.

The rest of the proof of Theorem 3 follows closely the lines of that of Theo-

rem 1, as the reader may check.

5 Modified Greedy on random trees

We now consider the proof of Theorem 4. The proof is similar to that of
Theorem 2 and so we will give somewhat fewer details. We use the same
notation as that in Section 3 except that we will put a ~ over the corresponding
quantity. Then as in equation (17) we have, for n > 2,

n—1 oo oo d [
HCEEI 33 DD IR} EX0)) €0

d=06=0 a€Q(d,k) beQ(S,n—Fk)
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where now

o= (120 2 3 (G ) (5 2 15y ),

v=1 w#v s=1

1

Explanation n"~' counts (tree, chosen vertex) pairs; v denotes the chosen

vertex; vw is the chosen edge; having fixed v, w there are (2_1

the vertices of the trees attached to v; in the tree in question v has degree

) choices for

d+1 and m is the probability that vw is the chosen edge. The remaining

terms count the number of possible forests on the remaining vertices.

Putting

Fz,z) = iwxn

— n!
_ +<§( f? QE [ Al ar—fm )

(ili 5 ﬁb”s-lfbs() )

k=1beQ(,k) s=1

we obtain the equation

or

F? = 2F + £L‘22(62F - ep). (52)

Unlike GREEDY, this is not a differential equation! As a partial check, set
z =1 and notice that F'(z,1) = T(x), so that (53) becomes

T? = 2T + 2%(e*T — &T).
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This is certainly correct since T = ze”, see (21). Differentiating (52) with

respect to z gives

ZF%—z = x%— + 2%(e*F —ef) + acQ,zg—Z(QezF ef)
or ) )
8F 2(,2F _ _F
oF __ a(e —e) (53)
0z 2F —x — 222(2e2" — eF)
Now
F(z,1) =T(z)
and . .
oF - = 5 N
where
E, =E(Y,).
So putting z =1 in (53) we obtain, using (21), that
5 22(e2T — €7)
2T — x — x2(2e?T — eT)
T —Te T
= . 4
2—-eT)(1-T) (54)
Thus
b n! L/ T—-Te T dz
T 2w o, (2—eT)(1 = T) it

n! 1 1—ete™
_ ol
n" 1275 Jo, 2 — et tn

Here Cj is a circular contour in the x plane, of radius less than e *.(Notice

that |2 — e~7(®)] is bounded away from zero in the closed disc |z| < e7'.)

As for C}, it consists of two circular arcs L; and Ly , where L; = {t = ¢ :
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S

< 0 < Z, and L, passes through the points e**"/2 and the point ¢, on
the negative real line, such that —In2 < ¢, < 0. The contribution of L,
to the value of E, is of order O(n3?(elto|)™™), which is exponentially small,

provided that |ty is sufficiently close to In2 (because eln2 > 1.) We now

expand ;:Z:z around ¢ = 1 to obtain
1—et e—1 e e(2e +1)
= t—1)— —— 2 (t—1)?
2—et 26—1+(26—1)2( ) 2(26—1)3( )
e(4e? + 8e + 1)

(t—1)°+(t—1)"(t)

6(2e — 1)4

where ¢ is bounded on L.

While integrating the first four summands we can, and do, extend the integral
over the whole unit circle making an exponentially small error. So using (26)

and (27) we now obtain

R e—1 e e(2e+1) e(4e* 4+ 8e + 1) 1
E = — _
" e T Gem 1 T 2o 1 2T pe—1) B TY ( )
e—1 3e — 2¢? 1
- ()
2e—1"  2@e—1p 7 \n (55)
as claimed.

We continue by estimating Vj, = E(Y,(Y, — 1)). Differentiating (52) twice
with respect to z gives

2

R -
2(8—F> +F8—F

Putting z = 1 and using (21) we obtain

A

2F2 42TV = 2V +22(2e% — ") (2E 4+ V) + 22E?(4e*" — €T
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= Te 'V +T?2-e2E+V)+ E*T*4—¢7)

where V =V (z) = ¥, Vn";;—jlzc”
Thus 2 12 T 21 T 2
N T“E“(4 — e~ 21“F(2 —e ') —2F
T(1-T)2—-eT)
Also, as in (30),
. nl 1 1—t.e™
Vo= / ST g 57
n12riJo, t tn (57)

It follows from (54) and (56) that in terms of ¢

+a(1—t)+(t—1)6(¢)

1_tV—(6_1>2 1 1 —5e + 17e? — 20e3 + 8¢
B (

i 2e—1) (=02 2e 1)

where « is an absolute constant and /3 is bounded on Cj. Thus, using (26),
(27) and (57)

n+O(1).

n

0 (6—1)2 , 1 —5e+17e? — 20e3 + 8e*
= n
2e —1 (2e — 1)*

Using this and (55) we obtain the variance estimate given in the theorem.

We finally consider asymptotic normality. Fortunately, no work is needed. If
we examine the proof of asymptotic normality in Theorem 2 we see that all
we need do is replace 7(a,b) by 7 (a,b) throughout to obtain the result for
MODIFIED GREEDY.
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