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Abstract

Let HP, 1 be drawn uniformly from all m-edge, k-uniform, k-partite hypergraphs where
each part of the partition is a disjoint copy of [n]. We let H Pé';)%k be an edge colored version,
where we color each edge randomly from one of x colors. We show that if Kk = n and m =
Knlogn where K is sufficiently large then w.h.p. there is a rainbow colored perfect matching.
Le. a perfect matching in which every edge has a different color. We also show that if n is even
and m = Knlogn where K is sufficiently large then w.h.p. there is a rainbow colored Hamilton
cycle in G&"Qn Here G%nzn denotes a random edge coloring of G, ,,, with n colors. When n is
odd, our proof requires m = w(nlogn) for there to be a rainbow Hamilton cycle.

1 Introduction

Given an edge-colored hypergraph, a set S of edges is said to be rainbow colored if every edge in
S has a different color. In this paper we consider the existence of rainbow perfect matchings in
k-uniform, k-partite hypergraphs and Hamilton cycles in randomly colored random graphs.

Let Uy,Us, ..., U, denote k disjoint sets of size n. Let Hpr(fy)nk denote the set of k-partite,
k-uniform hypergraphs with vertex set V. = U; UUs U --- U U, and m edges, each of which has
been randomly colored with one of x colors. The random edge colored graph H P" s sampled

n,m,k
uniformly from 7-[777(;{73I .

In this paper we prove the following result

Theorem 1.1. There exists a constant K = K (k) such that if m > Knlogn then

lim P [HP")

e contains a rainbow perfect matchmg] =1.
n—00 1T

This result is best possible in terms of the number of colors n and best possible up to a constant
factor in terms of the number of edges.

We get the corresponding result for k-uniform hypergraphs H M) " for free. Here the edge set

kn,m,k

of H ,gz)m ;. 18 a random element of (([Z]) ) and each edge is randomly colored from [n).
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m,k contains a rainbow

Corollary 1.2. If m = Lnlogn and L is sufficiently large then w.h.p. H,gz
perfect matching.

Proof. We simply partition [kn| randomly into k sets of size [n]. Then we apply Theorem 1.1 with
K = L/k*. O

When k = 2 the result of Theorem 1.1 can be expressed as follows:

Corollary 1.3. Let A be an n X n matriz consructed as follows: Choose Knlogn entries at random
and give each a random integer from [n]. The remaining entries can be filled with zeroes. Then
w.h.p. A contains a latin transversal i.e. an n X n matricx B with a single non-zero in each row
and column, such that each x € [n] appears as a non-zero of B.

We can use Theorem 1.1 and a result of Janson and Wormald [5] to prove the following theorem
on rainbow Hamilton cycles: Let Gﬁ{?}n denote a copy of G, in which each of the m edges has

been randomly colored with one of n colors.

Theorem 1.4. There exists a constant K such that if m > Knlogn then with high probability,

Aim [P [Gg”)n contains a rainbow Hamilton cycle} = 1.

neven

When n is odd we replace m = Knlogn, by m = wnlogn, where w — oo arbitrarily slowly.

The result for n odd is surely an artifact of the proof and we conjecture the same result is true
for n odd or even.

Previous results in this area have concentrated on the existence of rainbow Hamilton cycles. For
example, Frieze and Loh [4] showed that Gg% contains a rainbow hamilton cycle w.h.p. whenever
m o~ %nlog n' and k ~ n. This result is asymptotically optimal in number of edges and colors.
Theorem 1.4 resolves a question posed at the end of this paper (up to a constant factor) about the
number of edges needed when we have a minimum number of colors available. Perarnau and Serra
[7] showed that a random coloring of the complete bipartite graph K, , with n colors contains
a rainbow perfect matching. Erdds and Spencer [2] proved the existence of a rainbow perfect
matching in the complete bipartite graph K, , when no color can be used more than (n — 1)/16
times.

2 Outline of the paper

The proof of Theorem 1.1 is derived directly from the proof in the landmark paper of Johansson,
Kahn and Vu [6]. They prove something more general, but one of their main results concerns
the “Schmidt-Shamir” problem, viz. how many random (hyper-)edges are needed for a 3-uniform
hypergraph to contain a perfect matching. In this context, a perfect matching of a 3-uniform
hypergraph H on n vertices V' is a set of n/3 edges that together partition V.

"We write A, ~ By, if A, = (14 0(1))B,, as n — 00



There is a fairly natural relationship between rainbow matchings of k-uniform hypergraphs and
perfect matchings of (k + 1)-uniform hypergraphs. This was already exploited in Frieze [3]. The
basic idea is to treat an edge {u1,ug,...,ur} of color ¢ € C as an edge {uy,us,...,ux,c} in a
(k + 1)-uniform hypergraph H with vertices V U C' and edges in (Z) x C. Then, assuming that
|V| = k|C| we ask for a perfect matching in H. Here we would take V = [kn]| and |C| = n and
construct H randomly. The “fly in the ointment” so to speak, is that we cannot have two distinct
edges {u1,ug,...,ug,¢;},i = 1,2. This seems like a minor technicality and in some sense it is.
We have not been able to find a simple way of completely resolving this technicality, other than
modifying the proof in [6].

Remark 2.1. This technicality does not cause a problem for k > 3. Consider the corresponding

independent model in which each possible edge is included with probability p. If p = O (:ﬁiﬁ)

then the probability that there exists a pair of edges {ui,ug,...,ug,c;},i = 1,2 is bounded by
O(n**+2p?n=2) = O(n**log?n) = o(1). Our choice of p here, is near the end of the process of the
edge removal process of [6] and we could start our proof there. So, the only difficulty is with k = 2
and this is where we started our research, with rainbow matchings of random graphs. Also, k = 2 is
the value of k that is needed for Corollary 1.3 and Theorem 1.4. Furthermore, the proof for k > 3
s no harder than that for k = 2.

We slightly sharpen our focus and consider multi-partite hypergraphs. Let K, j, be the complete
k-partite, k-uniform hypergraph where each part has n vertices. Its vertex set V is the union of k
disjoint sets Uy UU2U- - -UUy, each of size n. We let the edge set of K, be V =V}, = Uy x--- x Uy,
HP, ,, is obtained by choosing m random edges from V.

Our approach, taken from [6], is to start with a random coloring of the complete k-partite
hypergraph K, ;. Denote this edge colored graph by Kinlz We show in Section 3 that w.h.p.

Kflnlz has a large number of rainbow perfect matchings. We then randomly delete edges one by
one showing that w.h.p. the remaining graph H;, after ¢ steps, still contains many rainbow perfect
matchings. Here we need i < N — Knlogn where N = n* and K is sufficiently large.

We let ®; denote the number of rainbow perfect matchings in H; and consider & = 1 — qf_il.
If we can control the sequence (&;) then we can control the number of rainbow perfect matchings

in H;. It is enough to control S; = >, &;. We will let w;(e) denote the number of rainbow perfect
matchings that contain a particular edge e € E;, the edge-set of H;. S; will be concentrated around
its mean if we show that w.h.p. the maximum value of w;(e) is only O(1) times the average value
of w;(e) over e € E;. This is the event B; defined in (4.7). Proving that B; occurs w.h.p. is the
heart of the proof.

In Section 4.4 there is a switch from bounding the ratio of max to average to bounding the
ratio of max to median. It is then shown that it is unlikely for the maximum to be more than twice
the median. Entropy and symmetry play a significant role here and it is perhaps best to leave the
reader to enjoy this clever set of ideas from [6] when he/she gets to them.

Once we have Theorem 1.1, it is fairly straightforward to use the result of [5] to obtain Theorem
1.4. This is done in Section 5.



3 The number of rainbow perfect matchings in Kénlz

To begin, we will show that the number of rainbow perfect matchings in Kénlz,

with its edges
randomly colored by n colors is concentrated around its expected value.

Lemma 3.1. Let CI)(KT(Lnk)) represent the number of rainbow matchings of Kflnk) Then w.h.p.,

Proof. Let X be a random variable representing the number of rainbow matchings in Kr(lnlz Then

there are (n!)*~! distinct perfect matchings and each has probability 7% of being rainbow colored.
Hence,

E[X] = (n)t—1 x ™ — ()" (3.1)

nn nn

We use Chebyshev’s Inequality to show that X is concentrated around this value. It is enough to
show that
E[X?] < (1+0(1)E[X]?.

Given a fixed matching M with ¢ edges, let N, represent the number of matchings covering the
same vertex set as M but are edge disjoint from M. Then inclusion-exclusion gives

Now, suppose we have an integer sequence A = o(v/¢) and A — co with £. Then the Bonferroni
inequalities tell us that

N1 (1) Nt (1)
(1N g (1+o(1) < Ne < (£) ZM(H) (14 0(1)). (3.2)
i=0 i=0

So as long as £ — oo,
Ny = ()1 (e jmg + L3 + 0(1)) .

Then we have

E[X?] = Z(n!)’“’1 (Z) Nn,gi! (T;;_i)'

nn
(=0
& n!
=E[X] Z WNn—Z
=0
logn n
=0
- n!
+ E[X] Z WNn—Z (3.4)
t=logn



We now bound (3.3) and (3.4) in turn. We have that (3.3) is equal to

logn
_ 1+o(1
E [X]2 (6 1:H_k:2 + ]]‘k23 + 0(1)) Z Mk(g)
=0

=E[X]? (e‘l]lkzg + L3+ 0(1)) (elp=s + Lgz3 + 0(1)) = E (X% (1+0(1))

It remains to show that (3.4) is o(E [X]?). We split this sum into 2 parts. First, using the trivial
bound on N,,_; < ((n — £)!)*~1, we have

1 nlogn n—logn E
(557 BN X e = > e

{=logn {=logn
n—logn E

< ) AT (n — )Nk (3.5)

{=logn

Since in this range, both ¢ and n—/{ approach infinity with n, we may apply Stirling’s approximation
to all factorials to get that for some constant ¢, (3.5) is at most

n—logn 6(lc—l)n (n_g)(kfl)(n*€+1/2)
CHZ n’ £4+1/2 n—1)(n+1/2) e(k—1)(n—0)
ogn
n—logn ek Y
<o 3 ()
l=logn

ek logn
< = .
<cn <logn) o(1)

For £ > n —logn we bound N,,_y < (log ) ((logn))*=! and then we have that for some constant ¢,
(3.5) is at most

& nt n e - 2" - (logn)kloen
S — 1 N1 < dlogn - =o(1).
Z (n!)k-1 <logn) ((logn)))™" < 'logn (n —logn)! o(1)

{=n—logn
This completes the proof of Lemma 3.1. O
We will need the Chernoftf bounds:
Fact 3.2. Let X be the sum of independent Bernoulli random variables and let E [X] = p. Then
Pl|X — u| > ep] <2e —<u/3 0<e<l1.
P[X > au] < ( ) a > e.

4 Proof of Theorem 1.1

Let the color set be C' (so |C| =n) and let ¢ : E(K, ;) — C be the random coloring of the edges.

Let

k
el,...,en, N=n



be a random ordering of the edges of K 7(:2, where we have used ¢ to color the edges of K, ;. Let

H, = Kr(lnlz —{e1,...,e;} = (V,E;). Here if H = (V, E) is a hypergraph and AC E,SCV,D CC
then H — A — S — D is the hypergraph on vertex set V' \ S with those edges in E \ A that are
disjoint from .S and do not use a color from D.

For a color ¢ € C, let cdp,(c) = |{e € E; : 1(e) = ¢}| be the number of edges of H; that have
color c.

4.1 Tracking the number of rainbow matchings

For an edge-colored hypergraph H, we let F(H) denote the set of rainbow perfect matchings of H

and we let
O(H) = |F(H)|.
Let Fy = F(H;) and @, = |F| and then if & = 1 — g% then
O3] b,
P, = Pp—s ... — Hn(1 — v (1 =
t=Pog g o(1—=&1)-(1—=&)

or
t

log ®; = log ®g + Z log(1 — &;).
i=1

where, by Lemma 3.1, we have that w.h.p.

(nh)*

log @ = log o (I+0(1)) =(k—1)nlogn —cin, (4.1)
where
0<c <k+1. (4.2)
Note that for a fixed perfect matching F' € F;_1, we have Ple; € F| = ﬁ Since a perfect
matching is in F;_1 \ F; if and only if it contains the selected edge e;, we have
n 1
El&] == < (4.3)

N—i+1~ Klogn’
fori <T =N — Knlogn.
Equation (4.3) becomes, with
bt =

)

N —t
N
t

Y Elg) = 2:7 =n (log N]it +0 (Nl_t» =n <logplt—|—0 (Nl_t» (4.4)

i=1

using the fact that Zf\il 1 =log N + (Euler’s constant) + O(1/N).

For ¢t =T this will give
_ Knlogn
pr = N



and so for ¢ < T we have

t

Z%- = —nlogp; + o(n) = (k — 1)nlogn — nloglogn + o(n). (4.5)
i=1

Our basic goal is to prove that if we define

t
A—%%@>@%—Zﬁ—@+&%,

i=1
then

P[A] <n X" fort<T. (4.6)
Using (4.1) and (4.5), we see that A; implies that

P, = |J—_~t| > enloglogn#»O(n)'

Thus taking a union bound over all ¢ < T, we see that (4.6) implies Theorem 1.1 since we may take
K as large as we like.

4.2 Important properties

We now define some properties that will be used in the proof.

If e = (x1,...,2,) and ¢ € C then wj(e,c) is the number of rainbow matchings of H; —
{z1,..., 2} that do not use an edge of color c. In particular if e is an edge, then w;(e, t(e)) is the
number of rainbow matchings of H; which use the edge e. We will usually shorten w;(e,(e)) to
wi(e) for e € E;.

In the following we define

w;(FE;
W@(EZ) = Z W@'(e) and ave.cp, Wi(e) — Zl(? l).
GEEi ‘ 7,|
Let
&:{MWHHMQSL:KW} (4.7)
avgecp, Wile)
Vo eV, }dHi(v) - nk_lpz“ < Elnk_lpi
Ri = and
Ve € C, CdHi(C) — nk_lpl-| < 51nk_1pi
where € = ﬁ

We now consider the first time ¢ < T', if any, where A; fails. Then,

An()4c !U R] y !U mw] y [At B

1<t i<t i<t i<t




We can therefore write

P [flt n ﬂAi] <Y P[R]+ > P[ARB] +P

i<t i<t 1<t

AN ﬂ(zs’mi)] . (4.8)
i<t

It will take most of the paper to show that B; occurs w.h.p. for all ¢ < T thus dealing with the

second term of (4.8). However, R; (the first term in (4.8)) is easily dealt with.

4.2.1 Dealing with R;

First, we observe that H; is distributed as H P( ) ik and so for any hypergraph property P we can
write

P[H; € P <,mP; [HP")  €P], (4.9)

where H P( n) Lk is the corresponding independent model in which each possible edge is included

with probablhty p; and m = Np and Py refers to probabilities computed with respect to H p™

n,pik
This follows from Py [HP( p)k € 77] (%)pm(l p)N-"mPp [HP}L 721 k€ 77} The notation A < B is
a substitute for A = O(B).

Applying the Chernoff bound and (4.9) we see that for any v,i we have
F [’dH,- (v) =" 'pi| > ank_lpz} < 2pe AT IR/S < gt KR/ (4.10)

For a fixed color ¢ we see that cdy,(c) is distributed as the binomial Bin(N — 4,1/n) which has

k— 1

expectation n . Applying the Chernoff bound once more we see then that for a fixed color ¢

we have
P HCdHi(C) - nk_lpi

Taking the union bound over v € [n],i < T in (4.10) and over ¢ € C,i < T in (4.11) deals with the
first term in (4.8).

> 61nk_1pl} < 9e—cin"'pi/3 < n K73/, (4.11)

4.3 Concentration of the number of rainbow matchings

We define
&= {Bj,Rj,j < Z} .
We will first show that 1

b= Gis K'2logn

(4.12)

First we have

W;_ 1 Z Z ]le»EF

eclb;, 1 FEF;_

> Z Lecr = n®;_q. (4.13)

FeF;_1e€E;_



So for any f € F;_1, recalling that L = K/? from (4.7),

1
Qi1 =—w;i_1(Ei—1)
n
1
2 Iy 1Bl max wioa(e)

N
> pi_iwi—1(f).
= anz 1w 1(f)
Hence, if the event &; holds then

wi_1(e) Ln L 1
§ < max < < = ;
e€B;, D4 Npi—1 — Klogn K1/2logn

confirming (4.12).
Now, recalling that ; = E [§;] we define

7 — fz — Y if (c/‘z holds
’ 0 otherwise

and let

We will show momentarily that
P[X; > n] < e ), (4.14)

So if we do have & for t < T (so that X; = Zﬁzl(fi —;)) and X; < n then

¢ t
Z{i < Z% +n < (k—1)nlogn —nloglogn +o(n) < (k — 1)nlogn
i=1 i=1

and so
t 1 t P
.2<7- i<k¢K71 .
;51 ~ K1'/2logn ;5 - "

So, using (4.12) and log(1 — z) > —x — 22 for x small, we have

t

t
log ®; > log ®¢ — Z(ﬁz + €2 > log & — Z% - 2n.
i=1 i=1

This deals with the third term in (4.8). (If & holds then A; holds with sufficient probability).

Let us now verify (4.14). Note that |Z;| < and that for any A > 0

___ 1
K1/2logn

PIX,>n] =P [eh(zl+"'+zt> > e’m] <E {eh(zﬁ"*zﬁ] e~hn (4.15)

Now Z; = & — 7; (whenever &; holds) and E[; | ] = 7. The conditioning does not affect the

1
logn

expectation since we have the same expectation given any previous history. Also 0 < ¢; <e =



(whenever & holds). So, with h < 1, by convexity we have e < 1 — 5—; + %ehﬁ for 0 < & < e and
therefore

E["%] =E [ | &] P[]+ E [ | -] P& <

e MR [1 _ &y Sighe
€ €

51»] Pl&]+Pl-&] = (1- 24 %e’“) Pl&]+1-P[&] <

€

e~ (1 S ﬁ(l + he + h262)> = e (1 4 yih + yih2e) < P,
€ ¢

So,
E [eh(zl+--~+zt)} < heXiivi

and going back to (4.15) we get
P[X, > n] < T nhn,

Now 22:1 ~vi = O(nlogn) and so putting h equal to a small enough positive constant makes the
RHS of the above less than e~"*/2 and (4.14) follows.

4.4 From average to median

If I C [k], we write V; for the collection of |I|-sets of vertices using exactly one vertex from each
of Uj,i € I. For r < k, we let V, = U\I|=r Vi. Given v € V,, we define I(v) by v € Vy,) and
I(v) = [K] \ I(v).

Now for a multi-set X C R we let med X, the median of X, be the largest value z € X such
that there are at least | X|/2 elements of X that are at least x. Then define

Vv € Vk‘—17 ce C? ma’X'LUGVIC(V) Wl((v7 w) ) C) S max { 2(1?;\[ ) 2 meduGVIC(v) WZ((V7 U) ) C)}

C;, = and
P;

Vv € Vi, max.co w;i(v, ) < max {W’ 2med.co wi(v, c)} .

We will prove

P[RiCiB;] < n K'"*/ (4.16)
P[ARC] < n K7/, (4.17)
Note that (4.16) and (4.17) imply that
P [AZT\’,ZBZ] =P [.AleBzCz] +P [AZRZBZGZ] < 2n_K1/3/4.
This deals with the middle term in (4.8).
4.5 Proof of (4.16)
First, we suppose that ,
P[R,C;] = n K"/, (4.18)

10



otherwise (4.16) holds trivially.
For v € Vx_1 and ¢ € C, we let ¢y (v,c) = MaXweVye(y, Wi ((v,w),c) and for v € Vi, we let

Yo (v) = maxeeo wi(v, c). Let

Yo =w; (v, ) = max max wi(v,c). (4.19)

Lemma 4.1. Suppose that B is such that vy > 2B and that for each v € Vy_1,c € C with
Yy (v, ¢) > B, we have

1 n
{0V wil(ww).0 2 jovmo}| = 5 (4.20)
and for all v € Vi, with yc(v) > B, we have
1 n
ceC:wi(v,c) > 5@[1@(1}) > 5 (4.21)
Then we have
o nk+1
(v,¢) €V x C : wi(v,¢c) > AT > Sk (4.22)

Proof. Suppose v/ = (v{,...,v}),c are as in (4.19). Then by (4.20), there there is a set W1 C U;
of size at least n/2 such that if w; € Wi then w;((wi,v5,...,v,),¢) > %wv((vé,...,%),c’) =
%wg > 2k=1B. For each wy € Wy, since we have 1y (w1, 05, ...,v})), ) > b > 2871 B, we may
apply (4.20) once more to find a set Wy C U, of size at least n/2 such that if wy € W5’ then
wi((w1, wa, v, ..., 0}), ) > Ly ((wr,0f, ..., v,)), ) > g > 282B.

Continuing in this way, for every choice of wy; € Wi, wy € Wi, wz € W3 ... wy €
W, b C Uy, we have wi((we, . .., wg), ) > 2%% > B. Thus every such choice of wy,...,wy,
we have Yo ((wy,...,wg)) > 2%1#0 > B, so to finish, we apply (4.21) to find a set D¥+* C C
of size at least n/2 such that if d € D"k then w;((w1,...,wg),d) > Q}f% Since there are n/2
choices for vertices in each part and n/2 choices for colors, we have that the number of choices total
is at least % as desired. O

For v € Vi, let H® be the hypergraph H; with vertices in v removed as well as all edges with
color ¢. Now w;(v, ¢) equals the number of rainbow matchings in HY°. Suppose that C; holds and
let B = 2%\7' Note that g > 2FB else we would have 1y < % < avg.c g, Wi(e), contradiction.

So for all v € Vi_1, ¢ € C with ¥y (v,c) > B, we have

max wi ((V, w)? C) S 2 medweVIC(v) WZ((V7 w) ) C)'
’UJEVIC(V)

This is condition (4.20). Similarly, the second condition of C; gives us (4.21). So we may conclude
that if

1
W* = {(v,c) €EVy x C : wi(v,c) > zkﬂwo}

then
k1

W 2ok

(4.23)

11



Let

1
E; := {e €E;:wile)> ngﬂxwi(e)} . (4.24)
We will show that ~
* ‘ —KY
P DEH < 2711‘7 Rc} <n K7 (4.25)

For0<a<2k%let

Xo ={x €Uy : 3 at least an® choices of (x2,23,...,2k) EUs X -+ x U and c € C
such that ((z,zo,...,2zx),c) € W*}

If | Xo| = 0qn then (4.23) implies that

k+1 k+1 nktl
Oan" "+ a(l —0,)n"" > ST
which implies that
1 1
‘9a > m <2kz+1 — Oé) . (4.26)

Now for z € X, and 0 < 8 < « let
Cg(x) = {c € C:|[{(z2,23,...,25) €U X --- x Uy : ((x,22,...,2%),¢c) € W*}| > Bnk_l}.
A similar argument to that for (4.26) shows that if |Cg(z)| = (sn then

a—p3
e 5
Putting o = 216% and 8 = 2,6%, we see by (4.26), (4.27) that there are an vertices in X; C Uy such
that if ;1 € X; then there are n choices for ¢; € Cy(x1) C C such that there are BnF=1 choices
for x = (zg,...,x) € Uy X - -+ x Uy, such that if x; € X1, ¢; € Cy(z1) then

. (4.27)

1 1

wi((x1,%x),c1) > Wﬂ)@ > ohFT gé%)fwi(e). (4.28)

Now fix 0 < ¢ < 2knlogn and let A = 2!, Fix a vertex 21 € X; and let
Ap(z) = {x € Vo, € C:wi((x1,x),c1) > A}
and let
Ba(z1) = {X € Vo, c1 € C: (21,%) € Bjy 1 = o(21,%) and w;i((z1,%),¢1) > A}

Here A will be an approximation to the random variable 1y/2¥*1. Using A in place of 1 /2F+!
reduces the conditioning. There are not too many choices for A and so we will be able to use
the union bound over A. We do not condition on the value 1y, but we instead use the fact that
o/2F+L € [A, 2A] for some £ < 2knlogn.

12



Let S,T denote disjoint subsets of {1} X Vjp ;) x C. Note that without the conditioning R;C;
the event {S C Ap, T N Ap = 0} will be independent of the event

() {e€Eie)=ctn [ —{e€Eiile)=c}. (4.29)

(ec)es (e,c)€T
This is because w;((x1,x),c1) depends only on the existence and color of edges f where if x =
(z2,23,...,Tk),
{131,1‘2,...,1’k}ﬂf = (.
If we work with the model HP, ;. in place of H;, without the conditioning, then E [|Ba(z1)|] =
|AA|pi/n. Also, we can express |Bj(z1)| as the sum of independent Bernoulli random variables,

one for each possible value of x. The variable Z corresponding to a fixed x will be one iff there is
a ¢; € C such that ((x1,x),c1) € Ba(z1).

Then equations (4.9) and (4.18) imply that

P{IBa(x1)| < Api/2n]

P[|Ba(x1)| < Api/2n | RiC;) < < " HEAP, (| By (a1)] < Api/2n].

(4.30)
If |Ap(z1)] > A = B2N then Fact 3.2 and (4.29) imply that
Py [|Ba(z1)] < Api/2n] < e~ 2pi/12n < n=F*K/12, (4.31)

There are at most n choices for 1. The number of choices for ¢ is 2knlogn and for one of these
we will have 2¢ < #maxwi(Ei) < 241 and so (from (4.30) and (4.31)), with probability 1 —
p2to(l)+k+K1/3/4-F2K/20 > 1 — n~P*K/30 e have that for each choice of 21 € X there are B2Np;/2
choices for x,c such that (e = (x1,x),¢ = t(x1,x)) € Ba(z1) and wy(e,¢) > ﬁmaxwi(Ei).
Observe that we have 2872 in place of 281, because we will want the above to hold for a value of
A where A < maxw;(E;) < 2A. This verifies (4.25) and we have

Peen Wile) > cepr Wil€) B N ||
maxw,-(Ei) - maxwi(Ei) = 2k+2 = 93k+9 = 93k+10

which implies property B; if K is sufficiently large.

4.6 Proof of (4.17)

Recall that for a discrete random variable X, the (base e) entropy H(X), is defined by

HOX) = 3 polog (pl)

where the sum ranges over possible values of X and p, = P[X = z]. The following lemma is proved
in [6].

Lemma 4.2. Suppose that X is a positive integer valued random variable defined on some finite
set S that takes values in an interval I = {0,1,...,v} for some positive integer v. Suppose that
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H(X) >1log(|S]) — M,M = O(1). Suppose that P[X =i] = % for some w : S — I. Then there
are a,b € I with a < b < pyra such that for J = w1 [a,b] we have

[J] = o |S]

and
w(J) > 0.7w(S).

— 94(M+log3) — 9—2M-2

Here we can take ppr and o

To prove (4.17), assume that we have A; and R; and that C; fails. Then we have two cases.

Suppose v € Vi1, ¥ € Vie(y), and ¢ € C. Let HY*® be the sub-graph of H; induced by V\{v, z}
where all edges of color ¢ have been deleted.

4.6.1 Casel

Suppose that C; fails because there exists v € V;_1 and ¢ € C such that

(b.
g wi(v,8.0) > max {0 2medecn,, wil( 6, |

Let x be the value of ¢ which maximizes w;((v,£),c). For ease of notation, let us suppose that
v = (v1,...,0%-1) € Uy x -+ x Ug_q, so that I°(v) = {k}. Let X(y, HY*®) be the (random)
edge-color pair containing vertex y in a uniformly random rainbow matching of HY*“. Then let
y € Ui \ {z} be a vertex with

wi((v,y),c) <med, w; ((v,z),¢) (4.32)

and
h(y, H;™) == H(X (y, H""))

maximized subject to (4.32). Then
w; ((v,x),c) > 2med, w; ((v,u),c) > 2w; ((v,y),c) .
We have, using (4.1) and (4.2) and assuming .4; that
log®; > (k — 1)nlogn + nlogp; — (c1 + 1)n. (4.33)
O (HY*) is the number of rainbow matchings of HY*. So,
log ®(H*) =logw; ((v,x),c) > (k — 1)nlogn + nlogp; — (c1 + 2)n (4.34)

(by the assumption about v, z,c and the failure of C;, including w; ((v,z),c) > ®;/((2n))).

Now a rainbow matching of HY*® is determined by the {X (2, HY*¢) : z # x}. Let M denote a
uniform random rainbow matching of HY*¢. Sub-additivity of entropy then implies that

H(M) =log®(H}™) < > h(z, HY™). (4.35)
€U\ {z}
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By our choice of y, we have h(z, HY*®) < h(y, HY*¢) for at least half the z’s in Uy \ {x}. Also, for
all z € Uy \ {z}, we have

h(z HY™) < log dpryre(2) < log ((1+ e)n"'p;)

Here we use the fact that R; holds.

So,
log D(H}"™) < &
and hence by combining (4.34) and (4.3

(Ply, HY™) +10g((1 + e1)n* 1)) (4.36)

6) we get

2
h(y, HY™) >  log ®(HY*) — log ((1 i el)nk_lpi)
n

2
> - ((k—1)nlogn +nlogp; — (c1 +2)n) — (k —1)logn — logp; — €

=2(k—1)logn+2logp; — (c1 +2) — (k—1)logn — logp; — €1
To summarise what we have proved so far: If we have A;, R; but not C; then (4.37) holds.

Now for i =1,...,k—1,let W; = U; \ {v;} and W = W x -+ x Wy_;. Let L = C'\ {c} and
for (z,c) € W x L, let wi(z,c) be the number of rainbow matchings of H; — {v,z,z,y} — {¢, '}
We define wy((z,y),c’) on

Wy = {((z,y) ) :zeW,d €L, (z,y) € B, (z,y) = c/}
as wi(z,c") and define w,((z,z),c) on
Wy i={((z,x),d) :ze W, €L, (z,2) € B, ((z,2)) =}

as w}(z,c). Then the random variable X (y, HY*¢), which is the edge-color pair containing y in
a random rainbow matching of HY*¢, is chosen according to w, and X(z, H;Y“) which is the
edge-color pair containing z in a random rainbow matching of H; ¥, is chosen according to w.

Equation (4.37) tells us that H(X (y, H'*¢)) = h(y, HY*) > log |[Wy| — (¢1 + 3). We may
therefore apply Lemma 4.2 to conclude that there exist a < b < pa, p = pc,+3 and a set J C W,
with |J| > o |[W,| > (1 —e1)onf"1p;, 0 = 0., 43 such that wy(J) > 0.7w,(W,) and J = ng([a, b)).

We also let J' := w, 1([a, b]) and note that
Wﬂﬂ(‘],) < Wm(Wm) =W ((V7y)a C) < .5w; ((Vv .%'), C)

while on the other hand
wy(J) > 0.7w; ((v,x),c) > Ldw,(J). (4.38)

We will condition on H;[V \ {v,z,y}] and denote the conditioning by &; i.e. we will fix the edges
and edge colors of this subgraph of H;.

Next enumerate

{((z,y) ,c’) :®(H; — {v,z,z,y} — {c, c/}) € [a, b]} ={((zj,y),¢5), i =1,2,...,A}.
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Remark 4.3. At this point we have a small technical problem. To estimate a probability below,
we need to drop the conditioning A;R;C; and then later compensate by inflating our estimates by
1/P [AiRiC_i]. The existence of a,b depends on this conditioning and we need to deal with this
fact. We tackle this as we did in Section 4.5 with respect to £ and A. So we will consider pairs of
integers 1 < X\ < pu < X4 logy p < 2n2. Then for some pair A\, u we will find 2> < a < b < 2#. It
is legitimate in the arqgument to replace a by 2 and b by 2" and in the analysis below consider a,b
as fized, independent of H;. We can then inflate our estimates of probabilities by O(n?) to account
for the number of possible choices for A, p.

We define the events
D.s ={eec E;, 1(e) =0}.

For the moment replace H; by HP, , p,. We note that the event ®(H; —{v,z;,z,y}—{c,¢;}) € [a,b]
does not depend on the occurrence or otherwise of D(,, ) .. for any k. Hence, given

{((zj,y),¢j), j=1,2,...,A} we find that without conditioning on A;R,C;, |J| is distributed as
the sum of independent Bernoulli random variables, as in (4.29). Note also that R, implies that
[Wy| > (1 — €e1)n*~'p;. We can assume that P [A;R,C;] > n~K"?/4 else we have proved (4.17) by
default. (We have extra conditioning &, but this is independent of the D, 5). Therefore, using Fact
3.2,

e )onk1p,
1=P [U\ > (1—€)on™ 1p; | -Ai,Rz'éz'gl} < K/ ((1_22/\)0]\7)(1 V " .
It follows that for K sufficiently large, we have
oN
Az (4.39)
Then let
Uj=Hi —{v,zj,z,y} —{c,¢;}.
Note that the ®(T';) = w/(z;,¢;) are completely determined by the conditioning &;.
Then let
wy() = D Lyper, D O L) (4.40)
zeW jizj=2
we(J') = Z Lz orer; Z (1)) - 1z, 2})=¢ (4.41)
zeEW jizj=z

Let

Xo= Y ®T)) - Ly a}—c,

Jjizj=2z

Vo= > 05 Ly p=e;-

Jz;=2

Note that X,,Y, <b.
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We have

wy (J Y,
7, =220 > Vagper,

b
zeW
wy(J') X,
Ly = b = Z l{z,x}EEiT
zeW

It follows directly from the expressions (4.40), (4.41) that Z, and Z, are both equal to the sum
of (conditionally) independent random variables, each bounded between 0 and 1. Furthermore, we
see from (4.40), (4.41) that

E[Zy | &) =E[Z: | &]. (4.42)

What we have to show now is that we can assume that this (conditional) expectation is large.
Let
L,={j:z; =2}
and
W'={z €W :|L,| >~yn}

where v = ¢/20.

Note that

z € W' implies that E[Y, | £&1] > a|L|n"! > an.

We have
|Lo| <nand ) |L,| = A.

We deduce that

N
W |n + yn(n*=t — W) > A > UT
Therefore o1
W > o — 10y Al on
10(1 — ) 20
Hence,
ay _ Kologn
E[Z, | &) > W pi x — > ————.
2,1 &) 2 [W'ips x 5 = =55

Now, Hoeffding’s theorem implies concentration of Z, around its (conditional) mean i.e. for
arbitrarily small constant e and for large enough K,

PEveV, 1,c€C:|Z,—E[Z, | &]| > E[Z, | &) | &) < nFdK,

for some d = d(k).

The same holds for Z,. But this together with (4.42) contradicts (4.38). This completes the
proof of Case 1 of (4.17). We should of course multiply all probability upper by bounds by O(n?)
to account for Remark 4.3, and there is ample room for this. We can also multiply by O(n?) to
account for the number of choices for x,y.
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4.6.2 Case 2

Suppose that C; fails because there are vertices v = (v1,...,vx) € V such that

[oR
max w; (v,d) > max {W, 2medgec w; (v, d)} .

Let ¢ be the color that maximizes w; (v,d). Let ¢* € C\ {c} be a color with w; (v,c*) <
med, w; (v, ¢) and
h(c*, H®) := H(X(c", H{))

maximized subject to this constraint. Similarly to Case 1, X (c*, HY®) denotes the edge-color pair
using the color ¢* in a uniformly random rainbow matching of HY¢. Then we can show as before
that

h(c*, H'®) > log (cdHZyc(c*)) — (1 + 3). (4.43)

Indeed, we have
w; (v,c) > 2medy w; (v,d) > 2w; (v,c"). (4.44)

We have (4.33) and so if ®(HY°) is the number of rainbow matchings of HY®,
log ®(H;°) =logw; (v,c) > (k—1)nlogn + nlogp; — (c1 + 2)n (4.45)

(by the assumption about v, w, ¢ and the failure of C;, including w; ({v,w},c) > ®;/((2n)¥)).

Now, as in (4.35),
log ®(HY) < > h(z H).
deC\{c}

By our choice of ¢*, we have h(d, H'®) < h(c*, HY®) for at least half the d’s in C'\ {c}. Also,
for all d € C'\ {c}, we have

h(d, HY®) < log edgrye(d) < log ((1 + el)n’“‘lp,-) .

So
log ®(HY®) < gh(y, HY) + glog((l +e))nf ) (4.46)

and hence by combining (4.45) and (4.46) we get (4.43), just as we obtained (4.37) from (4.34) and
(4.36).

Now for i = 1,...,k, we let W; = U; \ {v;} and W = W x -+ x Wy. We let L = C\ {c,c*}
and for z = (z1,...,2;) € W, let w/(z) be the number of rainbow matchings of H; — {v,z} which
do not use ¢* or ¢. Then define w-(z) on

We:={zeW: z€ E;, (z)=c"}
as w;(z) and define w.(z) on
Wei={zeW: zc E;, (z) =c}

as w,(z). Then the random variable X~ = X (¢*, HY®), which is the edge of color ¢* in a random
rainbow matching of HY¢, is chosen according to w.- and X, = X(c, HZVC) which is the edge of
color ¢ in a random rainbow matching of HY " is chosen according to we.
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Equation (4.43) tells us that H(X.) > log |We«| — (¢1 +3). Therefore we may apply Lemma 4.2
to conclude that there exist @ < 8 < pa and a set J C W with |J| > o |[We| > (1 — €1)on*1p;
such that we(J) > 0.7Wes (Wer) = 0.7w; (v, ¢) and J = w.'([o, 5]). We also let J' := w ([a, B])
and note that

we(J) < we(We) = w; (v, ") < .5w; (v, c)

while on the other hand

wer(J) > 0.7w; (v, ¢) > Law.(J). (4.47)
Now let H; denote the graph induced by the edges e € W for which «(e) # ¢*,c. Fix H; and let
Fy = W\ E(H,).

Next enumerate
UV={zeF:®H —{v,z} —{c",c}) € o, p]} ={z;, 7 =1,2,...,A}.

Here we can proceed as indicated in Remark 4.3 and treat «, 8 as constants.

Suppose that we replace H; by HP, } ,,. In this case, ¥ is determined by H; and is independent
of the events z; € E;, (z;) € {c,c*}. It follows that if we omit the conditioning A;R;C; then |We|
is distributed as Bin(A,p;/n). We still have the conditioning A;R;C; but we can argue as before
that (4.39) holds.

Then with

Uj=H; —{v,w,zj,y;} — {c,c"}

(i.e. the graph induced by vertices V' \ {v,z;}, not including edges of color ¢, c*), we have

A
W (J) = Z q)(rj)ﬂszEi,L(zj):c* (448)
7=1
A
WC(J,) = Z (I)(Fj)ﬂszE,-,L(z]-):c (449)
J=1

We have already observed the conditioning on H; means that the ®(I';) are independent of the
lseB: Li(a;)=c*s Li(a;)=c- Thus we may condition on the values of the ®(I';).

It follows directly from the expressions (4.48), (4.49) that Z. = we(J)/8 and Z. = w.(J') /3
are both equal to the sum of independent random variables, each bounded between «/f and 1.
Furthermore, we see from (4.48), (4.49) that

E [Zc ‘ 51] =E [Zc* | 51] . (4'50)

We can argue as before that A > 0 N/10. Then note that

alp; S Kologn
nB —  10p

E[Z- | &) >
Now, Hoeffding’s theorem implies concentration of Z.« around its (conditional) mean i.e. for
arbitrarily small constant ¢ and for large enough K,

]P)I:E]V S Vk . ’ZC* — E[ZC* ’ 51] | Z GE [ZC* gl] | 51] S nk‘—d/K7
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for some d' = d'(k).
The same holds for Z.. There is room to inflate all probability bounds by O(n*) as in Case 1.

But this together with (4.50) contradicts (4.38). This completes the proof of Case 2 of (4.17), as
well the proof of Theorem 1.1.

5 Proof of Theorem 1.4

Janson and Wormald [5] proved the following theorem.

Theorem 5.1. Let G = Gpar, 4 < 17 = O(1) be a random 2r-regular graph with vertex set [n].
Suppose that the edges of G are randomly colored with n colors so that each color appears exactly
r times. Then w.h.p. G contains a rainbow Hamilton cycle.

Suppose then that we have G = Gn”Qn where n = 2v is even and m = Knlogn where K is
sufficiently large. We randomly assign an integer ¢(e) € {1,2,3,4} to each edge. We then randomly
partition the set [n] x [4] into 8 sets C4, Ca, ..., Cs of size v. We then partition the edges of G into
8 sets E1, Fa, ..., Eg. We place an edge e into E; if (c(e), (e)) € C; where c(e) is the color of e. An
edge goes into each E; with the same probability, 1/8, and so w.h.p. we find that |E;| > m/10 for
i=1,2,...,8. If |E;| = m; then the subgraph H; induced by Ej is distributed as Gq(fq)m and so we
can apply Theorem 1.1 to argue that w.h.p. each H; contains a rainbow perfect matching M;. If we
let I' = Ule M; and drop the £(e) part of the coloring, then it almost fits the hypothesis of Theorem
5.1. It is 8-regular and each color appears exactly 4 times. Now M is a uniform random perfect
matching of K, and in general M; is a uniform random matching, disjoint from My,..., M;_1. If
we take 8 independent random perfect matchings My, Mj, ..., Mg then the probability that they
are disjoint is bounded below by an absolute constant. We omit the proof. It mirrors the proof
that the configuration model (Bollob’as [1]) of 8-regular (multi)graphs is simple with probability
bounded below. So, if IV = U§:1 M/ has a rainbow Hamilton cycle w.h.p. when each color appears
exactly 4 times, then so does I'. It is however well-known, see for example Wormald [8] that I is
contiguous to the random 8-regular graph G, g and this implies Theorem 1.4 for the case where n
is even.

When n = 2v 4+ 1 is odd, and m = wnlogn where w — oo then we proceed as follows. Let
p = m/N and for convenience, we work with G = Gm),, an edge colored copy of Gy, p, in place of
G%”%@ We decompose G = I'y UT'y U --- U,/ where each T'; is an almost independent copy of

Gg:;, where 1 —p = (1 — p/)*/K. The dependence will come when we insist that if an edge appears
in I'; and I';y then it has the same color in both. We fix an ¢ and we choose some edge e = {z,y}
and contract it to a vertex {. We also delete all edges of I'; that have color ¢(e) to obtain I',. Edges
in I, between vertices not including £ now occur independently with probability p” = (n — 1)p’/n.
Edges involving £ appear with about twice this probability. Now n — 1 is even and by making K
large enough, we can make the probability that any I"} fails to contain a rainbow Hamilton cycle H;
less than 1/n. Let e; = {, 2;},7 = 1,2 be the edges of H; that are incident with {. Now replace &
with x,y. If the edges e1, es are disjoint in I'; then H; can be lifted to a rainbow Hamilton cycle in
[';. This happens with probability 1/2 and the lift successes are independent. So the probability
that none of the T; contain a rainbow Hamilton cycle is at most 27“/X — 0. This completes the

20



proof of Theorem 1.4.
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