Rainbow Hamilton cycles in uniform hypergraphs
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Abstract

Let Kgc) be the complete k-uniform hypergraph, & > 3, and let ¢ be an integer such
that 1 < ¢ < k—1 and k — £ divides n. An f-overlapping Hamilton cycle in K,gk) is a
spanning subhypergraph C of K& with n /(k — £) edges and such that for some cyclic
ordering of the vertices each edge of C' consists of k consecutive vertices and every pair
of adjacent edges in C' intersects in precisely ¢ vertices.

We show that, for some constant ¢ = ¢(k, £) and sufficiently large n, for every coloring

(partition) of the edges of K,(Lk) which uses arbitrarily many colors but no color appears
more than cn®~¢ times, there exists a rainbow f-overlapping Hamilton cycle C, that
is every edge of C receives a different color. We also prove that, for some constant
¢ = d(k,0) and sufficiently large n , for every coloring of the edges of K% in which
the maximum degree of the subhypergraph induced by any single color is bounded by
c'n*~*, there exists a properly colored f-overlapping Hamilton cycle C, that is every
two adjacent edges receive different colors. For £ = 1, both results are (trivially) best
possible up to the constants. It is an open question if our results are also optimal for
2<l<k-1.

The proofs rely on a version of the Lovasz Local Lemma and incorporate some ideas
from Albert, Frieze, and Reed.

1 Introduction

By a coloring of a hypergraph H we mean any function ¢ : H — N assigning natural
numbers (colors) to the edges of H. (In this paper we do not consider vertex colorings.)
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Figure 1: A 2-overlapping and a 3-overlapping 5-uniform cycle.

A hypergraph H together with a given coloring ¢ will be dubbed a colored hypergraph. A
subhypergraph F' of a colored hypergraph H is said to be properly colored if every two
adjacent edges of F receive different colors. (Two different edges are adjacent if they share
at least one vertex.) We say that a subhypergraph F' of a colored hypergraph H is rainbow
if every edge of F receives a different color, that is, when ¢ is injective on F'.

In order to force the presence of properly colored or rainbow subhypergraphs one has to
restrict the colorings ¢, either globally or locally. A coloring ¢ is r-bounded if every color
is used at most r times, that is, |¢p~1(i)] < r for all i € N. A coloring ¢ is r-degree bounded
if the hypergraph induced by any single color has maximum degree bounded by r, that is,
A(H[p71(3)]) < r for all i € N.

In this paper we study the existence of properly colored and rainbow Hamilton cycles
in colored k-uniform complete hypergraphs, & > 3. (A hypergraph is k-uniform if every
edge has size k; it is complete if all k-element subsets of the vertices form edges.) There is a
broad literature on this subject for k = 2, that is, for graphs. Indeed, setting r = cn, Alon
and Gutin proved in [2], improving upon earlier results from [5, 6, 16] that if ¢ < 1 —1/1/2
then any r-degree bounded coloring of the edges of the complete graph K, yields a properly
colored Hamilton cycle (for the history of the problem, see [3]). It had been conjectured in
[5] that the constant 1 —1/v/2 can be replaced by % which is the best possible.

Rainbow Hamilton cycles in r-bounded colorings of the complete graph have been stud-
ied in [1, 8, 10, 12]. Hahn and Thomassen conjectured that their existence is guaranteed if
r = cn for some ¢ > 0. This was confirmed by Albert, Frieze, and Reed in [1] with ¢ = 6%1.
Again, ¢ = 1/2 seems to be a critical value here, since one can use each of n — 1 colors
exactly n/2 times, making the presence of rainbow Hamilton cycles impossible. In striking
contrast, there is literally nothing known on properly colored or rainbow Hamilton cycles
in colored k-uniform hypergraphs for k > 3.

The notion of a hypergraph cycle can be ambiguous. In this paper we are not concerned
with the Berge cycles as defined by Berge in [4] (see also [11]). Instead, following a recent
trend in the literature ([7, 13, 15]), given an integer 1 < ¢ < k, we define an (-overlapping
cycle as a k-uniform hypergraph in which, for some cyclic ordering of its vertices, every edge
consists of k consecutive vertices, and every two consecutive edges (in the natural ordering
of the edges induced by the ordering of the vertices) share exactly ¢ vertices. (See Fig. 1
for an example of a 2-overlapping and a 3-overlapping 5-uniform cycle.)

The two extreme cases of / = 1 and ¢ = k — 1 are referred to as, respectively, loose
and tight cycles. Note that the number of edges of an f-overlapping cycle with s vertices is
s/(k —£). Note also that when k — ¢ divides s, every tight cycle on s vertices contains an



¢-overlapping cycle on the same vertex set (with the same cyclic ordering).

Given a k-uniform hypergraph H on n vertices, where k — ¢ divides n, an ¢-overlapping
cycle contained in H is called Hamilton if it goes through every vertex of H, that is, if
s =n. We denote such a Hamilton cycle by ok ().

In this paper we prove the following two results. Let K,(lk
hypergraph of order n.

)

be the complete k-uniform

Theorem 1.1 For every 1 < ¢ < k there is a constant ¢ = c(k,£) such that if n is

)

sufficiently large and k — ¢ divides n then any cnF~‘-bounded coloring of quk yields a

rainbow copy of Cflk) ().

Theorem 1.2 For every 1 < { < k there is a constant ¢ = (k,f) such that if n is
sufficiently large and k — ¢ divides n then any ¢'n*~¢-degree bounded coloring of Kf(lk) yields
a properly colored copy of C’ék) (0).

Note that for loose Hamilton cycles (i.e. ¢ = 1) the above results are optimal up to the
values of ¢ and ¢/. Theorem 1.2 is trivially optimal, as the largest maximum degree can be

at most r = (Zj) ~ ﬁnkil. To see that also Theorem 1.1 is optimal up to the constant

for £ = 1 consider any coloring of Kflk) using each color precisely

O k=1,
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times, and thus using only "5 — 1 colors altogether. Such a coloring is r-bounded and,

clearly, there is no rainbow copy of C’flk)(l).

Problem 1.3 For all £ > 3 and ¢ = 1, determine sup ¢ and sup ¢’ over all values of ¢ and,
respectively, ¢’ for which Theorems 1.1 and 1.2 hold.

We believe that Theorems 1.1 and 1.2 are optimal up to the constants also for £ > 2,
that is, we believe that the answer to the following question is positive.

Problem 1.4 For all k£ > 3 and 2 < ¢ < k — 1, does there exist an r-bounded (r-degree

bounded) coloring ¢ of K such that r = O(n*!) and no copy of c (¢) is rainbow
(properly colored)?

As some evidence supporting our belief, consider the bipartite version of both problems
for k = 3 and ¢ = 2. Let KT(L?’%” = (V1, Vo, E), where |Vi| = n, [Vo| = 2n and E = {e C
ViuVe @ lenV| =i, 1 = 1,2}. To every edge e assign the pair e N V3 as its color.
Clearly, every color appears exactly n times and hence such a coloring is n-bounded (and

thus n-degree bounded). Finally, note that every tight Hamilton cycle in K () induces a

n,2n
cyclic sequence of vertices with a repeated pattern of two vertices from V5 followed by one
vertex from V;. Hence, there is a pair of consecutive edges with the same color (actually,

(3)

there are n such pairs), and so no copy of a properly colored (or rainbow) Cy " (2) exists.



2 The proofs

We will need a special version of the Lovédsz Local Lemma. A similar result was already
established in [1, 9, 14]. Contrary to the above results, in our formulation of the lemma we
avoid conditional probabilities so that we do not need to make a priori assumptions that
certain events have positive probability.

Lemma 2.1 Let Ay, As,..., Ay be events in an arbitrary probability space Q). For each
1<i<m,let [m]\{i} = X; UY]; be a partition of the index set [m]\ {i} and let

d =max{|Y;| : 1 <i <m}.

If for each 1 <i < m and all X C X;

Pr{An (4] <—— d+1 v (45 (1)

JEX jeEX

then Pr (L, 4;) > 0. (We adopt the convention that () =Q.)

jE(D

Proof. We prove by induction on ¢ = 1,...,m, that for every T' C [m], |T| = t, and for
every i € T, setting S =T\ {i}, we have

Pr(iQAi>>0 and Pr< >2d+1) (2)

For t = 1 we apply the (1 ) with X = (), obtaining for each ¢ that Pr(4;) < m,
equivalently Pr (4;) > 1 — (d+1) > 0, which confirms (2) for ¢t = 1.

Now, assume truth for some ¢, 1 <t < m — 1, and consider a set T' = {i} U .S, where
i ¢ Sand |[S| =t Set X = 5SNX; and Y = SNY;, and observe that S = X UY and
|Y'| < |Y;| < d. By the induction assumption Pr(ﬂjeSA )>0. Y =0 (and thus X = 9),
by our assumption (1),

1
’ﬂA <
jes 4(d+1)

Otherwise, | X| < |S| =t and, again by (1) (in the numerator) and the induction assumption
(in the denominator) we argue that

Pr <Ai Njey fTJ‘ Mjex /TJ) < ﬁ < !

N — — .
jes Pr (mjey Aj’ Njex Aj) Wy~ 2d+1)
Thus,
ﬂfTJ =Pr Pr(ﬂij)>O
JjeT jes jeS
which completes the proof of Lemma 2.1. O

The proofs of Theorems 1.1 and 1.2 extend some ideas introduced by Albert, Frieze and
Reed in [1] and are based on the following technical result.



Proposition 2.2 For all 1 < ¢ < k there exist constants § = §(k,l), 0 < § < 1, such that
for every pair e, f of edges of K,(Ik) with eN f| < £ and for every set X of pairs g, h of edges
of Ky(Lk) satisfying (gU h) N (eU f) =0 the following holds. Let

e C be the set of all copies C of C',(lk)(k‘ —1) in Kék) such that {g,h} € C for all
{9,h} € X, and

e i ={C€eC : {e f}CC}

Then, if Cy # 0, one can find a disjoint family {Sc : C € C1} of sets of copies of C,(Lk)(k:— 1)
from C (indexed by the copies C € Cy) such that for all C € C; we have |Sc| > on?*—¢~1,

First we show that Proposition 2.2 together with Lemma 2.1 imply both Theorem 1.1
and Theorem 1.2.

Proof of Theorem 1.1. Let 1 < ¢ < k and set ¢ = 1%,{, where § = 0(k,{) is the constant
given by Proposition 2.2. Fix a en*~‘-bounded coloring ¢ of Kflk) and define

M={{e,f} : e.f €KL, |en f| < €and ¢(e) = ¢(f)}.
Moreover, for every pair {e, f} € M set
Acg={CcK® . c=CP(k-1)and {e, f} c C}.

In order to prove Theorem 1.1 it suffices to show that

N A 0. )

{e,f}eM

Indeed, if (5) is true then there is a tight Hamilton cycle C' = Cflk)(k: — 1) such that for
every pair of its edges e and f with |eN f| < ¢ we have ¢(e) # ¢(f). Since, by assumption,
k — £ divides n, C' contains a copy of Cék) (¢) which is rainbow, as required.

To prove (5) we apply the probabilistic method and Lemma 2.1. To this end, for a given
pair {e, f} € M let

Yey={{e . freM:{e f'} #{e f}tand (eUf)N(US)# 0}

and
Xe,f :M\(}/;,fu{eaf})‘

To estimate d, we bound from above the size of Y, ; as follows. For given edges e and f we
can find at most 2kn*~1 edges ¢’ sharing a vertex from e U f. For every such ¢’ we have at
most cn*~¢ candidates for f’, since € and f’ must have the same color. Thus,

n2k—€—1

)
d= max |Yo| <2ckn® 1< — 1.
{e.fyeM 4



Now, let us consider a uniform probability space consisting of all tight Hamilton cy-
cles C = W (k—1)in K% Tn order to prove (5), and thus finish the proof of Theorem 1.1,
it suffices to show that

Pr{ () 4es]| >0 (4)
{e,f}eM

Thus, it remains to verify assumption (1) of Lemma 2.1. Fix {e, f} € M and X C X, ;. If
C1 = (), there is nothing to prove. Otherwise, by Proposition 2.2,

Pr <A3:f mrl{e’,f’}GX Ae’,f’) - |Cl‘ < |Cl| 1 1

- <
A, ., - = §,2k—(—1 = :
Pr(Nppexdrg) 19 Toe 8ol = o S A

Hence, we are in position to apply Lemma 2.1 with m = |M|, A; :== A. 5, X; := Xy, and
Y; := Y. ¢, and conclude that (4), and consequently (5) holds. This completes the proof of
Theorem 1.1. O

Proof of Theorem 1.2. This proof goes along the lines of the proof of Theorem 1.1. Let

d = 1057, where § = 6(k, ) is the constant given by Proposition 2.2. Fix a dn*~‘-degree

bounded coloring of KT(Lk). Here we slightly modify the definition of M. Let

M={{e,f} : e, f €KL, 1< |enf] <Cand dle) = o(f)}.

As before,
Acg={CcK® . c=CP(k—-1)and {e, f} c C}.

and in order to prove Theorem 1.2 it suffices to show that

N A 0. )

{e,fYeM

Indeed, if (5) is true then there is a tight Hamilton cycle C' = c (k—1) such that for every
pair of its edges e and f with 1 < |en f| < £ we have ¢(e) # ¢(f). Since, by assumption,
k — ¢ divides n, C' contains a copy of szk) (¢) which is properly colored, as required.

We define sets Y. y and X, ¢ as before and recalculate the upper bound on |Y¢ ¢|. For
given edges e and f we can find at most 2kn*~! edges €’ sharing a vertex from e U f. For
every such e we have at most ¢/kn*~¢ candidates for f’ since ¢’ and f’ intersect and have

the same color. Thus,
o ko1 _ on*F! B
|Ye r| < 2¢k*n < 1 1.

The rest of the proof is identical to the proof of Theorem 1.1 and therefore is omitted. [

3 Proof of Proposition 2.2

Let e and f be given edges in Kr(bk) such that |eN f| < ¢ and let C € C; be a tight Hamilton
cycle containing e and f and missing at least one edge from each pair {g,h} € X. We
describe two constructions depending on the size of e N f.
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Figure 2: The first construction for k¥ = 4 and a = 2. The dashed and solid lines denote C
and C| respectively.

Construction 1: for 2 <l|en f| < 4.

Let [en f| = a and let e = (uy,...,ux) and f = (v1,...,v;) be such that ug_qy1 =
V1, Ug—qt2 = V2, ..., U = Vq. This way we fix an orientation of C' where e precedes f. Let
P = C\ {eU f} be the segment of C between f and e of length n — 2k + a. We select
arbitrarily 2k — a — 1 vertex disjoint edges g1, ..., g2k—q—1 from P, so that C' is of the form
e~ f s gr s~ gop_q 1 ~ €, where the symbol ~~ indicates a path between the given
edges. Clearly, we have Q(n?~%1) = Q(n?~1) choices for g;’s.

Let g; = (wi, ... ,w,"g) for 1 <4 <2k —a— 1, where we list the vertices of g; in the order
of appearance on P. In order to create a cycle C' € S¢r, we remove all edges which contain
at least one vertex from (eU f) \ {u1, v} and also all edges whose first vertex (in the order
induced by C') is w;- forl1 <i<2k—a—1landj=1,...,k—1. After this removal, the vertices

in the set {uo,...,uk, Vgt1,...,Vk—1} become isolated and the remains of the cycle C' form
: P 1 1 2 2 3 2k—a—1
a collection of vertex disjoint paths v ~ wj_;, wj, ~ wj,_;, wj; ~> wp_q,...,wj, ~ U

To create C’, we connect the above paths by absorbing the isolated vertices. Formally,
we define C' as the following sequence of vertices (see Fig. 2):

vp ~ whwd, L wh | ve_1, wi
s WL WS L W, Vo, Wh
> w]f_“_l, wlg_“_l, . ,wlg:‘f_l, Vgt1s w,’j_“_l
~ wlf_“, wlg_a, e wl,j:‘f, Uk, wl,j_“
~ wlf_“H, wlg_aﬂ, .. ,wi:‘f“, U—1, wl,:_‘”l
~ w%k—a—Q’ wgk—a—Q7 o 7wzli—1a—27 ua, wik—a—2
- w%k—a—17wgk—a—17 . ,wzli—la—17u1 - wzk—a—l,vk'

It is easy to check that every new edge intersects a vertex from e U f. Thus, C \ C' contains



no edge from any pair of edges belonging to X. Moreover, note that different choices of g;
yield different cycles C. Thus, |Sc| = Q(n?¢—¢-1).

It remains to show that for any two tight Hamilton cycles C' # C’ € C; we have
Sc NScr = (. In order to prove it, one can reverse the above procedure and uniquely
determine C and the edges g1, 92, . . ., g2k —q—1 from C. Note that we do not know the order
in which the vertices of e and f are traversed by C.

To reconstruct C, we first find in C' a unique e ~ f path with no endpoint in e f, say
Q. From this we deduce that u1 = QNe, vy = QN f and wik_“_l is the last vertex on Q)
before vj,. Now we start at v and follow C in the direction opposite to wik_a_l. Before we
reach u; we will intersect f U e exactly 2k — a — 2 times. This way we restore the vertices
Vk—1, Uk—2, - - - y Ugt1, Uk, Uk—1, - - -, U2 (in the order of appearance on C'). Note that every
one of these vertices is adjacent to two vertices wi_l and wi for some 1 < j <2k —a—2.
Consequently, we can uncover all edges g; and hence C' itself.

Construction 2: for [eN f| < 1.
Here we show a stronger result, namely, we construct a family S¢ of size Q(nz(k_l)). Let
e = (u1,...,ux) and f = (v1,...,vx). Note that it might happen that u; = v if |en f| = 1.
Let P be a segment of vertices between e and f of size 2(n). For given two vertices = and
y denote by d(x,y) the number of vertices on P in the segment between z and y. Now
we select 2(k — 1) vertex disjoint edges g1,...,gak—1) from P so that C is of the form
e~ [ g gopoyy ~ e and

d(vg, wi_y) < d(wp, wi_y) +1 < dwiwi_))+1 < <d(wy 3 wi—]) + 1. (6)

This way we fix an orientation of C. (The above sequence of inequalities will be needed
later to establish the orientation of C' from C.) Clearly, we have Q(n2*~1) choices for g;’s.

Let g; = (wi,...,wi) for 1 <i < 2(k — 1), where we list the vertices of g; in the order
of appearance on P. In order to create a cycle C € 8¢, we remove all edges which contain
at least one vertex from (eU f) \ {u1, v} and also all edges whose first vertex (in the order
induced by C) is w§ for1<i<2(k—1)and j=1,...,k—1. After this removal, the vertices

in the set {ug,...,up_1,v2,...,vx_1} become isolated and the remains of the cycle C' form
. Ce . 1 1 2 2 3 2(k—1)
a collection of vertex disjoint paths vy, ~ wj_,, wj, ~ wi_;,wy ~ wp_q,...,w ~ U,

and uy ~ v1. (The latter may be degenerated to the set of isolated vertices.)

To create C', we connect the above paths by absorbing the isolated vertices. Formally,
we define C' as the following sequence of vertices (see Fig. 3):
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Figure 3: The second construction for k = 4. The dashed and solid lines denote C and C,
respectively.

vl,w,ﬁfl,w,ﬁﬂ, e ,w% ~ Vs w,i
s wE ws, L W, Vg1, Wh
~ w%,w%,...,wi,l,vk,g,w;{i
M
~ wlffl,wlgfl,...,wllz:i,vg,w,]:*1
~ wlf,wé,...,wllj_l,uk,l,wllj
s T b T i g
M
~ w%k_g’, wgk_g’, e ,w,zli_l‘g, U2, wik_g
~ w%kfz, wgkfz, e ,wzlflz,ul ~ wikiQ,uk ~3 V7.

It is easy to check that every new edge intersects a vertex from e U f. Thus, C \ C' contains
no edge from any pair of edges belonging to X. Moreover, note that different choices of g;
yield different cycles C. Thus, |S¢| = Q(n2¢+—1).

It remains to show that for any two tight Hamilton cycles C # C’ € C; we have
Sc NScr = (0. In order to prove it, one can reverse the above procedure and uniquely
determine C' and the edges g1, g2, ..., go(k—1) from C. Note that we do not know the order
in which the vertices of e and f are traversed by C.

Note that there are exactly two e ~» f paths in C, say Q1 and Q2. One with ug and
v as its endpoints and the second one with u;_; and vy as the endpoints. Our goal is to
determine vertex vi. Once this is known then as in Construction 1 we can uncover all edges
gi; and hence C itself.

We assume for a while that v; = Q1 N f. Then we start at v; and follow C in the
direction opposite to the second endpoint of );. Before we reach edge e we will intersect

e ———



edge f exactly k — 1 times. This way we pretend that we restore vertices vy, vg_1,...,v2
(in the order of appearance). Let d(z,y) be the number of vertices on C' between vertices
z and y. Note that d(vg, wi_,) = d(vi,v) — 1 and d(wi,wiﬂ) = d(Vk—j+1,Vk—;) — 2 for
1 <j <k —2. Now we check if (6) holds. If so then @ is really the path with endpoints
uy, and vy; otherwise (9 is the one.
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