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Abstract

We study properties of a simple random walk on the random digraph D,,;, when
np =dlogn, d > 1.

We prove that whp the value 7, of the stationary distribution at vertex v is asymp-
totic to deg™ (v)/m where deg™(v) is the in-degree of v and m = n(n — 1)p is the
expected number of edges of D,, ,. If d = d(n) — oo with n, the stationary distribution
is asymptotically uniform whp.

Using this result we prove that, for d > 1, whp the cover time of D,, ,, is asymptotic
to dlog(d/(d — 1))nlogn. If d = d(n) — oo with n, then the cover time is asymptotic
to nlogn.

1 Introduction

Let D = (V, E) be a strongly connected digraph with |V| = n, and |E| = m. For the simple
random walk W, = (W, (t), t =0,1,...) on D starting at v € V, let C, be the expected time
taken to visit every vertex of D. The cover time Cp of D is defined as C'p = max,cy C,.

For connected undirected graphs, the cover time is well understood, and has been extensively
studied. It is an old result of Aleliunas, Karp, Lipton, Lovédsz and Rackoff [2] that Cg <
2m(n — 1). It was shown by Feige [10], [11], that for any connected graph G, the cover time
satisfies (1 — o(1))nlogn < Cg < (1 + o(1))5=n®, where logn is the natural logarithm. An
example of a graph achieving the lower bound is the complete graph K, which has cover
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time determined by the Coupon Collector problem. The lollipop graph consisting of a path
of length n/3 joined to a clique of size 2n/3 has cover time asymptotic to the upper bound of
(4/27)n3.

For directed graphs cover time is less well understood, and there are strongly connected
digraphs with cover time exponential in n. An example of this is the digraph consisting of
a directed cycle (1,2,...,n,1), and edges (j,1), from vertices 7 = 2,...,n — 1. Starting from
vertex 1, the expected time for a random walk to reach vertex n is Q(2").

In earlier papers, we investigated the cover time of various classes of (undirected) random
graphs, and derived precise results for their cover times. The main results can be summarized
as follows:

e [4] If p = dlogn/n and d > 1 then whp Cg,, , ~ dlog (%) nlogn.

e [7,8] Let d > 1 and let = denote the solution in (0,1) of z = 1 — e~%. Let X, be the
giant component of G, ;,, p = d/n. Then whp Cx, ~ %n(log n)?.

[5] If » > 3 is a constant and G,,,. denotes a random r-regular graph on vertex set [n]
with » > 3 then whp Cg,,  ~ %nlog n.

n,r

6] If m > 2 is constant and G,, denotes a preferential attachment graph of average
degree 2m then whp Cg,, ~ %nlog n.

9] If & > 3 and G, is a random geometric graph in R* of ball size 7 such that the
expected degree of a vertex is asymptotic to dlogn, then whp Cg, , ~ dlog (ﬁ) nlogn.

A few remarks on notation: We use the notation a(n) ~ b(n) to mean that a(n)/b(n) — 1 as
n — oo. Some inequalities in this paper only hold for large n. We assume henceforth that n
is sufficiently large for all claimed inequalities to hold. All whp statements in this paper are
relative to the class of random digraphs D, ,, under discussion, and not the random walk.

In this paper we turn our attention to the cover time of random directed graphs. Let D, , be
the random digraph with vertex set V' = [n] where each possible directed edge (i,7), i # j is
independently included with probability p. It is known that if np = dlogn = logn + v where
v = (d —1)logn — oo then D, , is strongly connected whp. If v as defined tends to —oo
then whp D, , is not strongly connected. As we do not have a direct reference to this result,
we next give a brief proof of this. It is easy to show that if np = logn —y where v — o0, there
are vertices of in-degree zero whp. On the other hand, if np = logn + v where v — oo then
[12] shows that the random digraph is Hamiltonian and hence strongly connected. Strong
connectivity for np = logn + v where v — oo also follows directly from the proof of (62).

We determine the cover time of D,,, for values of p at or above the threshold for strong
connectivity.



Theorem 1. Let np = dlogn where d = d(n) is such that v = np —logn — co. Then whp

d
Cp,, ~ dlog <ﬂ> nlogn.

Note that if d = d(n) — oo with n, then we have Cp, , ~ nlogn.

Here X ~ Y whp if there are functions €1, €5 of n, €1,e5 = o(1) as n — oo, such that with
probability 1 — ¢ we have X = (1 — €)Y

The method we use to find the cover time of D, , requires us to know the stationary dis-
tribution of the random walk. For an undirected graph G, the stationary distribution is
my = deg(v)/2m, where deg(v) denotes the degree of vertex v, and m is the number of edges
in G. For a digraph D, let deg™ (v) denote the in-degree of vertex v, deg™ (v) denote the out-
degree, and let m be the number of edges in D. For strongly connected digraphs in which each
vertex v has in-degree equal to out-degree (deg™ (v) = deg®(v)), then 7, = deg™ (v)/m. For
general digraphs, however, there is no simple formula for the stationary distribution. Indeed,
there may not be a unique stationary measure. The main technical task of this paper is to
find good estimates for m, in the case of D, ,. Along the way, this implies uniqueness of the
stationary measure whp.

We summarize our result concerning the stationary distribution in Theorem 2 below. For a
given vertex v, define a quantity ¢*(v), which in essence depends on the in-neighbour w of v
with minimum out-degree:

deg” (w)}

deg™ (w)

<(v) = x| {

(1)

Theorem 2. Let np = dlogn where d = d(n) is such that np—logn — oco. Letm = n(n—1)p.
Then whp, the stationary distribution 7 is unique and for allv € V,

. degf(v)%—c*(v).

m
If ¢*(v) = o(deg™ (v)) for vertex v, the ¢*(v) term can be absorbed into the error term of m,,
in which case 7, ~ deg™ (v)/m, where m ~ n*p. We note the following special cases.

Remark 1. We prove in Lemma 14 that whp ¢*(v) = o(deg™ (v)) for all but o(n'/*) vertices
v.

Remark 2. When d = 149, § > 0 constant then whp the mazimum in-degree is O(logn) and
the minimum out-degree is Q(logn). In which case, 7, ~ deg (v)/m for all vertices v € V.

Remark 3. It can be shown that if np — logn = w(loglogn) then whp ¢*(v) = o(deg (v))
for all vertices v.

Remark 4. If d = d(n) — oo with n, whp the stationary distribution of D,,, is m, ~ 1/n.



2 Outline of the paper

At the heart of our approach to the cover time is the following claim: Suppose that T is a
“mixing time” for a simple random walk W,, and A,(¢) is the event that the walk W, does
not visit v in steps T,T 4 1,...,t. Then, essentially,

Pr(A,(t)) ~ e /B, 2)

Here R, is the expected number of visits/returns to v made within T time steps, by a walk
W,, starting from v. The fact that R, > 1 follows because the walk starts from v at step
t = 0, and this is counted as a visit. The proof of (2) is the content of Lemma 3; an established
lemma that we have used to prove previous results on this topic. The definition of mixing
time 7" used in Lemma 3 is based on maximum point-wise distance and is given in (4)-(5).
Because the walk is on a digraph, we estimate a mixing time 7' = o(log® n) directly, and this
is the topic of Section 7.1. Indeed the proof of Theorem 2 is itself based on an estimate of
convergence of the walk to stationarity.

Given (2) we can estimate the cover time from above via

Cu <t+14> ) Pr(Ay(s)).

v s>t

This is (95) and we have used this inequality previously. Here C, is the expected time for
W, to visit every vertex. It is valid for arbitrary ¢ and we get our upper bound for C'p by
choosing t large enough so that the double sum is o(t).

We estimate the cover time from below by using the Chebyshev inequality. We choose a set
of vertices V** that are candidates for taking a long time to visit and estimate the expected
size of the set VT of vertices in V** that have not been visited within our estimate of the
cover time. We show that E|VT| — co. To apply the Chebyshev inequality, we estimate the
probability that a given pair of vertices v,w € V** are unvisited by contracting them to a
single vertex v, and then using (2) to show that Pr(A,(t)) ~ Pr(A,(t))Pr(A,(t)).

The main problem for digraphs is that we do not know 7, and much of the paper is devoted
to proving that, essentially, whp,
d - *
TR B 3)

m

Our proof of this leads easily to a claim that whp 7' = O(log®n) and we will then find that
it is easy to prove that R, =1+ o(1) for all v € V.

We approximate the stationary distribution 7 using the expression @ = wP*, where P is the
transition matrix. For suitable choices of k we find we can bound

PP (y) = Pr(Ws(k) = y)

xT
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from above and below by values independent of x and obtain, essentially,

PE () ~ deg™ (y;j ()

T

an expression independent of x. Equation (3) follows easily from this.

To estimate P.") (y) from below we proceed as follows: We let k = 2 = Zlog,,, n. We consider
two Breadth First Search trees of depth £. T'°“ branches out from z to depth ¢ and Tziow
branches into y from depth £. Almost all of the walk measure associated with walks of length
20 + 1 from x to y will go from z level by level to the boundary of T!“  jump across to the
boundary of T é"w and then go level by level to y. We analyse such walks and produce a lower

bound.

To estimate P.*) (y) from above we change the depths of the out-tree from z and the in-tree to
y. This eliminates some complexities. In computing the lower bound, we ignored some paths
that take more circuitous routes from x to y and we have to show that these do not add much
in walk measure.

The structure of the paper is now as follows: Section 3 describes Lemma 3 that we have often
used before in the analysis of the cover time. Section 4 establishes many structural properties
of D,,,. In Section 5 we prove the lower and upper bounds given in Theorem 2. These bounds
hold for any digraph with the high probability structures elicited in Section 4. Sections 4
and 5, which form the main body of this paper, are first proved under the assumption that
2 < d < n?, for some small § > 0, an assumption we refer to as Assumption 1. In Section
6, we extend the proof of Theorem 2 by removing Assumption 1. Section 7 is short and
establishes that the conditions of Lemma 3 hold. To do this, we use a bound on the mixing
time, based on results obtained in Sections 5, 6. Finally, in Section 8 we establish the cover
time whp, as given in Theorem 1.

3 Main Lemma

In this section D denotes a fixed strongly connected digraph with n vertices. A random walk
W, is started from a vertex u. Let W, (t) be the vertex reached at step ¢, let P be the matrix

of transition probabilities of the walk and let P{”(v) = Pr(W,(t) = v). We assume that the
random walk W, on D is ergodic with stationary distribution 7.

Let
d(t) = max |P{(z) — 7|, (4)

u,xeV

and let T be a positive integer such that for t > T

(t) _ < n3
max |P°(2) — 7| < 07 (5)



Consider the walk W,, starting at vertex v. Let r, = ri(v) =Pr(W,(t) = v) be the probability
that this walk returns to v at step t =0, 1, ... . Let

T—1
Rp(z) =Y 12 (6)
=0
and let
R»U - RT(]_)

The following lemma is used in Section 8 to prove Theorem 1. A proof of Lemma 3 can be
found in [7].

Lemma 3. Fiz vertices u,v € V and fort > T let A,(t) be the event that W, does not visit
vn steps T, T+ 1,...,t. Suppose that

(a) For some constant 6 > 0, we have

min |Rr(z)] > 6.
[2|<1+A

(b) T?m, = o(1) and Tw, = Q(n?).

There exists an absolute constant K > 0 and functions 01,05 = O(T~,) such that if

A= —.

T (7)
and - o .
pU - Rv(l +91)7

then we have that fort > T,
1+6 _
Pr(A,(t)) = (H—p?)t + O(T?m,e /). (9)

4 Structural Properties of D, ,

In this section we gather together some properties of the degree sequence of D,, ,, which hold
whp. We stress that throughout this section the probability space is the space D, ,, and not
the space of walks on a given digraph. These properties are needed for the proof of Theorem
2.



We will make an assumption (Assumption 1) about the average degree which will allow us
to split the proofs in this section into two parts, the first part assuming that Assumption 1
holds, later relaxing this assumption in Section 4.4.

Once we complete this section, we next concentrate on estimating the stationary distribution
of a digraph with the given properties when Assumption 1 of (22) holds. This is done in
Section 5. We then remove Assumption 1 in Section 6.2. For large p outside Assumption 1,
a direct proof of the stationary distribution is quite simple, and given separately in Section
6.1.

4.1 Bounds on the Degree Sequence

Chernoff Bounds The following inequalities are used extensively throughout this paper.
Let Z = Z1 + Zy + - -+ Zn be the sum of the independent random variables 0 < Z; < 1,1 =
1,2,...,N with E(Z, + Zo+ -+ + Zy) = Nu. Then for € € (0,1) and any ¢, > 0,

Pr(|Z — Nu| > eNp) < 2e <Ne/3, (10)
r(4 = +t) < e )
Pr(Z > Nu 2t%/N 11
r 4>« < (e/a .
Pr(Z > aNpu olp 12

For proofs see for example Appendix A of Alon and Spencer [3].

The next lemma gives some properties of the degree sequence of D, ,. The lemma can be
proved by the use of the first and second moment methods (see [4] for very similar calculations).
The majority of the properties in Lemma 4(i) are used in Section 8.

Let np = dlogn and let
Ay = Conp where Cy = 30. (13)

Lemma 4.

(i) First assume that np = dlogn where 1 < d = O(1) and (d —1)logn — oo. Let D(k)
denote the number of vertices v with deg” (v) =k, and let D(k) = ED(k). Thus

D0 =" Yk

Note that

Dk) < — (ﬁ)k . (14)



Let

fbe LA D) <
{1<k<15: (logn)™?
{k € [16, A¢] : (logn)—2
[1,A0] \ (Ko U K7 U K>).

0g
<
<

ol

D(k) <loglogn}.
D(k) < (logn)?}.

For k < Ay, the degree sequence has the following properties.

(a) Ifd—1 > (logn)~/3 then

Klzwa

min{k € Ky} > (logn)"/?,

(b) The following conditions hold whp:

(ii) Suppose that 1 < d < n’® where & is a small positive constant. Let k* =

Let

Forallk € Ky, D(k)=

For allk € Ky, D(k) <

For allk € Ky,  D(k) <
D

For all k € K3, g <

|| = O(loglogn).

0,

(loglog n)?,
(

logn)?,

D(k) < 2D(k).

V*={veV: deg (v) =k* and deg*(v) = k' = [dlogn]}
and let v = (d — 1)log (7%). Then whp

(i1i) Let D be the event

then

n’}'d

* > I —
V= 10dlogn

{Fv eV : degh(v) > Ag or deg™(v) > A},

Pr(D) < n Ve 10,

(w) The number of edges |E(D,,)| ~m =n(n —1)p whp.

(v) deg™(v) ~ np for allv € V whp if d — oo.

Proof

been proved in [4]. We have

% n—1 n—1 % 1t n—2—k* _kT
E(|V |):n< . >( " >pk+k (1— p)22 ke =kt

8

We will only give an outline proof of (ii) as the other claims have (essentially)



Using, () > 517 (%)k, which is obtainable from Robbins’ refinement of Stirling’s approxi-

mation, we see that

(d—1)logn
BV 2 (0 =eWlgg = 1)1/12(11/2 log (di 1) | (20)

A separate calculation shows that

B(V*[) = B(V*]) + (B(V*])? (1 e (“T)) |

nep

where (k*k")/(n?p) = O(p/n). Thus provided we verify that E(|V*|) tends to oo, the Cheby-
shev inequality will show that [V*| is concentrated around its mean.

If d > 2 then

d (d—1)logn 1 1 1o
— > d—1)1 — > .
(@55)  zoeem e (7 gr) 2

Now d < n and so E(|[V*|) — oo follows from (20). If d = 1 + ¢ < 2 and ¢ is bounded

away from zero then so is (%) ~!and so E(|V*]) = n%®

where w = w(n) — oo and w = o(logn). Then, (il)( Dlogn (*£7)". If w > log'/? n then

d
(d%‘il)(d_l)logn > g1 and if w < logl/2 n then (di) (d=1)logn > log“’/2 n. In either case

. So now suppose that € = 10:71

E(|V*|) > log’ n where § = 6(n) — co. (21)

O

4.1.1 Assumption 1: a convenient restriction

We will first carry out the main body of the proof under the following assumption:
Assumption 1 : 2<d<n’. (22)

Here § is some small fixed positive constant, much less than one. We use the notation 0 <
0 < 1 to express this condition. We note that our choice of the value d > 2 is somewhat
arbitrary, and any constant larger than 1 would suffice. We wait until Section 6 to remove
Assumption 1. The proof for d > n° is much simpler and is given separately in Section 6.1.
The proof for 1 < d < 2 is given in Section 6.2.

Under Assumption 1, for d = O(1), and with Conp = Aq given by (13), there is a constant
co > 0 and interval
I = [conp, Conp), (23)

9



such that if v € [3n/4,n] then there exists v = v(cy, Cy) > 0 such that
Pr(Bin(v,p) € I) =1 —o(n"'77). (24)
When d — oo we can take ¢y = 0.999 and Cy = 1.001.

Let £& (resp. E5) be the event that the in-degree (resp. out-degree) of all vertices in S C V
are in the interval /. Thus e.g.

&S ={Dyyp Vv e S CV,deg"(v) € [conp, Aol } - (25)
Let £ = E& N EG. Then for any S C V' we have

Pr(€s)=1-0(n"). (26)

4.2 Properties needed for a lower bound on the stationary distri-
bution

The calculations in this section are made under Assumption 1.

Fix vertices x,y where z = y is allowed. Most short random walks from vertex x to vertex
y take the form of a simple directed path, or cycle if x = y. We can count such paths (or
cycles) with the help of a breadth first out-tree T rooted at z, and a breadth first in-tree
T éow rooted at y. We build these trees to depth ¢, where

- 2] o

For a vertex v let N~ (v) be the set of in-neighbours of v and for a set S, let N~=(S) =
Upes N~ (v). Define N*(v), N*(S) similarly with respect to out-neighbours.

Construction of in-tree Té"w.

For fixed y € V, we build a tree T, = Tyl"“’ rooted at y, by branching backwards in a breadth-
first fashion.

Define Yy = {y}, and define Y3,..., Y, as Yii; = N-(Y) \ (Yo U---UY;) for 0 < i < ¢. If
w € Yy is the out-neighbour of more than one vertex of Y;, we only keep the edge (w, z)
with the label of z as small as possible. Let Y = Uf:o Y; and let T, ?jow denote the BFS tree
T,(¢) constructed by branching back in this manner. For convenience, let Y<; = U;<;Y.

Because we need to state the distribution of edges of T, Z’lf’w rather precisely, we will refine our
description of the construction of the tree somewhat. The reason for this is as follows. It may

10



be that, in the fully exposed digraph, a vertex w € Y;,; has more than one edge pointing to
Y;. However, our construction of 7 é"“’ avoids learning this fact.

Let T, (i) be the tree consisting of the first ¢ levels of the breadth first tree T} (¢). Given
T,(i) we construct T,(i + 1) by adding the in-neighbours of Y; in V' \ Y;. For v € Y, let
N7 (v) be the subset of Y;;1 N N~ (v) whose edges in the tree T, (i + 1) point to v. The
set N5 (v) is constructed as follows. We process the vertices of Y; in increasing order of
vertex label. Let this order be (vi,vs,...,v)y;). Thus Ny (vi) = N7 (v;) \ Y<;, and in general

N;(’l}k) = N_(Uk) \ (YSZ U N_(’Ul, '--7Uk71))

Let degy(v) = [Nz (v)| denote the in-degree of v € Y in T,**. If degy(v) > 0 for all v € Yy,
we say the construction of Téow succeeds. The construction will fail if, for some 7 and some
v = v in Y; all in-neighbours of v lie in Y<; U N~ (v, ..., vg_1).

If veY,and w € Y1 and (w,v) is an edge of T}, (i + 1), then v = v, is the first out-neighbour
of win Y; in the order (vy, ..., vx). Note that we do not know anything about the edges (if any)
between w and (vg41,...,)y;|), because w was removed in our construction. We also remark,
that as w € Y44, there are no edges from w to Y<; 4, and thus no edges between w and

Ygi—l U {Ul, cery Uk—l}-

Associated with this construction of T, = Té"w is a set of parameters and random variables.

e For v; € Y}, let o(v;) = |V \ [Y<; UNy(v1,...,v;-1)]]. Thus o(v;) is the number of
vertices not in T}, after all in-neighbours of vy, ...,v;_; have been added to 7.

e Let B(v;) = |Ny (v))| = degp(v;), the in-degree of v; in T},. Thus B(v;) ~ Bin(o(v;), p).
o Let o'(vj) = |V \ [Y<iz1s U{vr, .., vj21

o Let D ~ 14 Bin(o'(vj),p), and let D(j, k), k =1, ..., B(v;) be independent copies of D.

The interpretation of the random variable D(j, k) is as follows. If w, € N (v;) then D(j, k) is
the out-degree of wy, in D,,,. The 1+ term in the definition of D comes from (wy,v;) being
the first edge from wy to Y;.

Construction of out-tree T.°*. Given the set of vertices Y of T°”, we define X, =
{z},X1,..., Xy where X; 11 = NT(X)\(YUXqU---UX;) for 0<i< /. Ifwe Xy is the
out-neighbour of more than one vertex of X;, we only keep the edge (z,w) with the label of z
as small as possible, as in the construction of Té‘)w. Let X = Uf:o X; and let 7" denote the
BFS tree constructed in this manner. Let degh(v) = |N,;f (v)| denote the out-degree of v € X
in T Similarly to the construction of Tyl"w, the value of degf.(v) is given by a random
variable B(v) ~ Bin(a(v),p). If degk(v) > 0 for all v € X<, we say the construction
of T!" succeeds. The construction would fail if some vertex v € X;,4 < ¢ — 1 only had
out-neighbours in X<;.

11



We gather together a few facts about T.°, T°" that we need for the proofs of this section.
We say that a sequence of events A,,n > 0 hold ‘quite surely’(qgs) if Pr(A4,) =1 — O(n¥)
for every constant K > 0.

Lemma 5. Lety > 0 be as defined in (23)-(24), then

(i) With probability 1 — O(n™7), the construction of T)", T} succeeds for all z,y € V.

(ii) With probability 1 — O(n™7),
For all x, and for all v € X<, 1, deg}(v) € [conp(1 — o(1)), Conp],
For all y and for all v € Y<y_1, degy(v) € [conp(1 — o(1)), Conp].

(iii) Given EF, &7, then fori < (, | X;| ~ deg*(x)(np)=L, |Yi| ~ deg (y)(np)"~* gs.

x )y

Proof We give proofs for T'° the proofs for Téow are similar.

Part (i), (ii). Let X = {29 = x,1,...,xx} where z; is the i-th vertex added to 7. For
z; € X, let f(x;) = |NT(z;) N (Y U{xo,x1,...,2j_1})|. Thus deg®(v) = degr(v) + f(v).

We can bound f(v) stochastically by the binomial Bin(Nx,p) where Ny = |Y| 4+ |X]|. This is
true even after constructing 7%, Téow, because the out-edges of v counted by f(v) have not
been exposed. Assuming =D, see (19), we have

‘
Ny < QZAB _ p2/3+o(1)

=1

Using the Chernoff bound (12), we have with w = log"/?n that

Pr <f(v) > %) <Pr (Bin(n2/3+o(1),p) > %) = O(n™1%). (28)
The event |J,¢, £x_, , € & and the latter holds with probability 1—0O(n~7). Thus given (28),

and & we have degj(v) > 0 for v € X<y, for all z € V. In summary, whp the construction
of T succeeds for all z € V, and degj(v) € [conp(1 — o(1)), Conp] for all v € X<,; in all
trees TV z € V.

Part (iii). By construction 7,°" was made after T,°", so | X;| depends on T.** and T,*".
Assume & = {deg" () € I = [conp, Conp|}, and that |Y| < n*3°M) " Strictly speaking we
should verify that |Y'| < n?/3+°() before considering 7!°*. On the other hand, the proof we give
here also applies to T/, For i > 1, | X, 1| is distributed as Bin(n —o(n),1— (1 —p)X). The
number of trials n — o(n) is based on the inductive assumption that |X; 1| = (1+o(1))n|X;[p
and that |X<;|p = o(1). That these assumptions hold gsfollows from the Chernoff bounds.
We thus have gsthat

15,| ~ deg* (&) (np)’". (29)

12



For u € X; let P, denote the path of length i from = to u in T°* and

1
Qo = H T F N
wop, deg” (w)
w#u
In the event that the construction of T%% fails to complete to depth ¢, let Y ue x, Wu = 0.

Similarly, for v € Y; let @), denote the path from v to y in Tylow and

1
Biw = H m- (30)

wWEQy
w#y

In the event that the construction of 7 Z’lf’w fails to complete to depth 7, let Zvng Bew = 0.

Let )
Z(J},y) = Zlow(m7y) = Z af,uﬁf,v+ (31>
= deg™ (u)
veY)
where 1,, is the indicator for the existence of the edge (u,v) and we take de;i”(u) = 0 if

deg™ (u) = 0. Note that Z(x,y) = 0 if we fail to construct T, or T}

Remark 5. The importance of the quantity Z(x,y) lies in the fact that it is a lower bound
on the probability that W, (20 + 1) = y.

The aim of the next few lemmas is to prove the following statement. Let I(y,€) denote the
interval [(1 — €)deg (y)/m, (1 +€)deg (y)/m]|, for some e = o(1). Let m = n(n — 1)p, then

Pr (3, yev such that Z(x,y) & I(y,€)) = O(n7). (32)

The first two lemmas give whp bounds for 3 v, 0w, Y
the third lemma and its corollary.

vey, Pew respectively, to be used in

Lemma 6. Let

Al(x,y):{l—exg Zamgl}, (33)

U/EXZ

and let ex = 2/(cy/logn) for some ¢ > 0, then

Pr (= A (z,y) NES) = o(n™?). (34)
Proof

13



For u € X, let P, = (up = x,uy,...,u, = u) denote the path from z to u in T'. For
the random walk on the digraph T!°%, starting at x; X, is reached with probability ® = 1 in
exactly ¢ steps, after which the walk halts. Thus

o= S ] 2 Yo (35)

ueXy UEP ueXy

We assume that the construction of 7' succeeds, and that degs.(v) > 0 for v € X<, 4, as
established in Lemma 5. In the notation of that lemma, deg™ (v) = degj} (v) + f(v). Now

@:ZHdeg ~ )

ueXy veEP,

1 1
-x(n —degw) ()
1
= 2 e (H - f(v)/deg+<v>> |

ueXy vEP,

Now if

1
vl;!“ 1— f(v)/deg+(v) <1+ h Yu € XZ7 (36)

then ) cx, 2w = 1—0(1) provided h = o(1). We next prove we can choose h = O(1/+/logn),
which determines our value of ey.

Similar to the proof of (28) of Lemma 5 we have, with w = y/logn that

( Z fv) > —) <Pr (Bin(n2/3+o(1),p) > @> =0(n ). (37)

veExPu

Using (28), and (37) it follows that

f(v) 1
Z deg™ (v) — f(v) = cow — 1"

’UGPu

For 0 <z <1, (1—2)"t<e”/07% and so

1 f(v)
= = o (Z (i~ f(v))>

1 2
< exp( )<1—|—— (38)
cow — 1 Cow
provided 1/(cow — 1) < 1/2. There are at most n trees and n paths per tree and so (36),
with ex = h = 2/(¢y/logn), follows from (38). This completes the proof of (34). O
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The next step is to obtain an estimate of Zveyg Bew. The proof is inductive, moving down the
tree T, level by level. For brevity we write d(u) = deg™(u), d;(u) = degr(u) etc.

Let the random variable W (y, i) be defined by

=2 2 &5

ueN~ (y) veY; zEqu

where for v € Y; the notation means that the the unique path vPuy from v to y in T}, passes

through u, and that vPu is written as v = z;,...,2;,...,2 = u in the product term.
Note that
0= Bra.
veY,

Define W*(y, i) by

> Yaw [l w5

ueN~(y) veY; z€vPu

where for v € Y, we define d(v) = 1 so that W(y, {) = W*(y,¢). Note that

Wiy - Y

+
wen— W)

We prove the following lemma for a more general value of £, as it is also used in our proof of
the upper bound.

Lemma 7. Let

(u)
:np Z d+u

ueEN~(y)
Let

As(y :{ ot Y o €[(1—¢) (y),(1+€)u(y)]}- (39)

vEYy

Let e = B/+/logn for some sufficiently large constant B, and let { = nlog,,n where 0 <n <
2/3. Then under Assumption 1,

Pr(3y € V such that - Ay(y)) = O(n™7).

Proof

The lemma is proved inductively assuming &~ and 5;,“\ (y)- We prove the induction for 2 <
i < {, where by assumption (np)’ = O(n®°7).
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Let E[d+(i)]W(y, i) be the expectation of W (y, 1) over (d*(v),v € Y;), conditional on all other

degrees d*(u) > 0,d;(u),u € Y<;1 being fixed such that |Y<;, 1| ~ d~(y)(np)~ < n®o7
which is true s from Lemma 5.

For v € Y;, d*(v) is distributed as D(v) ~ 1+ Bin(o'(v),p), for some o’(v) € Iy = [n —
O(n®7) n]. Given the values o’(v) for v € Y;, the D(v) are independent random variables.

For v € Y}, let vPu be written vwPu, where (v,w) € T),. Then

S (11 7) =2 () (I )

where given 5;“\{y}, and § = max(n=%33 n=7),
1

E (Db)) = (1+00) .

This follows from the identity

- 1
N—j .j+1 _ N+1
; ( ) x N 1) (¢ + pa)
obtained by integrating (¢ + pz)"; and from Pr(=&) = O(n='77). Thus

E[d+(i)]W(y’i) - Z Z (ep d+(z )

U’GYZ 1veNL

1
- Z d < d+(z )
wGYZ 1 zewPu

= (1+ O(é))n—pW*(y,i —1).

To obtain a concentration result, let U (i) = W(y,1) - ((1 — o(1))conp)?, we can write U(i) =
ZUEYi U,, where U, are independent random variables. Assuming 5;,“\ (v} and that Lemma

5(ii) holds we have (co(1 — 0(1))/Co)* < U, < 1.

Let ¢; = \/3K logn/(EU) for some large constant K. Then

Pr(|U(i) — EU| > €BU) < 2¢-5EV — 0(n~ %),

and so
Pr(|W(y,i) — EW| > eEW) = O(n~F).

16



Note that EU > [Yi[(co(1 — 0(1))/Co)" > (co/2)(conp/2Cy)". Thus ¢; < 1/4/(Alogn)~* for
some A > 0 constant. For i > 2, ¢, = O(1/y/logn), and thus ¢; = o(1).

In summary, with probability 1 — O(n=%),

1
W(y,1) = (14 0(5) + Ole)) oW (g1 = 1).
Continuing in this vein, let E[d_(' 1)]I/V*(y,i — 1) be the expectation of W*(y,i — 1) over
Tt~

(d7(v),v € Y;_1), conditional on all other degrees (d*(u),d(u),u € Y<;_2) being fixed. For
v €Y, 1, dp(v) is distributed as B(v) ~ Bin(o(v), p) conditional on &y, Let Ly denote the
indicator for an event X', then

EB(v) = E(B(v) - 1g )+ E(B) -1 ),

Y\Yy Y\Yy

and, splitting the second event on D gives

E(B(v) -1~ )=0(Agn™7) 4+ O(nn™').

Y\Yyp
Thus, given &, we have Edy.(v) = (1+ O(6))np.

Thus

_ 1 _ 1
E[d;(i—l)] (dT(U) H d+(z)> = (Edy(v)) ( H d+(z)> )

zevPu z€vPu

and

BV i = 1) =1+ 0(0))np W(y,i - 1).

Using Lemma 5 (ii) and arguments similar to above, for ¢ > 3 with probability 1 — O(n™F)
W*(y,i—1) = (14 0(8) + O(ei—1))np W(y,i — 1)

completing the induction for ¢ > 3.

The final step is to use
1
W(y,2) = (1+0(5) + 0(62))n—p W*(y, 1),

and thus whp




Thus from (24)

Pr(3y € V such that = Ay(y)) = O(Pr(3v € V : deg(v) € I)) = O(n™").

O
Corollary 8. Provided Assumption 1 holds, let
Aoly) = {Z e |1-9"LW, 4 2] } , (40)
veY;
where ¢ = B/+/logn, then
Pr (3y € V such that = As(y)) = O(n™"7). (41)

Proof Referring to (39), under Assumption 1 and =D, then d . (u) = deg™ (u)(1 — o(1))
simultaneously for all u € N~ (y) with probability 1 — O(n='77). Let ¢ = 1/logloglogn. A
vertex is normal if at most ¢y = [4/(¢3d)] of its in-neighbours have out-degrees which are not
in the range [(1 — {)np, (1 + {)np], and similarly for in-degrees. Let AN (y) be the event y is
normal. We observe that

Conp

Pr(—d\/'(y) | Sy_) <2 Z (50) (26—C2np/3)C0 _ O(TL—Q(logloglogn))7

s=conp

where £, is given by (25), and thus (see (24))
Pr(=(N(y)NnE, ) = O0(n~"77). (42)

Now if y is normal then

deg )25 0@ < Y 9B ()1 L o).

1 + 1 —
+¢ vy deg” (u) ¢
O
Recall the definition of Z(z,y),
Z(l’,y) - Z Qy uﬁﬂv 1UU 5 (43>
deg™ (u)
ueXy
veY)
where 1,, is the indicator for the existence of the edge (u,v) and we take —lw— = 0 if

deg™ (u)
deg®(u) = 0. The next lemma gives a high probability bound for Z(x,y).
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Lemma 9. Let

Ao = {2 € [0 - e LY 14 e W],

m
where ez = B/(\/logn), for some constant B > 0. Then given Assumption 1,
Pr(3z,y : ~As(z,y)) = O(n™7). (44)

Proof
Let
B=Bla,y) = (Ef,x, Ny, NAi(2,y) N As(y) N L),
where £ is given by (25), Aj, As by (33), (40), and L is the event that Lemma 5 holds.
Let u € Xy and let w € Y\ Y. As X, NY = (), we know that u is not an in-neighbour of

w. Other out-edges of u are unconditioned by the construction of 7%, T: éow. Given Y\ Y, <
n2/3+e() “the distribution of deg™ (u) is Bin(v,p) for some n — n®%" < v <n — 1. Thus

B) _ Z (Z)pk(l —p)vk% - % (1+0(n0%)). (45)

k=1

1
E uv
(deg+(U)

Here k/v is the conditional probability that edge (u,v) is present, given that u has k out-
neighbours.

We use the notation Pre(-) = Pr(- | C) etc, for any event C. From (33), (40), (45),

deg”(y)

Esz(Z) = (14 O(ez)) (46)

Conditional on B, |Y,| < n?/3+e() by construction, and as the edges from u to Yy are unexposed,

Prs (INT(u) NY,| > 1000) < Pr(Bin(n**°W p) > 1000) < n~ 1. (47)
Let

F =F(z,y) = {IN"(u) NY,| < 1000, Yu € X, },
and let G(x,y) = B(x,y) N F(x,y)N 8}2. The quantity of interest to us is the value of Z(z,y)
conditional on G(z,y). We first obtain Eg(Z) from Eg(Z) using
Es(Z) = Es(Z - 1r@ynet ) + Es(Z - Liraynet,)- (48)

The event =[F(z,y) NEY,] C [F(a,y) N=EL | U [=F(z,y)]. Using (43), we obtain

Es(Z - L[f(m,y)mg;l])
1000 —(147) —~10 —10
7 | [Xel (O™ ) + 0(n 1)) + O(| X [Ye)O(n ™) (49)

— O(Es(Z)n™) + O ( eorp)

= Ex(Z) O(n™).
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To see this, partition the vertices of X, into sets R, S, where vertices in R have out-degree
in [conp, Conpl, and vertices of S do not. The first term in (49) is the contribution to the
first term in the RHS of (48) from the vertices in R, multiplied by the probability of =€y,.
Assuming F(x,y) holds, the second term in the RHS of (49) is the contribution to the first
term in the RHS of (48) from the vertices in S. The last term in the RHS of (49) is the
contribution to the first term in the RHS of (48) in the case where =F(z,y) holds.

Thus
I E(Z 1p- 1F(z,y)ﬁ5jgz> EB(Z'lf(x,y)ﬁgng)Pr(B)
and so
deg™ (y)

Bg(2) = Bs(2)(1 +0(n™) = (1 + 0(ez)) “E 1) (50)

We now examine the concentration of (Z | G). Let A = 1000/((1 — o(1))conp)?*L. Tt follows
from Lemma 5(ii) that given G we have Zy < A. Let Z, = Z /A then for u € X, the Z, are
independent random variables, and 0 < Z, < 1. Let Z = D uex, Z, and let i = Eg(Z ). Thus

i = n'/3te), (51)
It follows from (10) that if 0 < 6 <1,
Pro(|Z — fi| > i) < 2e~"7/°.
With 0 = 4(np/1i)*/? we find that,
Prg(|Z — fil > 4(npfi)'/?) = o(n™?),

and hence that
Prg(|Z — EgZ| > 4A(npi) /%) = o(n™*).
Using (51) we have 4A(np i)'/? = O(n~7/+°(M) "and so

PI‘g (|Z — Eg(Z)| =0 (m>) =1- o(n_4).
We see from (50) that Eg(Z) = (1 + O(EZ))deg . Thus
Prg (Z(:z:,y) #(1+ O(ﬁz))degT(y)> =o(n™?). (52)

Using (26), (34), (41) and (47),

Pr <U -G (z, y))

< Pr(=&y)+Pr(-L) +Pr (U —F(z, y)) + Pr (U - A (z, y)) + Pr (U _'.A2<y)>
=0(n"). (53)
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Thus finally, from (52) and (53)

Pr(3z,y : ~As(z,y)) = O(n™7). (54)

4.3 Properties needed for an upper bound on the stationary dis-
tribution

We remind the reader that np = dlogn where d < n°, where ¢ is some small positive constant.
Let
A =log,,n.

We will use the following values of ¢ in our proofs:
b= (14+nA, ¢, =(1-10n)A, {5 =11nA.
We first show that small sets of vertices are sparse whp.

Lemma 10. Let ¢ be a positive constant satisfying 20 < ¢ < 1/2, and let sy = (1 — 2¢)A.
Whp forall S CV, |S| < sg, the set S contains at most |S| edges.

Proof The expected number of sets S with more than |S| edges can be bounded by

S0 n 82 » S0 )
S < S
X; <8> (S N 1)17 < ) (¢*np)sep

e s=3

< exp(—Clogn + lognp) = o(n=%?).
O

For the upper bound we need to slightly alter our definition of breadth-first trees and call
them T,7, T/, This time we grow T, to a depth {; and T? to a relatively small depth /5.
With this choice, Lemma 10 implies that Y will contain no more than |Y'| edges whp. This
reduces the complexity of the argument. We fix x,y and grow 7* from x to a depth ¢;, and
7,7 into y to a depth f». The definition of T;? is slightly different from T° low hut we retain
some of the notation.

Construction of 7)?. We build a tree 77, much as in Section 4.2, by growing a breadth-first
out-tree from z to depth £. The difference is that we construct T;? before T)'?, so that T,
is not disjoint from Y. As before, let Xy = {z}, and X;, i > 1 be the i-th level set of the
tree. Let TP(i) denote the BFS tree up to and including level i, and let T*P = TP({¢y). Let
X<; = Uj<; X, and let X = X<4,. In Section 5.2 below we will need to consider a larger set
X<y where 3 = (1 —n/10)A.
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Construction of 7;”. Our upper bound construction of 7,7 is the same as for the lower
bound, except that we only grow it to depth /5.

Our aim is to prove an upper bound similar to the lower bound proved in Lemma 9. For
u € Xy we let
ap . =PrW,(l) = u)

where

. < 1. (55)
>

The LHS of (55) is one, except when we fail to construct T, to level (.

This is the only place where we write a structural property of D, , in terms of a walk proba-
bility. This is of course valid, since ay, , is the sum over walks of length ¢; from x to u of the
product of reciprocals of out-degrees. Fortunately, all we need is (55).

We also define the f;,, as we did in (30) and now we let

Z(w,y) = 2@, y) = Y anuBues—t—

ueX ( )
vEY, \ X

(56)

The next lemma follows from Corollary 8.

Lemma 11. Let ¢ be as in (27). If 2 < k < { then for some ey = o(1) we have

r (Z Brw > (14 €y) degnp@)) = o(n~177/?)

vEY],

where 7 is as in (24).

It follows by an argument similar to that for Lemma 9 that

Lemma 12. For some ey = o(1) we have that

Pr (Elx y: Zwy) > (1+e )de%@)> ) (57)

In computing the expectation of Z, some of the vertices in X of T may be inspected in our
construction of T, or of T up to level . Thus E(1,,/deg" (u)) < (1/n)(1 4 o(1)), (see

(45)).

Remark 6. The upper bound for Z(x,y) obtained above is parameterized by ly = (1 + n)A.
Provided n > 0 constant, so that Lemma 12 holds, we can apply this argument simultaneously
for n?/3 different values of .
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We next prove a lemma about non-tree edges inside X, and edges from X to Y \ Y,.

Lemma 13.

(a) Let l3=(1—n/10)A and
Lo(l3) =Yz € X<y, : z has < 100/n in-neighbours in X<} .
Then Pr(—L,({3)) = O(n™?).
(b) Let Xy ={ve X,: Nt (v) N X<p # 0} and
Ly(0) = {|X7] < 18M¢*p+1log’n} .
Then Pr(=Ly(£)) = O(n™1%) for ¢ < 45.
(c) Let

KA
to = [ —‘ where K = 21og(100C,/ncy). (58)
log np
Fix t <ty and i > 2nA and let
Syt =1z € X 1 z is reachable from X; in at most t steps} .
Then let A° = A°(x,y,t) be the number of edges from S;, N X to Yy, 4. Then,

Pr(3z,y,t: A° >logn) = O(n~ ).

(d) Let A= A(x,y,t) be the number of edges between Xy, and Yy, 4\ X, wherety <t < lo—1.
Pr(3z,y,t: A >9|X,,|[Ye, |p +1log®n) = o(n™'9).

Proof

(a) Let z € X({3). Let ¢ be the number of in-neighbours of z in X<,. In the construction of

TP (l3), we only exposed one in-neighbour of z. Thus ( is distributed as 1+ Bin(|X<s,|,p) <

1 + Bin(AF,p) + nPr(D). We apply (12) and (19) to deal with the binomial. Hence if
r+1=100/n,

PI‘(C >t 1) < Agégpr + n10o—10np < 2nr(5—n/10) + n10p—10np _ O<n—9)'
Part (a) of the lemma follows.

(b) For v € X, the out edges of v are unconditioned during the construction of T%?(¢). The
number of out edges of v to X<, is Bin(|X<|,p). Unless D occurs, | X</ < 240" and

Pr(|N*(0)N X< >0 | -D) < 1— (1 —p)*" < 2A,"p,
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and
E(|X7| | -D) < 2A:%p.

By (12)
Pr(|X;| > 18A¢*p +1log®n) = O(n™'%) + Pr(D) = O(n™ ).

(c) Let S(u,t') be the set of vertices in X that a walk starting from u € X; can reach in
0y —i+t—t steps. Thus unless D occurs, |[S(u,t")| < At~ S0, given —D,
1S54 < 27| Ag" (59)

We can assume that, after constructing 7, we construct 7,7 to level Yy, 4, and then inspect
the edges from S}, to Yy, ;\ X. These edges are unconditioned at this point and their number
A is stochastically dominated by Bin(|S;,| |Ye,—¢[,p) . Given Ly(i) of part (b) of this lemma,

| X?7| < 18A¢*p + log® n. (60)
Let i = aA, where 2n < a <1 —10n.

Case 27 < a < (1+¢€)/2 for some small ¢ > 0 constant.
Using (59), (60) and |Yy, ;| < A" gives

EA° (18A0%"p + log® )220 " A2 "p + n?*(Pr(D) + Pr(Ly(4)))
360" p? (np)™*" + 2C5" (logn) p (np)~" + O(n™?)
36050 (np)Qn’%*"Jre + 2050 log? n(np)n~" 4+ O(n=?)

O(n="?%).

VAN VANRVAN

Case (1+¢)/2<a<1-10n.
For i > (1+¢€)/2A, |X?| < 20A¢*p. Thus

EA° 20007 p - 200" T A2 + 02 (Pr(D) + Pr(Ly(4)))
A0CPH p? (np) ™ + O(n™?)
40C’g°+€1 (np)’n="" 4+ O(n™?)

O(n="?2).

IAINCIA

In either case, with probability 1 — o(n™'%), A <logn.

(d) After growing T,” to level {1, we grow T’ to level f5 —¢. Then A(t) has a binomial
distribution and EA(t) < | Xy, ||Ys,—¢|p. The result follows from the Chernoff inequality. O

4.4 Small average degree: 1+ 0(1) <d <2

This section contains further lemmas needed for the case 14 o(1) < d < 2.
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We will assume now that
l+o(l)<d<2.

Let a vertex be small if it has in-degree or out-degree at most np/20 and large otherwise. Let
weak distance refer to distance in the underlying undirected graph of D,, ,,.

Lemma 14.

(a) Whp there are fewer than n'/> small vertices.
(b) If np > 2logn then whp there are no small vertices.
(c) Whp every pair of small vertices are at weak distance at least

0 logn
0 10loglogn

apart.
(d) Whp there does not exist a vertex v with max { deg*(v), deg™ (v)} < logn/20.

(e) Let ¢*(v) be given by (1). Whp for all vertices y,

S B o) (deg () + 5* W)

+
ueN~(y) d@g (u)

Proof
(a) The expected number of small vertices is at most

logn /20

-1
n Z (n . )pkqn—l—k = O(n19%). (61)
k=0
Part (a) now follows from the Markov inequality.
(b) For np > 2logn the RHS of (61) is o(1).

(c) The expected number of pairs of small vertices at distance ¢, or less is at most

2
l10 logn/20

n2 Z Pkpkphtt | 9 Z (” l_ 1)plqn—1—l _
k=0 1=0

O(nl1(2d1og n) 0+ (20ed) 8™/ 10024y = O(n - pt/10TeM) . pl/2 . =2y = o(1).

(d) The expected number of vertices with small out- and in-degree is O(n!=2%-8902) = o(1).
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(e) For 1 <k < Ay let

1 1<k< L’M
A = L e Mgl
(lOg lOg n) Tloglogn)® < k < Ao

Let € = llogn' The probability that there exists a vertex of in-degree k € [1, Ag] with A
in-neighbours of in or out-degree outside (1 4 €)np, is bounded by

= n—=1\ ik Lo~ <np/3)A < 1-d (1ep 24N,/ (4k) k
n—1— —€E" N k < — = . —€ k — .
Zn( f )pq <)\k)( e ) _;271 ( - 2-n ) o(1)

k=1

Now assume that there are fewer than A\ neighbours of v of in or out-degree outside (1 +¢€)np.
Assuming at most one neighbour w of y is small,

Z deg™(u) ) (1+O0(e)k I<k< (loéolignn)‘l
weN- ) deg™ (u) (14 0(e))(k — M) + O(N) (loghi+g"n)4 <k<A
This completes the proof of the lemma. a

Let weak distance refer to distance in the underlying graph of D, ,, and let a cycle in the
underlying graph be called a weak cycle.

Lemma 15. Whp there does not exist a small vertex that is within weak distance {1y of a

weak cycle C' of length at most {1q.

Proof Let v, C' be such a pair. Let |C| = ¢ and j be the weak distance of v from C. The
probability that such a pair exists is at most

l10 l10 logn/20 n—1
) i ) J 2 I n—1-—1
> )iy o' Y 2(" )il
=3 j=0 1=0
_ O(n1/10+o(1) X n1/10+o(1) _n74/5+o(1)) _ 0(1)'

5 Analysis of the random walk: Estimating the station-
ary distribution

In this section we keep Assumption 1 and assume that we are dealing with a digraph which
has all of the high probability properties of Section 4.3.
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5.1 Lower Bound on the stationary distribution

We use the properties described in Section 4.2. We derive a lower bound on P2**1(y). For
this lower bound we only consider (x,y)-paths of length 2¢ + 1 consisting of a T!°* path from
x to X, followed by an edge from X, to Y, and then a Té"w path to y. The probability of
following such a path is Z(z,y), see (31). Lemma 9 implies that

PR () > (1 — 0(1))degT_<y) for all v € V. (62)

Lemma 16. For ally €V,
deg (y)

my 2 (1= o(1) ~L

Proof It follows from (62) that for any y € V,

my= S m P > (1 o) E WS apdE W (g

m m
zeV zeV

5.2 Upper Bound on the stationary distribution

Lemma 16 above proves that the expression in Theorem 2 is a lower bound on the stationary
distribution. As ) m, = 1, this can be used to derive an upper bound of 7, < (1 +0(1))degT_(y)
which holds for all but o(n) vertices y. In this section we extend this upper bound to all
yeV.

We use the properties described in Section 4.3. We now consider the probability of various
types of walks of length ¢y 4+ 1 from = to y. Some of these walks are simple directed paths in
BF'S trees constructed in a similar way to the lower bound, and some use back edges of these
BFS trees, or contain cycles etc. We will upper bound P**!(y) as a sum

Pt (y) < Z2 M (y) + S22 () + QT (y) + B (y), (64)
where the definitions of the probabilities on the right hand side are described below.
Z*%*1(y). This is the probability that W, (¢, + 1) = y and the (¢; + 1)th edge (u,v) is such

that u € X and v € Yy, \ X, and the last /5 steps of the walk use edges of the tree T}

These are the simplest walks to describe. They go through 7?7 for ¢; steps and then
level by level through 7)7. They make up almost all of the walk probability.
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Stotl(y). This is the probability that W, (¢, + 1) = y goes from z to y without leaving X.
This includes any special cases such as, for example, a walk xyzxy...zy based on the
existence of a cycle (z,y), (y,z) in the digraph.

Q%T1(y). This is the probability that W, (¢ + 1) = y and the (¢; 4+ 1)th edge (u,v) is such
that v € Yy, N X and the last ¢y steps of the walk use edges of the tree T)”. We exclude
walks within X that are counted in S%+1(y).

Rfot1(y). This is the probability that W, ({y + 1) = y and during the last ¢, steps, the walk
uses some edge which is a back or cross edge with respect to the tree 7).

Upper bound for Z%*!(y).

It follows from (57) that
deg™y
o

Z(y) < (1+o0(1)) (65)

Upper bound for S2*1(y).

Let W, be a walk of length ¢ in X, and let W, (t) = v. Let d_,, = max,cx [N~ (w) N X].

max
Tracing back from v for t steps, the number of walks length ¢ in X terminating at v is at most
(d..)"; so this serves as an upper bound on the number of walks from x to v of this length.

By Lemma 13(a), we may assume that d_,. < 100/7.

max

Applying this description, there can be at most (100/7)%*! walks of length £y + 1 from x to
y, which do not exit from X. We conclude that

s < (L)Y (L), (66)

conp

Upper bound for Q%*1(y).

We say that a walk W, delays for t steps, it W, exits X for the first time at step {1 +t. A
walk delays at level 7, if the walk takes a cross edge (to the same level 7) or a back edge (to a
level j < i) i.e. a non-tree edge e = (u,v) contained in X that is not part of T"P.

Lemma 17. Let ty) = [K—AW where K = 21og(100Cy/ncy), then

lognp

Pr(W,(ly + 1) =y and W, delays for ty or more steps) = o(1/n).

Proof The only way for a walk to exit from X is via X,, (recall that edges oriented out
from X; end in X;,1). Let W, be an (x,y)-walk which delays for ¢ steps, and then takes edge
e = (u,v) between X,, and Yy, ; \ X. There are at most (100/n)*! walks of length ¢; + ¢
from x to w within X. After reaching vertex v, W, follows the unique path from v to y in Ty
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Applying Lemma 13(d) we see that the total probability PT(t) of such (z,y)-walks of length
ly + 1 and delay t is

(100/7)* (9] X ¢, [[Ye,—e|p 4 log? 1)
(conp)fort

(100/m)c+ (96’50 (np)*~tp +log” n)
(conp)tott

- (é () (G +1o§;n)>’

P =Y P =0 (4 (o + ), (o7

t>to n (np)to nn

Pi(t)

So,

where A = (100Cy/nco)' ™.

Now AN = n°M. Also AN /np = o(1) if log® np > 2(log A)(logn) in which case the RHS of
(67) is o(1/n), which is what we need to show. So assume now that log®np < 2(log A)(logn).

This means that A — oo and then
AA AN
ok (_K> -0

PY(> to) = o(1/n). (68)
O

Thus in both cases

We can now focus on walks with delay ¢, where 1 <t < ty. A non-tree edge of X is an edge
induced by X which is not an edge of T'". For 4i < (1 — ¢)A, Lemma 10 implies that whp
the set U = X<; contains at most |S| edges. For, if U contained more than |U|+ 1 edges then
it would contain two distinct cycles C, Cs. In which case, C, C5 and the shortest undirected
path in U joining them would form a set S which satisfies the conditions of Lemma 10. Thus
there is at most one non-tree edge e = (u,v) contained in X<(1—)A/4

Let 8 = 2nA. We classify walks into two types.
Type 1 Walks. These have a delay caused by using a non-tree edge of X<y, but no delay

arising at any level 7 > . Thus, once the walk finally exits Xy to Xy, it moves forward
at each step towards Xy,, and then exits to Y, _; \ X.

Type 2 Walks. These have a delay arising at some level X;, ¢ > 6. We do not exclude
previous delays occurring in X<y, or subsequent delays at any level.
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Type 1 Walks. We can assume that X<y induces exactly one non-tree edge e = (u,v). Let
u € X; then v € X, 7 <. There are two cases.

(a) e is a cross edge, or back edge not inducing a directed cycle.

Here the delay is ¢ =7+ 1 — j and this is less than t; by assumption. Then, as we will see,

Pr(Type 1(a) walk) < — Z ZUto=i+) () — 0(%). (69)

(conp)? deg weN o n(np)

The term 1/(conp)? arises from the walk having to take the out-neighbour of x that leads
to w in TP and then having to take the edge (u,v). The next step of the walk is to choose
w € NT(v) and it must then follow a path to y level by level through the two trees. The value
of ZL=Hi+1(y) can be obtained as follows. Let ¢ = £y — (i — j) — 1, then as t < ty = o(A\) we
have that ¢ ~ {y. For w € N*(v) replace o by £ in (57) above, to obtain Z(w,y) = O(1/n),
see Remark 6. This verifies (69).

(b) e is a back edge inducing a directed cycle.

Let Pu be the path from x to w in T*P(0). As v is a vertex of xPu, we can write xPu =
xPv,vPu and cycle C = vCv = vPu, (u,v). Let o0 > 2 be the length of C'. For some w in
vPu the walk is of the form xPv,vPw, (wCw)*, wPz, where wCw is C started at w, the walk
goes round wCw, k times and exits at w to v’ € NT(w) \ C and then moves forward along
wPz to z € Xy, and then onto y. The delay is t = ko and this is less than ¢, by assumption

We claim that

1 1
Pr(Type 1(b) walk) L — Zb—kotly =0 ——— ).

W ENT(w)\C
(70)

The term (conp) * accounts for having to go round C' k times and we can argue that

Ztokot (y) = O(1/n) as we did for Type 1(a) walks.

So from (69) and (70) we have that

Pr(Type 1 walk) = O (W) . (71)

Type 2 Walks. Suppose W, is a walk which exits X at step ¢; +1t and is delayed at some level
i > 6 by using an edge (u,v). The walk arrives at vertex u € X; for the first time at some
step i +t' and traverses a cross or back edge to v € X, j <.

A contributing walk will have to use one of the A°(z,y,t) < logn edges described in Lemma
13(c). By Lemma 13(a) there are at most (100/n)* " logn from z to u € X?. Once the walk
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reaches w € Yy, 4 there is (by assumption) a unique path in T, from w to y. Let P(i,t) be
the probability of these Type 2 walks, then

, (100/n)*t1logn 1
P(Z, t) S (Conp)£0+1 =0 W . (72)

Thus finally from (68), (71), (72)

QﬁOH(y) — P'(>ty) + Pr(Type 1 walk) + Z Z P(i,t) = 0O (EL) ) (73)

2
1<t<tg 0<i<l; n (np)

Upper bound for Ro1(y).

Let Y = Yoy, be the vertex set of T,7(f5). We assume that Y induces a unique edge e = (u, v)
which is not in 7,?. Note that the condition that |Y| induces at most |Y| edges holds, even
if we replace ¢5 with 2¢5 based on the construction of Ty (2¢5) to depth 2¢5, by branching
backwards from y. We consider two cases.

(i) e is a cross or forward edge, or back edge not inducing a directed cycle.

We have u € Y;,v € Y; for some ¢ < j < f5. We suppose the (z,y)-walk is of the form
aWu, (u,v), vWy where u ¢ vWy, so that vWy is a unique path in T,

Case 1: ¢ > (4n/5)A.

Let ¢35 = (1 —n/10)A. The length of the path (u,v),vWy is j, so the length of the walk zWu
is lo —j + 1. Let h be the distance from u to X<y, in T;P. Then

h:maX{O,gg—fg—j—i—l} Smax{(),fo—ﬁg—i—i—l}.

Let w € X<y,. By Lemma 13, the number of (z,w)-walks of length ¢ < /3 in X<y, passing
through w at step ¢ is bounded by (100/7)%. The the number of walks length A from u to
Xy, is at most Ay". Thus, the number of (x, y)-walks passing through e = (u, v) is bounded
by (100/1)% A" Thus

100/77)23 A0917A/10
(conp)fott

Ry y) =0 <( ) = O(n~71/%), (74)

Case 2: 0 <1 < (4n/5)A.

Let i = aA. Let ' =n(1l—a) ,0; = (1 —101)A, ¢, = 111A, and let £, = ¢} + (. As observed
above, the vertex set U of the tree Ty of height ¢, above u induces no extra edges, so we can
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apply the upper bound result for walks of length ¢, + 1 from z to u based on the assumption
0 +1
R (u) = 0. Thus
: deg™
P () < (14 0(1)) 221,
m

The probability the walk then follows the path (u,v),vPy is O(1/(np)?). Thus

ROHI(y) = 0 (deg_(“)) . (75)

m(np)?

(ii) e is a back edge inducing a directed cycle.

In this case, there is an edge e = (u,v) where u € Y;,v € Y and j > i. Let vPu denote the
path from v to w in 77, and C the cycle vPu, (u,v). There is some k > 1 such that the walk
is Py = xPu, (uCu)*, uPy. Let o be the length of C, let T be the distance from u to y in TP,
and let s = 7+ ko. Let ¢ = ¢y —s. Then ¢ + 1 is the length of the walk zPu from z to u
prior to the final s steps.

Either ¢ < (1+44n/5)A and the argument in Case 1 (i > 4n/5)A) above can be applied, giving

us the bound

100/17)53A0977A/10
(conp)ott

R (y) =0 <(

Or £ > (1+4n/5)A and we adapt Case 2. Let w be the predecessor of u on Fy. We can use
Remark 6 as above to obtain P(w) < (14 o(1))deg™ (w)/m. As ko > 2,7 > 0, (the worst
case is u = y,w € N~ (y)), we obtain

) = O(n~17720), (76)

deg” (w)
lo+1 —
Rt =0 (2 L) @
Thus, using (74), (75), (76), (77) we have
1 1
lo+1 — =
R =0 (1) (78)
We have therefore shown that S (y) + Q%" (y) + Rlo*!(y) = o(1/n) completing the proof
that doo—
e
PE¥I(y) < (14 o(1)) T (79)
Lemma 18. For ally €V,
deg(y)

7, = (L+0(1))

m
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Proof It follows from (62) that for any y € V,

— Y PO ) < (11 o1) E W S o ®E W ()

m m
zeV zeV

The lemma now follows from Lemma 16. O

6 Stationary distribution: Removing Assumption 1

6.1 Large average degree case
6.1.1 np>n’.

We can deal with this case by using a concentration inequality (81) from Kim and Vu [13]:
Let T = (W, E) be a hypergraph where e € E implies that |e| < s. Let

= 5 weHzi
ecE i€e

where the w,,e € E are positive reals and the z;,7 € W are independent random variables
taking values in [0, 1]. For A C W, |A| < s let

ZA = Zwe H Zi-

ecFR i€e\A
eDA

Let My = E(Z4) and M;(Z) = maxa ja;>; M4 for j > 0. There exist positive constants a and
b such that for any A > 0,

Pr(|Z — E(2)| > a\*\/ MoM;) < bW | e, (81)

For us, W will be the set of edges of K, the complete digraph on n vertices. z; will be the
indicator variable for the presence of the ith edge of K,. E will be the set of sets of edges in
walks of length s = [2/8] between two fixed vertices  and y in K,, and w, = 1. Z will be
the number of walks of length s that are in D,, ,. In which case we have

E(Z) = (1+o(1))n""'p*

M; < (1+o(1))n" " Ip"7 < (1+0(1)E(Z)/np  for j > 1.
So My = E(Z) and applying (81) with A = (logn)? we see that for any x,y we have
| =

Pr(|Z —E(Z)| = O(E(Z)n —9/215g90) n))=1-0(n?).
Thus whp
ns—lps 1
Py)=(14o0(1))7——— ~ —, Vr,y e V.
) = (L4 o) e s~ y
We now finish with the arguments of Lemmas 16 and 18. O
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6.2 Small average degree case
6.2.1 Lower bound on stationary distribution

A vertex is small if it has in-degree or out-degree at most np/20 and large otherwise. In the
proofs of Section 4.2 we assumed z,y were large. We proceed as in Section 5.1 but initially
restrict our analysis to large x,y. Also, with the exception of Y; we do not include small
vertices when creating the X;,Y;. Avoiding the < n'/® small vertices (see Lemma 14(a)) is
easily incorporated because in the proof we have allowed for the avoidance of n?/3t°() vertices
from |J, X; etc. Provided there are no small vertices in N~ (y), our previous lower bound
analysis holds. In this way, we show for all large z,y that,

PEI() > (1 - o(1) W) 2

If  is small, then it will only have large out-neighbours (see Lemma 14(c)) and so if y is large
then

P£2£+2)<y) _ m Z PZ(%—H)(Z/) >(1- o(l))degm<y>. (83)
zENT(x)

A similar argument deals with small y and = arbitrary i.e.

(20+1) _ _
(2042)(,\ _ P (z) . deg”(z) 1 o des” ()
P @>23%;£§@72“ (Dlg%o i R GO et

(84)
We have used Lemma 14(e) to justify the last inequality.

In the case that some u € N~ (y) has small out-degree, then by Lemma 14(c) there is at most
one such u whp. For z € N~ (y), we repeat the argument above for each factor P?*1(z). The
extra term ¢*(y) now arises from deg™ (u)/deg’ (u) and

. PPV (z) 1 deg™ (2) deg™ (y) + <" (y)
Pm(' ¢ )(y) = Ze%;(y) W >(1- 0(1))526;@) M > (1—-0(1)) o .

We can now proceed as in (63).

6.2.2 Upper bound on stationary distribution

We first explain how the upper bound proof in Section 5.2 alters if Assumption 1 is removed.
The assumption that the minimum degree was at least conp was used in the following places:

1. We assumed in Section 4.2 that deg®(z),deg” (y) > conp. These assumptions can be
circumvented by using Lemma 14(c) with the methods used in the lower bound case.
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2. In (66), (72), (74). In these cases we used (conp)® as a lower bound on the product of
out-degrees on a path of length \ for some A > ¢;. Using Lemmas 14 and 15, we see that
small vertices are at weak distance at least ¢;5 and therefore there can be at most 11
such vertices on any walk length ¢y + 1. Thus, after dropping Assumption 1, we replace
this lower bound by (conp)* !, and the proof continues essentially unchanged.

3. In the proof of Lemma 9 we made a re-scaling B = 1000/(conp)**!. The exponent

20 4 1 was replaced by ¢y + 1 in the proof of (57) in Lemma 12. We now replace ¢y + 1

4. In the proof of Lemma 7 we made a re-scaling U(i) = W (y,1i) - (conp)" at each level
3 < i < (. Assume that 20y < 19 i.e. n < 1/250 so that there is at most one small
vertex u in Y. If we replace (conp)’ by (conp)™! does not affect our concentration
results, provided ¢ > 3. The bounds on U, are now (cq/np)(co/Co) < U, < 1, and
e; = 1/+/(Alogn)i=2. If the small vertex u € N~ (y) then the direct calculations used in
the lower bound hold. If the small vertex wu is in levels ¢ = 2,3 this adds an extra term
of O(deg™ (u)/(m(np)=1)) to our estimate of Z2*1(y) in Section 5.2.

5. In (70), (75), (77). It follows from Lemma 15, that if e.g. T,” contains a non-tree edge,
then no vertex of 77 is small, and the calculations in the proof are unaltered.

Thus the proof as is works perfectly well if we assume that y is large and if it has no small
in-neighbours and there is no small vertex in Y. We call such a vertex y ordinary.

If y is small then from Lemmas 14 and 15 we can assume that all of its in-neighbours are
ordinary. This is under the assumption that 20, < ¢1y e.g. if n < 1/250. So in this case we
can use Lemma 14(e) and obtain

Plot2) () — Z Pt (€) < 1+o0(1) Z deg™(§) (1+ (1))0168;7(?/).

deg (£) deg™ () N Tm

§EN(y) §EN(y)

Suppose now that y is large and that there is a small vertex u € Y. We can assume from
Lemma 15 that Y does not contain any edge not in 7;'?. Either u € N~ (y) or, if not, from
point 4. of the discussion above, an extra O(deg™ (u)/(m(np))) is added to Z2+1(y) for the
probability of the (x,y)-walk going via w.

In the case where u € N~ (y) then as in the lower bound

041 1+o(1) [ deg (u) deg™ (u)
P y) < m deg™ (u) Z . deg™ (u)

(1+0(1)) (

ueN~(y)\

deg™(y) +<"(y)) -

We have now completed the proof of the asymptotic steady state without Assumption 1.
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7 Mixing time and the conditions of Lemma 3

7.1 Upper Bound on Mixing time

Let T' be a mixing time as defined in (5) and let £ = O(log,, n) be given by (27). We prove
that (whp) 7" satisfies
T = o(flogn) = o((logn)?). (85)

The total variation distance ||#; — 6| between two distributions 6y, 6, on a set V' is defined

as
|61 — 0o = - 2\91 ) — 0a2(v)].

vEV

Let P denote the t-step distribution of the walk, started from = and let

d(t) = max |PY — PV (86)

z,x' eV

be the maximum over x,z’ of the variation distance between PY and P( . It is proved in
Lemma 20 of Chapter 2 of Aldous and Fill [1] that

d(s+t) < d(s)d(t) and max | PY — 7 || < d(t). (87)

Equation (44) implies that whp

a%+n:o<7é§), (88)

and using (87) and (88), we can choose T as in (85) so that d(T') = O(n~X), for any K > 0,
thus satisfying condition (5).

7.2 Conditions of Lemma 3

We see immediately from (85) that Condition (b) of Lemma 3 is satisfied.
We show below that whp for all v € V'

Rr(1) =1+ o(1). (89)

Using (89), the proof that Condition (a) of Lemma 3 is satisfied, is as follows. Let A = 1/KT
as in (7). For |z| <14 A, we have

T

T
RT(z)Zl—Zrt|z] >1—( 1—|—)\TZ7‘t:1—0
t=1

t=1
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Thus for v € V| the value of p, in (8) is given by

deg”(v)

po=(1+0(1)—

(90)

Proof of (89): If d > (logn)?, then the minimum out-degree of D,,, is Q(dlogn). In which
case we have for any z,y

PrOW,(t) =y | Walt — 1) = ) = O <d1§gn). (91)

The expected number of returns to v € V' by W, during T  steps, is therefore O(T'/dlogn)= o(1).

Now assume that d < (logn)?.

(i) Lemma 10 implies that if H is the subgraph of D,, , induced by vertices at weak distance
at most A/20 from v then H contains at most |V (H)| edges.

(ii) Lemma 14 implies that there is at most one small vertex in H.

(iii) Lemma 15 implies that there is no small vertex within weak distance 10 of a weak cycle
of length < 10.

Assume that conditions (i), (ii), (iii) hold. Let A, denote the set of vertices u # v such that
D,, , has a path of length at most 4 from u to v. We show next that:

With probability 1 — O(1/(np)?), W, (i) ¢ Ay, 1 <i < 4. (92)

For this to happen, there has to be a cycle C of length at most 8 containing v. If such a cycle
exists then all vertices within weak distance 10 of v have degree at least np/20. Furthermore,
the only way that the walk can reach A4 in 4 or less steps is via this cycle. This verifies (92).
Assume then that W, (i) ¢ Ag, 1 <1 < 4.

Suppose next that there is a time 7} < T such that W,(T}) = v. Let
Ty =min{r < T, : W,(t) € Ay, 7 <t <Ti}. It must be the case that d(73) = 4 where d(t) is
the distance from W, (t) to v.

If A4 does not contain a small weak cycle then the walk must proceed directly to v in 4 steps.
The probability of this is O(1/(np)?), since at most one vertex on the path of length 4 from
x = W(T3) to v will be of degree at most np/20.

If there is a small weak cycle C' then there is an edge e of C' whose removal leaves an in-
branching of depth 4 into v. There are now 2 paths that W can follow from z to v. One uses
e and one does not. Each path has a probability of O(1/(np)?) of being followed. Putting this
altogether we see that the expected number of returns to v is O(1/(np)* + T/(np)?) = o(1).
This completes the proof of (89).
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8 The Cover Time of D,

8.1 Upper Bound on the Cover Time

For np = dlogn, d constant, let ¢ty = (1+¢) (dlog (d%l)) nlogn. For np = dlogn d = d(n) —
oo let tg = (1 + €)nlogn. In both cases we assume € — 0 sufficiently slowly to ensure that all
inequalities below are valid.

Let Th(u) be the time taken by the random walk W, to visit every vertex of D. Let U, be the
number of vertices of D which have not been visited by W, at step t. We note the following:

Cu=E(Tp(u) = Y Pr(Tp(u) 1), (93)

Pr(Tp(u) > t) =Pr(Ip(u) >t —1) = Pr(U;_; >0) <min{l, E(U;_,)}. (94)

Recall that A,(t) denotes the event that W, (t) did not visit vertex v in the interval [T, ¢]. It
follows from (93), (94) that for any t > T,

Co<t+1+> EU)<t+1+> ) Pr(Ays)). (95)

s>t v s>t

Assume first that d(n) — oo. If s/T" — oo then (9) of Lemma 3 together with the value of p,
given by (90), and concentration of in-degrees implies that

Pr(A,(s)) < (1+0o(1))exp {—%} + O(e™ U/, (96)
Plugging (96) into (95) we get

C, < to+1+2n) (exp {—W} + O(e—Q<5/T>)) (97)

s>to

(1 —o(1))to

< t0+1+3n2exp{—
n

R
= (14 0(1))ty.

We now assume that d is bounded as n — oo, and the conditions of Lemma 4 hold. Forv € V'
we have

Pr(A,(s)) = (1 +o(1)) exp {~(L + o(1/ log n))m,s} + Oe~ /1))

where, by Lemma 16,

deg”(v)

T, > (1 —0o(1)) -
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In place of (97) we use the bounds on the number of vertices of degree k given in Lemma 4,

in terms of the sets K;, i =0,1,2,3. Thus

3
Co<to+1+o0(1)+) S

=0

where

Si = Y _D(k)> exp {—%}

keK; s>to

2m Z D]({;k) e*(l*O(l))kto/m

D(k') d _ 1 (1+E/2)k
o 37 20 (42)

IN

IN

(98)

The main term occurs at i = 3. Using (14), (17), the fact that (nep(d—1))/(kd))* is maximized

at k =np(d —1)/d, and m = dnlogn(1 + o(1)) whp, we see that

5, < om i (@)’f d— 1\ 0/
5= pd-t k d

k=conp

Sm AO 6—500np/2d

o(to).

(99)

Note that Ky = 0. We next consider the cases i = 1,2. For i = 1, we refer first to Lemma
4(i-a). If d —1 > (logn)~Y/3 then Ky = (. If d — 1 < (logn)~'/3, then D(k) < (loglogn)?,

from (15). In this case to = O((1/(d — 1)))dnlogn. Thus

D k d—l (1+€/2)k
s m (Y

keK,
15 (1+¢/2)k
(loglogn)? (d—1
<
<My d
k=1
= O(to)(loglogn)*(d — 1)</
= O(to

(100)

For i = 2, by Lemma 4 if d — 1 < (logn)~'/3 and k > 16, and using (16) we have D(k) <
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(logn)*. Thus

D(k d—1 (1+€/2)k
o 2 ng ()

keKs
log" n d— 1\ +e/2k
< O B d—1
< Oto) Y, —— 1)( - )
ke ks
= O(to) log* n(log n)~(19/3+¢/8)

If d—1 > (logn)~"/? then by Lemma 4(i-a) min{k € K5} > (logn)"/?, and |K,| = O(loglogn).
Thus, as d is bounded

loglog n d— 1)k
Sy = Oty Y. =2l (T)

= olto) (102)

The upper bound on cover time of C, <ty + o(ty) now follows from (98)—(102).

8.2 Lower Bound on the Cover Time

For np = dlogn, let t; = (1 — €)dlog (%) nlogn. Here e — 0 sufficiently slowly so that all
inequalities claimed below are valid.

Case 1: np < n’ where 0 < § < 7 is a positive constant.
Let k* = (d—1)logn, and let V* = {v: deg™ (v) = k* and deg” (v) = dlogn}. Whp the size

V¥ > n* = 47r10gn(7217(271))1/2 (see Lemma 4(ii)). Let us first work assuming d > 1.05. In this

case 73 = (d — 1)In(d/(d — 1)) > .15 and we write n* = n%°(")_ The maximum degree in D
is at most Ay = O(np) and so V* contains a sub-set V;* of size n7%/? such that v, w € V;* and
x € V implies

dist(z,v) + dist(z,w) > A/100. (103)
dist(y,z) + dist(z,y) > A/50, for y=v,w. (104)

Here "dist” refers to directed distance in D, ;, and recall that A = log,,, n.

Each v € V{* has m, ~ % and so we can choose a subset V** of size > nY/? such that if
vy, vy € V** then
1
Ty = o] < (105)
nlog™n
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d—1 2(d—1)
2dn’ dn

sized sub-intervals and then use the pigeon-hole principle.

Indeed, suppose that m, € [ ] for v € V;*. Divide this interval into log" n equal

Now choose u ¢ V** and let VT denote the set of vertices in V** that have not been visited
by W, by time t;. Then E(|VT]) = oo, as the following calculation shows;

E([VT]) > /3 (exp {_M} _ O(e—ﬂ(nm)) T

m

where the last term accounts for possible visits before time 7.

Now assume that 1 + o(1) < d < 1.05. In these circumstances we have n* = log” n where
w — 00, see (21). Equations (103), (104) now hold for all v,w € V*. This follows from
Lemma 14 because the vertices of V* are small. The size of V** is at least n*/(logn)' and
we can again write

(V) > (exp{_M} _ O(e—sz(tlm)) _r

(logn)o m
— OQ.

As in previous papers, see for example [5], we will finish our proof by using, the Chebyshev
inequality to show that V1 # () whp, thus completing the proof of Theorem 1. This will
follow if we can prove that

Var(|V1]) = o E([V') + O([V=*[*n™?) = o(E([VT])?).
To establish this inequality, we will show that if v, w € V** then
Pr(A,(t;) NAy(t1)) < (14 0(1))Pr(A,(t1))Pr(A,(tr)). (106)

To prove this, we identify vertices v, w into a “supernode” ¢ to obtain a digraph D, with n—1
vertices. In this digraph o has in-degree deg™(v) + deg™ (w) = 2k* and out-degree 2d log n.

The stationary distribution of D,.
Let 7 denote the vector of steady states in D,. The arguments we used in Sections 4 and 5
remain valid in D,, and thus

2k*

m

72~ (1= of1))

However, we need to be more precise. For a vertex x of D, let

) {Wx xFo
Ty =

Ty +Tyw T =0

We will prove for all x € V(D,), that

It — 4| =0 (@) | (107)
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Proof of (107).
Let £ = ®# — @* be the difference between 7 and n*. Let P* be the transition matrix of the
walk on D,, then

P(z,y) Ty F#o
Pr(z,y) = (P(v,y) + P(w,y))/2 z=o0
P(xz,v) + P(z,w) y=o

Let & be the transpose of £. It follows from the steady state equations that
Tp — T ¢ N*({v,w})

(E'P")y =< 7ty — 7 + TuTe P(v,x)  x € N (v)
mete Py, x) € N*+(w)

Ty — Ty +

We rewrite this as

U —-P) =y (108)
where 1, = 0 for z ¢ N*({v,w}) and |n,| < |7, — 7y|/2 otherwise.
Multiplying (108) on the right by M = ZT o (P*)t we have
(I —P)M=¢(I—(P)")=nM. (109)

Let
(P =TI+ FE (110)

where II is the (n — 1) X (n — 1) matrix with each row equal to (7*)’. The definition of T
implies that each entry of E has absolute value bounded by n=3

Now write £ = an™® + ¢ where ¢ L 7*. It follows from (7*)'P* = (7*)" and (109) that
(am* +O)(I = (P)) =¢(I = (P)") = (I -1 - E) =n/M.
Now
(I =E)=¢—(P)" +1I) =n'M+ (1L
As ¢ L 7* this implies that

¢'(I = E)C=n"MC(. (111)
Note that

T—
' M¢| < Z (P)'¢ < Tlnl[¢], (112)
t=0
where |z| denotes the ¢, norm of z.

Now

(I = E)X| = (¢ = ICEC = [¢]* —n~ (Z !Q) > [¢*(1 = n77). (113)
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It follows from (111), (112) and (113) that

ICI*(1 = n7%) < Tnl|C]
and so using (105) we find that

([=0 (@) (114)

Now let 1 denote the (n — 1)-vector of 1’s. Then
O=1-1=(r7-7m)1=¢1=a+ (1.
Using (114) this gives

1
laf < [1][¢] =0 (W) :

Now ¢, = am} + (, for all z and so

fiﬁQaQ(W;)Z—l—ng:O(n;-i—I—;) :()(;).

(logn)® n2 = n%(logn)'6 n?(logn)6
This completes the proof of (107). O

Proof of (106).
For v € V** we first tighten (89) to

R, =1+ o(1/(logn)?). (115)

Assume first that np < log'®n. Then (103) and (104) imply that for 1 < ¢ < (logn)?/?,
vertex v will be at distance > 2log*®n — t from W,(t). Then once the walk is at a vertex
w within distance log?®n of v its chance of getting closer is only O(1/logn). This being
true with at most one exception for a vertex of low out-degree. The probability that there
is a time ¢ such that W, is within log?®n of v and it makes 10 steps closer to v in the next
100 steps is O(T/log”n) = O(1/log"n. This implies (115). If np > log'’n then we use
R, <14 (14 0(1))T/np.

Similarly,
R, =1+ 0(1/(logn)?). (116)
The mixing time 7" in what follows is the maximum of the mixing times for D and the

maximum over v, w for D,. Using the suffix Pr, to denote probabilities related to random
walks in D, and using (107), it follows that

Pr,(A,(t)) < exp {_ (1+ O(T?T;))Wcth} — o(e~ %0/

m

S exp {_ (1 + 0(1/10g:;))(7rv + 7Tw)tl } . O(e—ﬂ(tl/T))

— (14 o(1))Pr(A, (1) Pr(A, (1)), (117)
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But, using rapid mixing in D,,

Pro(A,(t)) = Y Pl(x)Pro(Wi(t) #0,1<t<t;—T)
TH#o
= Y (m 4+ 0n*)ProWy(t) # 0,1 <t <t; = T)
TH#o

On the other hand,

Pr(A,(t) NA,(th) = Y Pl(a)PrVa(t) #v,w, T <t <t)

THV,W

— Z (e + O ))PrW,(t) #v,w, 1 <t <t —T)

TF£v,Ww

But,
Pr,OW,(t) £ 0, T <1<t,—T)=PrW,(t) Zv,w,1 <t <t, —T)

because random walks from x that do not meet v,w or o have the same measure in both
digraphs.
It follows that

Pr(A,(t1) N A,(t1)) — Pr,(Ay(t1))

=) (M =7+ O )PV, () #v,w, 1 <t <ty = T)

rH#V,W

go(nlog n) > PrWa(t) #v,w 1 <t <t —T)

TH#V,W

Pf(f)
) Pg(x>Pr(Wx(t) #v,w, 1 <t<t;—T)

| /\

THv,W

IA

(i
0< ) (nlogn) Y PJ(z)Pr(Wy(t) #v,w, 1 <t <t; —T)

TH#V,W

since PT(z) = Q(1/nlogn)

1
<0 < - > Pr(A,(t1) N A,(t)). (118)
log' n
Equations (117) and (118) together imply (106). O

Case 2: np > n’.
In this range we take t; = (1 — e)nlogn and let V* be the set of vertices of degree |np|. A
simple second moment calculation shows that whp we have [V*| = Q((np)/?7°M). We then
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choose € so that E(|VT|) > (np)'/4. Tt is then only a matter of verifying (106). The details
are as in the previous case.

This completes the proof of Theorem 1. O

Acknowledgement: We thank several referees whose insight and hard work has helped to
make this paper (hopefully) correct and more readable.

References

1]

2]

[10]

[11]

[12]

D. Aldous and J. Fill, Reversible Markov Chains and Random Walks on Graphs,
http://stat-www.berkeley.edu/pub/users/aldous/RWG/book.html.

R. Aleliunas, R.M. Karp, R.J. Lipton, L. Lovasz and C. Rackoff, Random Walks, Univer-
sal Traversal Sequences, and the Complexity of Maze Problems. Proceedings of the 20th
Annual IEEE Symposium on Foundations of Computer Science (1979) 218-223.

N. Alon and J. Spencer, The Probabilistic Method, Second Edition, Wiley-Interscience,
(2000).

C. Cooper and A. M. Frieze, The cover time of sparse random graphs, Random Structures
and Algorithms 30 (2007) 1-16.

C. Cooper and A. M. Frieze, The cover time of random regular graphs, SIAM Journal
on Discrete Mathematics, 18 (2005) 728-740.

C. Cooper and A. M. Frieze, The cover time of the preferential attachment graph, to
appear in Journal of Combinatorial Theory Series B, 97(2) 269-290 (2007).

C. Cooper and A. M. Frieze, The cover time of the giant component of of G, ,. Random
Structures and Algorithms, 32, 401-439 J. Wiley (2008).

C. Cooper and A. M. Frieze, Corrigendum: The cover time of the giant component of a
random graph, Random structures and algorithms 34 (2009) 300-304 .

C. Cooper and A. M. Frieze, The cover time of random geometric graphs, to appear in
Random Structures and Algorithms.

U. Feige, A tight upper bound for the cover time of random walks on graphs, Random
Structures and Algorithms, 6 (1995) 51-54.

U. Feige, A tight lower bound for the cover time of random walks on graphs, Random
Structures and Algorithms, 6 (1995) 433-438.

A.M. Frieze, An algorithm for finding Hamilton cycles in random digraphs, Journal of
Algorithms 9 (1988) 181-204.

45



[13] J. H. Kim and V. Vu, Concentration of multivariate polynomials and its applications.
Combinatorica 20 (2000) 417-434.

46



