DIFFUSION LIMITED AGGREGATION ON THE BOOLEAN LATTICE

ALAN FRIEZE AND WESLEY PEGDEN

ABSTRACT. In the Diffusion Limited Aggregation (DLA) process on on Z2, or more gen-
erally Z?, particles aggregate to an initially occupied origin by arrivals on a random walk.
The scaling limit of the result, empirically, is a fractal with dimension strictly less than d.
Very little has been shown rigorously about the process, however.

We study an analogous process on the Boolean lattice {0,1}", in which particles take
random decreasing walks from (1,...,1), and stick at the last vertex before they encounter
an occupied site for the first time; the vertex (0,...,0) is initially occupied. In this model,
we can rigorously prove that lower levels of the lattice become full, and that the process
ends by producing an isolated path of unbounded length reaching (1,...,1).

1. INTRODUCTION

In the classical model of Diffusion Limited Aggregation (DLA), we begin with a single particle
cluster placed at the origin of our space, and then, one-at-a-time, let particles take random
walks “from infinity” until they collide with, and then stick to, the existing cluster; when
the space is not recurrent, some care is required to make this precise.

Introduced by Witten and Sander in 1981[9], the process is particularly natural in Euclidean
space (with particles taking Brownian motions) or on d-dimensional lattices; in these cases,
the process is empirically observed to produce structures with fractal dimensions strictly
less than the dimension of the space (e.g., roughly 1.7 for d = 2, with slight but seemingly
nonnegligible dependence on details such as the choice of underlying lattice or the precise
“sticking” condition).

Strikingly little has been proved rigorously about the model, however. Kesten [7] proved an
a.s. asymptotic upper bound of Cn?/3 on the radius of the n-particle cluster for the lattice
Z2, for example, but no nontrivial lower bounds are known. In particular, it is not even
known rigorously that the process does not have a scaling limit with positive density. (Eldan
showed that an analogous process in the hyperbolic plane does aggregate to positive density
[5]). Eberz-Wagner showed at least that the process leaves infinitely many holes [4].

In this paper, we study an analogous aggregation process on the Boolean lattice B = {0, 1},

which evolves at discrete times ¢t = 0,1, ..., each of which has an associated cluster C;. Cj
consists of just the vertex 0 = (0,...,0) € B. Then, for t > 0, C; is produced from C;_; by
choosing a random decreasing walk p; from 1 = (1,...,1), letting v be the last vertex of the
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longest initial segment of p; which is disjoint from C;_1, and setting Cy; = C;_; U {v}. The
process terminates at the first time tc,q when Cy, > 1.

In particular, the clusters C; grow from 0 by aggregation of decreasing random walks from
1. Our initial motivation for considering this model was to evaluate the impact of very
large dimensionality on a DLA-like process. (An analogous motivation underlies work on
percolation in the Boolean lattice; see for example [2, 6, 8].) We will see, however, that the
Boolean lattice also allows strong rigorous (and perhaps, surprising) statements to be made
about the structure of the aggregate. In particular, let £, = {z € B | |x| = k} denote the
kth level of B, so that |L;| = (7). We will prove the following.

Theorem 1.1. There exists cy > 0 such that w.h.p.}, for all

k<ky:=,/32

logn?

we have

Ly C thnd.
Theorem 1.2. For any K > 0, we have w.h.p. that for all k <
1Lk N Crpal = (1= 75) - 1Lkl

W’ we hcwe

Theorem 1.3. For all ¢ < -, we have w.h.p. that for all k < &3n,
|£k m Ctend| > (1 - 28) ’ ’ﬁk‘

Theorem 1.4. There is a constant ¢y such that for all e < —=

100 ’

we have w.h.p. that for all

1007
ki = lggjlgk<en
we have -
L3\ Cropal = <(1 p>6_9k> 1Ll
where

ot 1)\ 100 1\
p=max | 1— 1= — .
en 10e

Thus Theorems 1.1, 1.2, and 1.3 provide progressively weaker statements as k increases about
the fullness of the level £, at the end of the process; Theorem 1.4 shows that Theorems 1.1
and 1.3 are qualitatively best-possible. A key contrast from classical DLA is the process does
“fill” parts of the cube, and moreover, that this can be proved. Note also that the boundary

n
logn”

between full and not full levels occurs w.h.p. at around k£ =

A striking (unproved) feature of the classical DLA processes is a rich-get-richer phenomenon,
where long arms of the process seem to grow at a rate significantly faster than ¢t'/¢. In the
Boolean lattice, we observe an extreme version of this kind of runaway growth:

Theorem 1.5. Ifa < % then w.h.p. for all k > n — n® we have that
|Lx N CYy

end |

1A sequence of events &,,n > 0 occurs with high probability (w.h.p.) if lim,, o Pr(&,) = 1.
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Recall that our DLA process on B ends once 1 is occupied; Theorem 1.5 implies that 1
becomes occupied as the terminal vertex on an isolated path of occupied vertices whose
length is at least n®.

Notation. In what follows we use the notation A, ~ B,, to mean that A, = (1 + 0o(1))B,
as n — oo and A, < B, to mean that A, < (1 +0o(1))B, as n — oo; we write A, ~, B,
to mean that A, /B, is bounded above and below by positive absolute constants as n — co.
In some places we give expressions for integer quantities that may not be integer; in cases
where we do this, it does not matter whether we round up or down.

2. LOWER LEVELS

We define

€ n n en—=k
1 e = — = Whe f e = — .
(1) T 4(k+1) “k, (k) ke T k1

Roughly speaking, we expect that at time 73 ., the level £ is mostly full, while higher levels
are empty enough to have little effect on the process at this time. We will prove a sequence
of lemmas confirming this general picture. First, we establish an upper bound on the height
of the cluster at a time 7 :

Lemma 2.1. Let ¢ = 1+v3 and 0 <e < 1. Ifk < m, then with probability 1 —o(n™'),

L;NCr, =@ forall j > (1+¢+o(1))k.

Here the term o(1) denotes a function tending to zero sufficiently slowly as n — oc.

Proof. Consider a fixed vertex v in Ly4s. If it becomes occupied by time 73 ., then there
is a sequence of times tj41 < tppo < -+ < tgps < T such that p,, N Lyys = {v}, and
for each @ = 1,...,s, we have that p;, N Lxyi—1 = pr,_, N Li4i—1. By considering the (T’;E)
possible choices of the times ty11 < -+ < tgys < Ti., the probability that each p,, satisfies

the intersection conditions for 2 = s,s — 1, ..., we have that
N !
Pr(v is occupied at time 75.) < (wk’ <k)> H —
5 i=1 (k+z)
ne\k 5 s . i
NN
= s = nkti
k—sk—s(s+1)/2 N Nkt
=Wy N (E) H(k + 1)
i=1
k41 ¢
< Wb pssHD/2 € (k+8>s(k+(s+1)/2)
= The kks

_ (%)Sn—s(sﬂvzeml)s (1 n %)’“ (4 5)5+D/2
S
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s s(s+1
< (e ((k+s)1/2~el+k/( +1>) -

s nl/2

So, multiplying by (kis) we see that

Pr(3v € Liis : v is occupied at time 7. )

wk (k + 3)1/2 . ekl (s+1)+1 s(s+1)
2 E
( ) (k' + S) S ( n1/2 >

(s+1)/2—1—k/s s
< Wk:s p2tk/sthts |

Suppose now that k = an,s = fn > 1. Then the above expression becomes

((O{ + ﬂ)ﬁ/?ea-‘rﬂ (wk Es_lnl/”(oz + 6)_1/2_(1/662"’0‘/6)1/”),8”

We insist that 8 > «, in which case

(wres ™M™ (o + 5)_1/2_O‘/Be2+a/ﬂ+a+ﬁ)l/n <1+o0(1),
which implies that the expression in (2) is o(n™!) so long as (a + 3)5%/2e2+8 < 1.

Let 8 = ya (y > 1). Then our requirement is that (a(1 4+ 7))"/2e!* < 1 or a < W(Hv)

Now e2+2/7(1 + ) is minimized at the solution to 7* = 2(7 + 1), which is ¢ = 1+ 32, In
summary, if a < (1+¢ —1— then with probability 1 — o(n™!) all levels above a(1 + ¢ + o(1))n

are empty at time wy 5( ) which gives the Lemma. 0

Now we define ®,; to be the fraction of (monotone) paths between 1 and v whose vertices
(other than possibly v) are occupied at time ¢. The following Lemma implies that levels
above L, play a small role when analyzing level £ at time 7y ..

Lemma 2.2. For all fited e > 0 and all o = £ < min(%, 55), we have
(3) Pr (Elv €Ly st Dyrp > a) =0 (%) )

Proof. Recall that the particle in Cy \ C;_; is deposited by the decreasing walk p,. We fix
a vertex v € Ly, choose some A such that k + A < 7, and define, for each t = 1,... 7,
a random variable &,; € [0,1] equal to the fraction of paths between v and Ly 41 whose
interiors intersect the path p,. Let U, denote the set of all 2"~ ancestors # > v of v. Note
that &, is determined by the minimum ¢ > 1 such that p, visits Li4NU,, and, with respect
to this random variable (, can be bounded by

A
(4) fus < EC Z’f < (A
0
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Moreover, we have for s < k + X that

) Pr<<=s>=((5))-kis,

since this is the probability that p; visits £, s U, and then on the next step, moves outside
of U,. In particular, we have that

(6) E(S(C))Sg;((:i))kis nok) ;; (ko)

(k+2)-(k+s)
_ <1+252nk¢1 Tn— k—s+1)> 2
2

<
(i) (i)
for k+XA<i(n—k—A+1),0rk+\< 2t
We will use the following concentration inequality for nonnegative and bounded independent

random variables; we show in Appendix A that this is an easy consequence of Bernstein’s
inequality.

Lemma 2.3. Let Xy, ..., X, beindependent random variables such that, for alli, E(X;) < E
and X; € (0,C] almost surely. Then for S, =Y ¢ | X;, E, =E(S,), and for allt <nE, we
have that

Pr(|S, — Byl > 1) < 2exp [ L2 0
" " P nkEC )

Note that in the same situation, Hoeffding’s inequality gives 2e2t°/nC* " which, ignoring

constant factors in the exponent, is always worse; the point is that we are interested in the

case where £ < C. And though we have stated the lemma here with the condition t < nF,
12/2

m), an analogous improvement

one could drop it and still obtain the bound 2 exp (—
over Hoeffding anytime ¢t < nC'.

To apply Lemma 2.3, notice that from (4) that (s) < (n q always. If 2,0 = ST o

then =, r is stochastically dominated by the sum Zr = £((1) + £((2) + -+ + &({r) where
each (; is an independent copy of a random variable ( satisfying (5). Now (6) implies that

E((G)) =E(Zr) < (k+1) and thus Lemma 2.3 witht =0, N =7, ., £ < (k+1) C= g k)
gives that
27Ty 27y
Pr (:WE > Tk +9> < Pr (Z% > Tk +9) <
(1) )
2
exp _% _ P0)/(32) _ 0(n-b)/6,
(kil) 2(n—k)
for
2Tk e 9
0=e——5 == ( from (1))
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Now we have that

k
Pr (Elv € Ly, oy, > 27;1“’5 + 9) < (@) o 0(n—k)/6
(k1) k

Writing &k = an, we have that

k
<%> 6_9(n_k)/6 _ eln(e/a)an—@n(l—a)/ﬁ —0 (%) ’
for any o < min(6?, 1:#0): say. Thus for o < min(% Wlo>’ we have that
Pr (ElU S ﬁk, Ev,m,g > 5) =0 (%) :

Now, by taking A > 2¢k, we may assume that the levels above level A are still empty at time
Tk, 80 that @, -, < =, _, completing the proof of the Lemma. O

Now we define T,  for v € Ly, to be the fraction of down-neighbors of v which are unoccupied
at time 7. By controlling T, 7 and =, 7 simultaneously, we can make the behavior of the
cluster with respect to v sufficiently predictable.

1 3,
Lemma 2.4. Suppose that 0 < & < 155 and k < e°n is fized. Then,

(7) Pr (Ht € [Tk—l,mTk,aL NS ,Ck, (I%,t + Tv,t > 28) =0 (%) .

Lemma 7 will be proved by induction on k. Before giving the proof, we use it to prove
Theorems 1.1, 1.2, and 1.3.

Proof of Theorem 1.1. Let Ay denote the set of vertices in £ which are still unoccupied by

. . 1 . 1
particles at time 73 .. We fix ¢ = 155 and apply Lemma 2.4. Since T4 — Tp—1c > 5The, We

have for any vertex v € Ly that if U = max{®,; + Ty :t € [Tho1c, ke }s

g\ el
Pr (v not occupied by 7. | ¥ < 2¢) < (1 — W) < 7 3Wke,
k
Explanation: For a fixed time ¢ for which ®,,+ 7T, < 2¢, the term %) -(1—2¢) is a lower

bound on the probability that p; chooses to go through v on level k, avcfids occupied vertices
on the way to v and then chooses an occupied vertex in level £ — 1. Conditioning on ¥ < 2¢
(i.e., on the 2¢ condition for all ¢’s simultaneously) inflates these probabilities by at most a
factor of Pr(® < 2e)~' =1+ o(1).

Thus

B (A | ¥ <20) < (Z) -nel

and so by the Markov inequality,

Pr(A, #2 |V <2)< (Z) e~wkelt = o(n7h)
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as long as
en—~k
=- > 5k1 k).

Wke 4k+1~ Og(ne/ )

In particular, this holds for
[ en
k<
— \/ 3logn

and gives the desired statement (recalling that ¢ = 1/100). O

Proof of Theorem 1.2. Again by the Markov inequality applied to |Ag|, we have

_"Jk,a/g
Pr(\AMEﬁ(Z) ’\If§25> 56 5

This is o(n™'), assuming that ¢ = 755 and

n 1
E< ——— = —
~ 150K logn’ B nk’
for any constant K > 0, giving the Theorem. U

Theorem 1.3 is a consequence of the following slightly stronger statement:

Lemma 2.5. For all € > 0, we have w.h.p. that for all k < &3n, Ly is at least (1 — 2¢)
occupied at time Ty ..

Proof. This follows directly from Lemma 2.4. Indeed, if there are ¢ occupied sites in L, at
time 75, and m edges between Lj; and occupied sites in Ly, then (7) and the degree of
vertices gives that with probability 1 — o(n™1),

(kil) (L=2e)(k+ 1) <m < Ln—k),

so that £ > (1 —2¢)(}). O
We now prove Lemma 2.4, by induction on k.

Proof of Lemma 2.4. In particular, assuming that (7) holds for some k, we aim to prove that

if0<5§ﬁandk§€3nthen

2k
(8) Pr (Ht - [Tk_lyg,Tk’E], w e Ek, (I)'u,t + T’u,t > 25) < n—

z
Observe that since ®,; is increasing in t and T, is decreasing in ¢, (8) can be proved by
showing

1 k
9) 0<e< 100" k < £%n implies that Pr (3w € Ly, Tur,. =€) < el

and
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1 k
(10) 0<e< 100’ k < £*n implies that Pr (3w € Ly, ®yrp. > ) < —.
’ n

Of course, (10) follows from (3), so we just need to show (9). For the sake of conditioning
in the induction, define the event

-Ak,s,n = (Vt € [kal,ska,s]y w e ka (I)v,t + Tv,t < 25) )

so that we are aiming to prove inductively that

k

PI'(Ak@,n) Z 1-— ﬁ

As a base case we take k = 1 which trivially satisfies (8). Assume k£ > 1 and fix some vertex
w € Ly, and let N, C L;_; be the down-neighborhood of w. If we fix a set D C N, of size

|D| = A, then we have, since k < &3n, that

(11) Pr(DNC,. = | Ap1cn) < (1 - <e 2

("1
Explanation: The first inequality arises because each path p; for t € [kal,% + 1, 7] has

probability ﬁ

k—1
with e = 1—(1)0 ensures that with probability at least %, a particle will occupy at least one site v

of D after step t for Tho1,.L < t < 7. (either because v was already occupied before step t,

Tk,e Ty _ 1
AN ) CoMhmo Awge

of intersecting D, and conditioned on that event, applying (7) inductively

or because p; deposits a particle at v.) The second inequality arises because k < £3n implies

Wk,e (N
that The — Th1,-1 > = (k)

Thus we have that

Pr (3w e Ly,D C N, st. [D|=A,DNC,, = 2)

n\[(k\ _a nexk (ke\® _
< wre/2 « (22 i Awy /2
() (a)e =G (3)

_ eklog(ne/k)JrAlog(ke/A)wak,5/2 < %
n
if A <k and Awg, > 4max(klog(ne/k), Alog(ke/A)).
e, n-k
4 kD

A(n —k) > - k(k 4 1) log(ne/k),

For this, recalling that wy . = we can take

and
n—k>2 klog(ke/A),
which, for % > ¢, would follow from
20 - k1 k
og(n/k) _

12

(12) L ,
and

(13) el < ¢,

respectively. Both (12) and (13) are satisfied when k < £n and n is large. O
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Lemma 2.4 is not quite strong enough to prove Theorem 1.4. For that purpose, we prove
the following Lemma, which allows stronger statements when k is linear in n:

Lemma 2.6. Suppose that k > kq. Let t}, be the first time when a p fraction of the vertices
in Ly, are occupied. We have that

(14) Pr (Elw € Lir, Top > %) — 0 (1),

3=

provided that € = ﬁ, a="%<e and

(15) p:max{l—(k;;l)mo,l— (1_(1)@)10}

Proof. We have that
1/n 1 1
Pr (¢t > = 1 — 11— —
(e () 1

for any constant K. This is because the number of vertices in £ that are occupied at time
t is dominated by the number of occupied bins when ¢ balls are placed randomly into (Z)
bins. Note that the expected number of occupied bins in the latter experiment is

()~ (- ) ) em() 20 e ) (i5)

Note also that the number of occupied boxes is highly concentrated. This can be verified
through a simple application of McDiarmid’s inequality, see [1].

In particular,

log(1/(1—p)) (n en 5
(16) th — Tho1e > Hyp = 0\ < max < 25log ] ,élog(loe) )

with probability at least (1 — —%). This follows from (14) and the fact that p > 1 — e /4.

In particular, we have 7,1, + H,; < i, see (1), (16). In particular, we can apply Lemma
2.4 in the entire range [Ts_1.c, Th_1. + Hpxl-

To do this, we fix some vertex w € L1, and let N C L be the down-neighborhood of w.
If we fix a set D C N, of size |[D| = A, then we have for k < £3n that

H,
1\ 4A
_ P PR _
Pr (Dmctz—®|tk27k—l,a+Hp,k> < (1_7’LK) (1_5(2))

A-log(1/(1-p))
< 2e” 5 =2(1— p)>/°.
Explanation: We repeat the argument for (11) and multiply by (1 —n"%)~! to account for
conditioning on ¢} > 7,1 + H, .

Thus we have that
Pr (3w € Ly1,D C N,

w )

st. |[D=A=(k+1)/10,DNC,, =@ |t} > 71+ Hpyp)
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() (R aumat e (g) T (45%) 0o

_ 26(k+1) log(ne/k+1)+Alog((k+1)e/A)+(A/5) log(1—p) _ 0 (1)

if A= (k+1)/10 and Alog(flp) > 10max {(k + 1) log(ne/(k + 1)), Alog((k + 1)e/A)}.

For this, we take

and

A 10 1 10
S (—2 ) 1 (—
p= <e(1<;+1)) (10e) ’

respectively. 0

We are now ready to prove Theorem 1.4.

Proof of Theorem 1.4. We apply Lemma 2.6 with ¢ = Tio and p satisfying (15). Condition

on the event F = {VYv € Ly, Ty < 1—10} Let Oy = L4 N Cy be the set of occupied vertices
in Ly, so that |Og| = (p(Zﬂ Fix a vertex v € Uy = L \ O and let N, be its neighborhood
in L. For each w € N, we define events £. and £2, respectively by

(1) Every path p;, t > t? which intersects w avoids both Oy and v, and
2) The first path p;, t > t? which intersects w and then hits O, U {v} hits O, and not v,
k

and set &, = &L UE?2. Let A, be the event that &, occurs for each w € N,f. Observe that
if A, occurs then vertex v remains unoccupied on termination. Moreover, if we fix some set
Wy C N, then the events &, for w € Wy are conditionally independent, given the event
that Wy = W := {w € N,} such that =&} occurs}. (Indeed, given that =& occurs, we know
that at least one path goes through w. Moreover, the event £2 depends on just the first path
with this property, and the choice this path makes below w is independent of choices made
by paths not going through w.) Now, for any choice of Wy and any w € W), we have

1
Pr(&, | FW=Wy) >1— -,
kN

since |(Ox NN, ) U{v}| > 5k, and E2 implies that the first path through w choosing among
(Or NN, ) U{v} chooses v. Now using the conditional independence of the &,’s given W,

we have that

10\" " 10
Pr(A, | F, W =W,) > <1_9_k:) >pi=e da,
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Finally, since this is true for any fixed W}, we have that

n—k
(17) Pr(A, | F) > (1 _ ;_2) > .

It follows from (17) that on termination, conditioning on F, there are in expectation at least
(1 —p)p(}) vertices of Uy that remain unoccupied at the end of the process.

Let now Zj, denote the number of v such that A, occurs. Now Z is determined by at most
(k+1) (kL) random choices viz. the paths from 1 to L4, that give rise to a first visit to a
vertex of L;1 that continues on to Of. More precisely, we partition the paths from 1 to 0
according to which member of L., they visit. Zj is determined by an independent choice
of a path from each part of the partition followed by a choice of vertex in £;. Changing one

of these choices, changes Z; by at most one and so applying McDiarmid’s inequality we get

pe (202 50(7)) <o {_ e @)2} < exp {_ (5)" e (%>’“} |

k+1

Now

()" e ) 2n
log [ en . :(k_100)10g(n/k:)—100—10gn—?2210gn

if k; < k < &3n. This proves the Theorem. O

3. LONG pPATH

In this section we prove Theorem 1.5

3.1. Setup. We begin our proof by fixing certain parameters a,b,c. Recall that n* is the
length of the path that we prove exists. n® will be a bound a the expected value of a level at
a certain time, and the exponent ¢ will occur in error bounds in our concentration analysis.

Our proof will require that these parameters satisfy the following constraints:

) a < 1—2c. This is needed to ensure that the probability in (45) is o(n™!) as claimed.
) 2¢ < 1 —a. This is needed to ensure that the RHS of (39) is o(u).

) a < 2c. This is needed to ensure that ; in (40) to be o(1).

) a+b < 1. This is needed to ensure that the LHS of (49) is o(1).

) a < 1. This is also needed to ensure that the LHS of (49) is o(1).

)

(
(
(
E
(6) @ > b. This is needed in (23).

1
2
3
4
5
6
We choose a as large as possible here. So we take

for some arbitrarily small £ > 0.
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We then let
(18) (=n"and k=n—/(

and assume that £ is an integer. We let O, = C, N L;, the set of occupied vertices on level
J at time t.

A considerable difficulty facing our proof of Theorem 1.5 is that we do not understand the
“intermediate” behavior of the cube; that is, our Theorems 1.1, 1.2, 1.3, 1.4 lose their bite
well below level 7, say. Thus the proof must be agnostic to the behavoir of the process in
the middle layers of the cube. One natural idea to handle this would be to to assume a
“worst-case” behavior for the intermediate levels of the cube; say, that level £ becomes full
while levels k + j (j > 1) are still empty, and show that even in this scenario, a path of
length nearly n — k will still grow, for sufficiently large k. However, the DLA process is not
monotone in a clean way, preventing us from arguing directly that having level k full while
higher levels are empty is truly a worst-case scenario from the standpoint of the probability
that a long isolated path reaches 1.

Instead, we proceed by defining a stopping time: we run the DLA process on the empty
cube, until time 7y when there exists 0 < j* < jo such that

|Oktjemo| = €57, o)

where
(o)
C(J, o) = ———,
and where

j—1
. n
n(J) _E <€_S)-
Here iy and jo are parameters which will chosen later. p is an upper bound estimate for
the time after 7y when we can expect the process to end, and jy &~ v/2¢ will be the level from
which we show the isolated path with grow. We will see in (23) that ((jo — 1, 10) < 1, so
that the stopping time 7y always occurs.

Roughly speaking, by beginning our analysis from this stopping time, we begin from a
situation where we have some (carefully chosen) useful bounds on the sizes of levels, which
makes an analysis of the remainder of the process possible.

For the purpose of analyzing the growth of the DLA process in expectation, it is useful to
allow the process to continue past the point when vertex 1 becomes occupied. To do this,
we extend the DLA process past time t.,q by letting ©, be the number of particles stuck
“above” 1. In particular, ©; = max {0,t — tenq}, and occupancies of vertices v € B at times
t > tonq are the same as at time tgnq.

Now we let X;; = |Opqjrte| for 0 < j,¢ and let Y, = 07 + ZTZj*—i—j Xyt (It would be
natural to replace ©? with ©, here, but using ©?—or any fast-enough growing function of
©;—ensures that the following recurrence for Y, will not be broken by the cases where
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t > tena.) Then we have that for j > 1,

Xi 14
(19) E(Xjy = Xj1 | Xjoe) € 5050 > 1
(1)
Y 14- Y 14-
(20) E(Yie = Y1 [ Yj1i1) e e B B

> ~
s m) (i)

Explanation

The RHS of (19) is the probability that a particle chooses an occupied position on level
k+ 7. It is an upper bound for the increase because it does not account for the particle being
blocked higher up in the cube.

For the middle term in (20), observe that there are Y;_;, 1 occupied vertices among the
Zrzj* 4 (g_f +1) vertices at or above level 7 — 1; thus the middle term gives the probability
that a randomly chosen vertex from p; N, o L, .41 is occupied, and the occurrence of
this event implies that Y}, increases by one. This explains the first inequality.

Removing the conditioning in (19), (20) we obtain for j > 1,

E(X;_ 1.
(21) E(X;, — Xj, 1) < w t>1.
(e-511)
E(Y; 1.
(22) E(Yj, — Y, 1) 2 Ej-1e-1) t>1.

~ (Z—j*rij-&—l) ’

The recurrences (21), (22) yield upper and lower bounds as on the expectations of X, Y,
which will be analyzed in Section 3.3.

To prove that a path grows from j,, we will first show that after

n
m::yo—wl( )
£~ jo

wi = log®n,

steps for

we will have that w.h.p. Y, o1 = 1% and Xj, 110 S winb. Observe that this implies

that for the minimum g, for which Yj, ;. = 1, we have X, 14, < win’, and that we have
that |Ojote.] = 1. In particular, we will prove that the DLA process can quickly produce a
path from to 1 after ts,; that X _1+ does not increase quickly after ts,, and that the small
value of X _;, for t near t5, implies that no particles stick at j, while the path to 1 is being
created.

3.2. Choice of g, (11, jo. In this section we define p, 111, jo and compute various quantities
associated with them for later use. In particular, we let

R I RN T
I ) B GO

§(4,1)
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Note that

(23) C(jo — 1, po) = &(Jo, o)

see (18) and (25).

fo—jo+1 _ nl

Joko 2n¢

~
~

1
2’

Roughly speaking, £(j,¢) is an approximate target for comparison with |Ojy; - +¢|. In par-
ticular, we will choose g, jo and prove that

P1: E(Xjo ) < €0o, o) = nb — see (28) and (37).
P2: E(Xjo_1) S EGo — 1, o) & 2e3n® — see (38).
P3: E(Yj, ) 2 5(](]’—0“0) — see (42).

We choose

w=(1—a)logn
and then j¢ by
. N 4¢
Jo = min J3J(J+3)Z%+m .

Now j(5+3) — (j — 1)(j +2) = 2j + 2 and so we have that

4¢ . 4¢ .
(24) 2+ —— < joljo +3) < 20+ —— + 2jo + 2.
w—1 w-—1
Thus

Next we prove an asymptotic estimate for n(j).

Lemma 3.1. If (> j, n—{+j>> 1, and { = o(n'/?), then

(2m0) etireni-a

14

, ni(l—G-1)/2)
n(Jj) ~< )

where
j i\’ i 5 i\’
€a:2—£+0<(z)>, €b:@+m+0<(z>>.
Proof. We let

o) =]

be the superfactorial function. It is known that

$(0) ~ O+ =10 (o) 3
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for some absolute constant C; > 0. (See, for example, Adamchik [3]. We use the asymptotic
expression for the Barnes function G(z) on page 2. Note also that ¢(¢) = G(¢ + 2).)

We need to estimate % where # = O(¢*/?). In preparation we observe that if z = O(¢'/?)

then
AN x!
1 _ _) — _ - - — 7:1:+5am’
( 7 exp{ $+Z22,(Z,_1)£Z_1} e

where ¢, = 3°°°, # =5+0 <(%)2>, and

( ;E>;w—mf Loa 3, :;i z ~Jattiet—ca?
- — = eX —=X —Xr — i =e
7 Pl 72" T4 T i1 2 ’

i—2 2

where g, =) .2, e — 6t T e + O ((%)3> Thus, if z = O(¢/2) then
)L

(=) =ty o §(t—2)~(t—x) (QW)%(K—:U)

l
o(0) (3T o1 (27r) 2t
_(1_ %)%(8"’”)2 <1 B %)Zm (1 B %)152 g—ﬁx—f—%zQ—xegéa&—%x?—i—x(270—%1:

—x—%xﬁ+%x2+£ax—abx2 % g—ﬁx—i—%x?—xegfx—%xQ—i-x(27_()—%:0

~ e

_ 1.2 _ 2 _1
g Zm+2x zefz+sax EpT (271') 22:.

So, if £>> j,n — £+ j > 1 and £ = o(n'/?) then

nj(ff(jfl)/2)¢(g _j) (n)j(é—(j—l)ﬂ)
(0) -

n(j) ~ 7 (2me) 2Tt Hseieus”,

as desired. O

AS a consequence, we have:
Lemma 3.2. If pig > ju1 > % then
o (poe )0t (27) 290 g0 (t=3d0+1) g(l=5+=0)io

Jo+DMGo) 2o (o + 1)otLndolt=3Go-1)

Y

f(jo, Mo) ~ (

where €9 = o(1).

Proof. Observe first that if s> = o(m) for some m — oo with n then

(26) (T) ~ %

We next compute

s Jo I8 ds 1
5a]0_5bj0:ﬂ_@_m+0(]0_>

wjo 1 Jo Jo , wis . Jo Ja Jo 1
(1o L) (o @i Jo _Jo) o g
( TN ) <3+6€+3w 60) " 22 T OUL)
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-(+0(@)-(3+0(2) -G+ ()

1
— (5 — 80) Jo where g9 = o(1).

The Lemma now follows by using (26) to deal with the product of binomial coefficients and
Lemma 3.1 to deal with the resulting product of factorials. 0

Now choose iy as

Jo

1 (o + 1)”%ne—%(jo—neff%%jﬁon% ot
Ho = — Jo—2 .
c (27) 202 ¢ 2doF!
jo né_%(jo_l)ee Jé%
(27) ~ 4 f—L(i—
es/2ml \ ¢zl
n €+O(£)
-(7)
Observe that (from Lemma 3.2)
(28) &(jos o) = n.
We now compare gy and ;.
Lemma 3.3.
(29) p1 > po(1 —e7).
Proof. Evaluating the exponents in (27), we see that
(g—%(jo—l))jo_(é_j):%(.7(2)+j0)—€+]'0: 20
Jo+1 ’ jo+1 (w =1 +1)
In particular this says that
N jO (ﬁ)f_j0+1+w1)2(€-()+1) 6]'?4?1
o e3/2ml \ L .
It follows from this that
to prol* 70 el Jo = R o
— 0
(Z_njo) ST Lo (R N/ Yy <£> ‘ =
and the lemma follows. 0J
We now compare §(jo, f10) and &(jo — 1, p1o).
Lemma 3.4.
jo — 1
(30) S = L) ei[l,el.

£(Jo, to)
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Proof. We have that
(jo — 1, o) _ (;31) (z—;H)
£ (Jos o) (%)
Using that (26) and applying Stirling’s formula to (¢ — jo + 1)!, we get that

§(o — 1, o) _ Jo(ne)* 7ot

g(j()a /’LO) - Vv 27T€,U0(€ - jo + 1)Z*j0+1

Jo(ne)tdot1 e3/2ml P=3Go—1) ) JotT
V2Rl — o + 1)t-iot] g0\ ptatong ’
where at the end we have used (27). Now

C—jo+1 _ pl—jot1 jo—1 \ 7t
0—jo+1 —Jo+1 _ / —Jo+ 1— :
(€= Jo ) (— o+l

0 , jo—1  (jo—1) 7
=/ ]0+1exp{_(£_]0+1)( /¢ + 202 ‘I’O 6_3

~ pldot+1=jo

So, we can write

Jo

< / >((—é(j0—1))j0+1_(£_j0+1) jo*%(jo*l)jg?rl

5(]0 - 17[’60) 6%
£ (o, o)

Q

— €
ne

20
4 Jolig+3) ¢\ @w—DGo+D
— e3¢ 200+1) — .

ne

Our choice of w implies that
z—glog (@) _ 20(w + 1)‘
w—1 14 w—1
And then we see that
§(jo — 1, po)

£(jo0s 1o)

(31) ce3[l,el.
Here we have used (24). O

3.3. Expected occupancies. Now we analyze the random variables X, and Y}, in expec-
tation. The next lemma helps us deal with the recurrences (21), (22).

Lemma 3.5. Let a1 = f3_1 = 1.
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(a) Let xj, satisfy (1) xor < ag+t, (i) x50 < oy, (101) Tjp — xj-1 < Bj—1Tj—14-1 forj > 1,
where B; > 0 for 7 > 0. Then when j > 1 we have

J+1 " Jj—1
(32) T <Y oy (Z) IT 5.
1=0

s=j—1

(b) Let y;u satisfy (i) yju = oy, (i) yj0 2 0 for j > j*, and (i) yj — yje—1 = Bj-1Yj-14-1
for g > g*,t > 1. Then for j > 7 we have

t O\ o
(33) Yjt > Qi ( *) H Bs'
i=3) L
Proof. (a) Now we have

t
t
T <oy +5OZ(00+7'— )= +aoﬁot+ﬁo(2>-

=1

So equation (32) is true for j = 1. Assume inductively that it is true for j — 1 where j > 2.
Then

t
i < a5+ B g Tj1r-1

T=1
t g 1 j—2
gaﬁ@j_lzz%_l_i( 2. ) I »
7=1 =0 s=j—1i—1
J " Jj—2
=a;+ B Z Q1 (Z X 1) Bs
i=0 s=j—i—1
J " Jj—1
=a; + Z Q1 (Z n 1) H Bs
i=0 s=j—i—1
j+1 " Jj—1
= O[j +Zaj_i (7/> H 65.
i=1 s=j—i—1

(b) We have y;-; > ;- and so equation (33) is true for j = j*. Assume inductively that it
is true for j — 1 where j > j5*. Then,

t
Yit > Bi1 Z Tj17-1

=1

i T—1 12
> 5;'712%‘* (j 1 —j*) H Bs
T=1 s=j*
£\ i
:O‘j*<j—j*) e
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3.3.1. Upper Bound. To use Lemma 3.5 for an upper bound on E(Xj . +:),7 > 0 we use

J

(lu() ) 1
i = | Ok | <€, = 0tV and f§; = - for j >0,
@ = |Oktjn| < ¢4 1o) . (jélfj)n(j) and f; (Zﬁj) orj

Thus, for 0 < j < jp and p; <t < py,

j+1 =
B8 ) < 310kl () TT 15
l—s

i=0 s=j—i

< gC(i — i, fio) C) syi (")
(34) - i of ”O(jf)i;y)(j i) (t) y (és)

i=0 J0\jo—j+i

(‘,uo ) + Jj—1 1
) s ()T
e W
= &0, 1)-
To go from (34) to (35) we let u; denote the summand in (34) and observe that
U; i+1 po—Jgotj—1

» Wl( n) Jo
—JZ<1—#> =1—-o0(1),
Ui H1

This implies that

whenever i < j. Here we have used (29). Furthermore, (36) implies that uj; <

J < jo. This verifies (35).

So:

Lemma 3.6. We have

(37) E(Xjorosm) S €0, 1) = E(jo, o) =~ n®

and

(38) E(Xjo 1mm) S EGo — 1, o) = &(jo, o) x O(1) = ©(n).

Proof. These come from (28), (29), (31) and (35).

u; for

O

3.3.2. Lower Bound. To use Lemma 3.5 for a lower bound on E(Y};),j > 0 we use y;, = Y},

for 7 > 5%, and take

e = |Opsjery| > (5%, po) and f; = ()
£—j

to get:
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Lemma 3.7. For 7 > 0,

g -1 Ko ' t.*
E(Yj,t> Z C(J*)ﬂ@)( _tj*) H i o (]0+1) (]Hg ) '

J o (e,j*,s) — Jon(j) (jo,j*)

3.4. Concentration. We can obtain w.h.p. upper bounds on the sizes of sets Oj,1;+ by
applying Markov’s inequality to the random variables X ;. In this section, we obtain suitable
w.h.p. lower bounds on the random variables Y;,. Let

n (jo0)
N':( ,)andL-:#foerO.
SR T o) (1)
Observe from Lemma 3.7 that we have

)L
E(Yji1,) > AV b AV

J

Wedeﬁne?j,j*—i—lﬁjﬁjo—lby
R L.t
tj:min{t:—j(]j) >n}.

And then define ¢;, j* +1 < j < jo — 1 by

tj — max {@-,wyﬁj,l} s Wy =N .

We also let ¢+ = 7.

Our definition ensures that ¢; < t;; for all j* < j < jo — 1. The following Lemma shows
that the ¢;’s don’t grow to large.

Lemma 3.8. For 7" +1<j5<7j,—1,

n\ t~O0Go) L0\
(39) (Z> <t <wy’ (ﬁ) to < Ho.

Proof. We will first need to bound %\] from above and below. Thus we estimate

ﬁ _ (J(f—ﬁl)
Ny gon(j + 1)(@@]‘*)
1y (o — 5!

oo+ Dn(G + 1)

_Jo_
Go — 7°)! Jo  ((ntdGener) B
~ joGo + 1)! esto)\/2rp \ pf—200—1)

JH1

0\ UHD(E=3/2) 1
X ( ) (Qﬁg)5(j+1)e—e(j+1)_5a(j+1)+€b(j+1)2
n
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<

/ £(j—5")+ % (Joi* —52)+0(jo)
() -

Thus,

7> <_)Z—é(;]31)—0( jo) N (Q)E—O(jw’
l l

since clearly 707 < Jo.

On the other hand, because %\J is large we can write

~ j*j* -~ .77]* . .
L (%) (5 L") (% §(jo, 110)n(jo)
N; Lo N; fo Jon(j +1)

We see from this that

o 1/(3—35*)
Ho < n’! Ji_f <ﬁ)ei =
tj jO L E

i=j+1

nb=1\ Y097 <n)<jo—j—1)<e—;(jo—j—n)/(j—j*) . (n)j0/2
Jo 14 —\/ '

Consequently,

which completes the proof of the lemma.
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O

Our next task is to obtain a high probability lower bound on the random variables Y1 ;.

Define, for j* < j < jo—1,

J—1J
4 _
(10) 5=

We define &; to be the event that there is a 7 € [t;, o] such that Y, < (1 —6;)L; (jfj*).

Lemma 3.9. For all 7* < j < jo — 1, we have

(41) Pr(&) <’
Moreover, we have that w.h.p.

(42) v, > € (o, o)
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Proof. We prove (41) by induction. The base case 7 = j* is trivial because all we assume is
that Y-, > Lj- for t > 1.

Assume now that j*+1 < j+1 < jo — 1. We define a new random variable Z;; =
Ojr1,; +0j410,41 + -+ + 0541, where the 6;,, ;s are independent {0, 1} random variables
where

{(1 —0;)L; (jjj*)-‘ S 0= 0;)L;(; ;)

43 E..1,) = Jj—j
(13) (61:17) F e

We will define these variables so that

(44) if £; does not occur then Y,y > Z;; for t € [t;, pu1].

For each t > t;, we define X, to be the lexicographically first set among sets of size
[(1 —¢j)L; (jjj)_‘ for which a maximum possible number of vertices at level j are occupied,

and let 0,41 ; be the indicator random variable for the event that the path p, used at step 7
intersects X, ,. Observe that the 6;;; .’s are independent for 7 > ¢; and also that (43) and
(44) hold.

Now for ¢ > t,41 we have

E(Zj114) > %2 < ' )

N; Jj—7J*

= % ((j—jt*ﬂ) - <J' ?;‘1”))
§ (1 —5j)z(ﬂi“) (1 - <¥>H*+l>

. (1— 53-);2(].;*“) <1 - (i>jj*+1>

N (1 —0; — ﬁ))LJ‘ (j—jt*—i-l)
> N,

J

And applying Hoeffding’s theorem, we see that

1—6;)L; (. L ., K L. .
(45) Pr <E|t € [tj+1,,lL1] . Zj-‘,—l,t S ( ]+1) J(j—H_j )> S Z exp {—M}
n

N

J
< n €+O(£) n1_2c
= PSP T2 _<Z> P10

n\ () AR B N L |
Pr(&n) < Pr(&) + (1) eXp{— - }s Sl

completing the inductive proof of (41).

Thus




DIFFUSION LIMITED AGGREGATION ON THE BOOLEAN LATTICE 23

Evaluating just the ¢ = y; term from (45) with j = jo — 1, &, = n~/* gives

1_6'0 L'O* 'MO'* 1_5'0 L‘O* 'MO'*
Pr (}/jO:,Ufl < ( d ) ’ 1(]07] )> <Pr <Zjo,#1 < ( d ) d 1(]07] )> +Pr(5j0—1>

Njy—1 Nijo—1
Ljo1 (5,2 (jos o)
< _ jo—j -1y _ ~ SUo, Ho -1
< exp { 107N, +o(n™") =exp { 10jonT? +o(n™)

nb _ _
< exp {—W} + O(n 1) = O(n 1).

(Notice we only proved concentration for one value of ¢ in the j, case, as opposed to an
interval as in (45).) So we have that w.h.p.

L™ GG o)
PR Go =3 T o mGo)Go — 3 Gon(Go)  do
giving (42). =

So now let 75 < py be the first time that level k + jo is non-empty. Equation (42) shows
that 7 exists w.h.p. Now consider the next w; (K_”jo) particles. We argue that w.h.p. these
particles create an isolated path from level k + jy to the top.

Observe that we have w.h.p. that

< n’logn.

|Oktjorz| = 1 and |Op o1,

For the second bound we have used (38) from Lemma 3.6. Note that we have O; . = @
for j > k + jo. Next let 7,4 > 1 be the time when the first particle occupies Ly ,+i. We
observe that

n 1 wl(k+jon+i71>
(46) Pr (Ti* -7, > wl( . , )) < <1 — T) < e v,
ktjoti—1 (k-i—jo-i—i—l)

We observe next that for i > 0 we have

n—k—jo
n n
AT <2
(47) > (/-c+jo+r)— w1<k+jo+z')

r=t

This implies that for i <n — k — jo we that w.h.p.,

(48) r <715+ 2w1< ) < fo-

n
k+ jo
In particular, fena — 75 = 7T,_g_j, — To < po. Finally, let us consider the probability that

1Oj 4| = 2 for some i > 0,5 > k+ jo. At a fixed time ¢ € [7, uo], the probability that a
particle lands on level k + jy is at most (nbl%") and the probability that a particle at time
k+jo—1

t € (7}, tena] lands at level k+ jo+1i (i > 0) loay colliding with the first particle which landed
at level k 4 jo +¢ — 1 is at most (é Thus, using (46), (47) and (48), the probability

Mic1)
kig+i—1
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the particle at time t € [7, tena] becomes the second particle to occupy a level j € [k + jo, n]
is at most

(49) 2w (k Zj()) Emni? + Mzmlml (k +Z) ) Z) ﬁ +o(1) = o(1).

k+jo—1 i=1 k+jo+i—1

4. FURTHER QUESTIONS

In some sense, our theorems characterize the beginning and end of the process under con-
sideration. Understanding the behavior of the process in the middle of the cube seems like
a major challenge. On the other hand, it is likely to be a prerequisite for an understanding
of some basic parameters of the model. For example, from empirical evidence, the following
seems likely:

Conjecture 4.1. te,q = 0(2").

Of course an extremely natural target is the following:

Question 4.2. How large can the parameter a be in Theorem 1.5¢

There are also some interesting modifications of the model to consider. For example, what
happens if the random walks are not monotone? In the Boolean lattice this may seem a bit
unnatural. It may be interesting to consider hypercubes [m]", in which case the behavior of
the process relative to the relationship between m and n can be explored.
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APPENDIX A. CONCENTRATION INEQUALITY

In this section we derive Lemma 2.3. Recall the statement:

Lemma A.1 (Lemma 2.3). Let Xy,..., Xy be independent random variables such that, for
all i, E(X;) < E and X; € [0,C] almost surely. Then for Sy = SN | X, Ex = E(Sy), and
for allt < nE, we have that

t2
Pr(|Sy — En| > t) < 2exp <_4nEC>'

This is an immediate consequence of Bernstein’s inequality (see, e.g., [1]):

Lemma A.2 (Bernstein). Let Xi,..., Xy be independent random wvariables and V,C be
constants such that

N

Y EX}) <V

i=1
and for all ¢ > 3,

N
|
Y E(max(X7,0)) < %VCH.

i=1
Then for Sy = Zf\il X;, En = E(Sy), we have that

—¢2

Proof of Lemma 2.3. In the setting of Lemma 2.3, the conditions of Lemma A.2 hold for the
random variables X; (as well as for the random variables —X;) by taking C' as given, and
taking V = nCFE, since 0 < X; < C. So we have that

—12/2 —12/2
Pr (SN — Ey > t) < exp (nC’E——i/—Ct) < exp (ﬁ),

assuming ¢t < En. The analogous statement holds for —Sy also, giving the Lemma. U



