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1. A cost function property

We consider a general problem of finding a subset /f of M = {1, ..., m}
which minimises a ‘cost’ function C(/) which satisfies the following

property.

Property P. If I € Jand s & J, then
CIU sH) ~ CD<CU U {51) — CU) (1)

Property P is possessed by the simple plant location problem and
more general problems as pointed out by Babayev [1], where C(J) is
the minimum ‘delivery cost’ plus ‘construction cost’ when the plants in
set [ are considered to be open.

For simplicity we shall replace /U {s} by I +s5 where no confusion is
possible.

From Property P we may develop all the results on ‘gain’ functions
used to solve simple plant location problems as well as the existence of
a class of sub-optimal subsets. The proofs are straightforward and are
omitted.

Theorem 1. Let S = {sq, ...,Sp} be such that SN I= 0, then

P
CU+sy+ .. +5,) = CD> 21 [CU+s) = CD) - )
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Corollary 1. If C({+s)= C(), Vs & [, then
C(H= C() vJ2 1. (3)

Definition 1. We shall call any set having the property expressed in the
above corollary, an OP1 set.

Theorem 2. Let 5= {51, .., Sp} be such that S € I, then -

2l
CU—5)— C(D)= El [E@= sl 4)

Corollary 2. If C(I — 5) = C(), Vs € [, then
C(J) = ) VvJ/C [, (5)

Definition 2. We shall call any set having the property expressed in the
above corollary an OP2 set.

Clearly an optimal solution is both an OP1 set and an OP2 set.

Theorem 3. (a) If [ is an OP1 set and J 2 I, then J is also an OP1 set.
(b) If I'is an OP2 set and J € I, then J is also an OP2 set.

The next theorem which generalises Theorems 1 and 2 is applicable
in a generalised origin search [2].

Theorem 4. Let the sets I, S, T be such that I2 T, IN S=0 and let
S=e s Sp b5 F=idity5000 lq }, then

P
CU+S—T)— C(D> Z} {CU—T+s,)— CU-T)}

q
+ 20 {CU = 1) = CD} (6)

P
CUtS =1 —E) = ZE {CU +s;) — C(D)}
=

q
+ Z% {CU+S—1) — CU+8)} . (7)
=
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2. Application to tree search algorithms

The use of gain functions in solving these problems is well known
[2]:

The properties of OP1 and OP2 sets can be used to curtail the search
in the following way. If at a particular point v in the search, £2,, is the
set of plants fixed open, and F, is the set of free plants, then all sets /
considered in forward steps from v satisfy

Q. CIE Q. +F, . (8)

If 7 is an optimal solution, then clearly £2, is OP2 and £2,,+ F, is OP1.
The search can thus be constrained to maintain the above properties.

3. Some results

We have tested the use of OP1 and OP2 sets in the simple plant
location problem. We programmed two branch and bound algorithms
both of which started with all plants closed.

Al. Gain function tests only.

A2. Al +check ,+F, for OP1 after backtracking.

(This was found to be the best way of using Theorem 3 in our algo-
rithm.) See for the results Table 1.

In general, it was found that the OP1 tests were quite effective if the
delivery costs were no smaller than the plant costs and marginally inef-

ficient otherwise.

The programs were written in FORTRAN and tested on a CDC 6600.

Table 1

Number of Number of Average Average Al A2

plants customers plant cost delivery cost time time
40 40 60 25 38 48
50 50 60 25 511 542
40 40 60 50 140 47
50 50 60 50 - 450
40 40 35 50 750 68

40 50 35 50 - 123
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