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Abstract

Let G3_out denote the random graph on vertex set [n] in which each vertex
chooses 3 neighbors uniformly at random. Note that G3_oyt has minimum
degree 3 and average degree 6. We prove that the probability that Gs_ou is
Hamiltonian goes to 1 as n tends to infinity.

1 Introduction

One of the natural questions for a sparse random graph model is whether or not
a random instance is Hamiltonian whp. The Hamiltonicity threshold for the basic
models G, ,,, and G, , was established quite precisely by Komlés and Szemerédi [14].
See Bollobas [3], Ajtai, Komlés and Szemerédi [1] and Bollobéds and Frieze [4] for
refinements. If m = Z(logn + loglogn + ¢) then
lim Pr(G,,, is Hamiltonian) = lim Pr(6(G,,,) >2) =e ¢ "
n—oo n—oo
where ¢ denotes minimum degree. The lesson here is that the minimum degree seems
to be the most important factor in determining the likelihood of Hamiltonicity in
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a random graph. This naturally leads to the consideration of models where the
minimum degree condition is automatically satisfied. If we simply condition on G, ,,
having minimum degree 2 then about %n log n random edges are needed (see Bollobés,
Fenner and Frieze [7]). The barrier to Hamiltonicity in this model is the existence of
three vertices of degree 2 that have a common neighbor. So, we expect even sparser
random graph models with minimum degree at least three to have Hamilton cycles
whp (note that if we have a linear number of vertices of degree 2 it may be very likely
that there are three vertices of degree 2 that have a common neighbor). We focus our
attention here on random graphs with only a linear number of edges and minimum
degree 3. Bollobas, Cooper, Fenner and Frieze [7] showed that if we condition on G, ,,
having minimum degree 3 then m = 128n random edges suffice to give a Hamilton
cycle whp. We believe that this result holds so long as the average degree is at least
3:

Conjecture. For any ¢ > 3/2 the random graph G, ., conditioned on minimum
degree 3 has a Hamilton cycle with high probability.

Another well-studied sparse random graph is the random regular graph. Let G,
denote a graph chosen uniformly at random from the set of r-regular graphs with
vertex set [n]. Robinson and Wormald [17] showed G, is Hamiltonian whp for r > 3,
r constant. Allowing r to grow with n presented some challenges, but they have now
been resolved (see Cooper, Frieze and Reed [9] and Krivelevich, Sudakov, Vu and
Wormald [15]).

We now come to the topic of this paper: Gy, ou. We begin with vertex set V' = [n].
Each v € V independently chooses m random out-neighbors to create the random
digraph D,, . We then obtain G,, ¢ by ignoring orientation. Note that G, o is
a graph with minimum degree m and average degree 2m. Note further that there is
the potential for multiple edges, but the expected number is O(m?). So, we can either
allow these multiple edges or condition on them not occurring. Since the probability
that there are no multiple edges is bounded away from zero, any property that holds
whp in the model that allows multiple edges also holds whp when we condition on
no multiple edges. The Hamiltonicity of G, on was first discussed by Fenner and
Frieze [11]. They showed that Gas_ oy is Hamiltonian whp. This was improved to
G10—out by Frieze [12] and to G5_ou by Frieze and Luczak [13]. Cooper and Frieze [§]
showed that the digraph Dy_in2_out (here each vertex chooses 2 out-neighbors and 2
in-neighbors uniformly at random) has a directed Hamilton cycle whp. This implies
that G4_ou 18 Hamiltonian whp. So the main open question is whether Gs_gy is
Hamiltonian whp or not (note that, whp G5_., contains 3 vertices of degree 2 that
have a common neighbor and is therefore not Hamiltonian whp). We settle this
question:



Theorem 1.

lim Pr(Gs_ou s Hamiltonian) = 1.

n—oo
We give a proof of Theorem 1 in Section 2. The proof hinges on a few key Lemmas,
the proofs of which are given in later sections.

2 Proof of Theorem 1

The proof has two main steps. Before the first step, we set aside a small set of edges
that will not be used until the second step. In the first step we find a collection of
vertex-disjoint paths and cycles that covers the vertex set. The set-aside edges are
then used in the second step to transform this collection of cycles and paths into a
Hamilton cycle.

Of course, we need some notation. For a digraph D = (V;A) and v € V let
d},(v),dp(v) denote the out-degree and in-degree, respectively, of v in D. Let V = [n]
and let © denote the set of digraphs with vertex set V' in which dj;(v) = 3 for v € V.
It will be convenient to let the out-arcs for each vertex be chosen with replacement
and loops allowed. Thus |Q] = n?" and Dj_,, is sampled uniformly from 2. For a
digraph D let I'p be the underlying graph obtained by ignoring orientation. Thus
G370ut = FDg_out'

We separate the edge set as follows. We begin by randomly selecting a set of vertices
K and setting aside the third out-arc of each vertex in K. Formally, for K C V define
Qx to be the set of digraphs D for which d},(v) = 2 for all v € K and d},(v) = 3 for
allv € V\ K. Thus, |Qg| = n3"=F+2F = p3n=k  Further, set

O = U Ok.

Ke(R)

We work with the uniform distribution on €, x [n]¥. The first component gives all

but k& of the arcs in Ds_,,; and the second component determines the heads of the
remaining k arcs. For D € ; we let

K(D) = {veV:dh) =2}

L(D) = {ve K(D):d(v)=0}.
We add the third out-arc of each vertex v € L(D) back into the graph (thereby
arriving at graph with minimum degree 3). The resulting digraph is used for the

first part of the proof. The remaining set-aside arcs (i.e. the third out-arc from each
v € K\ L) are used for the second part of the argument.
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Set

n
k= |—F7—1.
[loglmn—‘

Let Dy = (V, A;) denote the digraph drawn uniformly at random from €. Let A be
the set of arcs then determined by the randomly chosen k-tuple in [n]*. Let Ay be
the set of arcs in A with tails in L(D;) and set A3 = A\ Ay. Let Ej3 be the set of
edges given by ignoring the orientations of the arcs in Az. Set Dy = Dy + Ay and
Gy = I'p,. In the first part of the argument we find a collection of paths and cycles
in (G5 that covers the vertex set. The edges in E3 are then used in the second part
of the argument to convert this collection of paths and cycles into a Hamilton cycle.
Since (g5 is a super-graph of Go_,,; we have the following:

Lemma 2 (Fenner, Frieze [10]). Gy is connected whp.

Define a simple 2-matching in a graph H to be a subgraph of H with maximum
degree 2, i.e. a collection of vertex-disjoint paths and cycles. We assume that the
vertex set of a simple 2-matching in H is V(H). So some paths in a 2-matching could
be isolated vertices. If F' is a 2-matching let x(F') be the number of components in F
and let p(F') be the number of path components in F. If F' is a simple 2-matching in
H and z € V(H) then we define F* to the component in F' that contains the vertex
x. Finally, if F' is a simple 2-matching, we let P(F’) denote the set of vertices covered
by the path components of F'. The first step in the proof is to establish that G5 has
a simple 2-matching with few components.

6n
logn*

Lemma 3. Whp G contains a simple 2-matching Fy with k(Fy) <

Lemma 3 is proved in Section 3. The proof uses an extension of the Tutte 1-factor
theorem.

The Extension-Rotation Procedure defined in Figure 1 converts F, into a Hamil-
ton cycle. This procedure takes as input a fixed graph Go = ([n], E), the set of arcs
As (which can also be viewed as fixed) and a 2-matching F' = F; in G5, and, if
successful, it produces a Hamilton cycle.

For the purposes of analysis we assume that, while G5 is given, K \ L and the arcs
As are not specified ab initio. At each stage there is a set of possibilities for the parts
of K\ L and Aj that have not been revealed. The algorithm “sees” Gy but does not
know the orientations of the edges in Dy. It “learns” about K \ L and Aj as needed.
More precisely, we condition on G and there is a probability distribution for K\ L.
Information needed to answer the question “is # € K\ L” is revealed as the algorithm
proceeds. Similarly, the random arcs in A3z are revealed one at a time as necessary as
the algorithm proceeds (note that the heads of these arcs are uniformly distributed
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Figure 1: Extension Rotation Procedure

While x(F) 4+ p(F') > 1:

If P(F) = 0:

Since G is connected, there exists an edge {z,y} € F such that
F? and FY are distinct cycle components.

Replace F* and FY with a single path using the edge {z,y}.

If P(F) #0:
Let P be a longest path in F.
Let X be the set of vertices spanned by P.
Let END be the set of end-points of paths that span X.
If there exists {z,y} € E such that € END and y ¢ P(F):
Replace P and FY with a single path.
If there exists {z,y} € E such that x € END and y € P(F) \ X:

Replace P and FY with two paths by extending a path
on X ending with x along FY to one of the endpoints of FY.

If N(z) C X for all x € END:
Choose an ordering of the elements of END uniformly at random.
Consider the elements of END one at a time. For each such z € END:

Let END(x) be the set of endpoints of paths spanning X
such that x is the other endpoint.

Check whether or not x € K \ L.
If x € K\ L determine the arc (z,y,) € As.

If € K\ L and y, € END(z) then use {x,y,} to replace P with
a single cycle, add {z,y,} to E, and move onto the next
iteration of the procedure.

If v ¢ K\ L orvy, € END(x) then move onto the next element of END.
Ifx ¢ K\ Lorvy, ¢ END(x) for all z € END then Fail.



on [n]). Thus we follow the “principle of deferred decisions” in a way made precise
below.

Appealing to Lemmas 2 and 3, we assume G is connected and x(Fy) < 6n/logn. In
the course of the procedure we iteratively modify the 2-matching F' and occasionally
add edges from Ej5 to the edge set E. In each iteration we attempt to reduce k(F),
extend the longest path in F' while keeping x(F') and p(F) fixed, or replace a path
component in F with a cycle component (thereby reducing p(F')). We use edges from
E whenever possible. We resort to the arcs in A3 only when we cannot perform any
of the operations using only the edges in E' and only to replace a path component
with a cycle component. Since p(F') only increases in situations where p(F') = 0, and
in this case we increase p(F') to 1 and simultaneously reduce x(F'), it follows that the
number of arcs from Az that we use is bounded by x(F) + p(F'), which we assume is
at most 12n/logn.

In order to analyze this procedure, we condition. For a graph G we set
QY ={DecQ:Tp=0G}

We prove that the Extension-Rotation Procedure succeeds whp, and thereby prove
Theorem 1, by working with the partition F of Q x [n]* in which (D;, A) and (D}, A)
are in the same part if I'p, = I'p; and I'p, = I'p, (in other words, each part is a
subset of a set of the form Qf x [n]* for some graph G). One virtue of this partition
is that if we condition on (D, A) € Qf x [n]* then K \ L is not determined, it can
be viewed as a random set (L, on the other hand, is determined). Of course, the set
K\ L is not a uniform random set, but we will see below that it is approximately
uniform. Another virtue is that the progress of the Extension-Rotation procedure
depends on I'p, as opposed to D, and so it is identical for all digraphs in the same
part of the partition, up until the first time we check a vertex for membership in
K\ L. This check leads to a refinement of the partition.

We define a filtration F = Fo, Fi,... of Qp x [n]k. Fy is the trivial partition with
one part that is equal to €, x [n]*. The partition F; is determined by I'p, and the
third out-arcs of the vertices in L: (D;, A) and (D}, A’) are in the same part of F; if
I'p, = I'p; and the arcs in A with tails in L(D;) = L(D]) are identical to the arcs
in A’ with tails in L(D}) = L(D;). The remaining partitions are then determined
by the execution of the Extension-Rotation Procedure. We refine the partition each
time we consider an element of END. Thus, each time we arrive at a 2-factor F' such
that P(F) # () and N(z) C X for all z € END, where X is the vertex set of a longest
path in ' and END is the set of endpoints of paths spanning X, we will likely refine
the partition many times. This is because we will likely have to check many elements
of END before we find x € END such that 2 € K\ L and y, € END(z). Let C; be



the first 7 vertices checked in the Extension-Rotation Procedure. Further, define

In words, I; are the vertices among the first 7 checked that are in K \ L and O;
is L together with the vertices among the first ¢ checked that are out of K \ L.
If ordered pairs (D, A) and (D}, A’) are in the same part of F; then I'p, = I'pr,
L;((Dy,A)) = L((D}, A)), O:((D1,A)) = O;((D7, A’)) and the arcs in A with tails in
I; are identical to arcs in A’ with tails in ;.

If X is a part in F; then Dy(X) = {D; € Q) : 34 € [n]* such that (D1, A) € X}.
Note that if (Dy, A) is chosen uniformly at random from X then D; will be chosen
uniformly at random from D;(X).

We show that throughout the algorithm nearly every part X of the partition JF; has
the property that nearly all the digraphs in X" satisfy certain structural conditions
(i.e.. small maximum degree, no small dense subgraphs, etc.). For X a part of the
partition F; we define I'y to be the underlying graph determined by X (i.e. I'p 44,
together with the edges from Fs5 that have been added by the extension-rotation
procedure) and Ay to be the out-arcs from Aj determined by X. Furthermore,
define Cy, Iy and Oy to be the sets of vertices checked for membership in K \ L,
determined to be in K \ L, and determined not to be in K \ L, respectively, en route
to the part X'. We discard X if 'y has does not have the desired structural properties
or if too many digraphs D € D;(X) do not have the desired structural properties.
In Sections 4 and 5, respectively, we formally define two events: &z a collection of
graphs and &p a collection of digraphs, see (14) and (22) respectively. We will prove
that if (D;, A) is chosen uniformly at random from Q x [n]* then

Pr(3B C Aj; such that I'p, 44,48 € &) = o(1) (1)

PI‘(D1 cép A FDl Q/ 5@) < e—loan' (2)

At stage i of the algorithm we discard each part X of F; such that I'y € £;. We also
discard X if | Dy (X)NEp| > n2e~ 28" |D; (X)|. We bound the probability that digraph

D is discarded at stage ¢ by applying the following version of Markov’s inequality. If
£ is an event and G is a partition of our probability space then

—_

ElELelg) = Eled _Pr@) g

£ 9 £

Pr(Prl€|0] > <] = Pr(E[1¢[g] > <] <

Applying (3) with e = n2e= 198" " we see that the probability that there exists an index
i such that our randomly chosen (D, A) is discarded at stage i due to (2) is bounded
above by 1/n.



So, we restrict our attention to parts X of the partition F; in the filtration given
by the Extension-Rotation algorithm such that 'y & £; and the probability D is
in &p where D; is chosen uniformly at random from D;(&X') is at most n e~ log®n,
The remainder of our analysis hinges on the following two Lemmas. Of course, we
must only show that with high probability the Extension Rotation Procedure does
not arrive in a situation were the longest path in the current 2-factor cannot be
completed to a cycle using the arcs in Az. To this end, we first show that there are
many end-points of paths that span the vertex set spanned by the longest path in the
2-matching.

Lemma 4. Let G be a fixed graph on n vertices such that 6(G) > 3. Suppose further
that P is a maximal path in G, x is an endpoint of P, X is the set of vertices spanned
by P and END(z) is the set of end-points (other than x) of paths that span X and
have x as one end-point. Then we have

n
Gédé: = END(z)> 100°

Lemma 4 is proved in Section 4. One consequence of Lemma 4 is that each time we
find € END such that x € K \ L then the probability that the third edge out of x
completes the cycle is bounded away from zero. Thus, whp the number of cycles we
close among the first j elements of K \ L found is at least j/200 for, say, j > /n.
Therefore, the number of elements of K\ L found before the successful termination of
the Extension-Rotation Procedure is whp at most 1200n/logn. It remains to show

that each € END we consider (that is in neither Iy nor Oy) has a good chance of
being in K \ L.

Lemma 5. Suppose X is a part of the partition F; such that I'y & Eg and
1EL NDL(X)] < ne™ 1" Dy (X))

Suppose further that |Ix| < llzg?f and |Ox| = o(n). If D is chosen uniformly at
random from D1 (X) then

k 1 — o(n)
n 4000(loglogn)? -

{xEV:Pr(xEK(D)) <

Lemma 5 is proved in Section 5. It follows from this Lemma that whp the number
of elements of K \ L found among the first i vertices queried is at least i/ (logl/ ’n -
8000(loglogn)?3) for, say, i > /n. Indeed, as we explore END we can ignore the o(n)
vertices in [y U Oy and the probability a queried vertex is in K \ L is at least

2 1
34000 log!/? n(loglog n)?
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as the probability that the queried vertex is among the ‘bad’ vertices described in
Lemma 5 is at most 1/3. Thus, the number of elements of K \ L identifies among
the first 7 vertices queried dominates Bin(i,1/(6000(loglogn)?log'/?*n)). Let N be
the number of vertices queried for membership in K \ L before completion of the
Extension-Rotation Procedure. Assuming the rare events discussed above do not
occur, we have

N < 1200n
log!? n - 8000(loglogn)? ~ logn

N_o (n (loglogn)3> |

loggl/2 n

and so

Therefore, whp we have |Ox| = o(n) throughout the execution of Extension-Rotation
(inductively justifying our application of Lemma 5).

3 A simple 2-matching with few components

We apply the following consequence of the Tutte-Berge matching formula (see Theo-
rem 30.7 in Shrijver [18]). If G = (V, E) is a graph and A, B are disjoint subsets of
V' then we let e(A, B) denote the number of edges in £ that intersect both A and B
and e(A) denote the number of edges within A. The size of a simple 2-matching F
is the number of edges in F'.

Theorem 6. Let G = (V, E) be a graph. The mazimum size of a simple 2-matching
i G is equal to the minimum value of

e(X,S)J’ ()

VI+ 101180+ 3 |25
X

where U and S are disjoint subsets of V', with S an independent set, and where X
ranges over the components of G —U — S.

We make extensive use of the following observation:

Sc ([’;]) S Pr(SC E(Cs o)) < <§)|Sl. (5)

n

This is easily seen to be true for |[S| = 1 and after this, knowing that 5" C E(G3_ou)
only reduces the probability that e ¢ S’ is also in E(G3_out)-

We define Eqyces to be the collection of graphs on vertex set [n] for which there are
at least n3/* vertex sets C' such that |C| < 1‘?59", G[C] is connected and G[C] has at
least |C| edges.




Lemma 7. With high probability Go & Ecycles-

Proof. We compute an upper bound on the expected number of small complex com-
ponents in I'p where D is drawn uniformly at random from €:

ogn logn
3.9

2 () () G) =R -ofe)

c=3 c=3

The Lemma then follows from Markov’s inequality. O

Lemma 8. With high probability a(Gs) < 0.415n.
Proof. Let Z be the size of the largest independent set in Gy = I'p,. Applying the

union bound (and noting that a maximum independent set is also a dominating set)
we have

ez () 00 P02 00T

We checked numerically that the function

(1 _ l.)3ac (1 _ (1 _ x)36731/(17x))1_$
(1l —z)l—=

fx) =

is strictly less than one for x > 0.415. We conclude that Z < 0.415n with high
probability. As Gy is a subgraph of G5, we have the desired result. m

Rather than work with the event implicit in Theorem 6 directly, we consider a weaker
event. Let G be the event that there exist disjoint vertex sets U, R such that

(i) V\ (UUR) can be partitioned into sets S, T such that G[T] is a forest and G[5]
is an independent set.

(i) [S] = max{|U],2n/(logn)},

(iii) e(V\(UUR))+e(R,V\(UUR)) = e(SUT)+e(R,SUT) < |V|+|S|-3|U|—|R|.
We now argue that G € G U Ecyeles implies that G has a simple 2-matching with at
most 6n/logn components. Suppose G & G U Eyeies- Let F be a simple 2-matching

of maximum size. Since G & Eyeles, F' has at most 4n/logn cycle components, and
therefore the number of components in F' is at most 4n/logn plus n minus the size of
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F'. So, it suffices to show that G has a simple 2-matching with at least n — 2n/logn
edges. Let U, S be an arbitrary pair of disjoint subsets of V' where S is an independent
set. We may assume |S| > max{2n/logn,|U|} (otherwise the expression in (4) is
clearly at least n — 2n/logn). For the given U and S, let R be the set of vertices in
non-tree components in Ga[V \ (UUS)]. Set T'=V \ (UU S U R). Note that the
graph induced on 7' is a forest. Suppose this is a forest with p components. Now,
since G & Ecycles implies that there are at most 4n/log n components in G|R], we have

e(X,S)| _ e(S,T)+e(S,R) —p— o
Z{ 2 Jz 2 '

On the other hand, G ¢ G implies that condition (iii) does not hold and we have

e(S,T) +e(S, R) > [V| +[S| = 3|U[ — |R| — e(T)
= V| +[S| =3|U| = |R| = |T| +p
=2|S| —2|U| +p.

Therefore,

e(X,S 2n
> |45 s 18- 101 - o
X gn

Applying Theorem 6, we see that there exists a simple 2-matching F' in G with at at
least n — 2n/logn edges.

It remains to show that Gy € G with high probability. We apply the first moment
method. Throughout these computations we take K to be a fixed set (the set L,
however, is not determined). For ease of notation we set u = |U|,r = |R|,s = |95/,
etc. We consider 3 cases based on the value of u/n.

Case 1. u < %L.
[

Here we take special care with the vertices in S UT that are in K. For disjoint sets
U,Z,W such that U, Z CV and W C K let Gy zw be the event that conditions (i),
(i) and (iii) are satisfied with

SUT =2ZUW (SUT)NL=ZnNK (SUT)N(K\L)=W.

In words, Z is the set of vertices in S U T of out-degree 3 in D; + Ay and W is the
set of vertices in S U T of out-degree 2 in Dy + A,. Note that this event includes
conditions on arcs that point at the vertices in Z N K and W3 in particular, there is
at least one arc directed at each vertex in W. Let o be the number of arcs directed
from ZUW = SUT to SUT UR and let $ be the number of edges that are directed
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from ZUW = SUT to U. Finally, let v be the number of arcs directed from
R=V\(UUSUT) into vertices in W.

Before proceeding with the calculation, we establish an upper bound on « (and hence
a lower bound on ). Note that, as we assume condition (iii) is satisfied, we have

a+y < e(SUT)+eR,SUT) < |V|+|S] —3|U| — |R| = 25 — 2u + t.
Therefore

a<2s—2u+t—~y and [>s+2t—w+2u+-r.
The latter follows from av+ 3 = 3s+ 3t — w

For fixed U, Z, W we have

3(s+t)—w\ fu\B [Bu+a\“"
o < S T
(Gu.zw) ; 3 - - (6)
< gp2.93(s+)—w (E)SHW“ u+2s+t\"7
- n U

Note that the last term in (6) accounts for the condition that there must be an arc
directed into each vertex in W: There are at least |W| —y vertices in W that are not
‘covered’ by vertices in R, and each of these vertices must be covered by one of the
arcs out of U or one of the av arcs out of S UT that point to vertices in SUT U R.

We bound the probability that there exists a pair U, R satisfying the conditions of
the event G with |U| < n/e'® by summing over all possible choices of U, Z and W:

(U oan) <X ()O)

. p293(s+t)—w (E)S“t“u u+2s+t\"7
n u

s S () () (5) g
gt G)“’ <%)S+2t+2u <3(s u+ t))”
16eu\ "™ (s +t\"
< ¥ () (5 (5

u,z,w

Note that to get the final summand we dropped a factor (u/n)' and we used the

bound e
s+t ST et w<2$+t
s+t—w w - ’
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(This can be viewed as a special case of equation (20), which is used extensively in
Section 4.) We bound the final summand in (7) by considering two subcases. Recall
that we assume s > 2n/logn. If s +¢ > 32eu then we write

16 s+t ¢ w 1 s+t—w
Gr) () =) o
s+t U 2

If w is a positive proportion of s+t then the % term suffices to establish the desired
upper bound, and otherwise the (1/2)5™~% term suffices. If, on the other hand,

s+t < 32eu then (%)w (S—“Lt)w < 1 and we write

u

(eu)u 16eu "™ < ( 17u>u
— e p—

n s+t - n/ '’
and again we have the desired upper bound.

Case 2. n/e'® < u < 0.015n.

Suppose first that s +t = n —u — r > 8eu. As above, we let 8 be the number of
arcs directed from SUT to U. We have > s+ 2t + 2u — o(n). The probability
that there exist U, R that satisfy condition (iii) with n — |U| — |R| > 8e|U| and
n/e'® < |U] < 0.015n is bounded above by (we write n —u — 7 = s + 1)

ST 6 sy () e )

u,r, u,r

t reunt [ Seu \
<y () () -
=¢ Z n n s+t

u,r

Note that the (%)u term is exponentially small and dominates the e°™ term and the
other terms are at most 1.

Suppose now that s+t = n—u—7r < 8eu. Here we add the consideration of the edges
from R to SUT to the previous bound. Let « be the number of arcs directed from R
to SUT. Now we have § > s+ 2t + 2u + v — o(n). The probability that there exist
U, R that satisfy condition (iii) with n — |U| — |R| < 8¢|U| and n/e'® < |U| < 0.015n
is bounded above by

SO0 )Y (-5

u,T,Y, 5
u s+t S+2t+2u+y
< o(n) (E) ne 23(5+t) <g> 8
=€ Z u s+t n (8)

U,y

(3m>” (s+1t)7 ( s+t)3r'y
X | — 1— .
¥ n n
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We write

3re- =t 1\ s+t e
v n

Since 0 < o < 25 — 2u +t — 7, we have v < 2s — 2u + t and

3

637’ 5::’5 u St (3p_n) < e—s%t (3n—6u—3t—3s—7) )

n

IA
o

6u+3t+3s+v<4du+4t+5s<(4+5-8)u < 1.99n.
So, we can bound the expression in (8) by

e S (E)“ ne \TT 8\ (E)S”mu < e (%)“ (E)t 8u )"
U s+t e n - n n s+t

u,r u,r

As 0.015 - e - €%/¢ < 1, we have the desired bound.
Case 3. 0.015n < u.

Let U, R (and SUT =V \ (UU R)) be fixed disjoint sets such that |U| > 0.015n. Let
a be the number of arcs directed from SUT to SUT U R and ¢ be the number of
arcs directed from R to S UT. The probability that there exist such sets U, R with
the specified number of arcs is bounded above by

u;g“ (Z) (" ; U) (3(n _au - r>> (1 _ %)"“ (%)S(n—u—r)_a |
(?Z") (1 B UZT)C (UZT>3T_<. o

As we are bounding the probability of the event G, we assume (in particular) that
condition (iii) holds; that is, we assume,

at+(=e(SUT)+e(SUT,R)<n+s—3u—r,
which implies

a<n+s—3u—r—(=2s—2u+t—(<2s+t—2u. (10)

() 0-2r @) o
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is increasing for a < 3(1 —u/n)(s +t) —u/n. Given (10) and u < s < o(G2) < 0.5n
(by Lemma 8) we have

3(1—u/n)(s+1t) —u/n—(2s+t—2u) (1 —=3u/n)s+ (2 —3u/n)t +2u—u/n
(1—3u/n)s+2u—u/n

0.

(AVARYS

Thus in our range of interest, the expression (11) is increasing in .

Therefore, the probability that there exist disjoint sets U, R with |U| = u and |R| =r
that satisfy conditions (i), (ii) and (iii) is bounded above by

eo(n) Z n n—u 3(n — U — 7”) <1 B E>”+S3UTC <g>2n32r+g‘o(n)
u r n+s—3u—r—( n n

u,r,¢
¢ 3r—(—o(n)
(3(?") (1_ u—l—r) (u+r) (12)
n n

where we set s = min{n — u —r,0.415n}. Note that the only role s plays in (9) is in
the upper bound on «a. So, we take the maximum possible value of a by taking the
maximum value for s (and this has no impact on the rest of the expression). Also
note that we apply Lemma 8 to set an absolute upper bound on the s.

We turn now to calculations. We re-name v — an,r — yn,v — zn. Then for a > b,

we let Bin(a,b) = bb(az% be a replacement for a corresponding binomial. We now

define the function of three real variables

g(x,y,z) = Bin(1,z) - Bin(1 — z,y) - Bin(3(1 — z — y), ) - Bin(3y, 2)-
P (1)) (1) P (1)

where

a(m,y,z) = 1—|—S(91;,y,z) — 3z —Yy—=z ﬁ(xayaz) = 2_S($7yaz) - 2y+z
s(z,y,z) = min{l — z — y,0.415}.

Note that y < 1 — 2z is equivalent to u < s + t.

Claim 9. If0.015 < 2 <0415, 0 <y <1 -2z and 0 < z < 3y then g(x,y,z) <
0.995.

Note that Claim 9 implies that the expression in equation (12) is exponentially small
for all relevant choices of 7, u, (, and Lemma 3 follows.

15



It remains to prove Claim 9. Of course, this can be achieved by a direct assault using
calculus (e.g. concavity is useful). However, the authors feel that a simple check by
computer is more compelling. Posted at www.math.cmu.edu/~tbohman the reader
will find a short program in C that divides the 3-dimensional region into small cubes
(side length 0.00125) and bounds the function over each cube, thereby bounding the
function over the entire region. The numerical bounds on the expression in (13) are
achieved by bounding each term in (13) individually over each sub-cube in a trivial
manner. Problems with numerical rounding are avoided

4 Rotations: Proof of Lemma 4

We begin by defining the event £;. This event is comprised of three properties: large
maximum degree, small dense sets and a more complicated non-monotone condition
for larger sets. Set

2logn
0= T -
log log n
The event
EG = {A(G) Z A0} U gsmall U 5pieces (14>

where & an is the event that there is a vertex set S and an integer i such that
1 <4 <10, |S| < jlogn and the graph induced by S is connected and spans at least
|S| 4+ i edges. Epieces is defined immediately following the proof of Lemma 10 below.

The events A(G) > Ay and Egpan are increasing and so we can bound the probability
that there exists B C Aj such that I'g, 14,45 is in one of these events by working
with € itself.

Lemma 10. If D is chosen uniformly at random from €2 then
PI‘(A(FD) >Ny V I'p e gsmall) = O(n_l/Q).

Proof. The degree of a vertex in I'p is distributed as 3 4+ Bin(3n, 1/n). Therefore

3n 1 _
Pr(A(T'p) > Ap) < n(Ao - 3) e o(n 1/2).

16



Another application of the union bound gives

% logn

Pr(I'p € Eunar) < Y (Z) o2 (;) s (g)*[l

s=4

]

Let N(S) ={y ¢ S: 3z € S such that y is adjacent to z} be the set of neighbors of
a vertex set S. Define &ieces to be the event that there exist sets Sy, 52,71, T, such
that

(i) S1 and S, are disjoint with n'/30 <|S;| + |S,| < 2.

(ii) For each x € S there exists y, € S; U7y such that {z,y,} is an edge, with the
additional property that if u,x € S; and u = y, then x # y,.

(iii) For each = € Sy there exist distinct y,, 2z, € Ty such that {z,y.},{z, 2.} are
edges.

(iv) Th ={yz :x € Sy and y, € S1} and Tp = {ys, 2, : ¢ € Sa}.
(v) N(S1),N(S2) CTyUT, and Ss is an independent set.

Lemma 11. Let (Dy, A) be chosen uniformly at random from Q. x [n].

Pr(3B C A3 : I'p, 44,48 € Epieces) < e~ N

The proof of Lemma 11 is given in Section 4.1 below. Note that Lemmas 10 and 11
imply (1). We now proceed with the proof of Lemma 4.

Let P be x = xg, 21, x9,... and S = END(x). We show |S| is large in two stages.
Stage 1: |S| > n!/%.

Let T; be the set of end-points (other than xg) of paths that can be obtained from P
by i rotations with z fixed. We view the T;’s as the level sets in a tree rooted at xg.
Note that the children of a vertex y € T; in this tree are second-neighbors of y in G.
Since each end-point y € T; yields d(y) — 1 end-points in 7}, and 6(G) > 3 we have

17



where ¢; accounts for vertices in T; that have second-neighbors in common.

If for some ¢, p we have Zle 0; = p then there exists a connected subgraph H with
v < 4Lp vertices and at least v + p — 1 edges. Since G & Egpan, it follows that p < 10
implies
-1 -1 1
4€p202—p -logn = 62—'0 - — - logn.
4 p 16

Therefore,

and
ogn

|51 2 ‘T(logn)/lez! > 9" 9 > pl/30
for n sufficiently large.

Stage 2: S| > 155.

Suppose that the vertices in S induce a collection of sub-paths Py, Ps, ..., P, of P
and that P; contains s; vertices. Let Y be the collection of paths P; that consist of a
single vertex. (So, if s; = 1 then P, € Y. Note that for these paths we abuse notation
by referring to a single vertex as a path.) Pdsa [16] proves that

x; € N(S) = x;_1€S5or Tit1 € S. (16)

Note that (16) implies

wueY and veY = {u,v} & E(G). (17)
Set
So =Y, Ty ={x;:x; 1 €Sy orziy € S}
S1=85\Y, Ty ={z;:x; ¢ S and (z;_1 € Sy or z;41 € 51)}.
In words, S5 is the set of vertices that are singleton paths in the collection Py, ..., Py,

and S7 is the set of vertices in longer paths. The sets To and T; are the vertices
adjacent along P to the end-vertices of the paths in Py,..., P,. S1,5%,71 and T3
satisfy conditions (ii), (iii), (iv) and (v) in the definition of the event Eeces and
G & Epieces. Here for x € Sy, y,, 2, are its two neighbors on P. For each non-singleton
path P; the vertex x € P; closest to x( along P lets y, be its neighbor along P closer
to z¢ and all other v € P; let y, be the neighbor along P in the direction away from
zg. It follows that |S| = [Sy| 4 [Sa| > 155

18



4.1 Proof of Lemma 11

We apply the first moment method.
Let s = |S1| + |S2| and v = |S,].

We view K as a fixed set. The set L, on the other hand, will be random. We then let
K' C K be the tails of the arcs in A\ (42U B). So K’ is the set of vertices (for a given
choice of B) for which the third out-arc is still not in the graph. For X C K and
sets Sl,SQ7T1,T2 — [ ] let ngl So, 11, T be the event that K’ = X and Sl,SQ,Tl,TQ
satisfy conditions (i)—(v). We bound the probability of the union of all events of this
form using the first moment method. A key property of this event is that, since we
set X = K’ each vertex in X has in-degree at least 1.

We do not work with the events x g, s, 7.7, directly. Rather we consider the events
Fyv.s,.8, .1 Where Y C (S U Sy) N K defined by

‘FY751,52,T17T2 = \/ 5X7517327T1:T2'

XCK:
Xﬂ(leJSQ):Y

In words, we consider the event where we specify membership in K’ only for those
elements of K that are in S; U Ss. We choose Y, .S1,.S; using the following method
(in fact, we break Sy into more parts in the actual calculation below, we indicate
here how one can recover the set Y from the expression given below). We choose

Q, R C [n] and Q, R C K. Then we set
=QUQ S;=RUR Y=QUR.

The important point to note here is that if € (RUQ)NK then we are considering the
event where ¢ K'. So the third arc out of x is present in the graph. Furthermore,
as we specify QU R C K', there is at least one arc pointing into each vertex in Q U R.

Now we explain the further division Sy. We write v = vg+ 14 + 5 + U + 4 + 5 where
v; is the number of vertices x € Sy \ K’ for which i of the arcs between = and {y,, 2, }
are directed into z and 7; is the number of vertices x € Sy N K’ for which ¢ of the arcs
between x and {y,, z,} are directed into x. Let p = |S; \ K'| and p = |S; N K’|. The
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probability that I'p is in Epjeces 1s at most

n/100

v
—.1/30 V0sV1,V2 P P Y, V1, V9 Yy, V1,2 2
s=n Do,01,02

0:P

1 25\ 1 /2s\%\ 1 /25\*\
X(6._2._8) 18._2.(_5> 9._2.(_8)
nz n n n n n (18)
2o » 2\ 72
5. L O\ (o L 28\ [y L (25
n? n n? n n? n

Explanation of (18) View the summand as five terms separated by the
symbol x. The first is an upper bound on the number of choices for 57, S,
and Y. For such a fixed choice of S;, 95 and Y the rest of the expression
in (18) is an upper bound on the probability of the union of all events of
the form Fy g, s, 7, 7, The second term is an upper bound on the number
of choices for T, T, and the explicit edges between S;U Sy and S, UT; UT,
given by conditions (ii) and (iii). Then we consider the probability that
the vertices in Sy have the prescribed neighbors. Note that if v is among
the 1y vertices in Sy N K’ that has out-arcs directed to y, and z, then,
since v € K’ and therefore v has in-degree at least 1, there is a vertex in
T1 U T that directs one of its out-arcs to v. The accounts for the ‘extra’
6s/n factor in this term of the product. The fourth term is a bound on the
probability that the arcs out of S; are in the prescribed locations. Finally
we multiply by the probability that no vertex outside of S; U S, UT, UT;
sends an arc into S; U Ss.

The bound in (18) can be approximated from above by
”ﬁo > (24632)ﬂ (meks)ﬁ . (663)”0 (36632>V1 <36633)”2
S \ o om Vo mn vonm?
V07V1A7V2
(6Aesk:> " <1%esk> o (1%@32]{;) v « @5(—3+9s/n+3k/n) (19)
on vn 120X 15

pib
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We repeatedly apply the following observation (the proof of which is given below):

. Y z+y
r,y,a, >0 = (%) <§) S(iij) . (20)

The expression in (19) can therefore be bounded above by

n,/100

Z Z es(—3+93/n+3k/n) % €5 X (é(S,k’,’l’L))
S

s=n1/10 Y0,V1,V2
00,0102
PP

where
(s, k,n) = 24s(s/n) + 12s(k/n) + 6s + 36s(s/n) + 36s(s/n)* + 6s(k/n)
+ 12s(k/n) + 18s(ks/n?)
=5 (64 60s/n + 36s°/n* + o(1)) .

Since we assume s < n/100, we have {(s, k,n) < 6.7s and the summand in (19) is at
most
[e7116.7]" < (0.995)°.

Thus the sum in (18) can be bounded by n#(.995)""*  and this proves Lemma 11.

Proof of (20). Let f(z) = (2)" (2 )z_z. Then we have

['()
f(z)

loga — 1 —logx —log B+ 1+ log(z — x)

So, f'(z) =0 iff v = 2" = 225

Differentiating once more, we get

ff@)  f@? 11

fz) @) o z-u

and so f”(z*) < 0 and z* is the maximum over = € [0, z]. O

<0
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5 Conditioning: Proof of Lemma 5

We begin with some definitions and initial observations, including the definition of
the event £€p. Set

1

T=3— —7
logl/Qn

=3-« ¢ = [10log, logn] .

Recall that X is a fixed part in some partition in the filtration of Q; x [n]* given by
the execution of the Extension-Rotation Procedure. Here we work with the space of
digraphs €; the edges that have been added to raise the minimum degree to 3 or in
the course of the Extension-Rotation Procedure play no role.

For z € [n]\ (Ix UOy) let D;(X) be partitioned into D,,D, where D € D, if
x € K(D). Note that for fixed x we have Pr(z € K(D)) = |D,|/|D1(X)].

Define a bipartite graph ¥ = ¥, on vertex set D;(X) by including an edge joining
D € D, and D’ € D, if D' is obtained by reversing the arcs along a shortest path of
length ¢ in D that starts at a vertex in V' \ (K (D) U Oy) and ends at . We have,
where dy, denotes degree in X,

S ds(D) = 3 ds(D) (21)

DeD, DeD,

We get a lower bound on |D,[/|D;(&)| by bounding the degrees in ¥: We establish
upper bounds on dx(D) for D € D, and lower bounds on dg (D) for D € D,.

For a digraph D € €y let IIp ..y be the set of vertices y € V such that there
exists a shortest path of length ¢ from y to x. Note that 7 is the average out-degree
in D € Q and so 7¢ ~ log'’n is approximately equal to the expected number of
vertices reachable by a path of length ¢. Let IIp, .k be the set of vertices z € K
such that there is a shortest path from x to z of length ¢. We bound |IIp ;.| and
\p k| for most D € Dy(X) and = € [n]. To this end, we define the following
cut-offs:

log'®n k
in = (1000 log log n) log™ out = 5 —
s ( oglogn)log™ n Tout (loglogn)? n
pin = (logn)*.
Let ¥, C Q; be the event
10n

Hz € n|: |Upacv| > mn}| > or 3z € [n] such that |IIp zev| > pin.

(log n)lOO
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Similarly, define W_, i C € to be the event

n

Hz € n]: |Upesk| < Tou}| > (log n)100°

We now define

Lemma 12. If D is chosen uniformly at random from €. then

Pr(De&p A Tpg&;) <e il

The proof of Lemma 12 is given in Section 5.1. Note that condition (2) follows from
Lemma 12. We now proceed with the proof of Lemma 5.

For each D € D;(X) we define three sets of vertices:

Vi=Vi(D) ={x € [n]: [llpaecv| > min}
‘/2 = %(D) = {ZL‘ € [n] : |HD,:U—>K| S 7T-out}
VE’) = ‘/ZS(D) = {JI € [TL] : |HD,33—>K N IX| > 7T-out/2}

The key observation is that most 2 € [n] have the property that € V;(D) for very
few D € Dy(X) for i = 1,2,3. Indeed, the number of ordered pairs (z, D) where
r€n], D€ D(X)\ Ve yand z € V(D) is at most 10|Dy(X)|n/(log'" n). It follows
that

{:1: €] [{D € DU(X)\ Uy iz € Vi(D)}] > ?gj”'} <o (2
og”' n ogmn
Similarly, we have
{x €n]: D € Di(X)\ Uk : € Va(D)}| > '?lgjo'} <
og”n ogn

Now we turn to the set of vertices = € [n] with the property that x € V3(D) for many
digraphs D. Consider a fixed digraph D € D;(X) \ ¥.y. The number of ordered
pairs (a,b) where a € V', b € Iy and there is a shortest path of length ¢ from a to b

is at most

10n nlog!®
—o0— " Pin T x| Tin < ————
log® 1, pin + [Lx| -7 log 1

for n sufficiently large. It follows that |V3(D)| < 2n(loglogn)?*/(log"/? n). Therefore

- (log log n)?

er ] (D € Dy X\ Uy - € (D)} > DX H < (25)

10g1/5 1/5

log
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To prove Lemma 5 it suffices to show

. |Ds 1 k|
{x € ]\ U U 0x) 2 tp 3 = J000(TogTog n)? EH = oln).

We may therefore restrict our attention to vertices x in the complements of the sets
in equations (23), (24) and (25).

Now apply (21). We have

D,(X Dy (
|Dm’ﬂ-in+—| lgg )|p1 |1 ! AE > Z dg
log™ n e DED,
D(X Dy(X Tou
N CE |D1<X)|—|Dx|—’ O] BT Ton
- log”n  log’n/) 2
DeD,
Therefore
Tout Tout 1 1 2pjn 2712 Aé
D, (7 + 2) > |Dy(¥ - _ _ ~
’ | ™ 9 | 1( )’ 2 ( 10g99n logl/Sn Woutlogggn Woutelog2n
and
|Dx| Tout ]- k
> = _

IDy(X)| = 4m,  4000(loglogn)® n’

5.1 Proof of Lemma 12

We begin with the event W, . Let x be a fixed vertex. Fori =1,... ¢ let S; = S;(x)
be the set of vertices that can reach x in a path of length ¢ but not via a shorter path.
We reveal the sets S; iteratively (i.e. using breadth first search).

Claim 13. If f(n) is an arbitrary positive real function then
Pr(|S)| > f(n)r" ATp ¢ Eg) < M2~/

for n sufficiently large.

Proof. Note that I'p & £ implies A(G) < Ay = 2280 and so

loglogn

¢
Z|S Z < (L+ 1AL =n°W,
J



Thus, we may discard the set of digraphs for which there exists an index 1 < ¢ < ¢ such
that |S;| > /n/l. In other words, we iteratively condition on the event |S;| < v/n/¢.

Now an observation. If 0 < A < 1 and Zézo |S;| < v/n then we have

) - ™ Sl m Sl rnem m
meseisn< X (0 (5s) (-tve) ¢
A ™

m=0

()

< (1 + A1+ A)n ‘_Sil/ﬁ)m

eT|S¢|)\(1+/\)(1+2/\/H) )

IN

Now set \g = 1/2. For i =1,...,¢ we define \; by setting

Note that so long as A; > 7/n'/* then we have

ﬁ<1—ﬁ)§)\i+1§ﬁ-

T T T

Then inductively, so long as \; > 7/n'/*, we have \; < 1/(277) and

2N Xo o 1
20 | Am T (-
t ( )_TJ 0( 27’”“)

m=0 m=
—1
)\0 : 1 )\0 T 1
= ;exp{l—mz:[ﬂ_m“} = 7 PAT = 1079°
(Note that we use the inequality 1 — z > ¢=2* for z < 1/2.) In particular, we have
Ao > ! (26)
£ =107t
We now define a random variable Y;. If |S1],]Sa], ..., |Si—1] < v/n/l then set Y; =

|Si|. If, on the other hand, there exists j < i such that |S;| > /n/¢ then set
Y; = Mic1Yioi/Ai. Let B; be the event that there exists j < i such that |S;| > /n/¢.
Fori=1,...,¢ we have

E [e&'Yi | E} - E [E [e/\ilsil | |SZ._1H | E]
< FE [67\51'—1|>\i(1—>\i)(1+2/\/ﬁ) | E} — B [6>\i—l|si—1| | E] — B [eM—1Y1—1 | E] )
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Of course, the same inequality holds if we condition instead on B;. It follows that
E [eMYt] < E [e*¥] = ¢e!/2. Applying Markov’s inequality and (26) we have

Pr (Yo 2 f(n)r) < B[] e < ezl (),
As the event |Sy| # Y is a subset of I'p € &g, the claim follows. O

Let X be the set of vertices x such that |[IIp .. v| = |S¢(2)| > 10001loglogn - log'®n.
Applying Claim 13 we have

el/2

log™™"' n

Therefore, E[|X| | T'p & &] < 2n/log'®n and E[|X|] < 3n/log'™n (as Pr(I'p €
Ec) = o(1/y/n) and |X| < n) . We bound the probability that X is significantly
larger than its expected value by applying the Azuma-Hoeffding inequality to the arc-
exposure martingale on . (This is an instance of the first general setting in Section
7.4 of Alon and Spencer [2].) We fix K and expose the out-arcs one at a time. Let a;
be the i*® arc in some ordering of the 3n — k out-arcs. Set X; = E[|X| | ay,aq,...,a;].
Note that if D and D’ differ by a single out-arc then we have

14
1X(D)] = 1X(D")]] < )3 <log"n.
=0

It follows that | X, — X;| <log''n for i > 0. The Azuma-Hoeffding inequality then
implies

10n

n _nl—o(1)
PriX>—F~— | <Pr{X>FEX|+ <e " .
(o ) (om0 )

To bound the probability that there exists a vertex x such that |llp ,v| > pin We

apply Claim 13 with f(n) = log'®n. It follows that Pr(|S;| > pin ATp & Ea) <
—(log'®n)/10
e .

Now we turn to the event W_,x. Let y be a fixed vertex. Let T; = T;(y) be the
sum of the out-degrees of the set of vertices that can be reached from y via directed
paths of length 7 but not via shorter paths (i.e. Ty = 2 or 3). As above, we reveal T;
iteratively. Recall that ¢ = [10log,logn]. Set ¢; = ¢ — 1 — log,(1000loglogn).

Claim 14. .
¢
Pr (Tf—l <7 1) < log?% 1,
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Proof. We begin with an observation. Define v; = 3772/(2n). Note that the probabil-
ity that an out-arc from 7; hits a vertex that has already been seen is bounded above
by ;. Then

|T;]

Efe Ml [T < (vi+ae® + (1— a— e ™) (27)

We apply (27) in two ways. First, if A > 0 and Ae™®* > 2+, then on replacing the
first «; by Ae™3*/2 and dropping the second v; we see that

Y + a€—2>\ + (1 — o — %)e—BA S €—2>\
and so
E [G—AITmI | |EH < e 2T
Furthermore, if 3; < A then we have

E [€*A|Ti+1| | ‘TZH < (
<(1- ( —6))"
<e

A= 6)\)|T\

Set \g = 1000 loglogn and 1o =¢ —¢; + 3. Fori =1,...,¢ — 1 define \; by

e if i < ig
e )\2(7— — 6)\1) if 4 > 10

(with the additional condition \; < 7/12 in the latter case). Of course, we make

these choices in order to establish E[e *+1T1l] < Ele=IT] for i = 0,...,¢ — 1 and
therefore .
“Ae—1|Tes —olTol] —
E[e e—1|T, |] < E[e ol 0|] — loggTOn

Applying Markov’s inequality we have that for any s > 0,
Pr{|Tpq| < s7t71 < ekéflsTg_lE[e_’\‘*I|T4*1‘] <

We now establish an upper bound on A\,_;. Note first that \;, = % and A\jj+1 < %
Then observe that 7 > 75 and \; < i implies

A < Ait (1 + 8AH> . (28)

T




Furthermore, we have A\; < \;_1/2 for all ¢ and the bound

H (1 + 8—/\J) < exp {28—)\]} < 97 < e’,
j T i
then implies
Npq < 274770t
Taking s = 771 we have
666(7'/2)4

2
Pr (’Tffly <7 ) < Tog™ 7’

]

Now let Y be the set of vertices y such that T, ;(y) < 74. It follows from Claim 14
that we have E[|Y|] < n/log?" n. We again apply the Azuma-Hoeffding inequality
to the arc exposure martingale on Qx to show that the |Y] is concentrated around
its expected value. Recall that a; denotes the i'" arc observed in this process. Set

v — ElY||ai,as,...,a)) if Pr(A(Lp) >1log’n|ai,...aim1) < 5
v, ifEIj<i:Pr(A(I‘D)210g3n|a1,...aj)2#.

In order to bound the one step changes in this sequence of random variables, we can

restrict our attention to the situation where Pr (A(FD) >log’n | ai,... ai_l) < #

First note that if D and D’ differ by a single out-arc and A(I'p), A(T'p) < log®n

then we have
IY/(D)| = [Y/(D")]| < (log? n)*" < /",

To deal with pairs D, D’ where A(T'p) or A(I'p/) > log® n we note
Pr(A(lp) >1log’n | ai,...qa;) <nPr(A(p) >log’n|ai,...ai-1) <1/n

and |Y| < n. Putting it all together we have |Y;; — Y;| < n'/1° +n/n < 2n'/1% The
Azuma-Hoeffding inequality then implies

_n8/10—0(1)

n
Pr (Y:”mk > E[|Y]] + k)gQTn) <e

Noting that
Pr(Vioi # V) < n?Pr(A(Tp) > log'n)

_ n2 . 3n l log® n—3
log>n—3) \n

C1eo3
<610gn’
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we conclude that ,
Pr(]Y] > n/(log"™ n)) < e~ (og"n)/2, (29)

Suppose now that x ¢ Y. Then
Mp.x dominates Bi(t, k/n) — Bi(3",3"/n). (30)

The first binomial in (30) is the number of edges from 7,_;(y) to K and the second
binomial dominates the number of vertices chosen twice by these edges. The lemma
now follows from (29), (30) and simple bounds on the binomials:

Pr(Bi(t", k/n) < 70k /2n) < e 0. Pr(Bi(3!,3!/n) > log®n) < e s’ ),
O
Final Remark. We have established that G3_y; is Hamiltonian with high probabil-
ity. In general, it may be the case if m > 3 then with high probability G, _ou contains

|m /2| disjoint Hamilton cycles plus, in the case that m is odd, a disjoint matching
that saturates all but at most one vertex. We leave this as an open problem.
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